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THE MAPPING OF BETTI GROUPS UNDER INTERIOR 
TRANSFORMATIONS 


By G. T. WHyBuRN 


1. In this paper results will be established from which it follows that the 
one-dimensional rational Betti group of a compact metric set A under any 
interior transformation’ on A maps homomorphically onto the corresponding 
group of the image of A provided the one-dimensional Betti number p'(A) is 
finite. Thus in any case the one-dimensional Betti number of a compact set 
is not increased’ when the set undergoes an interior transformation. This 
presents, in part, a solution to a problem proposed by Eilenberg.’ However, 
by making use of what are termed nodal subsets of a compact set, we are able 
to obtain results of considerably increased generality and precision. 

We begin with an elementary characterization of interior transformations. 


2. THeorem. Let A and B be compact and T(A) = B be continuous. In 
order that T be an interior transformation, it is necessary and sufficient that for 
any € > O there exist a5 > 0 such that for any y « Band any x e T '(y), T[V.(z)] 
> Vity).* 

Proof. To prove the sufficiency, let U be any open set in A, let T(U) = V. 
Let y e V, x « U-T “(y) and let € > 0 be chosen so that V.(z) C U. Then by 
hypothesis T[V.(x)] > Vs(y) for some 6 > 0. This gives 


V = TU) DT[V.(2)] > Valy) 


and hence V is open in B. 

_ To establish the necessity of the condition, suppose on the contrary that for 
some e > 0 there exist a sequence y; in B, y; — y ¢« B, a sequence 2; in A, 
a; 2e€T '(y), 2 € T '(y:), and a sequence of numbers 0 < 6; — 0 such that 
for no i does T[V,(z;)] > Vs,(y.). But now 7[V4(z)] = V is open and contains 


Received October 30, 1937. 

1 A continuous transformation 7(A) = B is interior provided every open set in A maps 
into an open set in B. See Stoilow, Annales Scientifiques de 1’Ecole Normale Supérieure, 
vol. 63 (1928), pp. 347-382; we follow the usual custom of omitting Stoilow’s second con- 
dition that no continuum in A map into a single point in B. 

2 For the case of this result where A is a graph or a 1-dimensional locally connected 
continuum, see my paper Jnterior transformations on compact sets, this Journal, vol. 3 
(1937), pp. 370-381. 

3 Fundamenta Mathematicae, vol. 24 (1935), p. 175. 

4 We employ the notation V,(X) for the e-neighborhood of the set X, i.e., the set of all 
points y such that p(z, y) < r for some ze X. 
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y and hence it must contain V;(y) for some 6 > 0; and there exists an 7 with 
5; < 46, 2; C Vie(z), and y; C Vys(y). This gives 


V.(zi) D Vie(z), Vs,(ys) © Valy). 
Whence 
T[V.(2i)] D> T[Vie(x)] > Vly) > Va,(y), 


contrary to our supposition. 


3. Nodal subsets. A closed subset N of a compact set M will be called a 
nodal subset of M provided the set N-M — WN contains at most one point. 

It should be noted that the set M — N may be vacuous, i.e., N may be equal 
to M. Also it may be remarked that, if N is a nodal subset of M, then M — N 
is also a nodal subset of M; and if M is a continuum and p is any cut point of 
M, then for any separation M — p = M, + M2, M, + pand M;z + pare 
nodal subsets of M. If M is a cyclic continuum, i.e., a continuum without 
cut points, then the only nodal subsets of M are M itself and the individual 
points of M. 

(3.1) If A is compact and T(A) = B is interior, any nodal subset of A maps 
onto a nodal subset of B under T. 

For let N be a nodal subset of A. If N-A — N = 0, N is open in A; and 
hence T(N) is open in B so that T(N)-B — T(N) = 0. Thus we may suppose 
N-A—N=2€A. Since N — zis open in A, it follows that T(N) — T(z) 
is open in B. Accordingly T(N)-B — T(N) C T(a), so that T(N) is a nodal 
subset of B. 

(3.2) If T(A) = B is interior, where B is a cyclic continuum, any non-de- 
generate nodal subset of A maps onto all of B under T. 

Clearly this follows at once from (3.1) since the only non-degenerate nodal 
subset of B is B itself. 





4. Tueorem. Let T(A) = B be interior, where A is compact, let f be the homo- 
morphism generated in the cycle group of A by T (rational coefficient field), let 
N be any nodal subset of A and let M = T(N). For any « > 0 there exists a 
5 > 0 such that if Z is any 1-dimensional rational 6-cycle’ in M there exists a 
1-dimensional rational ecycle C in N such that f(C) Y Z. 

Proof. Let K = A — N. It will be apparent that the proof given here 
will be only greatly simplified in case either N = A or N-M = 0. Hence 
we may (and do) assume that N-M = pe A. Letq = T(p). 

It is obvious from the proof given in §2 that the necessity part of the theorem 
which was proved there can be stated in the following slightly more general 
form which suits our purposes in the present proof. 


5 That is, the ‘‘edges’’ of the cycle are of diameter <5. It should be noted that our 
polygons and complexes are abstract—only their vertices are actually realized in the sets 
concerned. 
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(4.1) If A = A; + Ae, where A; and Az are closed, then for any « > 0 there 
exists a 6 > O such that if y « T(A;) and x e T'(y)[A; — V.(A1-A2)], T[A1- V.(2)] 
> Va(y)-T(A)). 

Now to prove our theorem we shall treat first the case where Z is a single 
simply oriented simple closed polygon. Let «’ = 4¢ and let d < ¢’ be a number 
6 determined in (4.1) using ¢’ for e, N for A; and K for Az. Let d’ = 3d and 
let e be chosen so that e < d’ and 6(T[V.(p)]) < d’ so that T[V.(p)] C Va-[T(p)]. 
Let 5 be determined from (4.1) using e for ¢«, N = Ai, K = As.° We next pro- 
ceed to prove 

(4.2) If s = [po, pi, Po, ---, Pn] ts a simply oriented simple closed polygon in 
M — M-V4-(q) such that p(p; , pisi) < 6 (¢ = 0,1, --- ,m — 1), p(pn, po) < d, 
then there exists a simply oriented simple closed polygon o in N and an integer 
k such that f(c) = ks. 

Proof of (4.2). Let qo ¢T~'(po)-N. Since p(po, ~:) < 4, it follows by (4.1) 
and the choice of 6 that there exists a point q, « N-7~'(p;) with p(q , qo) < e. 
Similarly there exist a q: ¢ N-T~'(ps) with p(q2, a) < e,aqs¢N-T (ps) with 
(qs , 92) < e and so on to q, € N-T (pn) with p(qn , Qn—1) < €. 

Now if q, is not an element of V,,(p), then since p(q, , go) < d it follows from 
(4.1) that there exists a q} « N-T'(po) with p(qi, q2) < ¢. Then, continuing 
just as above, we find gj « N-T‘(p;), q2 « N-T '(p»), ---, Ge € N-T (pn) 
with p(q), 91) < @, «++ , p(@u-1, Gn) <e. And again if q}, is not an element of 
V.-(p), this process may be repeated, and so on. Now either 

(i) for some (least) i we get qi, € V.-(p), in which case the process ends, or 

(ii) on account of the compactness of A we must eventually reach, for the 
first time, a point gi(i S< n) such that p(qi, gt) < ¢(m <j,n+ 1 = 0). 
In case (ii) clearly the edges 
eo 'a’., on tr coe, qn ” 2a", 

+ Gre, ViGivr, Vevrgise, «++ nga 
fit together to form a simple closed «polygon o which maps onto s exactly 
j—mtimes. Hence, if we set k = j — m, we have f(c) = ks as was required. 

Now in case (i) where q), « V.-(p) we repeat the same process proceeding in 
reverse order starting from q. That is, if go is not an element of V,-(p), there 
exists a g,' « N-T"(p,) with p(q,', @) < ¢. There exist quis ¢ N-T” (pn), 

-, qo € N-T (po) with p(gn', Gn) < ¢, --- , ors Go) < e; again if go" 
is not an element of V.-(p), we find g,° « N-T'(p,) with p(qn°, go’) < ¢ and 
proceed as before. Now if this continues indefinitely, i.e., if we always have 
qo’ is not an element of V,-(p), it is clear that we can get our required polygon 
o in the same manner as above under (ii). Hence we may suppose that for 


6 Note the following relations between the various numbers just chosen: 


e>te=e«’ >d>}d=d'>e>i. 
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some (least) 7 we get qo’ « V.-(p). But now since also qi, ¢ V.(p) we have 
p(qi., go’) < 2c’ < «. Accordingly the edges 
Go’ Q's *** 5 GnniGny Um Jo 9 Qo Gay 8 VOI,“ y In—1Iny Jn Qo 

fit together to form a simple closed e-polygon ¢ which maps onto s exactly 
j+i+1times. Hence if we set k = 7 + i + 1 we have f(c) = ks as required. 
Accordingly (4.2) is proved. 

Continuing with our proof for the case where Z is a single simply oriented 
simple closed polygon, we next prove 

(4.3) There exist a finite number of oriented simple closed polygons 8, 82, 83, 

- , & in M — Va-(q)-M satisfying the hypothesis in (4.2) and such that 


ZV 8 t+ Set ees +H. 
To show this we note first that the vertices of Z which are in M — V4-(q) 
fall into a finite number of maximal chains of successive vertices: 
X, = [po, pi, «++» Pail, 
X: = [ps, Pi, Fess Prsl; 


ey 


X; = [po, Pi, a Pral, 


where, in general, p} follows pn if i > mor if i = mandj > n, where the points 
preceding po and following p,, in Z in every case belong to Va-(q), and where 
we have omitted all such chains with fewer than 3 vertices, i.e., n; 2 2 in all 


cases. 
Now let Yi, Y2, --- , Y, be the complementary chains in Z, i.e., p,, and 
po are the initial and final points, respectively, of Y; and furthermore we have 


(i) Z=Xi+ ¥i+ Xe+ Yot+--- + Xt Ve 
and for each i S k, 
(ii) Y; C Voa-(q). 


For each i < k let x; denote the simplex (pi, , Pd); oriented as indicated, and 


let s; denote the oriented polygon X; + 2; = [pi, --- , Da; , Pol. Then, since 
Po + pn, © Vear(q), it follows that for each 7, s; satisfies the conditions of (4.2). 
Now by (i) we have 

(iii) Z = (Xi + a) + (Yi — a) + - + + (Xe + te) + (Va — 2%) 

ili 
= (81 + 8 + +++ + 8) + (Vi — m1) + ++ + (Ye — %))- 
Furthermore 


W = -4+Y,-2+Y¥2-—---—2+ Yn 
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is an oriented simple polygon lying entirely in Vou (gq) C Va(q). Accordingly, 
we have 


W 7 0, 
and hence surely 
(iv) Wr 0, 
since d < «. Now (iii) reduces to 
k 
Z=D85+W. 
1 


Whence by (iv) 


or 
Z 7D 8 


as required by (4.3). 
Now to prove our theorem in case Z is a single simple closed polygon we first 
apply (4.3) obtaining s; , 82. , --- , 8 satisfying (4.3) so that 


Sv > a. 


Then by virtue of (4.2), for each 7 there exists a simply oriented simple closed 
¢-polygon o; in N and an integer k; such that 


S(o:) - kis; or S(o1/k:) = $;. 


Hence, if we set 


k 
C= > oi/ki, 
T 


k 
we have f(C) = b » 8; Y Z as required. 
1 
Now in the general case, we can first express Z in the form 
Z = a,Z; op a2Z2 + flies + anZ,, 


where a; is rational and Z; is a single simply oriented simple closed polygon. 
Then, applying the case already treated, for each i we find a 1-dimensional 
rational e-cycle C; in N such that 


(Ci) ¥ Zi. 
Hence, if we set 
C = a,C; ~ aCe oo a3C3 _ see a anrCn, 
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we have 


$C) = Vas) vy La.Z; = Z, 
1 1 
as was to be proved. 
The same notation will be retained in the next section. 


5. Tueorem. If V is any 1-dimensional rational Vietoris cycle’ (or true 
cycle)® in M, for any «€ > 0 there exists a Vietoris cycle (or true cycle) W in N 
such that 

SW) 7 V. 

Proof. The case of a true cycle follows immediately from §4. Hence we 

suppose V is a Vietoris cycle which accordingly can be exhibited in the form 


V = (4, 2,---), 


where z; is an ordinary 1-dimensional rational 6;-cycle with 6; — 0 and for any 
e > 0 there is an integer J such that for 7,7 > J, 2; = 2;.2 Let J = I, be 
determined for the number e = e. 

By uniform continuity of 7 there exists a d > 0 such that any set in A of 
diameter < d transforms into a set of diameter < ¢ under 7. Now by virtue 
of a theorem of Alexandroff’s* there exists a 6 > 0 such that for any rational 
6-cycle z in N there exists a rational Vietoris cycle W in N such that W 7 z. 

Now since 6; — 0 it follows from the theorem in §4 that there exists an integer 
I, such that if 7 > J; there exists a 1-dimensional rational 6-cycle C; in N such 
that f(C;) Y 2;. Let us choose a fixed k > I, + J, and find C, in N so that 
S(Cx) © = and Win N sothat W 7 C;. We then have 


SW) Y H(Cs) Y ze F 2043 —: 


Whence 
S(W) Ky (z% , Zk+ly °°? ) —_ s 
as required by our theorem. 


6. Mapping of Betti groups. For any closed set F we let p’(F) denote the 
r-dimensional Betti number of F and let B,(F) denote the r-dimensional ra- 
tional Betti group of F."° We begin this section with 


7See Vietoris, Mathematische Annalen, vol. 97 (1927), pp. 454-572. For the rational 
Vietoris cycle (which we use) see Lefschetz, Annals of Mathematics, (2), vol. 29 (1928), 
pp. 232-254. 

® See Alexandroff, Mathematische Annalen, vol. 106 (1932), pp. 161-238. 

® This notation means that there exist rational numbers c; and c: such that cz; — ¢22; 
bounds a rational e-complex in M. See Lefschetz, loc. cit., and Alexandroff, loc. cit. 

1° That is, p’(F) is the maximum number of r-dimensional rational Vietoris cycles 
(or true cycles) in F which are linearly independent relative to homologies in F and BR(F) 
is the homology class group of such cycles. See Lefschetz, loc. cit. It is immaterial which 
type of infinite cycle is used since, at least when p’(F) is finite, whichever is used in the 
definition, the resulting Betti groups are isomorphic. 
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(6.1) Lemma. If F is compact and p'(F) is finite, there exists an € > 0 such 
that a’ Y B’ (in F) implies a’ ~ B' (in F) for true cycles (hence also for Vietoris 
cycles) a’ and p’ in F. . 


Proof. Let 
Zi, Z2,---, Zp (p = p'(F)) 
be linearly independent true r-dimensional cycles in F. By a lemma of Alex- 
androff’s" there exists an « > 0 such that Z,, Z2, --- , Zp» are «independent 


in F. Now suppose a’ Y 8’ (in F), where a’ and @’ are true cycles in F. We 


have 
a ~ Laks, g~ Lot, 


since p = p(F). From this we have > aZ;~a YY pw~ b> b:;Z;, or 
> (ai — b)Z; Y 0, whence a; = b;. Accordingly, a” — 6” ~ 0 or a’ ~ B’. 

Now, resuming the notation used in §§4 and 5, we have 

(6.2) THeorem. If p'(M) is finite, B,(N) maps homomorphically onto 
Bi(M) under T. 

For let Ah denote the homomorphism of B}(N) into a subgroup of B,(M) 
generated by 7. We have to show that h{B,(N)] = Bz(M), i.e., Bk(N) maps 
onto all of B,(M). To this end let « be determined as in (6.1) for the set 
F = M. Let H be any homology class of B,(M) and let V be any cycle in H. 
By §5 there exists a cycle W in N such that f(W) Y V. Accordingly, f(W) ~ V 
by the choice of «. Whence f(W) ¢ H so that if Z denotes the homology class 
in B,(N) containing W we have A(L) = H. 

(6.3) If p'(N) is finite, p'(M) is finite and < p'(N). 

Suppose, on the contrary, that there exists in M a system of linearly inde- 
pendent one-dimensional rational true cycles 


Vi, Ve, +--+, Vou, p = p'(N). 


Now it follows" that for some « > 0 these cycles are «independent relative 
to homologies in M. By uniform continuity of T there is a 6 > 0 such that 
any set in N of diameter < 6 maps into a set of diameter < «. Now, by §5, 
for each i S p + 1 there exists a true cycle W; in N such that f(W,) Y V;. 
Since p'(N) = p, there must exist a relation of the form 


a, W, + a e+ oe + Apii1Wou ~ 0, 
whence 

a, W, + a, W2 + eh + Qp+1 Wu cy 0. 
This gives 

p+l 
0, > af(W) yy 2 a,V; 
1 

contrary to our supposition. 


11 Fundamenta Mathematicae, vol. 22 (1934), p. 18. 
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Clearly (6.2) and (6.3) yield at once 

(6.4) p'(M) s p'(N); and if either of these numbers is finite, Bz(N) maps 
homomorphically onto By(M).+ In particular,” taking N = A, we have p'(B) 
< p(A). 


7. The cyclic case. In case B is a cyclic continuum it follows by (3.2) that 
T(N) must be equal to B for any non-degenerate nodal subset N of A. Hence 
the preceding results yield the following 

Tueorem. If A is a compact continuum, T(A) = B is interior and B is 
cyclic, then p'(B) < p'(N) for any non-degenerate nodal subset N of A. Further- 
more, if p'(B) or p'(N) (for any N) is finite, B,(N) maps homomorphically onto 
BiB). 

In conclusion we remark that if A is a locally connected continuum all of 
the preceding results hold in particular if we choose for N any non-degenerate 
node of A, i.e., any true cyclic element of A containing just one cut point of A. 


UNIVERSITY OF VIRGINIA. 


2 Compare with a result of Eilenberg’s in Fundamenta Mathematicae, vol. 27 (1936), 
p. 163. 











CERTAIN INTEGRAL FUNCTIONS RELATED TO EXPONENTIAL SUMS 
By Harry Matison 


Introduction. The study of Borel transforms by several mathematicians, in 
particular by Pélya,’ has brought out many interesting relations between the 
singularities of a function f(z) defined by a power series 


f(z) = p> a,2” 


on the one hand, and the rate of growth and distribution of zeros of its Borel 
transform 


(1) F(z) = 2" 
0 nr: 


on the other. As the prototype in these considerations, there is the case in 
which f(z) is a rational function with simple poles 





Tae pe = 
fe) = =, + my v, 


and the Borel transform is a sum of exponentials 
F(z) = me’? +... + ae. 


This case has been studied in detail by Pélya and Schwengeler.’ It is easily 
seen that here the coefficients a, can be interpolated by the function 


p(t) = aBi + +++ + on Bi 


with a, = p(n). In the particular case in which the 8, all lie on the unit 
circle, p(t) becomes a special type of almost-periodic function. The generaliza- 
tion to general uniformly almost-periodic functions (u. a. p. functions) has been 
studied by Bochner and Bohnenblust’ as regards f(z). We propose to make a 


Received June 14, 1937; in revised form, January 6, 1938. This is essentially a disserta- 
tion accepted by the faculty of Princeton University for the degree of Doctor of Philosophy. 

1G. Pélya, Untersuchungen iiber Liicken und Singularitdten von Potenzreihen, Math. 
Zeitschrift, vol. 29 (1929), p. 549. 

2 Pélya, Geometrisches tiber die Verteilung der Nullstellen gewisser ganzer transzendenter 
Funktionen, Miinchner Berichte, 1920. 

E. Schwengeler, Dissertation, Ziirich, 1923. 

3S. Bochner and F. Bohnenblust, Analytic functions with almost periodic coefficients, 
Annals of Math., vol. 35 (1934), p. 152. 
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corresponding study of the Borel transform F(z). This we do in Part I. To 
be more precise, in Part I we discuss properties of the functions F(z), where the 
a, form an almost-periodic sequence. The methods used are found in part to be 
general enough to include the wider class 


oo 


a 
2 F(z) = ———__. 2” 
(2) @) 2 teat) , 
where, for reasons to become evident later, a is restricted to the range 0 < a S 2. 
In Part II we generalize the results of Pélya and Schwengeler in a different 
direction, namely, we study the functions 


3) Gz) = 5 Bre™, 


where the B, form an absolutely convergent series and the a, form a bounded 
set. Such functions have also been studied by M. Regensburger in a recent 
paper.‘ Despite certain similarities, our results are different from those of 
Regensburger, who follows closely the methods of Pélya and Schwengeler. 
Also in this connection we discuss an example of a function G(z) which, unlike 
the rest of our results, has properties not to be expected from analogy with 
finite exponential sums. 

The subject of this study was suggested by Professors 8. Bochner and F. 
Bohnenblust. The writer takes pleasure in acknowledging his indebtedness for 
their many helpful discussions during its progress. 


I 


1. Almost-periodic sequences. Consider the additive abelian group of the 
rational integers and let g(n) denote an almost-periodic function on this group.* 
The sequence g(v) (v = 0, 1, ---) is then called an a. p. sequence. A. Walther 
has studied such sequences in detail, and we shall state those of his results which 
we shall need.° 

We have the existence of the mean value 


: 1 n—l 
M{g(n)} = lim > 2 g) 
and the Fourier development 


gn) ~ > Aye", 


v=l 
where 


A, = M{g(k)e””*} 


4M. Regensburger, Math. Annalen, vol. 111 (1935), p. 505. 
5 J. von Neumann, Trans. Am. Math. Soc., vol. 36 (1934), p. 445. 
* A. Walther, Atti Congresso Int., Bologna, 1928, vol. II, pp. 289-298. 
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are the Fourier coefficients and —X, the corresponding exponents which are 
chosen so that 0 S A, < 2z. 

With the given a.p. sequence g(n) we can define a u.a.p. function g(t) by 
linear interpolation as follows:’ 


gt) = gv) + Og +1) -g%)}, v=, o=t-[i. 


Conversely, the values taken by a u.a.p. function for integral values of the 
argument form an a.p. sequence. For the function just defined we have a 
Fourier series ;. 


(4) gi) ~ Dae, 
k=1 
where the following relations hold: 
A, = Oif X\, # Ay (mod 27) (k = 1, 2, ---), 
A, = gx,(0) otherwise, 


where g,(t) is the periodic function whose Fourier series consists of all terms 
of (4) for which A; = ¢ (mod 27). Thus we see that the g(n) can be uniformly 
N 


—iyn 


approximated by exponential sums ), d,e 
1 


2. Approximation to F(z) by exponential sums. If we approximate the 
sequence g(n) uniformly within e, we have 


N 
g(n) _ > di) e-em r ns 
where | 7, | < «. Hence 
F(z) = > ds” exp (ze~*) + 4(z), 


where | 6(z) | < €|e°|. Thus if | z| is bounded, F(z) is the uniform limit of a 
sequence of exponential sums 


(5) Sy(z) = p> dS” exp (ze~”). 

Similarly, F(z) is in any bounded region the uniform limit of a sequence 
6) Sale) = Ld” Bee, 

where 

7) E.@) = 


n=0 I'(an + 1) 
is the function of Mittag-Leffler. 


7 With but few minor changes we could avoid bringing in u.a.p. functions and deal with 
&.p. sequences only. 
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3. Representation of /(z) by means of a u.a.p. function. By means of the 
theory of multipliers of a Fourier series,’ it is possible to represent F(z) as well as 
F(z) as values of certain u.a.p. functions. The function 


r.(A) = exp (ze), 


where z is restricted to a bounded region, can be developed into an ordinary 
Fourier series which, on account of the differentiability of the function, is 
absolutely convergent uniformly in z: 


. r.(A) = > b,(z)e"”. 


y==— 


Consider next the function 


vt) = Do bfz)g + 0, 
where g(t) is, as before, the u.a.p. function which interpolates the g(n) linearly. 
N 
N) —dA,t 


Approximating to g(t) by an exponential polynomial y ce , we see that 


v=1 


y(t) can be uniformly approximated by the functions 
N 
y(t) = > Pal r.(a,)e“4"" 


and hence y.(t) is u.a.p. for any z. Now y,(0) is capable of approximation by 
the sums (5) so that, since F(z) also has this property, we conclude F(z) = y.(0). 
On the other hand we observe that since ['o(A,) = 1, also g(t) = yo(t). The 
above argument shows further that 


yet) ~ Doo Pde". 
v=1 
For the functions F(z) everything is similar except that we use the multiplier 
r.(A) = E,(e~z) instead of the one used above. 


4. Invariance of the class F(z) under certain transformations. We consider 
next a rather general type of linear transformation under which the class F(z) 
remains invariant. Let o(t) be a (complex-valued) function, continuous and 
bounded over — ~ <t < o, and let ¥(¢) be a function of bounded variation in 
the same interval. Consider the transformation 


(8) F%(2) = [ ” P(e + o(t)) dv(e). 


We shall prove concerning this transformation the following theorem. 


8S. Bochner, Math..Annalen, vol. 102 (1929), pp. 489-504. 
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TuHeorEM I. If F(z) is given by a series (1), then F*(z) is also given by such a 
series. Its corresponding u.a.p. function which interpolates the coefficients is 


g(t) ~ Dear (Ae4 


where T'(A) ts a multiplier defined below. 
Proof. We again make use of the notion of a multiplier of a Fourier series. 
Let 


N 
g(t) = > cf) eo taet 


v=1 


be a sequence of exponential polynomials approaching g(¢) uniformly. From 
a preceding paragraph we know that, in any finite region of the z-plane, F(z) is 
uniformly approached by the sequence 


Sw(z) = > ce exp (ze), 
y=] 


From (8) and the assumptions concerning o(é) and y(t), it follows that F*(z) is 
approached in the same way by the sequence 


(9) St) = p> ef P(A,) exp (ze), 


where 


T(A) = [ ™ exp (e(t)e~**) dy(0). 


If we now prove that there exists a u.a.p. function g*(#) which can be uniformly 
approximated by the sequence 


N 
(10) gx(t) = Do ch” F(A, e*", 

v=l 
then Theorem I will be proved; for, the function (1) formed with g*(n) in place 
of g(n) will be the uniform limit of the sequence (9). Now the function I'(A) 


clearly has two continuous derivatives in the interval 0 < A S 2m and also 
T(A + 2x7) = T(A). Hence we have a Fourier expansion 


r(A) = >> tae 
where >, | d,| converges. It is now easy to show that the function 


9) = X dg +0 


is the one required. For, approximating g(t) by exponential polynomials 
gw(t), we see that g*(#) can be approximated by the exponential polynomials (10). 
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Thus in terms of the u.a.p. function g(t) the transformation (8) is described by 
introducing the multiplier ['(A,) into the Fourier series. 

We note the following special cases of (8): 

(a) o(t) = 0, ¥(é) arbitrary, F*(z) = cF(z); 

(b) dy(t) = 0 except at a finite number of points, o(¢) arbitrary, 


F*(z) = F(z + o;) +--+ + nF (2 + oy); 


(c) o(t) = e“, ¥(2) differentiable in 0 < ¢ S 2x and constant elsewhere, 


F*(z) = af F(z + u)G(u) du 


taken around the unit circle. 
If we make a change of variables and choose G(u) suitably, we have a special 
case of (c) 


rm F(u) _ ate 
F*(z) = ae ee 2 du = F(z). 


Therefore, if F(z) is defined by a series of the type (1), the same is true of all its 
derivatives. This is a fact which is also easily seen directly. 

The transformation from F(z) to F‘”(z) can be expressed very simply in 
terms of the u.a.p. function g(t). The required transformation is, in fact, 
g*(t) = g(t + n). 

Other transformations on g(t) which leave the classes F(z), F.(z) invariant are, 
of course, 


(i) g*(t) = gilt)ge(t), 

where g(t), go(t) are two given u.a.p. functions, 

(ii) g*(t) = gilt) + galt), 

(iii) g*(t) = Mig(z + t), ge(x)} (convolution). 


It may be remarked that, in view of the results of Bochner and Bohnenblust, 
(i) gives rise to an interesting special case of Hadamard’s theorem on the multi- 


plication of singularities. For, } g*(n)z” is the Hadamard product of 7 gi(n)2”" 


and >> g2(n)z". Since the exponents of the product of two u.a.p. functions are 


n=0 
found by adding those of the factors, it follows that the singularities of the 
Hadamard product are contained among the products of singularities of the 
factors, which is just the result given by Hadamard’s theorem. 
The transformation (iii) may be interpreted as follows. By introducing 
zeros as coefficients if necessary, we can assume that g,(¢) and g2(t) have the 
same exponents so that 


gi(t) lees > Ae“, g2(t) eis > B,e *4**, 
Then 


g*(t) ~ p A.B, ec". 
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Hence if we write, using an obvious notation, 
F,,(2) ~ 2) Axexp (e""*), Fy, (2) ~ YO Br exp (ze), 


we have 


F,(z) ~ >> Ax By exp (ze™™*). 


5. F(z) as a function of exponential type. We next begin a more detailed 
study of a particular F(z) and F,(z). As fer F(z), it is clear, since the g(n) are 
bounded, that it is an integral function, and moreover, one of the exponential 
type. For if | g(n) | < c we have 


oo 


P(e) | sd OO a < cel", 


n=0 n 





This shows that the type is at most unity. We shall see below that the type is 
exactly unity. 

Similarly, F(z) is an integral function of order 1/a as may be seen with the 
aid of Stirling’s formula to estimate the coefficients, g(n)/['(an + 1). In this 
case also the type will be found to be unity. 

In applying to our case the theory of functions of exponential type as de- 
veloped by Pélya, we shall have to make use of properties of the Borel transform 


(11) fle) =X g(n)e" 


of F(z). The result obtained by Bochner and Bohnenblust in their study of 
this function follows. 

The set of singularities of f(z) is exactly the closure of the point set {e”*} where 
—r, are the Fourier exponents of the a.p. sequence g(n). If f(z) is continued 
analytically over any regular point of the unit circle, the continuation is always 


given by 
— Do g(—n)z”. 


n=1 


Introducing the function 
1 fl — penii 
ote) = 142) = Dolme, 
Zz Zz n=0 
we have the fundamental formulas’ 
(12) Foe) = gh $ olpdet at. 
2x2 
(13) ¢(z) = [ F(g)e* dé, 
0 


* G. Pélya, Math. Zeitschrift, vol. 29 (1929), p. 580. 
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the first integral being taken around a contour which contains the unit circle in 
its interior. The second integral is taken along the positive real axis, but in 
this form converges only in a half-plane. By rotating the path of integration 
through a suitable angle, the formula (13) can be used for any value of z. We 
have similar formulas for F(z); namely, if we write 8 = a", 
7 vor 2 k 

asf oeoBaler) at = tg EF OO) FEES awe 

wt 2ri J n=o mo 2"*1 T(av+1) imo T(ak + 1) 


[Foe exp (ean tar = [XE OOK exp (cere *a 


~ X, net [ v®* exp (—(zt)*) dt = az" (2). 


Hence 
(14) gy f ei Blet) dt = F.C, 
(15) [ Rage" Pde = at! * ole). 


The necessary interchanges of summation and integration are allowed because 
of the uniform and absolute convergence of the series. In (15) we must restrict 
z to the region of convergence of the integral, and, by rotating the line of integra- 
tion in a manner similar to that used by Pélya for (13), we can obtain (15) for 
any other value of z. We shall, however, make no use of either (13) or (15) 
and so we omit these details. 


6. Radial growth of F.(z). We consider next the rate of growth of F.(z) 
in a direction z = re’* and define the function 


A(y) = Ax, if ¢ = , for some k; 

A(y) = 0, ife#X  forallk. 
For fixed ¢, g(n) — A(y)e*"’ is an a.p. sequence since the a.p. property is 
invariant under addition. Let ¢y(n) = > 65” e” be an eapproximation to 
this sequence so that 0 S yp, < 27,9 # pes all vy and 

| g(n) — A(y)e""* — oy(n)| <. 
Hence 


F.(re'*) = A(y)Ea(r) + > 8° B.(e"™z) + G2), 


where | G(z) | < ¢ E,(r). 
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In order to proceed further we require the following facts concerning the 
growth of the Mittag-Leffler function E.(z).”° 


E,(z) = B exp (2°) + o(?), if jargz|S =; B =; 

(16) 1 1 1 

a oe iF 4 : oe 

E.(z) = 1 ew + (4), if mw 2\largz|> 2° 
Returning to F(z), we have 


F.(re'*) 

E.(r) 
However, since yp, ¥ ¢, it is evident from (16) that, as r— , the second term 
on the right tends to zero, while from the approximation, the last term is in 
absolute value < ¢«. Although the case a = 1 does not fall under (16), the same 
statements nevertheless hold from well-known growth propertjes of E,(z) = e’. 

(A similar remark applies when a = z.) Hence we have the result 

. F(re'*) 

(17) iim =.) 


™ N ” E.(re'**”) G(z) 
= Ale) + 2 5? = E.(r)’ 








= A(y) (0<as 2), 


or, since E,(r) ~ Be”, 
(18) F.(re*) ~ BA(y)e” (0 <a 2). 


It may be remarked that this gives a means of finding the Fourier series of the 
a.p. sequence g(n) in terms of the growth properties of F(z). 

Also this result allows us to conclude the above mentioned fact that F.(z) 
is of order 6 and type unity. 


7. The Phragmén-Lindeléf function h(y).'' The Phragmén-Lindeléf function 
h(¢), which we now introduce, is defined generally for a function $(z) which is 
regular and of order p in an angle g; < ¢ < ¢ as follows: 
—— log | &(re’*) | 

r? 


(19) h(¢) = lim (gi < @ < ga). 


ro 


This function, called by Pélya the indicator of @(z), plays an important réle 
in the following work. Therefore, we shall consider it in some detail. As we 
see from (19), h(v) measures the rate of growth of #(z) in the direction re’. 

For functions of exponential type, Pélya has given the following method for 


determining h(y). Let >> a,z,/(n!) be an integral function of exponential type 
n=0 


and denote by § the smallest closed convex region which contains all the singu- 


10 J,. Bieberbach, Lehrbuch der Funktionentheorie, vol. II, p. 267. 
11 Acta Mathematica, vol. 31 (1908). 
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larities of the Borel transform }\a,z"". This region is called the conjugate 
jug 


n=0 
diagram of the given integral function, and &, its reflection in the real axis, is 
called the indicator diagram of the given integral function. As Pélya shows, the 
supporting function (Stiitzfunktion) of 3 is A(¢). 

Applying this to F(z) we find, using the result of Bochner and Bohnenblust 
mentioned above, that 9 is the smallest convex region containing the points 
e’*. Thus, if there is an arc of the unit circle on which the points e™* lie every- 
where dense, then this are will form part of the boundary of 3. Besides such 
ares, ¥ will in general contain chords joining points on the unit circle. 

We shall present a method of obtaining h(y) for F(z) which, although similar 
to that of Pélya, makes use of the special nature of F(z) and is, at least partially, 
applicable to F(z) fora # 1. We consider first F(z). 

We start from the formula (12) and deform the path of integration around the 
singularities of ¢(¢) so that the new path is composed of contours running very 
near to the singularities and of radii of the unit circle each described twice in 
opposite directions. These and the small circle around the origin can be dropped 
since, by the result of Bochner and Bohnenblust, ¢(¢) is single-valued and 
bounded near ¢ = 0. We have from (12) 


| F(Re'*) | < K max |e*| = K max {exp[rR cos (6 + ¢)]}, 


where K depends upon the path of integration but is independent of R, and 

where the maximum is taken as ¢ = re’ runs over this path. Hence 

log | F(Re'*) | 
R 


h(¢) = lim < max r cos (@ + ¢). 


R--2 
But the path of integration runs very near to the singularities, S, so that we can 
pass now to the limit and have 


h(¢) S max {r cos (6 + ¢)} = max {r cos (6 — ¢)}, 
sd 8 
the maximum being taken as ¢ runs over the set S of conjugate points of the 
singularities of ¢(¢). 

We next obtain the inequality in the other direction and for this purpose we 
need the following general property of h(y) due to Phragmén and Lindeléf. 
If h(¢) is the indicator of a function which is regular and of order p in a sector 
containing the anglegi < ¢ < grandifrii<a<¢,e2—Gi < ™m ,3—a< 
mp , then 


(20) A(¢g:) sin p(gs — ¢2) + h(g2) sin p(y: — ¢s) + A(ys) sin p(y2 — gi) 2 O. 


For p = 1 this means, essentially, that h(¢) is the supporting function of a convex 
region. For p + 1 there is no such simple geometrical interpretation. 

Coming back to F(z), let e” be a point of 5 which gives the largest projection 
on the given ray Re", i.e., for which the maximum above considered is attained, 
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and suppose that h(g) < cos (¥W — ¢) — 6,6 > 0. We shall show that this 
supposition leads to a contradiction. Without sacrificing generality we may 
suppose ¥y <y. Take a third angle @ such that 6 < y, (@—¢) < . Applying 
(20) we get, since h(y) = 1, 


h(6) sin (py — ¥) + h(¢) sin (Y — 6) + A(y) sin (6 — ¢) 2 0, 


h(@) > cos (y — 6) + sin (y — 6). 


6 
sin (y — y) 
This is impossible since the right side assumes values which are greater than 
unity for ¢g, y fixed and variable @ sufficiently near y. 
Combining this result with the previously obtained inequality, we have 


(21) h(y) = max {cos (6 — ¢)}. 


Geometrically this equation may be interpreted as follows. Consider the 
totality of circles with diameters OP, where O is the origin and P runs over 8. 
Given any direction ¢, h(y) is measured by the largest intercept cut off on the 
ray Re’* by these circles. It is easily seen that this is merely another way of 
saying that h(¢) is the supporting function of the indicator diagram of F(z). 

To carry out a similar discussion for F.(z), we start from the integral formula 


(14) and find 
| F.(Re) | < K max | E,(rRe°**) | 


as ¢ = re’ runs over the path of integration. Hence 


he) < lim log {max | E.(rRe****) |} 


R-+00 Re 
But, from the growth properties (16) of Z.(z), we have 
— log | E.(Rre'°**’) | 
R 


lim 
R--2 








=rcosB(6+¢) (|6+¢| < jaz), 


= 0 (r => |0+¢| > jaz). 
Hence, using, as before, the conjugate set 5, we find 
h(g) S max {max [r* cos B(@ + ¢)], 0}. 
8 
For those angles ¢ for which h(y) 2 0, we can proceed exactly as before to obtain 
the inequality in the other direction so that in this case 
h(y) = max [cos B(y — 6)]. 
8 
The geometrical interpretation is analogous to that for a = 1 except that here the 
curves h = cos B(¢ — 6) instead of circles h = cos (gy — 6) are used. For values 


of ¢ for which h(y) < 0 the method fails. That h(y) can be negative for func- 
tions of our class is shown by the example 4£,(z) + }£;(—z) = e”. Here 
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h(v) = cos 2g. However, if we make the restriction that there be no are of the 
unit circle greater than ax which is free from points e™, it can easily be concluded 
that h(v) is never negative, since in this case max cos B(y — 6) 2 0. 

8 


8. A theorem on the zeros of F’,(z). 
TueoreM II. If F.(z) is not of the form ke", where k and c are constants, 


|e| = 1, and n is a positive integer, then the series 
(22) > i, 
where r,e"”” (v = 1, 2, ---) are the zeros of F(z), is divergent. 


Remark. We know from the theory of integral functions that > 17° con- 


v=] 
verges for every p > 8. Our theorem shows that for our functions, with the 
exceptions mentioned, this is no longer true for p = 8. 
Proof. Suppose the series (22) were convergent. Then, by a well-known 
theorem,” we would have 


F.(z) = e” z2*P(2z), 


where P(z) is a Weierstrassian canonical product which belongs to the minimal 
type of order 8 and g(z) is a polynomial of degree [8] at most. If 8 were not 
integral, we could conclude that F(z) is of minimal type, contrary to the fact 
proved above that it is of type unity. Hence, suppose 8 = [8] = n. Then 
g(z) is necessarily of degree n and 


log | Fa(Re'*)| _ Rig(Re'*)} 
k* R 


log | P(Re’*) | 
Rk ‘ 





qlog R 
+ R + 


If we take the limit superior, the last two terms give no contribution and we 
conclude that h(y) = cos n(y — ¢o) for a suitable gp which, by a rotation of the 
z-plane, we may take equal to zero. We now have to determine which functions 
F(z) have 

h(v) = cos ng. 


In the first place, there are exactly n directions of maximal growth; namely, 
¢ = 2kxr/n (k = 0, 1, ---,n — 1) and hence by (17), the a.p. sequence of 
the coefficients has exactly n Fourier exponents which are 0, —2x/n, --- , 
—2(n — 1)x/n. Our function is therefore of the form 


F(z) - AoE, (z) + A, E.(mz) +e t+ An-1Ea(mn-12), 


where mm = —2kmi/n. Now, since each of these summands cannot grow 
exponentially small, there must exist certain conditions on the A; which enable 


12 L. Bieberbach, Funktionentheorie, vol. II, p. 242. 
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the sum todoso. In order to find these conditions, we make use of the following 
result on the growth of E,(z).” 


Tv 


i ), jargz| >>. 


The required condition which the A, must satisfy is that the coefficients of the 
various negative powers of z must vanish. This gives the equations 


Ao aa Aiea =< Ace treet A ni €n-1 = 0, 
Ao + Aig + Are tee t+ Ayié.-1 = 0, 


POeeeeEE COSC OOeCOOCOeOOCECOOCOOOCOOCC OOO errr r rrr rere rrr ie) 


where 1, &, --- , €,-1 are the distinct n-th roots of unity. Taking Ao as given, 
we see that A,, --- , An; are uniquely determined since the determinant of 
these equations is a Vandermonde determinant and is thus different from zero. 
But since Ap = A; = --- = A,_1 is a solution of the system, it is the only one. 
Hence 


F(z) = Ad Eijn(z) + hats + Ey n(€n—12)] = Ace’. 


This completes the proof. 


9. The zeros of F(z) in certain sectors. We next consider the distribution 
of the zeros of F,(z) in a sector S, g: < arg z < ge, such that the interval 
¢1 < ¢ < gis covered everywhere densely by the points 4, . 

By the result (18) on the growth of F(z), together with the fact that h(¢) is 
continuous, we have h(¢) = 1, ¢ <= ¢ S ¢, and also 


. log | Fa(Re'*) | _ 
anid ieee: eomaiel, 


for a set of g everywhere dense in this interval. 
Suppose F(z) ¥ 0 in the sector S. Then 


Ga(z) = [Fa(z)] 


would be regular in S. Let S’ be a slightly smaller sector. Then a theorem on 
the minimum modulus of an integral function” tells us that G.(z) is of order 
B in S’. Let H(g) denote the indicator of G,(z) in S’. By (23) and by the 
continuity of H(g), we have H(g) = —1 in S’. Now take three directions 


13 A. Wiman, Acta Mathematica, vol. 29 (1905), p. 199. 
1 The continuity of h(¢) follows easily from (20). 
18 See Bieberbach, Funktionentheorie, vol. II, p. 261. 
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6, 0 + », 6 + 2n, where n > 0, all lying in this sector. Applying the inequality 
(20), we get 

(—1) sin Bn — (—1) sin 28n + (—1) sin Bn 2 0, 

2 sin Bn S sin 287. 

This is false for » sufficiently small. Hence F(z) must have at least one zero 
in S. It follows easily that F(z) has an infinite number of zeros in S; for, if 
there were only a finite number, we could apply the foregoing argument to the 
function 

Qa(z) = Fa(z)(z — a) “(2 — a) +--+ (@ — &)", 
where z;, --- , Zz; are all the zeros of F(z) in S, and arrive at the contradictory 


conclusion that Q.(z) has at least one zero in S. 
By a refinement of the above method we can go much farther; namely, we 


can show that the series 


(24) 2d |2|* 
over the zeros in S is divergent. However, we first require two lemmas. 
Lemma 1. If >>| a,|~° converges and if P(z) is the canonical product formed 
v=l1 
with the zeros a, , then for any « > 0 
| P(e) | > etl! 
for sufficiently large | z | satisfying the condition | 1 — z/a,| > 6 > 0. 
Proof. The proof is similar to that which gives the well-known inequality 
in the other direction.” We have by definition 


4 
n 


Pe) = Las) exp (s+ 35 + ces +1x)= Tec, 0, aes 


’ 


where q is the integer such that <p Sq+1. Nowif|¢,| < 3, 


| E(gn, 9) | = | exp< — J gett... l> exp orca > ot. 
For | ¢, | large, say > \, the same inequality holds since p > g. For} S |f,| S$ 
A, we can find a positive number A such that 
(25) | Ela, 9) | > esa, 


Also we can take A > 2 so that we have (25) holding for all | ¢, |. Now choose 
N so that 


2 


' _ € 
la,.|/° <= 
| | 2A 


16 Bieberbach, Funktionentheorie, vol. II, p. 239. 
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and write 
N 


P(z) - IT-II Et,., q). 
1 N+1 
Given « > 0, we have for sufficiently large | z | 
- 
II > exp {—§ lei" 
1 | 2 
Also, by (25), 
II > exp {—Al/ Dd |a r} > exp (-$ iz") 
N41 N+1 2 


This proves the lemma. 
Lemma 2. If the a, of Lemma | all lie in a sector S, then for any direction 
re’* outside S 
ig 
lim we | = 9, 


ro 
Proof. A well-known theorem on canonical products tells us that 


i¢ 
im oe! Pere) | = 9, 
ro re 
Now along any ray outside S it is clear that | 1 — z/a, | > 6 for some 6 > 0 and 
alln. Hence, Lemma 1 gives 
lim 0. 


ro 


IV 


log | P(re*) | 
Eon 


We can now return to F,(z). Assume that the series (24) taken over the 
zeros of F(z) in S converges. Write 


F(z) = P(z)Q(z), 

where P(z) is the canonical product formed with the zeros z,. Let y denote a 
direction in S along which (23) holds. We wish to show that a similar relation 
holds for Q(z) along the same ray. We have first 

lim log | Q(Re’*) | > 1. 

i R is 
Otherwise since 

a iy 

fm, OEIPREY| <9 
we should have a sequence of points along the ray contradicting (23). 


For the second part of the proof, we require the inequality of Phragmén and 
Lindeléf (20), but in a slightly different form. Leta < 6; < # < Band & — 
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0, < m, and let h(;) S hi, h(@) S he. Let H(@) be the function of the form 
a cos 6 + bsin 6 which takes the values h, , he at 0; , 0 , respectively. Then 
h(6) S H(6) (0, S 0S he). 
Suppose now that for some 6 > 0 


lim 


Rox 


— log | Q(Re™) | _ 
Se +S 


Choose two rays o, r on either side of ¥ and near enough to it so that the H(@) 
which is equal to 1 for c, r is necessarily < 1 + 6 in between. Choose two more 
rays §£, nsothate <—E<y<< +r. Nowwrite 


F(z) = P(2)Q(z) = Pi(z)P2(z)Q(z) = Pilz) Qa), 
Qi(z) = P2(z)Q(2), 


where P;(z) is formed from the zeros in the sector £, 7 and P2(z) from the remain- 
ing zeros. By Lemma 2 we have along both the rays o and +r 


l 


kR~-2 


Hence, by the choice of ¢, 7 and by the inequality of Phragmén-Lindeléf, 


—_ | = ( 
im 108 1 ute) ae) < iim 8! Fe()| ae + lim 081 Ps rs @)| 


R72 R72 


iy 
lim we Oem <1+6. 


R--2 


Again by Lemma 2, since P2(z) has no zeros in the sector , 7, we have 


lim —— 8 li — 


R22 Ré R--2 


| ,i¥ a | iy ty 
log | Q( Re") | < im log | Qi(Re**) | + tie log | P2(Re**) | <1+6. 
R* R20 R* 
This contradicts the above assumption. Hence we have arrived at the result 
similar to (23), 


. log} Q(Re'”) | 
lim - = |, 
ae 








But (23) was all that was required in order to prove that F(z) has at least one 
zero in S. Hence, we can proceed in the same way to the conclusion that 
Q(z) has at least one zero in S. This contradicts the assumption that all the 
zeros of F(z) were included in P(z). This completes the proof of the following 
theorem. 

TueoreM III. Jf S is a sector which cuts off from the unit circle an arc on which 
the points e”* lie everywhere densely, then the series 


taken over the zeros of F(z) in S, is divergent. 
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10. The zeros along the normal to a side of 3. We consider in this paragraph 
the case in which the indicator diagram contains a chord joining two isolated 
points of the set {e™*}, these considerations being, however, confined to the 
case a = 1. Without loss of generality we can assume that these points are 
e“ and e ™, so that we have symmetry about the z-axis. In this case it is not 
difficult, following the method of Pélya for finite exponential sums, to discuss the 
distribution of the zeros of F(z) in the sector S, —u S argz S u. 

We can write 


F(z) = A exp (ze) + B exp (ze) + ¥(z), 


where A, B are the Fourier coefficients of g(n) corresponding to —y, yu, respec- 
tively. By comparing the indicator diagram of ¥(z) with that of F(z), we easily 
see that in the sector n S arg z S yu, where 7 is small and positive, the growth of 
F(z) is dominated by that of exp (ze). Similarly, in the sector —y = arg 
z = —u, F(z) is dominated by exp (ze). Hence, of the zeros of F(z) in S, 
almost all are to be found in any sector S,, — 7 < argz < 7». 

In order to study the zeros in S,, we make use of the theorem of Rouché. 
Along the sides of S,, F(z) is dominated by the function 


(z) = A exp (ze) + B exp (ze “), 


as we have already seen. We have 


&(z) = Bexp (ze ™) ‘4 + en} (o = 2siny), 
so that the zeros of @(z) are given by 
go lg Fy (k = 0, +1, +2, ---), 
o A o 


and are therefore spaced at equal intervals along a line parallel to the real axis. 
Also, if we cut out from S, small circles of a fixed radius around each of these 
zeros of &(z), in the remainder, for suitable K independent of z, we have 


lA 


| b(z) | > K | exp (ze) |, 0 S argz S 7, 


| (z) | > K | exp (ze) |, 0 = argz 2». 
Hence we can find a sequence of equidistant radii R, + © such that for z, = 
R,e*, — 1 S ¢ S&S 0, we have 


lim F(z,) — (z,) _ 


yo (z,) ° 


Along the sides of S,, we already have F(z) ~ #(z). Hence, outside a suffi- 
ciently large circle, the number of zeros of F(z) in S, is the same as the number 
of zeros of &(z). If we use N(r), Ni(r) to denote respectively the enumeration 
functions of the zeros of F(z) and #(z), we therefore have the result that the 
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difference N,(r) — N(r) remains bounded. Moreover, since N,(r) = or/(2r) + 
O(1), we have 


N(r) = i + O(1). 


“ 


We note that o is the length of the side of the indicator diagram joining e’ 
ande ™. 

It may be remarked that the preceding result holds also if the points e~™ 
are endpoints of ares of the indicator diagram, provided we assume that the 
terms of the Fourier series corresponding to all points in some neighborhood of 
each of e~™ points form an absolutely convergent series. For, it is easily seen 
that the growth of F(z) in the sector S depends only upon the terms correspond- 
ing to points in any neighborhood of the endpoints e*™ and these terms are in 
turn dominated by #(z) as can be shown under the hypothesis of absolute 
convergence. However, since the absolutely convergent case has been con- 
sidered by Regensburger, we shall not go into details here. Some aspects of the 
absolutely convergent case are also considered in Part IT. 


II 


In this part we consider functions defined by series 


2 
Oke 
pb Bye ’ 


k=1 


(1) G(z) 


| | = 


where >, | B, | converges and | a | < A, A > 0 (k = 1,2, ---). This class of 
1 


functions contains those F(z) considered in Part I for which the u.a.p. function 
g(t) has an absolutely convergent Fourier series. 
It is trivial that G(z) is an integral function of exponential type since 


|G(z)| < (= |Bs|) et" 
k=1 
We therefore introduce the Borel transform, y(z), of G(z). We have 


) oo i] e) 
(2) y(z) = [ G(eF de = DU B. [ el dy m= Do a 

0 v= 0 vl 2 — My 
In order to study the growth of G(z) in different directions by means of its 
indicator diagram, we must first learn something about the situation of the 
singularities of y(z). From (2) one would expect that these would consist of 
the set {a,} and its limit points. In general, however, this is not the case as 
has been shown by examples due to Wolff and Pringsheim.” It is clear that 
y(z) is regular outside the closure of the set {a,}. Hence in general the con- 
jugate diagram will be contained in the smallest closed convex region con- 


” A. Pringsheim, Sitzungsberichte der Bayer. Akad., 1923. 
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taining the points {a,}. However, we wish to restrict ourselves to the case in 
which %, the conjugate diagram, is equal to 3*, the least convex region con- 
taining the points a, and we will therefore impose certain restrictions on this set. 
Let E denote the set of extreme points of $*. Then the restriction we shall 
impose is that the set E N {ax} is everywhere dense on E, i.e., any neighborhood 
of a point of EF contains an a; which is in E. 

We now show that every point of E is singular for y(z). It is sufficient to show 
that every point of EZ M {a} has this property. To prove this let a, be a 
given point of E M {a} and take a supporting line (Stiitzgerade), & of 3* going 
through a,.'* We allow z to approach a, along the outer normal to &; hence, 


if d, = |z — ax|, we have d, > d,,k # v, and 
| | = ,d, 
|(z — a )y(z) — B,| S$ | Bi\ T- 
- * 


As d, — 0 it is easily seen that the right member can be made arbitrarily small 
and we therefore conclude that z = a, is a singular point of y(z). 

The conjugate diagram & of G(z) will therefore contain the set EZ, and, since a 
closed convex region is determined by its extreme points, will contain 9*. 
However, since, as we have seen, 3* D 3, we have 9* = &. 

We next consider more closely the growth of G(z) in certain directions. Let 
re’*! be a given direction such that the supporting line of 9% perpendicular to 
this direction passes through one and only one point, say &, of the set {&,}. 
Writing a, = a,e"’’, we have 


G(re'*) = By exp (are *?) + 3° B, exp (a,re'***”), 
v=2 


However, since the projection of & on the direction re“ is, by definition of a 
supporting line, greater than that of any other &, , it follows that the first term 
will dominate all the others so that we have’ 


(3) G(z) ~ Bye, z = re'*?, 


2. The zeros of ((z) in certain sectors. The result concerning the growth of 
G(z) obtained above enables us to get some information concerning its zeros 
in certain sectors. Let us suppose that the indicator diagram {% contains as 
part of its boundary an are of a smooth curve with a continuously turning 
tangent. Then the tangents to points of this are will be supporting lines of $ 
corresponding to directions which fill out a certain sector S:¢, < ¢ <¢. Also 
each tangent will go through an extreme point of 3 and, since the &, lie every- 
where dense among the extreme points, there will be a set of angles ¢ everywhere 


18 For a proof that such an £ always exists see Carathéodory, Palermo Rendiconti, vol. 32 


(1911), p. 198. 
1° This result has also been obtained by Regensburger, loc. cit. 
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dense in S for which the supporting lines go through points @,. For these 
directions we have by (3) 


log | G(re'*) | 
r 


(4) lim = |a,| cos (Bj + ¢). 


rn 


We can now use methods similar to those used in Part I. If we suppose 
G(z) ~ Oin S, it follows that 


W(z) = [G@)]" 
is regular and of order unity in S. Moreover, since the limit (4) exists along an 
everywhere dense set of directions in S, we have h*(v) = —h(y), where A(g), 


A*(¢) are the indicators of G(z), W(z), respectively. Taking now any two 
directions 6, 7 in S with | @ — | < 2, we have by the Phragmén-Lindeléf 
inequality 

h(v) = H(v) = Acose + Bsing, 
where H(@) = h(@), H(n) = h(n). In the same way 

h*(y) = —h(v) S —H(y), 

so that we deduce 

h(vy) = H(v) = A cose + Bsing. 


But the curve p = A cos ¢ + B sin ¢ represents, in polar coérdinates, a circle 
passing through the points (A(@), @), (h(n), ») and the origin. Hence, the 
supporting lines of directions between @ and » must all pass through the point P, 
where OP is the diameter of the circle, O being the origin. But as we have 
assumed that the tangents are continuously turning, this cannot be the case. 
Hence G(z) has at least one zero in S. By a simple argument used previously, 
we conclude further that there is an infinite number of zeros in S. In fact, by a 
proof following very closely on the lines of that of Theorem III we can arrive at 
the following conclusion. 
TuHeoreM IV. The sum 


EJ 


XL |e)" 


taken over the zeros of G(z) in S is divergent. 


3. An example. Whereas the above results all tend to show that infinite 
exponential sums have properties similar to those of finite exponential sums, in 
particular, that the zeros tend to array themselves along the outward drawn 
normals to the indicator diagram, the following example shows, in contra- 
distinction to the finite case, that exceptions can occur. We show, namely, 
that a sector may contain an infinite number of zeros and yet contain no normal 
to the indicator diagram. 
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Consider the series 
G(z) = > B,e™ sin b,z, 
v=] 


where b, = x/(v!), a, = 1 — b,, and B, are real numbers to be described later. 
It is easily seen that the indicator diagram of this function is a triangle with 
vertices at the points (1 — 7, + 7), (1, 0), so that the positive real axis is not 
an outward drawn normal. Nevertheless, G(z) has an infinite number of zeros 
along this axis. For let k be an integer and take z = k!. Then we have 


rk! 


G(k!) = Bie’ re sin + > B,e''” sin i in-|- 


ii 


Hence, we need only choose the B, so that 


2 -1 
k! (1—agp+1) . T 
| Buss | > (2 | B, \)e (sin cn) ’ 


and also so that the term 


!a : T 

Bye’ siti sin k+1 

has an alternating sign in order to insure the existence of at least one zero 
between z = k! andz = (k + 1)!. 
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THE HALF-GROUP OF COSETS BELONGING TO A GROUP 
By Cuar.es Hopkins 


The problem of incorporating into a single system the various quotient-groups 
associated with a given group G has recently received attention: one finds, for 
example, a solution in the papers of Ore on structures.’ As Ore points out, 
however, the wide applicability of his results is attained “by the elimination of 
the elements from the algebraic theories”. It is the purpose of this paper to 
present a solution in which the elements of the quotient-groups occupy the 
center of interest. We shall incorporate the elements of certain quotient-groups 
associated with G into a multiplicative system, which we call the half-group 
belonging to G. It is not difficult to see that this “multiplicative system” can 
never be a group if, as seems reasonable, we require that two elements belonging 
to distinct quotient-groups have a unique product. 


I. The half-group I'(@) 


Let G denote any group containing more than one element, and let @ denote a 
set of operators for G, each operator effecting a proper automorphism of G. 
Of the set ® we require that it contain operators effecting each of the inner 
isomorphisms’ of G. Let H(G@) denote the set of all subgroups in G which 
individually admit each operator of @. Evidently H(G) is either the set of all 
normal subgroups of G or a subset of this set. In any case, H(G@) will contain 
both the identity subgroup E and the group G itself. The following are familiar 
results: if H, and H, are any two members of H(G), then the complexes HH, 
and H,H, are identical and each is equal to the union {H, , Hy}; both the union 
and the cross-cut [H, , H,] are contained in H(G). 

Now each H in H(G) gives rise to the quotient-group [ = G/H. Let Q(G@) 
denote the set of distinct quotient-groups associated with the set H(@), two 
quotient-groups I’, and T, being regarded as distinct if, and only if, Ha # Mb. 
We suppose, furthermore, that two distinct quotient-groups have no element in 
common. Let = denote the set of all group-elements in Q(G); i.e., the logical 
sum of the sets of elements in T, , T, , ete. We wish to define for the elements of 
> a “multiplication” which shall have the following characteristics: 

(la) the set = is closed under multiplication; 

(1b) multiplication is associative for any three elements of 2; 


Received June 24, 1937; in revised form, December 14, 1937. I am indebted to Mr. 
Garrett Birkhoff for suggestions regarding the title and nomenclature of this paper. 

1On the foundations of abstract algebra, I, II, Annals of Mathematics, vol. 36 (1935), 
pp. 406-437; vol. 37 (1936), pp. 265-292; Structures and group theory. I, this Journal, vol. 3 


(1937), pp. 149-174. 
2 If G is abelian, the set @ may be void. Throughout this article we designate simple 


and multiple “‘isomorphisms’”’ by the terms isomorphism and homomorphism, respectively. 
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(1c) if X and Y are any two elements of 2, then the product XY is unique; 

(1d) for any two elements of the same quotient-group the product “within 
the set” coincides with the product “within the group”’. 

Now each I, is isomorphic with the group of distinct cosets H,z, where z 
ranges over the elements of G. Two cosets H.x and H,y are certainly distinct 
if H, * Hy, and we have assumed that two distinct quotient-groups I, and IT’, 
have no element in common.’ By setting up an isomorphism 6, between each 
I, and the group of cosets H,r we obtain, therefore, a one-to-one correspondence 
o between the distinct cosets of G and the elements of =. Following the usual 
procedure, we define the product H.x- Hy to be the coset H,H»xy. The set of 
distinct cosets of G will then constitute a multiplicative system having the 
properties (la)-(1d) above. 

Let Sia and Syg denote two elements of I, and Iy, respectively, and let H.s. 
and H»4ss denote the cosets to which they correspond under ¢g; i.e., (Hasa)0. = 
Saa , (Ho 83)0 = Sys. Let us define the product S.a Sos by the equation 
(1) Saa Sos _ Boy, 
where 

Sey = (He8 7) 6, H. = H.H, Sy = 8e8. 

Under this definition of multiplication within = the correspondence ¢ becomes 
an isomorphism, and = becomes a multiplicatively-closed system satisfying 
(1a)-(1d) above. This system we shall call the half-group ['(G). In view of 
the isomorphism o we may identify ['(G) with the half-groups of cosets of G; 
in particular, we shall usually designate the elements of G/E—E being the 
identity of G—by the elements of G itself. 

It is evident, of course, that in identifying the elements of = with the distinct 
cosets of G we have merely obtained the most obvious solution of our original 
problem, which was to incorporate the “‘abstract’”’ elements of = into a multipli- 
cative system satisfying (la)-(1d) above. Other solutions are always possible: 
e.g., we can define the product XY to be the product within the quotient-group 
or the null-quotient G/G, when X and Y belong to the same or to distinct 
quotient-groups, respectively. 

What chiefly distinguishes the half-group ['(G) from an ordinary group is the 
fact that for two given elements A and C of I'(G) the equation AY = C need 
not have a solution in [(@). We shall prove that 

For the existence of a solution of the equation 


(2) SaaY = Sey 


it is necessary and sufficient that H, be contained in H, ; if (2) is satisfied by an 
element of the quotient-group T, , then the equation 


(2’) XSaa = Sey 


is also satisfied by an element of T, , and conversely. 


3 This assumption is not trivial, since in certain connections it is convenient to regard 
A/A 1) B as a subgroup of K/B, where A and B are two normal subgroups of a group K. 
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From the definition of multiplication one sees that the condition H, © H, is 
necessary. To prove its sufficiency we observe that (2) is satisfied by the 
coset H,s,'s,, belonging to ', , where H, is any member of H(G) satisfying the 
equation H,H, = H,. (This equation always has at least the solution H, = H,.) 
Since H.H, = H,Ha, and since (2’) is satisfied by the coset H,s,82', it follows 
that to each solution of (2) contained in I, there corresponds a solution of (2’), 
and conversely. 

Evidently the set of all elements in ['(G) which satisfy equation (2) can be 
split into subsets, each subset consisting of those solutions which belong to the 
same quotient-group. Let I, denote a quotient-group which contains at least 
one solution of (2). The following result is of interest when I, contains only a 
finite number of solutions of (2): 

If the equation SaaY = S.y (or XSaa = Scy) is satisfied by an element of the 
quotient-group I, , then it is satisfied by exactly \ elements of T, , where d is the 
index of H, in H.. 

For if S,.(= Hys,) is a given solution of (2) contained in T, , then any coset 
Hy2.8., where z, is a variable element of H,, is also a solution of (2). As 2, 
ranges over the elements of H, , we obtain exactly \ distinct cosets (modulo H,), 
where \ is the index of the cross-cut [H,, H»] in H,. From a well-known 
theorem, this index is equal to the index of H, in HH, (= H.). That our 
theorem holds for the equation XS,a = S-., as well follows from the fact that 
(2) and (2’) have the same number of solutions in T, . 

We shall say that H, is maximal in H, if the equation H,H, = H, has only 
the one solution H, = H.. Then for the theorem above we may state as a 
corollary: the equation SaaY = S.,, as well as XSaa = S.,, will have a unique 
solution in 1(G) if, and only if, H, is maximal in H, . 

In the concluding portion of this section we shall state, without proof, certain 
results relating to “subsystems” of I'(@), a subsystem being defined as a set of 
elements in I'(@) which is closed under multiplication. It is easy tosee that any 
subsystem A is expressible in one, and only one, way as the direct sum of com- 
ponents A, , A, , etc., where each component A, is either void or is the subgroup 
consisting of all elements of A which occur in IT, . 

Those elements of ['(G) which are commutative with every element of ['(G@) 
constitute a subsystem, namely, the center of [(@). One can easily show that 
the center of ['(G) is the direct sum of the centers of T’, , Ts , ete. 

The cross-cut of two subsystems is always a subsystem or is void. As in the 
case of ordinary subgroups of a group, the product of two subsystems A, and A, 
is a subsystem if, and only if, A,A, = A,A, . 

Let A be any subsystem of I'(G), and let J be a given set of elements in I'(@). 
We shall call A a right-hand, or left-hand, or invariant J-subsystem, according 
as A contains AJ, or JA, or JAJ. If, in particular, J is the set = of all 
elements in ['(@), then, borrowing the terminology of ring theory, we may call 
A a right-hand, or left-hand, or invariant (two-sided) ideal. It is easy to show 
that every ideal is an invariant ideal and is the direct sum of uniquely determined 
quotient-groups. 
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Let Saa(= Hasa) be a given element of '(G@), and let ¢ be a fixed operator in 
the set @. We define the product S,e¢g to be the element H,-sag. Since 
H.e = H, and since each ¢ effects an automorphism of G, it is evident that ® 
is a set of operators for T(G); i.e., Saag-Sose = SaaSrg-y. Any subsystem A 
which admits all the operators in @ we shall call a ®-subsystem. Evidently 
A® ¢€ A implies A® = A, since each operator effects a proper automorphism of 
G. As examples of &-subsystems, we have the following: the center of I'(G), 
every quotient-group I’, , every subgroup of [, which is homomorphic with a 
#-subgroup of G. 


II. The extended group-ring #(@) 


Up to this point we have discussed the half-group ['(@) and its subsystems 
for groups of unrestricted generality. From this point on we shall assume that 
G is a denumerable group and that the number of groups in the set H(G@) is 
finite. 

Let n denote this number. Then for the members of H(G) there exists at 
least one sequence such that in this sequence the product of two groups never 
precedes a factor. We now label these groups so that in the fixed sequence 


(1) H,, H:,---,Hs 
the subscript k of the product H;H,(= H;,) will satisfy the inequalities 
(2) k 2%, k 2j. 


Corresponding to the sequence (1) we have for the quotient-groups I; (=G/H,) 
the ordered arrangement 


(3) T,,T2,-+-,Tn. 


Since [; 1; = G/H;H,;, it is clear that the subscript k of T;°j;(= T,) satisfies 
the inequalities (2). 

We know that H(G) contains at least the identity subgroup EZ and the group 
G itself ;* hence, in (1) the first and last terms must be E and G, respectively. 
Consequently, in (3) the first term is G and the last term is G/G. 

Let F be any commutative field and let R(G) be the hypercomplex system 
over F whose basis-units are the elements of [(G). From this point on we 
shall designate the elements of I’; by e; , uz, --- , where e; is the identity of I; . 
Employing the usual notation, we then write’ R(G@) = Fe, + Fuy + --- + 


4 This does not imply that the number of elements in G is finite. For example, if G is an 
infinite group whose elements are all of order 2 (EZ excepted), and if # is the set of all proper 
automorphisms of G, then H(G) contains only the two groups E and G. 

The results in this section are valid, for the most part, if we replace “finite’’ by ‘‘de- 
numerable’’; in this case, however, the proof of our main theorem may involve an infinite 
number of constructions. 

5 Thus a given element of R(G@) is expressible uniquely in the form {11e1 + {12412 + --: 
+ {ni€, , it being understood that only a finite number of the coefficients ¢;; are different 
from zero when #(G) is of infinite rank over F. 
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Fe. + Fux + --- + Fe,. Let ®; denote the hypercomplex system over F 
whose units are the elements of [;. Then §(G@) is the direct sum of the subrings 
MW, Me, ---, Ra. We shall call R(G) the extended group-ring of G, the ter- 
minology being suggested by the fact that each §; is the regular group-ring 
over F of the group T;. 

One sees readily that the set of n subrings 9, , --- , R, is closed under multipli- 
cation, and that the multiplication table for the ®’s is obtained from that of the 
I’s if we replace [; by R;. It is evident, therefore, that of these n subrings 
only one, namely, %,, is an invariant subalgebra. Our main objective in this 
section is to show that by an appropriate change of basis we can exhibit R(@) 


as the direct sum of n invariant subrings ®,, --- , Rs, ---, Rx, where each 
Rt, is isomorphic with MR, (i = 1, 2, --- , n). 


We shall prove the following theorem: R(G) is the direct sum of n invariant 
subrings R, , --- , Rn i.e., RG) = Ri + Re + --- +R, , where 

(a) Ri = Ri ; RR; = KR, = 0, ij; 

(b) Ri and R; are ring-isomorphic. 

Now §(@) contains as a subring the hypercomplex system €(G@) = Fe, + 
Fe. + --- + Fe,. We shall first reduce €(@) to the direct sum of n fields 
Fé; which annul each other, and then show that this reduction of €(@) leads to 
the desired reduction of R(G). 

Since e; is the identity of T; , the elements e, , --- , e, constitute the set of all 
idempotents in I'(G). (Digressing momentarily, we point out that e, is the 
principal unit of R(@), while e, has the properties of a “null-element” in ['(G); 
i.e., Xe, = e,X = e, for every X in [(G).) For our purpose the important 
characteristics of the multiplication table of these idempotents are the following: 


2 ° P 
ej = 44; ee; = Cj =, (k 2i,k 29); 


(4) 


C10; = Ci; Cn Oy = Cy (i,j = 1, 2,---, mn). 


[See (1), (2), (3) above.] 
We now write @, in place of e, and define é,_, by the recursive relation 


(5) Enn = Cn—wlr — En—pit — Ens? — +++ — Ent —@n) (= 1,2,---,n— 1). 
We shall show that the n elements @,, &, --- , @, satisfy the following con- 

ditions: 

(6) = 8; 88; = 28 =0 (i ¥ 9); 

(7) by = C5 + diigreinn +--+ + din€n (i = 1, 2,---,n), 

where 

(7a) the coefficients dy are rational integers® or zero, and 

(7b) dy is zero whenever the equation e;X = e, has no solution in I(@). 


From (4) it is easy to see that (6) is satisfied by é, and @,_1 . 


° Or congruent to rational integers, in case F is a modular field. 
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We suppose, then, that (6) and (7) are known to hold for the elements 2, , 
&-41, +++ ,@,, Where r is a fixed integer greater than 1. We shall prove that 
these conditions must then hold for @,; , @-, --+ , én. 

Now @,1 = @ralé: — @ — Gra — +++ — En) = Cra — Cpe — +++ — Crtbn, 
and if we replace @, , 2,4; , ete., by their equivalents from (7) and refer to the 
equations e;e¢; = e, k 21%, k 2 J, from (4), then it is clear that @,_; is of the 
form @,1 + dyi,@) + --+ + dp41.n€n, Where the coefficients d,,, are rational 
integers or zero. Furthermore, in this expression for é,_; a term with a non-zero 
coefficient (¢, , say) can arise only from products of the form e,,e;(= ¢é). 
Hence all parts of (7) hold for é@,_; . 

Since (6) is assumed to hold for @, , --- , é, , we obtain for @_, the expansion 
e4.= e_s(e, —é@+--- +46, — 2, —--- — 2) = 24. 

Hence é@,_; is idempotent. Moreover, if @,,; is any element of the set @, , 24)’ 

-,é,, then 


6-1 Ors j = €r—1(€; — @— +e — én) €-45 = €-—1(€1 4; _- 6 €r4j — sss &,€,+;)- 


Now 2,4; = @4;, and of the remaining products in the last parenthesis exactly 
one is different from zero, namely, the product @,.;@.;. Hence @,.é.; = 
€,1(é-4; — @4;) = 0. Thus we have proved by induction that the n elements 
é,, +--+, &, satisfy (6) and (7). 

Since these n idempotents are linearly independent over F, they can replace 
€:,---,@, as a basis for the ring G(G@). Each Fé; is a field isomorphic with F, 
and it is obvious that €(@) is the direct sum of these fields. Since each Fé; is 
an irreducible two-sided (invariant) ideal in &(G), it follows from known con- 
siderations that the elements @,, --- ,é, are the only n linearly independent 
idempotents in €(@) which satisfy (6) above. If we express the e’s in terms of 
the é’s, we obtain n equations of the form e; = &@ + > D. é,, the coefficients 

t=i+1 
being rational integers or zero. The following equations, which we shall use 
below, are easily verified: 


(8a) e:€; = 2; (i= 1, 2,---, mM); 
(8b) €;@; = 0 (i > D. 


We are now in a position to prove the main theorem of this section. In the 
set of original basis-units for R(G), we replace each e; by @; and each u;; by 
a; (= uj ;é;:) (i = 1, 2, cee, n), obtaining thereby the set €:, Uy,---, &, 
ting , --- ,&,. For the moment we assume that the elements of this set are 
linearly independent (we shall prove it below); they will then constitute a new 
set of basis-units for R(G). By definition, R; = Fe; + Fue + --- + Fuj; + 

We denote by ®; the expression which ®; becomes when we replace 
e; by é; and each u;; by a;; (j = 2,3, --- ). From (8a) and from the equation 
i; = uizé; we see that R; = Ries. Since Ri = Rie = Ri, it is evident that 
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®R, is a subalgebra of R(G). Since RM; = Rie: Me; = Ri M,e%:2;, and since 
é,é; = 0 fori + j, it follows that each ®; is an invariant subalgebra. 

To complete the proof of our theorem we have only to show that R; and R; 
are ring-isomorphic. Certainly ®; and R; are homomorphic under the cor- 
respondence defined by e; ~ é; , ui; ~ Gi;,f ~fforallelementsfinF. For if x 
and y are any two elements of 8; , and if # and @ are the corresponding elements 
of R,; , then, since = zé;, 7 = ye; , we have 


r+yr~mety=(@+ yi =F4+9; 
xy ~ ry = (xy)és = (xei) (yes) = F9. 


To prove that this homomorphism is an isomorphism it is sufficient to show 
that Z is zero only when z is zero. Using (4) and (7a), we obtain the equations 


z = xe; = xe; + di is. ina + i + din€n) =f a ft 


where 2’ is asum of elements from Ris1, Rise, --- , Ra. Since R; and R; , 7 ¥ J, 
have only the element zero in common, we see that = 0 implies z = 0. _Inci- 
dentally, this proves that the elements é;, dz, --- of a given §; are linearly 
independent over F. Let Z be any linear function, with coefficients in F, of the 
elements @, te,---, &, te,---,é@, and let %, %,---,%, be the com- 
ponents of Z which lie in Ri, ---, R,, respectively. Assume that Z = 0 and 
thatZ,#+ 0. IfZ=%+---+%4+--- +2, = 0, then Z%, = 2,2 = Z, = 0. 
Hence, the elements @, --- , @;,--- ,@, are linearly independent, since we 
have already established the linear independence of the subset which occurs in a 
given R; . 

A decomposition of a hypercomplex system © into the direct sum of invariant 
subrings is usually designated by the term direct decomposition of S. The 
decomposition D of R(G@) into the direct sum of the components R; above is 
probably the most useful direct decomposition of R(G@), but it is obvious that 
R(G) will in general have direct decompositions other than D. Even if we 
know of a direct decomposition D that its components, in some order, are ring- 
isomorphic with the components of D, it does not always follow that D and D 
are the same decomposition. [The simplest example arises by choosing for G 
the non-cyclic group of order 4, for ® the identical automorphism, and for F 
the field of rational numbers.] We mention a striking exception: 

If G is a group G, in which the order of every element is a power of a given 
prime p, and F is a commutative field F , of characteristic p, then 

(i) each component R; of D above is direct-indecomposable ; 

(ii) D is the only direct decomposition of R(G) into direct-indecomposable com- 
ponents. 

We sketch the proof of (i). Each ®; in R(G,) is the group-ring of a p-group 
lr; over F,; a group-ring of this sort is a primary ring—i.e., every divisor of 
zero is nilpotent—and contains, accordingly, no idempotents other than 0 
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and the principal unit. Since Rt; and ®; are ring-isomorphic, R, contains no 
idempotents except 0 and é;. Since a direct decomposition of R; would involve 
a decomposition of 2; into the sum of two or more idempotents each different 
from zero, it follows that R; is direct-indecomposable. 

Proof of (ii).’ Let S be any hypercomplex system with a principal unit e, 
and let D’ and D” be two direct decompositions of S which have as components 
Si,---,S and Sy, .--, S, respectively. Let e; and ¢; denote the com- 
ponents of e in S; and ©’, respectively. Now each e; (and each e;) is idem- 
potent, in the center of S, and different from zero. Since S; and S;’ are 
invariant subrings of S, we know that e;e; is an idempotent element e¢;; con- 
tained in both S; and S;. Hence those e;;’s which are not zero must be dis- 
tinct; furthermore, the product of two distinct e;;’s is necessarily zero. Since 


S = Se = SP = Sep + --- +eer + --- +e), 


it follows that S is the direct sum }> Se,;, where the summation extends over 
those e;;’s which are not zero. Each component Se;; is an invariant subring of 
S; consequently, the decomposition S = >> Se;; is a direct decomposition D’”. 
Since 


= See = Sle fee Cis) = >» Sei , 
t 


we see that by a proper grouping of the components of D’”’ we recover the 
components of D’ (and of D’’, as well). And it is evident that D’” will be a 
refinement of at least one of the original decompositions if, and only if, these 
original decompositions D’ and D” are distinct. 

Returning now to R(G,), we choose for D’’ the decomposition D and for D’ 
any second direct decomposition of R(G,) in which each component is direct- 
indecomposable. Since each component of D is direct-indecomposable (see (i)), 
the decomposition D’” above must coincide with D and with D’, for it can be a 
refinement of neither. Therefore D’ and D must be the same direct decomposi- 
tion of R(G,). This completes the proof of (ii). 

We touch briefly upon the significance of D in connection with the two regular 
representations of [(G@) when G is a finite group. It is known that any repre- 
sentation of a finite group over a commutative field can be derived from a 
representation of its group-ring, and conversely—a result which can be extended 
to the half-group [(G). From the properties of D—in particular, from the 
fact that R; and MN; are ring-isomorphic—it follows that the first (or second) 
regular representation of [(G) is equivalent under a linear transformation 7 
to the direct sum of n representations M,, Mz, --- ,M,, where each M; is 
equivalent to the first (or second) regular representation of T;. From (7a) 


7 Although each ‘k; is direct-indecomposable, it is never irreducible for i # n. Hence 
the familiar ‘‘uniqueness-theorem”’ for semi-simple rings is not available. 
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it is clear that 7 may be chosen so that its coefficients are rational integers. 
More generally, any representation of ['(G) by linear transformations over F, 
whether regular or not, is equivalent to the direct sum of representations of the 
quotient-groups [,,---,I,. Since each T; is a homomorphic image of 
G(= 1), the theory of representations of ['(G@) is contained essentially in the 
theory of representations for G. For example, if the characteristic of F is 
prime to the order of G, then any representation of [(G@) over F is completely 
reducible, and to obtain an extension of F in which this representation splits 
into its absolutely-irreducible components we need only to choose an extension of 
F in which the components belonging to G have this property. 
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SPHEROIDAL AND BIPOLAR COORDINATES 


By H. Bateman 


1. The relations between the different codrdinates. Let x = w cos 9, 
y = w sin ¢, then if 
(1.1) z=rcosé = kw = kS sho, u2l, -lsv3s1, 

(1.2) w =rsin@ = k(v — 1)*(1 — 0°)! = kS sin 7, 

(1.3) k(u — v) = R, k(u + v) = R’, S(ch o — cos r) = 1, 

(1.4) (u— ve’ =u+y, (wv — v)cosr = u’' + vo — 2, 

(1.5) r= (uw + v° — 1). 

It is usual to call (r, 6, ¢) the spherical polar coérdinates, (z, w, ¢) the cylindrical 
coérdinates, (u, v, ¢) the spheroidal coérdinates and (¢, 7, ¢) the bipolar co- 
ordinates of the point P whose rectangular coérdinates are (z, y, z). 

For a second point Py whose rectangular coérdinates are (2 , yo , 20), quanti- 
ties uo, 00, Wo, % , 0, 00, 7, Ro, Ro, So may be defined by similar equations 
with a constant kp which may or may not be different from k. We shall, how-. 
ever, be interested in a function G(z, y, z, 20, Yo, 20) Which is harmonic when 
considered as a function of zx, y, z and also when considered as a function of 


Zo, Yo, 2. For reasons of symmetry it will be convenient in this case to take 
ko = k. 


2. The standard spheroidal harmonics. It is well known that Laplace’s 
equation has the simple solutions 


P™(u)Pr(v)e""®, Q™(u)Pr(v)e'"®, 


where P%(u) and Q7(u) are associated Legendre functions. 
In the case of symmetry about the axis of z the simple solutions become 


P,(u)P,(v) and = Q,(u)P,(v). 


A series of solutions of the second type is particularly useful for the repre- 
sentation of a potential function in the space outside a prolate spheroid whose 
foci are at the points with rectangular coérdinates (0, 0, k), (0, 0, —k), respec- 
tively. This leads to the consideration of Neumann series of type 


(2.1) f(u) = Do (2n + 1)enQ,(u). 


n=0 
Such a series is known to converge in the region of the complex u-plane that 
lies outside an ellipse with the points + and —k as foci, when f(u) is an analytic 
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function with no singularities outside this ellipse. Useful expressions for the 
coefficients which supplement those given by Neumann may be obtained by 
using certain polynomials expressible as generalized hypergeometric functions 


(2.2) F,(z) = F(—n, n + 1, 3 + 32; 1, 1; 1), 
(2.3) Z,(z) = F(—n, n + 1; 1, 1; 2), 


the notation being the usual one except that the suffixes adopted by Barnes 
have been dropped, the semicolons being sufficient to specify the number of 
parameters in the numerator and the denominator of the function in the 
present work. 

These polynomials are such that if D, denotes the operator d/dz, 


F,,(D,) cosech x = cosech x P,(coth 2), 

F,(D,)x cosech x = cosech x Q,(coth x), 
(2.4) : os iam 
Z.(ze*) = e* F,(2D,—1)e” , 
Z.(— D,)x" = 2 'P,(1 — 227"). 


° ° ° 1 
Moreover the coefficient c, is given by the formulas 


(2.5) cn = (—)" lim F,(D,) cosech zx f(coth z), 
z—0 
(2.6) c, = lim Z,(—D,)2x" f(1 + 227°), 
z—0 


which may be applied, for example, to the function f(z) = 1/(z — t). Let 
us now write uw = cothp, W? = ui + uv 4+ 0° — 14+ Qua, WT = uw +0 
and apply the formula (2.5) to the two well-known expansions 


(2.7) W> = Do (—)" Qn + 1)Pa(u)Pa(v)Qu(ue), 

vat " (uo > u). 
(2.8) W Q(T) = > (—)" (Qn + 1)Q,(u)Pr(v)Qn(u0), 
Since 


W’ sh’p(ch o — cos r) = ch (o + 2p) — cos 7, 
we obtain the following representations of spheroidal harmonics 
P,(u)P.(v) = S*F,(2D,)S8,  S = (cho — cos 7), 
Q,(u)P.(v) = S'F,.(2D,)[SQo(u)]. 


1 See H. Bateman, Annals of Mathematics, vol. 35 (1934), pp. 767-775 for the first of these. 
The second, (2.6), is new. 


(2.9) 
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The series (2.8) may not be so well known as (2.7), but it is easily summed by 
expressing it as a definite integral 


f= mm... AC + w)? + (W?- 10 - 4, 


which has the value indicated. 
The more general series 


> (2n + 1)Qn(uo)Pn(vo)Qn(u)Pa(v) 


n=0 


represents a function harmonic in both (z, y, z) and (zo, yo, 20), which, when 
v = v = 1, is represented by the series 


= En + Aulus) Qa) = [Qolus) — Qo(u)](u = 1) 


=> Emtntiw oot 


m=0 n=0 


where the summation extends over all combinations of values for which m + n 
is an even positive integer or zero. 

When r > k and rm > k the expansion of V in a series of Legendre functions 
is, with the same restriction on m and n, 


my , (‘ a Gy" P,,.(cos %)P,(cos 0)(m + n + 1)". 


m=0 n=0 


In particular, when v = 1 and consequently 6 = 0, we have the expansion 


2 (2n + 1)Q,(u)P.(v)Q,(u0) = = x (i " uo” 'P,(cos 6)(m + n + 1)". 
3. The standard bipolar harmonics. The standard bipolar harmonics are 
(u — v)'e” P?'(cos r)e'"*® and (u — v)*e”” Q?(cos r)e'”®, 


where v and m are arbitrary constants. Taking m = 0 to get the case of sym- 
metry about the axis of z, we shall show that 


(u — #)e"P,(c0s 1) = > (on + I)F.(—2» — 1)Q,(u)Pa(o). 


Denoting the left side by V, we remark that V is a potential function which, 
when regarded as a function of u, has singularities only when u? = v? and when 
cos r S —1, the latter giving a singularity only when » is not an integer. Now 
cost S —lfor’ <wv<s 1. Hence, if —1 Sv S 1 and u > 1, the series is con- 
vergent whatever be the value of v. For the left side can then be expanded in 
a convergent Neumann Q-series whose coefficients may be found by our rule 
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by first putting v = 1. When v = 0 the series reduces to Heine’s series for 
(u — v)'; and when »v = —} it gives the expansion 


(22 )( — v*) ORG — vo)? — v*)] = p> (4n + 1)(—3/, n)? Qen(u)Pen(v), 


where K(k) is the quarter period of the Jacobi elliptic functions with modulus k 
and (z/, n) is used to denote the coefficient of t” in the binomial expansion of 
(1 + t)’, while (n, /z) may be used for the reciprocal of this coefficient. 

The potential function V can also be expanded in a series of spherical har- 
monies in the region outside the sphere r = k. The axial value of V is in fact 


GilGy ep “ae 
z—k/\z-—k)  *\c—k *"\z—k 
1 (F) te + 0-0) 


where g,(x) is the polynomial of Mittag-Leffler.? Hence, if r > k, 


i 


oc 


v=43D (‘) P,x(cos 6)[gn(v + 1) — ga(v)). 


n=1 


When n > 0 the polynomial g,(z) can be expressed in terms of the hyper- 
geometric function; indeed 


gn(x) = 2cF(1 — n, 1 — 2; 2; 2), 


while go(x) = 1. 
At a point on the sphere r = k we have u’ + v® = 2 and so 


V, = (u + v)"(u — v)” 'P,(0). 


For some values of v this function can be represented by the Legendre series 
V.=} > P,1(cos 4)[gn(v + 1) — ga(v)]. 
n=l1 
Noting that u + v = 2 cos 36, u — v = 2sin § @, we have 


V = } cos” (36) cosec”*’ (30) PO) = 27°(1 + w)*(1 — un)” *P,(0), 


where u = cos 6. By the known theory of expansions in series of Legendre 
functions the expansion of this function is permissible when —3 < 2v < 1. 


Spherical potential problems in spheroidal codrdinates 


4. Values of the harmonics on the sphere r = k. At a point on the sphere 
r = k the spheroidal coérdinates u, v are connected by the relation u’ + v° = 2 


2 G, Mittag-Leffler, Acta Mathematica, vol. 15 (1891), pp. 1-32; vol. 29 (1905), pp. 101-181. 
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and we may put z = k tanh t, w = ksecht. Then, if s = e ‘, we have at this 
point on the sphere 
u=(1+s)(1+s)*=a, © say, 

v = (1 — s)\(1 + s)? = ¢, say, 


and the formulas for the standard spheroidal harmonics of symmetric type 
become 


(4.1) 


(1 + s*)'P,(a)P,(c) = F.(2D, — 1)(1 + 8°), 
(1 + s°)*Q,(a)Pa(c) = Fr(2D, — 1)((1 + 8°) *Qo(u)]. 


The first of these equations indicates that when | s | < 1 we have the expansion 


(4.2) 


(4.3) (1 + s*)*P,(a)Pa(c) = 22 (—3/, m)Fx(—4m — 1)s", 
m=0 
where (z/, m) is used for the coefficient of ¢” in the expansion of (1 + #)*, and 


(m, /z) for the reciprocal of this coefficient. 
If we make the substitutions 


P2n(a)P2n(c) = zs (—)"*"(n + p — 3/, n)(n/, p)P2p(b), 
(4.4) ‘ 
Peons1(@) Ponss(e) = > (—)"*?(n + p + $/, n)(n/, P)P2p+1(b), 


where b = (1 — s*)/(1 + s°), and make use of the expansion 
(4.5) (1+ °)?P,(b) = dX "(—p/, m)F(—q,q + 1, —m;p, 1; 1), 
which may be new, we are led to the identities 


(4.6) Fas(—4m — 1) = x (-)""(n + p — 4/, n\(n/, p)Fz!(—2m — }), 


(4.7) Faeus(—4m — 1) = > (—)"**(n + p + 4/, n\(n/, p)Fztus(—2m — 9), 


wherein use has been made of Pasternack’s notation 
(4.8) Fr(z) = F(—n,n + 1,3 + 32 + 3m; 1, m + 1; 1). 
It may be remarked that there is a second expansion associated with (4.5), 
viz., 
(1 + s*)?P,(—b) 


(4.9) x 
= D> (n + p — 1/, n)(—s*)"F(—g,q¢ + 1, p + 2; p, 1; 1). 
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5. Expansions in series of spheroidal harmonics. When the value of a 
potential function V is known on the sphere r = k and V is symmetric about 
the axis of z, the expansions 


(5.1) V = > a,P,(u)P,(v), 
(5.2) V = = enQ,(u)P,(v), 


when they exist, may, perhaps, be obtained by first expressing V by the well- 
known integral which gives the solution of the Dirichlet problem for the sphere. 
This integral is 


(5.3) +V = x [ sin 6’ dé’ [ do'k(k’ —r)p °V’, 
4r Jo 0 


where V’ is the value of V at the point with spherical polar codrdinates (k, 6’, 9’), 
p =k’ 4+ r° — 2kr(cos 6 cos & + sin @ sin & cos(¢ — ¢’)), and the upper or 
lower sign is taken according as r is less than or greater than k. 

To obtain the coefficients in the expansions (5.1) and (5.2) we put u = 1 
in the first and v = 1 in the second and in each case expand the resulting axial 
value of V, namely, V.. For this we need the expansions 


4 


(5.4) (2 — I[(u — 1° + &(u + 1)7? = p> (2n + 1)(—)"UZ(OQ,(u), 
(5.5) (1 — [1 + 0)? + TA — ov)? = > (n + 3)V2(T)P,(v), 


where ¢ = tan $6’, T = cot 36’. 
Regarding the first of these as a Neumann Q-series and using our rule for the 
determination of the coefficients, we have the formula 


(5.6) U*(e*) = F,(Dz + 3)Us(e*), 
where 
Ur® =a 4+)". 


Since (u — 1)° + @(u + 1)’ is zero when u = ce’, the Q-series may be expected 
to converge outside an ellipse in the u-plane which has the points +1 as foci 
and which passes through the point u = e”’. This ellipse meets the real axis 
where u = (1 + sin’6’)’. Now the greatest value of sin’@’ is 1, and so the Q- 
series certainly converges when u > 2'. When this condition is satisfied, the 
Q-series for V, is 


(6.7) Ve= 3D (4n + 2)(-)"Qa(u) [ “a + erate *(Og, 


_ n=O 








ao- -_ 
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where V’ = g(tan 36’). The coefficients c, are thus found. With a suitable 
type of function g(t) the series for Vz may converge for some values of u that 
are smaller than 2’. 

In the particular case in which V = Q,,(u)P..(v) we have g(t) = Qn(a)Pn(c), 
where 
_ t+1 _ t—1 
“erp °* @ Fy 


and the formula for V, indicates that 


(5.8) a 


[ (1 + #)'Qn(a)Pn(c)UZ(Otdt = 0 (m # n) 
(5.9) 0 
= (4n + 2)" (m = n). 


This result has been checked in some particular cases. 


6. The function V*(t) may be defined in a similar way by the equation 


(6.1) Vi(e*) = F,(Dz + 3)Vo(e*), 
where 

* a: , sds 2\-3 
(6.2) tVo(t) = mee (i+s)”. 


Putting s = e””, we may write 
e* Vo(e") = [ (4 sech 2y)! sech (x — y) dy. 
Hence, since F,,(D,)sech (x — y) = sech (x — y)P,[tanh (x — y)], we have 
e* Vi(e*) = [ (4 sech 2y)! sech (x — y)P, [tanh (x — y)] dy. 


That is, 
oo 4y {2t = 2y 
tV*(t) =2 [ ev dy + eytp, (' ~ ) 


2 e* + ev e + ev 
= [ tanh a sech a — a P,[(t — sh a)/(t + sha)]. 
0 t+sha 
Making the substitution v(¢ + sh a) = t — sh a, we obtain the formula 


(6.3) vi) = i | (1 — o)P,(v) dof + 0)? + £0 — oT, 


which gives rise to the equation (5.5). If, moreover, we write (6.2) in the form 


(6.2)’ e** V3 (e*) = / a e* Us(e**), 
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and operate on both sides with F,(D,), we obtain the equation 
* = sds ~* 
(6.4) tV,.() = . oa U,.(s). 
The expansion (5.5) is convergent for —1 < v < 1 when T > 0, and we infer, 
if V’ = f(T) = f(cot $6’), that 
(6.5) Va = DX (2n + 1)P,(v) [ (1+ T)IV(TY(T)T aT. 
n=0 0 


The coefficients a, are thus determined. 
In the particular case in which V = P,,(u)P»(v) we have f(T) = Pn(a)Pn(c), 
where 


(6.6) a=(14+7T)14+T)*, c= Q—-T)IL+T)%, 

and the formula indicates that 

(6.7) [ (1 + T°)'*P,,.(a)Pn(c)V2(T)T dT = 0 (m # n), 
7 0 


= (2n +1)" (m = n). 

This result has been checked in some special cases. 

It should be noticed that when c, = a, and r = k there is a relation between 
the values of the potential functions represented by the series (5.1) and (5.2). 

Let us start with the equation 

‘i * td . 
6.8) ue + tq =4 f° ater (t > 0), 
o 8 + t 

in which a is given by (5.8). The equation is easily proved by making the 
substitution s = sh z. 

Writing ¢ = e* and operating with F,(2D, — 1), we find that, if ¢ is also 
given by (5.8), ° 


(1 + & *)*Q,(a)P,(c) [ (1 + s°)*dsF,(2D, — 1)(1 + se*)™ 


I 
Nie 


as sf (1 +e") tdye"F,(2D, — 1I)(1 +e”) * 


i / ° (1 +e”) * dyF,(2D, + 1)(e” + e 7). 


Using the operation of functional integration by parts which depends on the 
properties of adjoint differential operators with constant coefficients, we find 
that 


(1 + &™*)*Q,(a)Pale) = 4 “(+ 6) dyF.(-2D, + 0 + "4 


wa [ “el + ey dy(l +) P,(a)P,(e, 





nd 
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where 
a = (+ 1)6%4+1)7, ¢& = * — 1) + 1). 


Hence 
(6.9) (? + 1)°Q,(a)P,(c) = 3 [ 4 (s + 1)°P,(a’)P,(e’) ds, 


where 
a=(¢+)ND¢C4+1)7, ¢ =¢-NEO+1)", 
a’ =(s+1)(s8°+1)%, ce’ = (s — 1)(8° +1). 


This equation shows that the potential function 
V = i [(z + 8)? + w}*(s? + 1)*P,(’)P,(c’) ds 
0 


has for z > 0 the axial value V, = 2(2* + 1)°Q,(a)P,(@), where 
@=(+1¢+41)%, é= (e— 1) + 1)%. 


The analysis of §§5 and 6 may be useful for the determination of a distri- 
bution of axial sources which give rise to a potential V. 

1°. When the sources cover only a finite portion of the z-axis and V is known 
at points of a very large sphere which contains all the sources. The solution of 
the problem is given formally by the series (5.7) when use is made of Neumarin’s 


equation 
Q.(u) = + [ ee. 
-1 u-vU 


2°. When the sources lie on the portion of the z-axis for which z < 0 and V is 
known on the portion of this axis for which z > 0. Use can then be made of 
equation (6.9) and related series of products of Legendre functions. The 
orthogonal relations (5.9) and (6.7) may then be useful for the determination 
of the coefficients in such expansions. 


7. Definite integrals for the Legendre functions. When there is only a single 
source on the axis of z, our analysis leads to expressions for the Legendre func- 
tions. One of these will now be derived by an independent method. 

Starting from the equation 
. t dt 


(7.1) 2: -] = , (2 + 2) > 2)! (z > 0), 


and putting t = zu, z = e”, we get 





(7.2) 3 sech z = e” [ u du(1 + uw’) * UF (ue*). 


0 
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Operating on both sides with F,,(D,), we obtain the equation 


(7.3) A sech x P, (tanh x) = e* / udu(l + u®) *U*(ue™), 
which is readily transformed into 
= 1 z—1\_ [* UR@etdat 
(7.4) 2 + 1 F. (:=3) = ‘ (2 + &) (z > 0). 
This equation may be useful for the solution of the integral equation 
se) = [+ ey*g(oeat (2 > 0), 
0 


which occurs in potential theory when an attempt is made to find a potential 
of a simple layer over the plane z = 0 producing an assigned value on the axis 
of z above the plane of a potential symmetric about the axis of z. The method 
suggested by the equation is, indeed, to expand f(z) in a Legendre series of type 
1 < z-1 
S(2) = 2+1 2 anPr (: +1). 
and to represent g(t), if possible, by a corresponding series 


g(t) = > a, U>(t). 


A “Fourier rule” for this type of expansion is suggested by the orthogonal 


relation (5.9). 
The relation (7.4) may also be obtained by considering the potential function 


V = / e  Jo(wt)U, (0) dt, 


where U,(t) = e ‘Z,(t). It is known that when w = 0 and z > 0 this potential 
function has the axial value 


r l ath 
v= -4, P.(254). 


The rule for finding the potential of a simple layer on the plane z = 0 which 
will give rise to the potential V in the space z > 0 then gives the equation 


U*() = Jo(xt)U,(x)x dz, 


* 6 
if (7.4) is assumed to be correct. An independent proof of the last equation 
can, however, be obtained by starting with the equation 


Us(t) = [ e J (xt)rdzxr = e| e*' Jo(z)z dz, 


~7V 


e*Ug(e*) = [ Uo(ze™*) J o(z)z de. 
0 
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Operating on both sides with F,(D, — 1) and using the equations , 
F,(Dz + 3)Uo(e*) = Ux(e*), — Fa(De — 1)Uo(ze™) = U,(ze™), 


we obtain the equation 
e* U*(e*) = / U, (ze) J o(z)z dz, 


which is merely another form of the desired equation. 
It may be remarked that when z = 0 we have V = (1 + w’) ’P,(a)P,(c), 
where 


a = (w + 1)(w* + 1)%, ¢ = (w — 1)(w* + 1). 
A derivation of V from its values on the plane z = 0 also leads to the formula 
u e-1)_ [f° _ad gy py 
2+1 P. (= ') = i (2 + ey! (1 + t) P,,(a)P,(c), 
where now 
a=(t+1)¢+4 1)", c= (-—1)¢+4+1)%. 


A consideration of the potential 
V= i e * Jo(wt) V(t) dt, 
0 


in which V,(¢) is the function considered in former papers,’ likewise leads to 
the formulas 


Vi() = [ Jo(art)V,(x)x dz, 


2 Q (: +t) =a i Vi (edt 
7 do (22 + &)! 


2(1 + w*)*Q,(a)P,(c) = / : J (wt) V,,(t) dt. 


In deriving these results it is helpful to consider a potential which arises from 
a distribution of charge on the negative z-axis, the density at distance z from 
the origin being (1 + z)'P,[(z — 1)/(z + 1)]. 

The preceding results may also be derived by writing the first potential in 
the form 


Z.(—D,)[(2 + 1)? + wt}, 


which indicates that it arises from a set of charges concentrated at the point 
z = —1 on the negative z-axis. 


3H. Bateman, this Journal, vol. 2 (1936), pp. 569-577; Annals of Mathematics, vol. 38 
(1937), pp. 303-310. 
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The orthogonal relations involving the functions U*(w), Vi(w) may be 
derived from physical considerations in which the mutual energy of two electro- 
static fields is calculated in different ways. It is convenient then to place the 
line charge giving rise to the second type of potential on the positive z-axis 
instead of the negative. One formula for the mutual energy then takes the 
form of an integral involving two Legendre functions which is zero when the 
orders are different. Other formulas giving the desired orthogonal relations 
are obtained by applying Green’s theorem in various ways to the half-space 
bounded by the plane z = 0. A further use of our potentials may be found 
by expressing the standard bipolar harmonic in the form 


k tu — v)"(u + v)” Pan (“t"5*) = [ : e*" Ji(wt)F(t) dt (z > k), 


ur — v 


where F(t) = F(—m; 1; 2t) = L,,(2t) when m is a positive integer. Since 


Z,(t) = yo On.m Lm (2t), 


m=0 


where 


P,(z) = > Sunt 


m=0 
we find on putting z = 0 (a legitimate process because, when m + 1 is a positive 
integer, the above representation of the bipolar harmonic is valid for z > —k) 
that we obtain the expansion 


P,(a)P,(c) = De nm Pa[(w* — 1)/(w* + 1)], 
which has already been used. This expansion is a particular case of a more — 
general one given on p. 395 of my Partial Differential Equations of Mathematical 
Physics and derived independently by W. N. Bailey, Proceedings of the London 
Mathematical Society, (2), vol. 41 (1936), pp. 215-220. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 








DIFFERENTIABLE AND RIEMANN METRIC 
By S. BocHNER 


In a previous paper’ the author has proved that an n-dimensional compact 
analytic space S, can be mapped topologically-analytically onto the Euclidean 
Een41 provided S, has an analytic Riemann metric. 

At first sight the notion of Riemann metric appears to be a very special and 
“arbitrary” case of the general concept of metric as introduced into topology 
by Fréchet and Hausdorff, and thus, one might think, our theorem makes a 
topological conclusion depend on an assumption falling well outside the domain 
of topology. In the present note we shall discuss the mutual relation of the 
two metrics for coérdinate spaces in general. The discussion will be very simple 
indeed, but it will show a possibility of characterizing the Riemann metric by 
properties as closely topological as the situation permits. 


1. A new characterization of Riemann metric. In a (sufficiently small) 
n-dimensional coérdinate neighborhood S, of class Cz with a positive definite 
or semi-definite tensor g;;(x) of class C, , the length function 


(1) L(C) = [ V gii(x) ts; at 
(for curves of class C,) gives rise to a geodesic distance R(z, y) having the fol- 
lowing properties of a distance function: 

1. D(z, y) 2 9, 

2. D(x, x) = 0, 

3. D(z, y) + Dly, 2) 2 D(z, 2), 

4. D(z, y) = Dty, 2). 
If gi; is definite throughout or becomes semi-definite in isolated points only, 
we have the further property 

5. D(z, y) > Oifz ¥ y. 
Also, if S, belongs to C,, p = 2, and g;; to C,_,, then the square of the geodesic 
distance 


(2) Q(z, y) = R(x, y)’ 


Received September 24, 1937. 
1 Analytic mapping of compact Riemann spaces into Euclidean space, this Journal, vol. 


3(1937), pp. 339-354. 
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belongs to C,-2, as a function of the 2n variables on the space S, X S,. If 
S, and g;; are analytic, Q(z, y) is also analytic. 

Conversely, if S, belongs to C,, p = 2, and if a distance function D(x, y) 
on S, satisfies properties 1, 2, 3 and has the further property that its square 
(3) Q(z, y) = D(z, y)” 
belongs to C, on S, X S, , then the length function L(C) corresponding to D(z, y) 
can be represented in the form (1), the generating tensor g;; belonging to class C'y-2 . 
If S, and Q(x, y) are analytic, g;; is also analytic. In this statement, L(C) is 
defined by the relation 


k-1 

(4) L(C) = Lub. ‘2 D(x", “yh, 
«=1 

where z', --- , x’ is any set of successive points on C. 


The proof is quite easy. If we replace the variables y; by new variables 
m = Ys — 2, Q(x, y) goes over into a new function W(z, 7) and by Taylor’s 
formula, 

W(x, ») = W(x, 0) + gilx)ni + giz) ning + €:(x, 0) nin; , 


where 

aw (z, 0) a’ W(z, 0) 
5 1 = -— , 2 , wy SS aes - _ 
(5) gi(x) gia) — 
and 
(6) (x, n) > 0 as n > 0, uniformly in z. 


By property 2, W(z, 0) = 0, and by property 1, g,(z) = 0, hence 
(7) W(x, 0) = gilx)nins + €i(z, 2) 0:75. 


By (5), gi; belongs to C,_2 , and it is analytic, if Q(z, y) is analytic. The tensor 
character of g;;(x) follows easily from the sealar character of W(z, n). The 
integral representation (1) follows from (7) and (6) in much the same way as 
in the Euclidean case, the only complication arising from the fact that the 
norm N(z) of the quadratic form 


(8) Gi (XE; 


may vanish in points of C. The complication can be easily handled by choosing 
a finite number of intervals on C along which N(x) S 2e, and outside of which 
N(x) = «, and by showing that the contribution arising from these intervals 
to both the expressions (1) and (4) becomes arbitrarily small with «. 

If a length function L(C) with the properties 


(a) L(C) 2 0, 
(8) L(O) = 0, 
(y) L(C:) + L(C2) = L(Ci + C2) 
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can be generated from a distance function D(z, y) by relation (4), then the 
generating function is in general not unique. One of the distance functions is 
uniquely determined, namely, the geodesic distance R(x, y) which is defined as 
the greatest lower bound of L(C) for all curves C joining z, y. Obviously 
R(z, y) is characterized by the property that for any other generating D(z, y), 


D(x, y) = Ra, y). 
The existence of distance functions other than R(x, y) is well known. For 
instance, we may choose 
(9) D(z, y) = R(z, y)[1 — R(z, y)}. 
It is obvious that properties 1, 2, 4, 5 carry over from R(z, y) to D(z, y). As 
for property 3, all we have to prove is that for sufficiently small positive numbers 
A, B, C, the relation A + B = C implies the relation 
A(1l — A’)? + Bi — B’)' = cl — Cc’)! 
and this can be verified by a simple calculation. 
If we put 

(10) R(x, y)’ = W(x, 0) = gi(z)ning + gin(e)ninim 

+ Giz) ningmem +--+, 
the square of (9) differs from (10) in the values of the coefficients g;;,:. Thus 
two distance functions generating the same length (1) may differ in the coeffi- 
cients of the fourth powers in 7 of the corresponding functions W(z, n); whereas 
the coefficients g;; , if symmetric in their indices, must be the same. Now, the 
coefficients g;;, are also uniquely determined, as a consequence of property 4. 
In fact, this property implies the relation 

W (cz, n) _ W(x + ees n), 

or 


agi 
gilx)ning + gixe(Z)ninim +++ = (ute) + ~ mm + ++) iN; 
— (gie(x) + +++) ninim +++, 
and therefore 


6 On; An; On e 2 da" 


(: Ang nites a a 


2. Points of contraction on analytic Riemann spaces. The points zx at 
which (8) is semi-definite are those at which the determinant 


(11) | gis(z) | 


has the value 0. They are characterized by the property that there are small 
curves C; issuing from x whose Riemann length becomes small of higher order 
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than the Euclidean length. We shall term them “points of contraction”. On 
non-analytic Riemann spaces property 5 is compatible with the existence of 
points of contraction having points of accumulation in the interior of the 
space. For instance, if n = 1, property 5 holds for D(z, y) = | ¢(x) — ¢(y) 
provided g(x) is a strictly monotone function of the given class of differenti- 
ability, without extra restrictions on the set of points at which its derivative 
vanishes. 

But for an analytic space, if D(z, y)’ is an analytic function on S, X S,, 
the corresponding points of contraction are isolated. In fact, the function (11) 
being analytic, the set of points on which it vanishes is, in every closed neigh- 
borhood, a finite sum of analytic cells of different dimensions.” If there were a 
cell of dimension 21, there would exist an analytic curve C whose length (1) 
had the value 0. The geodesic distance between the endpoints of this curve 
would also be 0, in contradiction to property 5. 

If S, is compact, the points of contraction, if any, are finite in number. If 
there are none, our mapping theorem holds. One should expect the theorem 
to remain true in the general case, possibly with the qualification that the 
mapping functions need not be analytic at the points of contraction them- 
selves. The author was unable to settle the question. We only mention, 
without giving details, that a direct generalization of the original method 
allows one to establish the theorem under additional restrictions on the be- 
havior of D(z, y) in the neighborhood of the critical points. The restrictions 
are rather severe. They are elaborations of the requirement that, the origin 
being a point of contraction, the quantity D(z, y) dominate and be dominated by 
functions of the form 


[max (z, y)P-[(y — 2) + +++ + Yn — tn) P, 


where \ is a positive integer. 





, 
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?S. Lefschetz, Topology, 1930, Chapter VIII. 








LINEAR FUNCTIONALS SATISFYING PRESCRIBED CONDITIONS 
By Rautpo PALMER AGNEW 


1. Introduction. A function (or transformation) q = q(x) with domain and 
range in linear spaces is called linear if 
(1.01) q(ax + by) = aq(x) + bay) (a, be R; x, ye B), 


where E is the domain of g and R is the set of real numbers. If the range of 
q(x) is in R, then q(z) is called a functional. Using notation of Banach’ we call a 
functional p(x) a p-function if 


(1.02) p(tz) = tp(x) (t 2 0;2e£), 
(1.03) p(x + y) S p(x) + pty) (x, ye BE). 
We denote the class of linear functionals f = f(x) by F and the class of p-functions 
by P. 


A theorem of Banach (loc. cit., p. 29) of which we make repeated use is 
THEOREM 1.1. If p « P, then there exists f « F with 


(1.11) f(z) = pte) (x « E). 


Since each linear functional f is also a p-function, i.e., F C P, the following 
theorem, of which we shall make explicit and implicit use, is trivial. 

TuHeoreM 1.2. If f « F, then there exists pe P with f(x) = p(x) for all ze E. 

Let po « P and a set WV of pairs {z, y} of elements z, y « E be prescribed. One 
problem in which we shall be interested is that of determining whether there 
exist linear functionals f ¢ F possessing the properties 


(1.21) S(x) & pol(z) (xe E), 
(1.22) Sty) = f(@) ({x, yj €W). 


We assume WV has the property that if {z, y} eW then {y, x} «W, and that 
{z, z} e« W for each z e E; this assumption is convenient and entails no loss of 
generality. 

We shall say that a p-function p = p(x) enforces a specified property (or set of 
properties) if every f « F, with f(z) < p(x) for all x « Z, must possess the specified 
property (or set of properties). 

For example, a slight amplification of work of Banach (loc. cit., p. 33) shows 


Received September 27, 1937; presented to the American Mathematical Society, October 
30, 1937. 
1S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 28. 
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that if # is the space of real bounded functions z = z(s) defined over — © < 
s < «, then 


(1.23) pei(x) = gl.b. lim : > a(s + rx) 
=1 


n>O; \peR 8-0 


is a p-function which enforces the properties 


(1.24) f(z) = lim 2(s) (re E), 
and 
(1.25) S(z(s + d)) = f(x(s)) (AeR; re £). 


The interest in f(z) lies in the fact that Lim z(s) = f(z) is a generalization of 


lim z(s) which exists for all real bounded functions. The rdle of the analogue 


(1.24) of (1.21) is to ensure that the generalized limit of x(s) lies between the 
inferior and superior limits of x(s); and the rdéle of the analogue (1.25) of (1.22) 
is to ensure that the generalized limits of z(s) and z(s + A) are equal. This 
example and related ones will be discussed in §9. 

There is of course no A priori reason for believing that there exists p « P 
which enforces specified properties. The situation is governed by 

TuHeoreM 1.3. In order that there exist f « F having a specified set of properties, 
it is necessary and sufficient that there exist at least one p ¢ P which enforces these 
properties. 

Proof of this theorem is quite trivial. To prove sufficiency, choose p,; e P 
which enforces the properties. By Banach’s Theorem 1.1, there exists fi « F 
with fi(z) S p(x) and hence this f; must have the properties. To prove neces- 
sity, let f; « F have the properties. Then f; itself is a p-function which enforces 
the properties; for if f(z) is a linear functional with f(z) S fi(x) for all z e EZ, then 
—f(x) = f(—2r) S fi(—z) = —fil(z), so fi(x) S f(z) for allzae #. Hence f(x) = 
fi(x), and f(z) has the properties in question. This proves the theorem. 

The preceding definitions and theorems suggest the main problem of this 
paper, namely, that of characterizing analytically the class of p-functions which 
enforce a specified property or set of properties. The part of the paper from §4 
onward deals largely with problems of this type. §§2 and 3 give lemmas 
involving p-functions and r-functions needed in later sections. 

It is known’ that, if @ is a solvable group as in §8 and po € P is such that 
po(g(x)) = pox for all g eG, xe BE, there exists a linear functional f with the 
properties 
(1.41) f(x) S po(z) (x « E), 


(1.42) S(g(x)) = f(z) (g «G; x BE). 
?R. P. Agnew and A. P. Morse, Extensions of linear functionals, with applications to 


limits, integrals, measures, and densities, Theorem 3. This paper is to appear in the Annals 
of Mathematics. 
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Here ¥ is the set of all pairs {z, g(x)} obtained by takingg e«G,xreE. In §8 we 
give a specific p-function which enforces (1.41) and (1.42), and characterizes 
the class of p-functions which enforce these properties. §§9 and 10 give appli- 
cations to limits and integrals. 


2. Properties of p-functions. In this section, we give as lemmas some proper- 
ties of p-functions of which explicit and implicit use will be made later. 

Lemma 2.1. In order that a functional p(x) may be a p-function, it is necessary 
and sufficient that 


(2.11) p(tr) = tp(x), = p(x + y) S p(x) + ply) (t > 0; 2, ye £). 


Necessity is obvious from (1.02) and (1.03). To prove sufficiency, we require, 
in addition to (2.11), only the property 


(2.12) p(0) = 0; 


and this follows on putting x = 0 and ¢ = 2 in the first formula of (2.11). 
Lemna 2.2. If pe P and x € E, then a necessary and sufficient condition that 


(2.21) p(x + Xo) = p(x) (x « E) 


is that p(+20) = 0, i.e., p(+20) = O and p(—2x) = 0. 

To prove necessity, suppose (2.21) holds. Using (2.11), (2.12) and the 
results obtained by setting r = —2p and x = 2 in (2.21), we find p(+2) = 0. 
To prove sufficiency, suppose p(+2) = 0. Then use of (2.11) gives 


p(x + xo) S p(x) + p(x) = pz), 


and 


lA 


p(x) = p(x + 2) —xo] S p(x + 2%) + p(—20) = p(x + 2), 


from which (2.21) follows. 
Lemma 2.3. If peP, then the set Ey of xeE for which p(+x) = 0 formsa 


linear manifold in E. 
This is easily proved with the aid of Lemma 2.2. The set of ze E for which 


p(x) = 0 does not ordinarily form a linear manifold in E. 
Lemma 2.4. If pe P; 21, 22 ¢E; and p[+(x22— 2)] = 0, then p(x2) = p(x). 
This follows from Lemma 2.2 since it justifies writing 


p(xi) = pila: + (x2 — 21)] = p(x). 


Lemma 2.41. If peP; 21, 22 € E; and p(22) = p(x), then p[+(x2 — 2)] 2 0. 
From p(z2) = p{(zz — 21) +2] S p(x2 — 21) + p(x) and our hypothesis 

follows p(zz — 21) 20. Likewise p(x, — 22) 2 0 and Lemma 2.41 is proved. 
Lemma 2.5. If pe P, then 


(2.51) —p(—zx) S p(x) and —p(x) = p(—2) (x « E). 
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The conclusions in (2.51) are obtained by transpositions in the inequality 
(2.52) 0 = p(0) = p(x — z) S p(z) + p(-2) (x BE). 


It is easy to show that the reverse inequality p(x) S —p(—-z) cannot hold for 
all z « E unless p(z) is linear. 
Lemma 2.6. If pe P and, for some x € E, p(+20) S 0, then p(+2x) = 0. 
Lemma 2.7. If pi, poe P and 


(2.71) P(x) S pr(z) (x « £), 

then 

(2.72) —po(—z) S —pi(—z) S p(x) S r(x) (x « E). 
Lemma 2.8. IffeF,peP, and f(x) S p(2) for all x ¢ E, then 

(2.81) —p(—2) S f(z) = plz) (x € E). 


Lemma 2.9. If peP and y is a linear transformation with domain and range 
in E, then the functional defined by 


(2.91) p(x) = p(y(z)) (x ¢ E) 


is a p-function. 
Since Ff C P, Lemma 2.8 is a corollary of Lemma 2.7. Proofs of Lemmas 


2.6, 2.7, and 2.9 are left to the reader. 


3. Properties of r-functions. We now give, for future reference, the definition 
of r-functions and theorems involving them.’ <A functional r(x) is ealled an 
r-function if there exists f e F with f(x) S r(x) forallze HZ. In (3.11) and (3.12) 
below, ps x; stands for the sum xz; + --- + 2, of elements 2; € E. 

TueoreM 3.1. In order that a functional r(x) defined over E may be an r- 
function, it is necessary and sufficient that 


(3.11) glb. >: et) > 9, 


n,tp>0; Tzyp=0 k=1 t 


TueoremM 3.2. If r(x) is an r-function, then the functional p‘(x) defined by 


(3.21) p (2) = — gb. 7 (teas) 


nth>0; Ezz k=l = ky 
is a p-function with 
—r(—2) S —p"'(—2) S p(x) S r(x); 
moreover, if p « P and p(x) S r(x) over E, then 
—p'(x) S —p(—2) S p(z) S p(2) (x E). 


2 R. P. Agnew, On existence of linear functionals defined over linear spaces. This paper is 
to appear in the Bulletin of the American Mathematical Society. 
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THEOREM 3.3. In order that pe P may have the property p(x) S r(x) for all 
z €E, it is necessary and sufficient that p(x) S p‘"’(x) for all z ¢ E. 

The last theorem follows easily from Theorem 3.2. It is a consequence of 
Banach’s Theorem 1.1 that each p-function is an r-function. 

In §7 we use the following theorem which was not stated in the paper cited 
above, but which follows from a slight modification of work in the paper. 

THEOREM 3.4. Let r(x) be a functional defined over E and let p‘"’(x) be defined 
by (3.21). If p‘”’(x) is finite for at least one x ¢ E, then r(x) is an r-function and 
p(x) is a p-function with p(x) S r(z). 


4. Characterization of p-functions having specified properties. In the 
following and some later theorems, it is possible to replace po ¢ P by a functional 
r(x) not necessarily a p-function and thereby obtain more general theorems. 
However, existence of f « F with f(z) < r(x) is, by Theorem 3.3, equivalent to 
existence of fe F with f(z) < p‘’(x); hence we confine ourselves here to p- 
functions. 

THEOREM 4.1. Let po ¢ P be fixed. In order that p « P may enforce the property 


(4.11) S(x) = pol) (x « E), 
it is necessary and sufficient that 
(4.12) p(x) S po(z) (x € E). 


Sufficiency is obvious from our definitions; for, if f(z) S p(x) and (4.12) 
holds, then (4.11) will hold. To establish necessity, let p«P and suppose 
a € E exists such that p(2o) > po(xo). Let Eo be the linear manifold in E 
consisting of elements of the form az» with a ¢ R, and let fo be the linear functional 
defined over Ey by the formula fo(azo) = ap(x%). Ifa = 0, then fo(are) = p(azo); 
while if a < 0, then f(axo) = ap(xo) = —p(|a| 2) S p(—|a| x) = p(ax). 
Thus we have fo(z) S p(x) for all ee Hy. Therefore Banach’s theorem (loc. 
cit., pp. 27-28) on extension of linear functionals furnishes a functional f ¢« F 
such that f(x) < p(x) for all z e E and f(x) = fo(x) for allze Ho. In particular, 
S(x0) = fo(zo) = p(x) > po(%o). Thus (4.11) fails and necessity of (4.12) follows. 

DEFINITION 4.13. If po € P enforces a set S of properties, if each p « P with 
p(x) S po(x) for all x e E enforces S, and if each p ¢ P with p(x) > po(x) for at 
least one z ¢ E fails to enforce S, then we shall call po the greatest p-function 
which enforces S. 

It is clear that if the greatest p « P which enforces S exists, it is unique. In 
this terminology, Theorem 4.1 states that po is the greatest p « P which enforces 
(4.11). 

TuHeoreM 4.2. In order that p2¢eP may enforce all properties which p, ¢« P 
enforces, it is necessary and sufficient that 


(4.21) p(x) < pi(z) (x ¢€ BE). 


Necessity follows from Theorem 4.1; and sufficiency is a consequence of the 
fact that if (4.21) holds, then the class of f « F with f(z) S p(x) is a subclass of 
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the class of fe F with f(z) S p(x). It follows from Theorem 4.2 that two 
p-functions p~, , p2 € P enforce the same properties only when they are identical, 

When properties which some p-functions enforce (or do not enforce) are 
known, Theorem 4.2 furnishes a comparison test useful for determination of 
properties which other p-functions enforce (or do not enforce). 

Let V be (as in §1) a set of pairs |x, y} of elements zx, y « FE having the property 
that if |x, y} eW then {y, rz} e Vand that {z, 7} eV foreach z ¢ E. 

THeoreM 4.3. In order that p « P may enforce the property 


(4.31) f(y) = f(z) (ia, y} €®), 
it is necessary and sufficient that 
(4.32) pilt(y — x)] = 0 ({z, y} €®). 


It is easy to see that Theorem 4.3 follows from the following theorem involving 
a single element 2» ¢ E. 
TuHeoreM 4.33. In order that p « P may enforce the property 


(4.34) S(xo) = 9, 
it is necessary and sufficient that 
(4.35) p(+2) = 0. 


We prove Theorem 4.33. Sufficiency of (4.35) follows from the inequality 
—P(—20) S f(%o) = pla). 

To prove necessity, suppose either p(zo) + 0 or p(—xm) + 0. Let & = +2 
according as p(+2) # 0. As in the proof of Theorem 4.1, there exists f « F 
with f(z) S p(x) for all xe FE and f(&) = pl). Thus f(m) = + f(+ax) = 
+ ff) = + p(t) * 0; hence (4.34) fails and necessity of (4.35) follows. This 
proves Theorem 4.33 and therefore Theorem 4.3. On account of our definition 
of ¥, Theorem 4.3 remains true if we remove the negative sign in (4.32). 

TuHeoreM 4.4. Let poe P and © be fixed. In order that pe P may enforce 
the two properties 


(4.41) S(z) = po(z) (x « B), 
(4.42) f(y) = f(x) ({z, y} e®), 
each of the four conditions 
(4.43) p(x) S Q.(x) = : g.l.b. é ps| 2 a »» aly, — »)|, 

n>0; ag € R: [re yRle = 


Ii 


(4.44) P(x) S Qz(x) g.l.b. P ps| + : > (y, — »)|, 


n>0O; [re uele 
(4.45) P(x) S Q(x) =~ gb. plz + ye (yi. — n)|, 
n>0O; [ze.yvele ¥ k=1 


(4.46) p(x) S Q(x) = glb. pole + (m— x) 


{zrmije¥ 








LINEAR FUNCTIONALS AND PRESCRIBED CONDITIONS 61 
ts both necessary and sufficient; and the condition 


(4.47) ~ame= oth mf dw | 


n>0;{z,yeje¥ nN k=1 


is necessary. 

It is essential to observe that Theorem 4.4 does not assert that Q,(x), ---, 
Qp(x) are finite-valued. In many cases (for an example, see §5) one or more of 
Qa(z), --- , Qv(x) is — © for all x « FE; in such cases no p ¢ P can exist satisfying 
(4.43), and it follows that no feF exists satisfying (4.41) and (4.42). We 
observe also that if Y happens to have the property that {z, y} « ¥ implies 
{ax, ay} « V foreach a e R, then Qa(x) = Qa(x) = Qc(z) for all z ¢ E. 

Since Q4(x) S Qs(x) S Qo(x) and Q,(xz) S Qc(x) S Qo(x) for each ze EZ, 
we can prove necessity and sufficiency of (4.43), --- , (4.46) by proving necessity 
of (4.43) and sufficiency of (4.46). To prove necessity of (4.43), let peP 
enforce (4.41) and (4.42), and let ze E be fixed. Let n > 0; a, € R; and let 
{ax, yx} €V. It follows from Theorem 4.3 that 


(4.481) PI (yx on rx)] = 0 (k = 1, dl ,n), 
hence from Lemma 2.3 that 
(4.482) ol + p> ax(yn — n) | = 0, 


and therefore from Lemma 2.2 that 
(4.483) plz) = of 2 +X asl - n)| 


It follows from Theorem 4.1 that p(&) S po(€) for each & « E; and if we let 
be the argument of p in the right member of (4.483), we find 


(4.484) p(x) s pl 2 + > aly, — n)| 


From (4.484) we obtain (4.43). To prove sufficiency of (4.46), let p « P satisfy 
(4.46). Putting y, = 2; = 0, we see that p(x) S po(x) and it follows from 
Theorem 4.1 that p enforces (4.41). If {z, y} «¥, then we can put y: = y, 
2, = x in (4.46) to obtain 


p(x — y) S pol(x — y) + y — 2)] = po(0) = 0, 


and put y; = 2, 7 = y to obtain 
p(y — x) S polly — x) + (x — y)] = po(0) = 0. 


It follows from Lemma 2.6 that p[+(y — 2z)] = 0 when {z, y} « VW and hence 
from Theorem 4.3 that p enforces (4.42). This completes the proof of necessity 
and sufficiency of (4.43), --- , (4.46). To prove necessity of (4.47) we observe 
that if, in the g.l.b. of (4.44), we require that zx, = z for all k, the g.l.b. will not be 
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decreased and hence that Q,(r) S R(x). Necessity of (4.47) follows, and proof 
of Theorem 4.4 is complete. 
TueoreM 4.5. If po ¢€ P and 


Q(x) = g.1.b. pl « + Do arlye — n) | 
n>0; ape R; (zevel eV k=1 


is finite for at least one x € E, then Q,(x) is a p-function (therefore finite-valued 
for all x ¢ E) which enforces the properties f(x) S po(x) and f(y) = f(x) for {x,y} eW. 
When x , 2 ¢ E; a, ¢R; and {x,y} € V, we have 


Q4 (x0) = py 2 + p> ax (Yr = n) | = py + > ar (Yr = Tr) + (xo _ »| 


A 


IA 


pj + > ax(ye — n) | + po(xo — 2). 
Hence 
Qa(xo) — po(to— 2x) S pl 2 + > aye — n)|, 


and we see that finiteness of Q,(xo) and po(zo — x) implies finiteness of Q,(z). 
If re E andt > 0, then 


Q, (tz) = g.l.b. py te + Palm —- x) | 
n>0O; ape Ri (revel eV k=1 
=f g.l.b. p| 2 + Dd (a/(y% — n) | = (Q,(z). 
n>0;ay/t € Ri {zewel e ¥ k=l 
If x, y « Band ¢ > Oare fixed, we can choose m, a , ---, @m € Rand {u;,v;} « ¥ 
such that 


pl 2 a > a;(v; — “)| < Q,(z) + «; 
and choose n, b; , --- ,b, «Rand {x , yx} € ¥ such that 
pl y + > bilye — x) | < Quly) + «. 


It then follows from the definition of Q,(z + y) that 


lA 


Q(z+y)s py (2 +y)+ p> a;(v; — uj) + > bilye — x) | 
SZ Qa(xz) + Quly) + 2e. 
Arbitrariness of « > 0 gives 
Qa(z + y) S Qa(z) + Quly). 


It now follows from Lemma 2.1 that Q, ¢ P and hence from Theorem 4.4 
that Q, enforces (4,41) and (4.42). This proves Theorem 4.5. 
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From Theorems 4.4 and 4.5 and Definition 4.13, we obtain 

THEOREM 4.6. If Q(x) > — © for at least one x ¢ E, then Q,(x) is the greatest 
p«P which enforces (4.41) and (4.42); if Q4(x) = — © for at least one xe E, 
then no f « F exists satisfying (4.41) and (4.42). 

THEOREM 4.7. Let poe P and © be fixed. In order that f « F may exist with 


(4.71) S(z) = plz); fly) = f@) (xe E; {x,y} €¥), 
it is necessary and sufficient that 


(4.72) Q,(0) = g.l.b. p> aly. — n) | = 0. 
n>0; a, € Ri (zeve] eV k=1 
To prove necessity, suppose f ¢ F exists satisfying (4.71). Then by Theorem 
1.3, p « P exists and this enforces (4.71). Then, by Theorem 4.4, p(x) S Q,(z) 
so Q,(x) must be finite-valued for all z « ZH. Hence Theorem 4.5 implies Q, « P 
and therefore Q,.(0) = 0. This proves necessity of (4.72). Sufficiency of 
(4.72) follows from Theorem 4.5. 
THEOREM 4.8. Let po ¢ P and W be fixed. If 


Qo(z) = gb. plz + (yi — x)] 
{zimije¥ 
ts finite for at least one xo € E, then it is finite for all x « E. 

Proof of Theorem 4.8 is analogous to the first part of our proof of Theorem 
4.5 and is left to the reader. It is easy to show that Qp(tz) = tQp(zx) fort > 0, 
x «¢E in case {z, y} « ¥ implies {az, ay} « VW for each a e R; and to show that 
Qo(x + y) S Qo(x) + Qo(y) in case {2,,y:} € Y and {22 , y2} « VY implies 
fa, + 22, ¥1 + yo} €¥. However, if V has these two properties, then Qp(x) = 
Q(x) for all z ¢ E. 


5. An illustrative example. In this section, let E denote the linear space of 
real bounded functions xz = 2x(s) defined over — © < s < , and let 


(5.01) p(x) = lim 2(s) (xe E). 


Observe that, as the notation implies, pp «P. Let 
(5.02) ¢(s) = s+(1/12) sin 2s (-2x <s< o), 


The function ¢(s) is analytic and has a positive derivative which is bounded and 
bounded from zero. In fact,1 — 2/6 S ¢’(s) S$ 1+ 7/6. Finally, let Vconsist 
of all pairs {z(s), z(s + A)} with ze H#, Xe R together with all pairs {z(s), 
z(y(s))} and {2z(¢(s)), z(s)} with z eH. Observe that, for this example, Q,(z) = 
Qa(x) = Qc(x) for all ze EH. We proceed to show that, for this example, 


(5.1) Q4(0) = gb. | —_ n) | — 


n>0; (zeve} eV 
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If M ¢ R, [s] denotes the greatest integer < s, and £(s) ¢ E is defined by 
&(s) = M (s—[s] < }), 
(5.21) ° 
= 0 (otherwise), 


then, since ¢(s) is increasing, ¢(s + 1) = ¢(s); ¢(0) = 0, and ¢(3) = 3, 


(5.22) t(¢(s)) = M (s—[s] < 3), 
= 0 (otherwise). 
Therefore 
; &(¢(s)) — &(s) = —M (i = s—[s] < }), 
(5.23) 
= 0 (otherwise), 


and hence 


(5.24) > | e(e( + *y) - i(s + *)] = -M (-«<s<«), 


or 
E [{e(e(+ + 5)) - ecovon} + tetoton — e001 + {200 - e(s + AD} ] 

= —M. 
The last equality has the form 


(5.25) p> fy(e) — ai(0)) = —M (—e <s< 0), 


where {2 , yx} ¢€¥. The definition (5.01) of po now gives 


(5.26) De > Ine) — pled] = — BM. 


It follow from (5.26) that the left member of (5.1) is S —M and, since M ¢ R is 


arbitrary, that (5.1) holds. 
Since (5.1) holds, there is no p « P satisfying (4.43) and hence by Theorem 


4.4 there is no f e F with the properties 


(5.31) f(z) < lim 2(s) (xe E), 
(5.32) f(x(s + d)) = f(2(s)) (\eR, re E), 
(5.33) S(x(e(s))) = f(x(s)) (xe E). 
It follows that there exists no generalized limit “Lim x(s)’’, defined for all z « E, 


having the properties 
(5.41) Lim [az(s) + by(s)] = a Lim z(s) + b Lim y(s) (a, be R; x, ye £), 


se 


(5.42) lim z(s) < Lim 2(s) S lim 2(s) (xe E), 


se ste se 
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(5.43) Lim z(s + A) = Lim 2(s) (Xe R; xe EB), 
(5.44) Lim z(¢(s)) = Lim z(s) (xe E). 


For if such a “Lim” exists we could put f(z) = Lim 2z(s) to obtain fe F 
satisfying (5.31), (5.32), and (5.33). 
For the example under consideration we have, when {z, y} ¢ V, either 


p(y — x) = lim [+2(s + r) = 2(s)] = 0, 


or 


poy — x) = lim [+2(¢(s)) ¥ 2(s)] = 0. 
These inequalities and the equality po(0) = 0 give 
Q,(0) = gl.b. p(y — x) = 0, 
{zuje¥ 


and it follows from Theorem 4.8 that Qp(2) is finite for all x « EZ. 

From (5.1) and Theorem 4.4 it follows that there is no p ¢ P satisfying any 
one of the four conditions (4.43), --- , (4.46). This example therefore shows 
that finiteness of Qp(x) does not guarantee existence of fe F with f(x) S Qp(z), 
i.e., does not guarantee that Qp(z) is an r-function. In particular, Theorems 4.5, 
4.6 and 4.7 would not hold if Q,(x) were replaced by Qp(z) in their statements. 


6. Functionals f « F invariant under G. Let G represent a group of trans- 
formations g = g(x) each of which maps £ univalently into itself and is linear, i.e., 


(6.01) g(ax + by) = ag(x) + bg(y) (9 «G;a,beR;2,yeE). 


We shall at times omit parentheses, writing g:ger for g:(g2(x)), pgx for p(g(zx)), ete. 

Let ¥ be the set of all pairs {z, g(x)} withg «G,2«¢£H. Linearity of g implies 
that {az, ag(r)} eV whenaeR,geG,xeH. Thus W has the property that if 
ja, y} eV, then {az, ay} eV for each ae R. Therefore, under the definitions 


(4.43), (4.44), and (4.45), we have 
(6.02) Qa(z) = Qa(z) = Qe(z) (x £). 


These considerations, together with Theorems 4.4, 4.5 and 4.6 give the following 


theorem: 
THEOREM 6.1. Let po ¢ P and G be fixed. In order that p « P may enforce the 


properties 
(6.11) f(z) = pol) (x £), 


(6.12) * f(z) = F@) (9 «G; ze B), 
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each of the two conditions 


(6.13) plz) S$ Qa(z)= ag hb. p[2+ 1d Gn - 2) (xeB), 


n>O:gpe Greek 


(6.14) p(x) $ Q(z)= glb. plz + (ix — 2)) (xe E) 


gi1¢eG zr, ek 


is both necessary and sufficient, and the condition 


(6.15) p(x) S R(x) = gb. p|? > 02 | (xe E) 
n>O; gn ¢€G N k=l 
is necessary. If Q,(x) = —~@ for at least one x « E, then no f ¢ F exists satisfying 


(6.11) and (6.12). If Q(x) > —@ for at least one xe E, then Q,(zx) is the 
greatest p-function which enforces (6.11) and (6.12). 

We digress to state and prove a lemma which we shall use in §8. A 

Lemma 6.2. If T is a subgroup of G; q(x) ts a functional defined over E; and 
q(x), 93(x) and q,(x) are defined (finite or — ~) over E by the formulas 


(6.21) qg(z)= glb. 2 > ve |, 


m>0; yj eT Lm j=1 


(6.22) q(x) = gb. qe Sw], 


n>0; gh €@ Lt k=l 





(6.23) she oth « LY w2|, 


n>0; gn 6G Ln k=1 
then q3(x) = qi(x) forall x ¢ E. 

To prove this lemma, we observe first that setting m = 1 and y, = I (the 
identity of G) in the argument of q in (6.21) shows that q(x) S q:(x); it then 
follows on comparing (6.22) and (6.23) that qs(r) S qa(z). 

On the other hand it follows from (6.21) and the hypothesis fT C G that 


g@(é) = gilb. - > ve] (é « BE) 


and hence that 





ly 2S ee 
of) Daz] z g.I.b. jn 1S wi does. 


Taking g.l.b. for n > 0, gx ¢ G, and using (6.22), linearity of the transformations 
in G, and finally (6.23), we obtain the estimate, 


g.l.b. g.l.b. af yy vig? | 


n>0;gn€@ m>0, yj €@ mn ik 


l m,n 
g.l.b. al ZZ vine | = q(x). 


m,n>0; 9k. 7j €@ MN jk=1 


Combining inequalities gives q3(x) = qi(x) and Lemma 6.2 is proved. 


IV 


qs(z) 
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7. Both » « P and f « F invariant under G. Theorem 6.1 does not guarantee 
that Qp(z) and R(x), as defined by (6.14) and (6.15), are not — «; however, 
if po(x) is invariant under G, then they must be finite-valued in accordance with 

THEOREM 7.1. If po « P and G are so related that 


(7.11) Po(g(z)) = po(x) (9 «G, xe EB), 
then 

(7.12) Q(x) = g.1.b. ‘ polx + (gin sad 21)], 

(7.13) R(x) = gb.” ps } a2 | 

are finite-valued for all x « E and 

(7.14) —po(—z) S Qo(x) F po(zx) (x € E), 
(7.15) —po(—z) S R(x) S poz) (x € BE). 


Setting x; = 0 in the argument of po in (7.12) shows that Qp(z) S po(r). On ‘ 
the other hand, if g, ¢ G, x, « E, then (7.11) and Lemma 2.41 give 


0s Polgi ri — 2)). 


Hence 


oS 
IIA 


Pol(x + giti — 11) — 2] 
polz+(giti — 21)] + po(—z), 


and —po(—z) S Qp(zx) follows. This proves (7.14). 
Putting n = 1 and g, = J, the identity of G, in the argument of po in (7.13) 
shows that R(x) S po(x). On the other hand, (7.13) implies 


—R(xz) = Lub. -p|} > nz]. 


n>0;on€G 


IIA 


Using Lemma 2.5, linearity of g « G, and (7.11), we continue to obtain 


-R(2) S$ lub._ p| P n(-2) | 
< lub. ly Pogx(—x) = po(—2), 


n>0;9, €G Tl k=1 
so that —po(—z) S R(x). This completes the proof of (7.15) and hence of 
Theorem 7.1. 

In case po is invariant under G, we can strengthen Theorem 6.1 by proving 
that (6.15) is sufficient to ensure that p enforces (6.11) and (6.12). This fact 
and Theorem 6.1 give 

THEOREM 7.2. Let po ¢€ P and G be so related that 


(7.21) po(g(x)) = po(z) (9 «G; ze E). 
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In order that p « P may enforce the properties 


(7.22) f(x) S po(x) (x ¢ E), 
(7.23) S(g(z)) = f(z) (g «G; re £), 
each of the three conditions 

(7.24) p(x) S Qe(z) = gb. pl 2 + : }s (ete — ) | (xe E), 
(7.25) p(x) S Qo(z) = g.l.b. p polx + (gia: — 21)] (x BE), 
(7.26) p(x) S R(x) = g.l.b. p p| p> 9k | (xe E), 


is both necessary and sufficient. 

To prove sufficiency of (7.26), let pe P satisfy (7.26). Then (7.26) and 
Theorem 7.1 give p(x) S R(x) S po(x) so that, by Theorem 4.1, p enforces 
(7:22). To prove that p enforces (7.23), let g eG and xe E be fixed. Then 
(7.26) gives 


pgt—2z) = gb. pl »» (gegx — 02) | 


The g.l.b. on the right will not be decreased if we require that g, = g*’ (g° being 
the identity of G) for each k. Hence 


g.l.b. mf 23 > (oz - 2) | 


IIA 


p(gx — x) 


(7.27) 


n 1 n 
g.l.b. 1 oly z— x] S g.l.b. — [po(g"z) + po(—z)] 
n>o 7 n>o 


g.Lb. * [pa(z) + p—2)] = 0. 


Since a similar argument shows that p(x — gz) < 0, it follows from Lemma 2.6 
that p[+(gx — x)] = 0 and hence from Theorem 4.3 that p enforces (7.23). 
This completes the proof of Theorem 7.2. 

The condition (7.21) is not sufficient to ensure that Q,(x) as defined by (7.24) 
is finite-valued. To see this, let E, po , ¢, and WV be specialized as in the example 
of §5. Let @ be the group generated by transformations of the form gz(s) = 
x(s + A) with \ ¢ # and the transformation gz(s) = z(¢(s)). Using results of 
§5, it is easy to see that for this example Q,(zx) defined by (7.24) is — © for all 
ze. It thus appears that the Q,(r) of Theorem 7.2, which by Theorem 6.1 
must be a p-function if it is finite-valued, need not be finite-valued. In such 
cases no f ¢ F satisfying (7.22) and (7.23) exists; and no p ¢ P satisfying (7.24) or 
(7.25) or (7.26) exists. Thus we see that Qp(x) and R(x), which must be finite- 
valued by Theorem 7.1, may fail to be r-functions and hence fail to be p-functions 
even when (7.21) holds. 
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On the other hand it follows from our theorems that if Q(z) is finite-valued, 
or if Qp(z) is an r-function, or if R(x) is an r-function, then all must be true and 
f ¢ F exists satisfying (7.22) and (7.23). 

It is obvious from the definitions (7.24), (7.25), and (7.26) that Q2(r) S Qo(x) 
and Q;(x) S R(x) foreach z« EH. We do not stop here to consider the interest- 
ing possibility that condition (7.21) may imply either or both of the inequalities 
Qp(x) S R(x) and R(x) S Qp(z) for all x « EZ. 

The following theorem enables us to add two criteria, namely, p(x) < Q§? (2) 
and p(x) < Q§ (zx), to the set (7.24), (7.25), (7.26) in Theorem 7.2. 

THEOREM 7.3. If po € P and G are so related that 


(7.31) po(g(x)) = po(z) (g«G;reE), 
and Qzs(x), QS” (x) and Q(x) are defined for x « E by 


1 n 
(7.32) Q:(x) = g.l.b. Po E +->. (gute — n)| 
n>O0;gnre Gi zee k N k=l 
(7.33) Q(z) = glib. DL gb. polz; + ie — &)], 
m>0;Srj—2 j=l gj eGitjek 
(7.34) Q?P(2)= glb DY glb. p E > ik ni} 
m>0;Zzj=z j=l nj>O;gjne@ Nj k=1 


then, whether the bounds be finite or — ~, 
(7.35) Qe(x) = Qi? (x) = Q(z) (xe E). 


To prove Theorem 7.3, we observe first that, with Qp(x) and R(x) defined by 
(7.25) and (7.26), 


(7.36) Q2(z) = gb. > Q(x), 


m>0;22j;=z j=1 


(7.37) (x) = g.l.b. } > R(z;). 
Since 
(7.38) Qv(tr) = tQo(x); R(tr) = tR(z), (> 0;26€E)’ 


it follows from Theorem 3.3 that (7.25) holds if and only if p(x) S Q§$?(z), and 
that (7.26) holds if and only if p(x) < Q%’(x). Consider now two cases. In 
case f ¢ F exists satisfying (7.22) and (7.23), then by Theorems 7.2 and 6.1, 
Q(x) is a p-function while Qp(x) and R(z) are r-functions. It follows from 
Theorems 7.2 and 3.2 that Q,(x), Q$” (x), and Q(x) each represent the greatest 
p-function which enforces (7.22) and (7.23). This gives (7.35) for the first case. 
In case no f ¢F exists satisfying (7.22) and (7.23), it follows from Theorems 
7.2, 6.1, and 3.4 that each member of (7.35) is — © forallze EH. This completes 
the proof of Theorem 7.3. 
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The proof we have just given illustrates the fact that the concept of “greatest 
p«P which enforces - - - ’’ can lead to discovery of equality of functionals 
which might appear to be unequal (or which might possibly be so complicated 
that nothing would be apparent). 


8. Both p « P and f « F invariant under solvable G. In §7 we saw that R(z), 
defined by (7.13), may fail to be an r-function and hence may fail to be a p- 
function even when (7.11) holds. The fundamental result of §8 is that if G is 
solvable and (7.11) holds, then R(x) must be a p-function. We denote the 
derived subgroup of G (the subgroup of G generated by the commutators 
9:9291 92 ) by G’, the derived group of G’ by G”, ete. A group is called solvable 
if some derived group G‘” consists of the identity alone. 

THEeoreEM 8.1. Jf G is solvable and po ¢ P has the property 


(8.11) Pogr = por (g «eG, xeE), 

then the functional R(x) defined by 

(8.12) R(x) = gb. np > m r] (xe E) 
n>0;946G nN k=1 


is a p-function. 

To prove this theorem, let GC G,; C G; C --- C G, be a sequence of groups 
having the properties: 

1. Gp consists of the identity alone; 

2. for each a = 1, 2, --- , r, @a_y is the derived group G,, of Ga; and 

3. G, is the group G appearing in Theorem 8.1. 
With p» given in Theorem 8.1, we define p;(x), po(x), --- , p-(x) by the recursion 
formulas 


1 n 
(8.13) PAxt) = glb. pif > 02 | (a = 1,2, ---,r). 
n>0; 9k € Ga nN k=1 
It follows from Theorem 7.1 that p,.(z) is finite-valued for each a = 1,2, ---, 7 
and xe. Our proof of Theorem 8.1 depends upon two lemmas. 
Lemma 8.2. Foreacha = 1,2,---,r 
1 n 
(8.14) pat) = gb. |! » > Jk | (xe E). 
n>O; gk € Ga N k=l 


The above lemma follows from the definitions (8.13) and iterated use of 


Lemma 6.2. 
Lemma 8.3. For each a = 0,1,2, --- , r, pa(x) is a p-function with the property 


(8.31) Palt(gz — x)] = 0 (g«G.;xeE), 
and if a <r, then pa has the property 
(8.32) , PaGt = Pak (g € Gazi; x € E). 
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Our hypotheses give po « P and imply that (8.31) and (8.32) hold when a = 0. 
To complete an induction proof of Lemma 8.3, let 0 < @ S r, pai € P, and 


(8.331) Paal+(gr — x)] = 0 (g «Ga1;2€E£), 
(8.332) PaAgt = Paix (g eG. ;reE). 
We have seen that p.z is finite-valued, i.e., is a functional. We show next that 
Pa € P. 


It follows easily from (8.13) that pa(tz) = tp.(z) whent > OandzeE. To 
prove pa(x + y) S pat + Pay, let x, y « E and « > 0 be fixed. Choose g;, ---, 
gm, hi, -+-,hn€Ga such that 


(8.341) Pa-t [2 > 0 | < pa(x) + «, 
(8.342) pelt p De | < paly) +. 


Using linearity of the elements of G, the hypothesis pa « P, and (8.332), we 
obtain the estimate 


mn 1 n 1 m 
pel 2 ps heave | ~ pel? hk — a2 
k=1 N k=l m 1 
Ss Ly» [a2 Soe] = > [2 E oz} 
“snl m j= ”” .e”” 6m” 


But the last member of this equality is the left member of (8.341); hence 


(8.351) Pa-1 E a he gi | < p(x) + €. 
An analogous estimate together with (8.342) gives 
(8.352) Pa-t E z gihi | < paly) + €. 
Our hypothesis (8.331) implies that 
Pail (hgh'g'— — £)] = 0 (h, g €Ga; € €E), 
and hence, since the elements of G map E univalently into itself, that 
Pa-|+(hgx — ghx)| = 0 (h,g ¢Ga;xeE). 


It follows from g; , hy « G. and Lemma 2.3 that 

peal +2 (hi giz — sihu2) = 0. 
This equality, Lemma 2.4, and (8.351) imply 
RS a aihsz < pa(x) + «. 


mn ike 


(8.353) ps) 
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Using the definition (8.13) and formulas (8.352) and (8.353), we find 


plr+y)s pl 2 D gih(a + »| S Pal + Pay + 2e. 


N j=l 


Arbitrariness of « > 0 gives p.(x + y) S Pat + pay. This proves pa € P. 
If g « G, , it follows from the definition (8.13) that 


l< . 
Palgz — x) S g.lb. pif Dd (giz —g* '2)| 
n>0 nN k=1 


and, using (8.332), we can proceed as in (7.27) to obtain pa(gx — x) £ 0. Like- 
wise p.(x — gx) S 0 and (8.31) follows. 
We next prove (8.32). Let g eG; and reE be fixed. It follows from 
Lemma 8.2 that 
(8.36) plt) = g.lb. ps >» ot | (Ee E). 
n>0; 9k € Ga nN k=l 


Replacing & by gz in (8.36), and using (8.11) with g replaced by g™', we find 


— 1 nn ul 

(8.37) Page = g.lb. n| dg ‘oot | 
n>O; gn € Ga nN k=1 
Since g € Gas, , we conclude that ggg = (g"' gr gge gx € Ga When gi. € Ga; hence 
1 n 
(8.38) Pegt = g.lb. nl > x r| 
n>0; ye € Ga nN k=l 

Thus 
(8.39) Pagt = Pak (9 € Gas; 2 € BE). 


If in (8.39) we replace g by g' and z by gz, we obtain 
(8.391) Pat = PaGr (g €Gas; 2). 


From (8.39) and (8.391) we obtain (8.32) and proof of Lemma 8.3 is complete. 

Proof of Theorem 8.1 now follows easily. Definition (8.12) and Lemma 8.2 
imply that R(x) = p(x) and Lemma 8.3 therefore gives R(x) = p,(x) ¢ P. 
This proves Theorem 8.1. 

Combining Theorems 7.2 and 8.1 we obtain 

THEeoreM 8.4. If G is solvable and po € P has the property 


(8.41) Pogr = Pox (9 «G; xe E), 
then there exists f « F with the properties 

(8.42) f(z) = pox); —f(g(z)) = f(a), (g eG; re E), 
and the functional 

7“ 2 nl; ¥ oz] 


is the greatest p-function which enforces (8.42). 
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If G is solvable and (7.21) holds, then, by Theorem 8.1, R(z) is a p-function; 
it follows from Theorem 7.2 that Q,(x), defined by (7.24), must be finite-valued 
and hence must be a p-function; and that Qp(x) must be an r-function. These 
observations and Theorem 8.4 enable us to strengthen the conclusions of Theo- 
rem 7.3 when G is solvable. Leaving details of proof to the reader, we give 

THeorEM 8.5. If G is solvable and po ¢ P has the property 


(8.51) Pogx = por (g«G;zeE), 
then the three functionals defined for x « E by 


(8.52) Qala) = eld. met) & (ose x) |, 
n>O; ope Gizpek N k=1 

(8.53) Q(z) = glib. LY gb. polz; + giti — &, 
m>0;Zzj—z j=l gjpeGitjek 

(8.54) Riz) = glb. |b > 02 | 
n>0; 9h €@ N k=l 


are p-functions (and therefore finite-valued) which are equal for all x « E. 
Theorem 8.5 is a theorem of analysis which may have some interest apart from 
its connection with the theory of linear functionals. We illustrate this remark 
by a very special example. Let E be the linear space of real bounded functions 
xz = 2x(s); let po(x) = lim 2(s); and let G be the group of transformations of 


the form gx(s) = x(us + A) where py, Xe Rwithyw > 0. It is easy to verify that 
the hypotheses of Theorem 8.5 are satisfied and it follows that Q,(0) = 0; in 
fact Q,(0) = 0. It is also easy to verify that the following theorem is merely a 
statement that Q(0) = 0 when E£, po and G are as we have specialized them. 


THeoreM 8.6. If n > 0; x:(s), --- , tn(s) are real bounded functions; uw, , --- , 
lin > O; and, --- , An are real, then 
(8.61) lim p> [r.(uzs + Ax) — ax(s)] = O. 


This incidental corollary of Theorem 8.5 may be known; it is given here 
merely as a representative of a set of corollaries of Theorem 8.5 which seem 
interesting and challenge one to find a simple direct proof. 

We point out finally in connection with the theorems of §8 involving solvable 
groups that the conclusions of Theorems 8.1, 8.4 and 8.5 may hold (at least for 
some po ¢ P) when G is not solvable. In case pogx = pox and po happens to be 
linear, the right members of (8.12), (8.43), (8.52), (8.53) and (8.54) all reduce 
to the p-function po , irrespective of the character of G. In this trivial case, 
f ¢F satisfying (8.42) is obtained merely by setting f = po. It thus appears 
that a necessary and sufficient condition that (8.11) imply that R(x) be a p- 
function cannot be given in terms of pp alone or in terms of G alone, but must 
involve a correlation of p) and G. In view of this fact, the following theorem 
may be of some interest. 
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TuHeoreM 8.7. If G (solvable or not) and poe P are so related that R(x) « P, 
then for each linear transformation y (not necessarily ¢€ G) with domain and range in 


E the functional R,(x) defined by 


(8.71) Rx) = g.lb. p.|? > nr | (xe E) 


n>O0; ape 
is a p-function. 
It follows from (8.43) and (8.71) that R,(z) = R(yx); hence an application of 
Lemma 2.9 gives Theorem 8.7. In case y has an inverse and poy ‘x = pox for 
each zx e EB, (8.71) can be written 


(8.72) R2) = g.lb. |? b> y' gn vt | (xe EB). 


n>0; gh €G 
- —] . . : 
Cheerve thet os @ mingee emer ©, ¥ sey Sg one a gee T wale S gy 
isomorphic with G and which is therefore solvable if and only if G is solvable. 


9. Applications to limits. Let E denote the set of real bounded functions 
x = x(s) defined over —#« <s< «. As in the example of §1, we write Lim 


s-7e 
x(s) in place of a linear functional f(z). Thus we have a 1-1 correspondence be- 
tween f ¢ F and linear definitions of Lim, i.e., definitions of Lim for which 


(9.01) Lim [ax(s) + by(s)] = a Lim z(s) + 6 Lim y(s) (a,be R; 2, ye E). 


idee se se 
Some additional properties which a given definition of Lim 2(s) may satisfy 
(or may fail to satisfy) are 


(9.02) g.l.b. 2(s) S Lim z(s) S Lub. 2(s) (xe E), 
—Bo sce 32 —ec sco 
(9.03) lim z(s) < Lim 2(s) S lim 2(s) (xe E), 
q 1 A - 1 ¥* rh 
(9.04) lim i a(s)ds < Lim 2(s) S lim i x(s) ds (xe E), 
he h *J0 se hx h 0 
(9.05) Lim 2(s + A) = Lim 2(s) (Ae R; xe E), 
(9.06) Lim z(us + A) = Lim 2z(s) (u>O0;A\e€R; re L£), 
(9.07) Lim z(us’) = Lim 2(s) (u,y > 0,2 B£), 
(9.08) Lim r(s + 3 sin 2rs = Lim 2(s) (xe E), 
(9.09) Lim z(us’ + A) = Lim z(s)  (u,y > 0; A€ Rj xe B), 


* 
where in (9.04), / and / denote respectively lower and upper Lebesgue 
* 


integrals. 
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We leave it to the reader to see what determinations of p) and G in Theorem 
8.4 give the following applications. 

9.1. The greatest p « P enforcing (9.02) is 
(9.11) p(x) = Lub. 2z(s). 


—wcscw 
9.2. The greatest p « P enforcing (9.03) is 
(9.21) p(x) = lim 2(s). 


9.3. The greatest p « P enforcing (9.03) and (9.05) is 


(9.31) aide eth. int Die + wd. 


n>O;A\peR seo Ml k=l 


9.4. The greatest p « P enforcing (9.03) and (9.06) is 


n 


(9.41) ibe eh k F slese + be). 


n>0;pe>O; Age R 8-00 k=1 


9.5. The greatest p « P enforcing (9.04) and (9.06) is 


1*/* n 


(9.51) p(x) = g.l.b. lim = : Dd x(urs + dz) ds. 


n>0;ue>O0; Ape R how h 0 k=1 


9.6. The greatest p « P enforcing (9.03) and (9.07) is 
(9.61) p(x)= gilb. lim Ly sus”). 

n>0; pe>0; y~>0 soo M k=1 

It is easy to give many applications of this sort, and the reader may formulate 
further applications to show even more vividly than the list we have given that 
in a sense the greater p-functions enforce fewer properties while the smaller 
p-functions enforce more properties. 

It is of interest to observe that the p-function p;(z) of 9.3, which is the same as 
px(x) of (1.23) used by Banach to establish existence of a linear definition of 
Lim satisfying (9.03) and (9.05), is the greatest p«P which enforces these 
properties. There are in fact many different linear definitions of Lim having 
properties (9.03) and (9.05), and (by 9.3 and Definition 4.13) p; enforces only 
those properties common to all of them. An example of 2» « E for which it is 
easy to show ps9 > puto is 20(s) = sin log*s, where log*s = 0 or log s according 
ass Zlors>41. The fact that, for each e > 0, 2o(s) > 1 — € over arbitrarily 
large intervals as s > © implies that p3z) = 1. The fact that ro(e"s) + 2(s) = 0 
for s > 1 implies that pyz = 0. This shows that p; does not enforce (9.06) or, 
in other words, that not all linear definitions of Lim having properties (9.03) and 
(9.05) have property (9.06). On the other hand, property (9.06) obviously 
implies property (9.05). 

We illustrate a significance of the notion of “greatest p ¢ P which enforces. . .’ 


? 
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by an example. Since p;(sin log*s) = 1, there exists a linear functional p; 
and a corresponding linear definition of Lim with 

(9.71) pix) = Lim 2(s) S p,;(z) (xe EB), 
and 

(9.72) p:(sin log’ s) = Lim sin log’ s = 1. 


Since p; « F, we have also p; « P, and it follows from (9.71) and (9.3) that p; 
enforces (9.03) and (9.05). Thus p; is the unique greatest p e P which enforces 
(9.03) and (9.05), while p; is merely one of the many p e P which enforce (9.03) 
and (9.05). We saw in the preceding paragraph that p; is noncommital in 
regard to (9.06), i.e., enforces neither validity nor failure of (9.06). However, 
on account of (9.72) and p; ¢ F, p; actually enforces failure of (9.06). 

It was shown in §5 that no linear definition of Lim exists satisfying (9.03), 
(9.05), and (9.08); hence no p ¢ P exists which enforces these properties. 

It appears to be unknown whether a linear definition of Lim exists satisfying 
(9.03) and (9.09). If such a definition exists then (Theorems 1.3 and 4.4) 
p ¢ P exists with 


(9.8) wstwnu oh fi Eda +n, 


n>O; ue. ye>O; ARE R seo MN k=1 


so that R(x) is an r-function. On the other hand, if R(z) is an r-function, then 
p « P exists satisfying (9.8). Since obviously R(x) S< po(x), ps(x) and pe(z) it 
follows that p(x) S pe(x), ps(x), and pe(x) so that p enforces (9.03), (9.06), and 
(9.07). But (9.06) and (9.07) imply (9.09). Thus we have shown that a linear 
definition of Lim exists satisfying (9.03) and (9.09) if and only if R is an r- 
function. 


10. Application to integration. Let EF be the linear space of real functions 
x = x(s), defined over —*« < s < o, for which the upper Lebesgue integral 
*f | x(s) | ds of | x(s) | over —2 <8 < @ is finite. Let 


* 
(10.01) p(x) = [ ds (xe E). 
Let G denote the group of transformations g such that if g « G, then real u and » 
with » ~ 0 exist such that 
(10.02) gx(s) = |u| x(us + 2) (-2x <8 < om): 
It can be verified that g ¢ G is linear, G is solvable, and pgx = pz forg €G, 2 « E. 


Writing x(s)ds in place of f(x) for x e E, we obtain a 1-1 correspondence 


between f ¢ F and linear definitions of integral, i.e., integrals for which 


(10.03) [ [ax(s) + by(s)]ds = a [ x(s)ds + b i y(s) ds 


oe 4 


when a, b e R and Z, y ¢ E, and obtain the following application of Theorem 8.4. 
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LINEAR FUNCTIONALS AND PRESCRIBED CONDITIONS 


10.1. The greatest p « P enforcing the properties 


E) + 
(10.11) [ eoas < | z(s)ds = | xa (xe E), 
* 2 
(10.12) [ x(us + A) ds = x(s) ds (u ~ O;Ae Rs xe Ek) 
2 |e oo 
1s 
* 1 n 
p(x) = g.l.b. | - 2, | wx | 2(uns + dx) ds. 
n>0;pe>O; Ape R N k=l 


It is easy to make other specializations of po and G to obtain other applications, 
some with greater p-functions which enforce fewer properties and some with 
smaller p-functions which enforce more properties. 
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THE MEASURE OF TRANSITIVE GEODESICS ON CERTAIN THREE- 
DIMENSIONAL MANIFOLDS 


By ANNITA TULLER 


Introduction. The problem of the existence of transitive geodesics on two- 
dimensional manifolds of constant negative curvature has been completely 
solved by Koebe [1]. These manifolds are obtained by assigning a hyperbolic 
metric to the interior of the unit circle in the complex plane and by considering 
as identical the points congruent under a Fuchsian group. 

The question of the measure of the transitive geodesics on such manifolds 
has also been treated but has not been completely solved. Using the theory 
of continued fractions, Artin [2] proved that almost all geodesics are transitive 
if the group is the modular group. Myrberg [3] proved that the same result 
holds if the group is of the first kind (i.e., one which ceases to be properly dis- 
continuous on the unit circle U), has a finite set of generators and has a funda- 
mental region either lying, with its boundary, entirely inside U or having all 
its vertices on U. These results are included in the work of E. Hopf [4], who 
shows that metrical transitivity holds if the group is of the first kind with a 
finite set of generators. Metrical transitivity implies that almost all the geo- 
desies are transitive. The case of an infinite set of generators has not been 
considered. 

Three-dimensional manifolds of constant negative curvature can be obtained 
by assigning a hyperbolic metric 

2 4(dx* + dy’ + dz’) 
ds’ = - ~ 
(1 — 2 — ¥ — 2)? 
to the interior of the unit sphere S and considering as identical the points 
congruent to each other under suitable groups of the rigid motions of this space. 
The groups must be properly discontinuous within S but may or may not be 
properly discontinuous on S. An example of such a manifold is the one obtained 
by using the Picard group. Recently Lébell [5] gave examples of closed mani- 
folds of constant negative curvature. 

As to the properties of geodesics on these manifolds Lébell [5] states that, 
by methods analogous to those in his proofs for two-dimensional manifolds [6], 
it can be shown that the periodic geodesics are everywhere dense among the 
totality of geodesics and that there exist transitive geodesics on the manifolds 
which he has set up. 

It is the object of this paper to prove that, for certain three-dimensional 


Received September 29, 1937. 
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manifolds of constant negative curvature, almost all geodesics are transitive. 
For transitivity, as in the two-dimensional case, it is necessary to assume that 
the group defining the manifold is of the first kind; i.e., that the group is not 
properly discontinuous in any domain on S. It will then be shown that under 
this hypothesis the periodic geodesics are everywhere dense among the totality 
of geodesics. The class of manifolds for which it will be proved that almost 
all geodesics are transitive is defined by means of a stability property. Hopf [7] 
has shown that for certain dynamical systems, including those considered in 
this paper, almost all motions are either stable or unstable—stable in the sense 
that the motion returns arbitrarily close to any one of the positions formerly 
occupied, unstable in the sense that it stays outside any finite domain after a 
finite length of time. It will be proved that, if almost all geodesics are stable, 
almost all of them are transitive. This includes the set of manifolds defined 
by groups of the first kind with a finite set of generators. Whether it includes 
manifolds define’ »y groups of the first kind with an infinite set of generators 
is unknown. 

The method of proof used in obtaining these results is direct, entirely geo- 
metrical and applies equally well to the case of two dimensions. 


1. Three-dimensional hyperbolic geometry. This section gives a brief sum- 
mary of the known properties of three-dimensional hyperbolic space which 
form the background for this paper. The proofs are omitted and references 
for the material used are given. 

Consider the Riemannian space of constant negative curvature k = —1, 
given by the metric 
(a) df = +O + ae 

z 
defining a geometry in the upper half-space z > 0. The angle between two 
curves is the ordinary Euclidean angle. The geodesics are circles orthogonal 
to the plane z = 0 [Bianchi, 8, p. 584]. The geodesic surfaces are spheres 
orthogonal to the plane z = 0. 

The rigid motions of the geometry defined must transform the plane z = 0 
into itself and also must transform two intersecting spheres orthogonal to z = 0 
into two spheres orthogonal to z = 0 and intersecting each other at the same 
angle. Hence, the transformation thus determined on the points of z = 0 
must be a conformal transformation. If we introduce into the plane z = 0 
the complex variable ¢ = x + ty, the desired transformation is the linear 
fractional transformation in this plane [Bianchi, 8, p. 586]: 


(nt id 
a ar ad — be ¥ 0. 


(The class of anti-analytic transformations 


ia St® ad — be # 0, f=2-ly 
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will not be considered in this paper.) From this the analytic form for the rigid 
motions in the space itself is very easily developed [Bianchi, 8, pp. 587-588]. 
It assumes the following form: 
2 adp* a abe oe abe + bb = 2 2 
p cep? + cdt + ed + dd’ ee ee 
_ avp® + ade + be— + bd 
* ~~ etp? + edt + edf + dd’ 
zs, _ Gep* + adf + bet + bd 
cép? + cdf + éd& + dd” 
Therefore, corresponding to every rigid motion of the space there is a linear 
fractional transformation of the plane z = 0 into itself, and conversely. A 
study of this geometry and of the invariant curves under the different types of 
linear fractional transformations is given by Bianchi [8, pp. 588-589]. 
We will, however, transform this hyperbolic space with the metric (a) into 
the space with the metric 
2 2 2 
(b) dst = 4(¢2 + dy + ds) 
(l—#—¥ — #)* 
by transforming the space (z, y, z) into itself so that the upper half-space is 
transformed into the interior of the unit sphere. This is done by performing 
in succession the translation 


n 


z’=7, y = y, /m2+2, 


the inversion 
r sin @ cos y, 


N 
ll 


r sin @ sin y, 


= 
II 
= 
< 
Il 
= 
= 
> 
® 
— 
® 
~ 
II 


z=rcos@, 


and the translation 


2’ = 72, y =y, 2 =z-—1. 


Thus it will suffice for the purpose of this paper to give a brief description of 
the geometry defined by this new metric and the invariant curves under the 
linear fractional transformations in the new hyperbolic space. 

The metric (b) defines a hyperbolic geometry in the interior of the unit 
sphere S. The geodesics, or hyperbolic lines, are now arcs of circles orthogonal 
to S; the hyperbolic planes are parts of spheres orthogonal to S. The equi- 
distant surfaces, i.e., the locus of points at a given hyperbolic distance from a 
given hyperbolic line, will be called hyperbolic cylinders. The hyperbolic 
spheres, i.e., the locus of points at a given distance from a given point, are also 
Euclidean spheres not necessarily with the same center. The rigid motions 
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are given by the four types of linear fractional transformations. These trans- 
form circles and spheres into circles and spheres respectively and preserve 
angles. 

The hyperbolic transformation has two fixed points on the sphere. The 
geodesic through these points is the axis of the transformation. The family 
of fixed circles on S determines a family of fixed spheres through the two fixed 
points, orthogonal to S, and cutting S in the family of fixed circles. The 
invariant curves of the transformation are ares of circles through the two fixed 
points. The transforms of a point P under the iterates of a particular hyper- 
bolic transformation have as limit point one of the fixed points of that trans- 
formation. The hyperbolic transformation whose axis is AB and which sends 
points toward B will be denoted by 74s. The hyperbolic transformation 
which sends points toward A will be denoted by T'xx . 

The elliptic transformation also has two fixed points on S and an axis which 
is the geodesic through these two points. The family of fixed circles on S 
determines a family of non-intersecting fixed spheres orthogonal to S. The 
axis is fixed point for point. The invariant curves are circles of intersection 
of the fixed spheres with the hyperbolic cylinders around the axis. This trans- 
formation may be thought of as a rotation about the axis. The transforms of a 
point P under the iterates of a particular elliptic transformation form a discrete 
set of points on the invariant circle through P or are everywhere dense on that 
circle according as the angle of rotation is or is not commensurable with 27. 

The loxodromic transformation is the product of a hyperbolic transformation 
and an elliptic transformation. The invariant curves wind around the hyper- 
bolic cylinders and cut the circles through the fixed points at a constant angle 
not equal to zero or x/2. The transforms of a point P under the iterates of a 
given loxodromic transformation have as limit point one of the fixed points 
of that transformation. A notation similar to that used for hyperbolic trans- 
formations will be used to show which fixed point is being approached. 

The parabolic transformation has one fixed point on S and a family of fixed 
spheres orthogonal to S, tangent to each other at the fixed point and cutting S 
in the family of fixed circles. The horospheres, i.e., the Euclidean spheres 
internally tangent to S at the fixed point, can also be shown to be fixed. The 
invariant curves are the circles of intersection of the fixed spheres with the 
horospheres. The transforms of a point under the iterates of a given para- 
bolic transformation have as limit point the fixed point of the transformation. 


2. Groups of linear fractional transformations. Let G be a group of linear 
fractional transformations, 





,_ a+b =r 
ose’ ad — be = 1. 


Since G defines an isomorphic group of motions of S and its interior into itself, 
the notation G can be used equally well for this second group. Two points 
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P and P’ in or on S are said to be congruent or equivalent if there is a transfor- 
mation 7 of G such that 7(P) = P’. Either point will be called a copy of 
the other. 

Derinition. The group G will be called discrete if the unit element of G 
is not a point of accumulation of other elements of G [van der Waerden, 9, 
p. 28]. By this we shall mean that there exists a real positive number @ such 
that for all transformations of G, other than the identity, 


la—d[fi+ lb? +ilef>a. 


Geometrically this means that given a sufficiently small positive e, there exists 
no transformation JT in G, other than the identity, such that the Euclidean 
distance between P and 7'(P) is less than e¢ for all P in or on S. 

A theorem on discrete groups, which will be used later, is the following: 

THEOREM 2.1. If there exists a positive number a such that, given any positive 
¢, there exists in G two elliptic transformations with fixed points AB and A'B’, 
respectively, such that the distances AB and A'B’ are each greater than a, but the 
distances AA’ and BB’ are each less than «, then G is not discrete [F-K, 10, p. 98). 

DeriniTion. The group G will be called properly discontinuous in a domain 
D if each point P of D possesses a neighborhood N(P) which has points in 
common with only a finite number of copies of N(P), and if any two non- 
congruent points P and Q possess neighborhoods N(P) and N(Q) which are 
such that no point of N(P) is congruent to a point of N(Q). 

DerinitTion. <A fundamental region of a group G in a domain D is an open 
set having no points in common with any of its copies and which contains in 
its interior or on its boundary a point congruent to each point P in D [van der 
Waerden, 9, p. 35]. 

If a group is properly discontinuous in a domain D, it possesses a fundamental 
region in that domain [van der Waerden, 9, p. 35]. It has also been shown that 
a necessary and sufficient condition that a group of linear fractional transfor- 
mations be properly discontinuous in S is that it be discrete [F-K, 10, p. 98]. 

Derinition. A group of linear fractional transformations will be said to 
be of the first kind if it is properly discontinuous inside S but not properly 
discontinuous in any domain on S. 

THEOREM 2.2. The set of transformations in a group of the first kind has fixed 
points which are everywhere dense on S. 

Since the group is properly discontinuous in S, it is discrete and the Euclidean 
distance between two congruent points, P and T(P), for generic P (i.e., for P 
not in the neighborhood of fixed points of 7’), is greater than a suitably chosen 
positive number e. Since the group is not properly discontinuous in any domain 
on S, any neighborhood on S contains at least one pair of congruent points; 
i.e., we can find a point P and a transformation T such that the Euclidean 
distance between P and*T(P) is less than e. However, it is geometrically 
evident that this can happen only in the neighborhood of a fixed point. (See 
F-K, 10, pp. 94-98, for detailed description of the linear fractional transforma- 
tions of a discrete group.) 
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The groups with which this paper deals are groups of the first kind. Such 
a group has a “normal’’ fundamental region which consists of a simply con- 
nected polyhedron bounded by hyperbolic planes, congruent in pairs under 
transformations of the group. The transformations relating pairs of congruent 
faces of the normal fundamental region generate the group. The normal 
fundamental region and its copies cover the interior of S. These and further 
properties of properly discontinuous groups and their fundamental regions are 
dealt with at length in [F-K 10, pp. 94-150]. 

If points in S congruent under the transformations of a group G of the first 
kind are considered identical, a three-dimensional manifold M is defined. It 
is the behavior of the geodesics on this manifold that will be investigated. 


3. Periodic geodesics. 

Derinition. A directed geodesic in S is periodic if it passes through two 
congruent points with congruent directions. 

An immediate consequence of this is that the axis of a hyperbolic or loxo- 
dromic transformation is periodic. 

It will be shown that, if G is of the first kind, the periodic geodesics are every- 
where dense among the totality of geodesics. The following lemma must first 
be proved. 

Lemma 3.1. Let I; and I, be two arbitrary circular regions on S having no 
points in common and bounded by circles O, and O2 respectively. If T is a linear 
fractional transformation such that T(O,) = O2 and such that the part of the surface 
of S exterior to I, is transformed by T into the interior of Iz, then T is a hyper- 
bolic or loxodromic transformation with one fixed point in I, and one in Iz . 

Since J, and J, have no point in common, the part of the surface of S exterior 
to I, contains J, , and hence T transforms a circular region on S into part of 
itself. We shall show that any such transformation must have a fixed point 
in I, e 

If T is an elliptic transformation, then, no matter where the fixed points are, 
there are fixed circles either cutting one of the bounding circles and not the 
other or lying entirely in the region between them. Neither case is possible 
under the hypothesis of the lemma. Therefore T is not elliptic. 

If T is parabolic, hyperbolic or loxodromic, the transforms of a point P; on 
O, under the iterates of JT have as limit point a fixed point of T. However, 
T(P,;) = P2 on O,. Therefore, further transforms of P; under powers of T 
are inside J;, and thus 7’ has a fixed point inside J;. A similar argument 
applied to 7" gives us a fixed point inside J,. Hence T is either a hyperbolic 
or a loxodromic transformation of the type desired. 

THEOREM 3.1. If G is of the first kind and if I, and Iz are arbitrary circular 
neighborhoods on S with no point in common, there exists a hyperbolic or loxo- 
dromic transformation of G with one fixed point in I, and the other in Ip . 

It is convenient to divide the proof into three parts. 

CasE 1. The group G contains a parabolic transformation Tg but no elliptic 
transformation. 
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It will first be shown that a hyperbolic or loxodromic transformation of G 
cannot have a fixed point in common with a parabolic one. If Q is a fixed 
point of a hyperbolic or loxodromic transformation whose axis is AQ, and if Q 
is also the fixed point of a parabolic transformation 7T'g, then Tg(AQ) = A’Q 
is the axis of a hyperbolic or loxodromic transformation. We now have two 
hyperbolic or loxodromic transformations with a common fixed point. This, 
however, will be shown to lead to a contradiction. By applying powers of T4-¢ 
to a point P on the axis A’Q we get congruent points arbitrarily close, in the 
hyperbolic sense, to the hyperbolic line AQ. We now construct a sphere S, , 
orthogonal to S and to AQ. Let Se = Tgs(S:). By applying sufficiently 
high powers of Tg, , and by choosing a proper subset, we get an infinite sequence 
of distinct points congruent to P and having as limit point a point on the part 
of AQ between S; and S,. However, this is impossible for a properly dis- 
continuous group. 

It will now be shown that the fixed points of parabolic transformations are 
everywhere dense on S. Let J be an arbitrary circular region on S. There is 
a fixed point A in it (Theorem 2.2). If the corresponding transformation is 
not parabolic, then it is hyperbolic or loxodromic and its other fixed point B 
is not Q. By applying sufficiently high powers of 7's, , we get Q’, congruent 
to Q, inside J. Since Q’ is the fixed point of a parabolic transformation and J 
is any region on S, we have the parabolic fixed points everywhere dense on S. 

We come now to the theorem itself. In J, there is a fixed point P; of a 
parabolic transformation. Let J; be a circular region containing all of J, but 
no part of J. Let O; be the boundary of J;. By applying sufficiently high 
powers of Tp, we get Os transformed into O; entirely in J,. The part of S 
exterior to J; will be transformed into a region Jj, bounded by 0}, inside J, . 
This can be seen by considering the behavior under the transformation of any 
one point exterior to J;. In a similar manner we get O; congruent to O; in Je. 
This time, however, the interior of J; is transformed into a region I; , bounded 
by O;, inside Iz. We note now that the regions I t and I; satisfy the con- 
ditions of the lemma, and the theorem is proved for this case. 

Case 2. The group G contains only hyperbolic and loxodromic transfor- 
mations. 

Since the fixed points are everywhere dense on S (Theorem 2.2), J; contains 
a fixed point C, of a hyperbolic or loxodromic transformation whose other 
fixed point is D, ; and J, contains a fixed point C, of a hyperbolic or loxodromic 
transformation whose other fixed point is D,. Let J; be a circular neighbor- 
hood containing J; but not J, , and bounded by a circle O; which passes through 
neither D,; nor D,. By applying sufficiently high powers of 7'p,c, we get a 
copy 0; of O; in J, bounding a region J; in I, . Similarly, we get a copy 0; 
of Os in I, bounding a region J; in Jz. However, I; and J; may not satisfy 
the conditions of the lemma, since the interior of J A may correspond to the 
interior of Jz. We will show, however, that there exists a transformation of 
the group which takes the exterior of I; into a region J + inside J;. Then J; 
and J; will satisfy the conditions of the lemma. 
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Let A and B be the fixed points of a hyperbolic or loxodromic transformation 
Ts». By taking a region J, inside J; containing neither A nor B and treating 
it as we did J, above we get copies A’ and B’ of A and B, respectively, inside J, . 
This can be done since, as has been shown under Case 1, two hyperbolic or 
loxodromic transformations cannot have a common fixed point. By applying 
sufficiently high powers of 74-5 we get a copy O% of O3 inside I; , bounding a 
region Iz in I; such that the exterior of 3 corresponds to the interior of  . 

Case 3. The group G contains an elliptic transformation. 

In a manner similar to that of the first part of Case 1, it can be shown that 
an elliptic transformation cannot have a fixed point in common with a hyper- 
bolic or loxodromic transformation unless the whole axis is common. 

We go on to show that any neighborhood on S contains a pair of fixed points 
of an elliptic transformation. Let PQ be the axis of our known elliptic trans- 
formation. First, let us suppose that the only fixed points in J; are elliptic. 
Then there must be a pair in J; belonging to the same transformation. Other- 
wise, the correspondents of all the fixed points inside any subneighborhood of 
I, would have a cluster point outside or on the boundary of J; , and this con- 
tradicts Theorem 2.1. Moreover, by applying the same argument to smaller 
neighborhoods inside J, , it is possible to obtain a pair of elliptic fixed points 
arbitrarily close together. 

If a fixed point Q’ inside J, is parabolic, then by applying sufficiently high 
powers of 7'g. we get copies of P and Q inside J, , again arbitrarily close. Ifa 
fixed point inside J, is hyperbolic, the other fixed point of the transformation 
is not P or Q and again we can get copies of P and Q inside J;. The same is 
true if the fixed point inside J, is loxodromic. 

We come now to the theorem itself. Let O; be a great circle separating J; 
and Jz. Let E be the midpoint of the elliptic axis P,Q; whose fixed points 
P, and Q; are in J,. Let the plane through E and O perpendicular to the axis 
P,Q, cut O; in points A and B, and the boundary of J; in points C and D. Then 
AB is a diameter of S. Let 6, 62, 03, 0, be the angles in rotation about E 
between the geodesic rays EC and EA, EA and EB, EB and ED, ED and EC 
respectively. 

Since we can get P; and Q, arbitrarily close, we can get £ arbitrarily near 
the surface, and thus angles @, , 6 , and 6; can be made arbitrarily small, while 
angle 6, can be made arbitrarily close to 2x. Therefore, no matter what the 
rotation angle of our elliptic transformation is, we can get E close enough to 
the surface of the sphere so that repeated application of the elliptic transforma- 
tion T'p,e, will take the circle O; into a circle O; in IJ,. In a similar manner 
we get a copy 02 of Os in I. 

If we let 7; be the region of S bounded by O; and containing J, , the above 
process transforms the exterior of J; into the interior of the region J; in J, 
bounded by O;. Since O; separates J, and I2, the interior of J; will be trans- 
formed into the interior of the region I; in Iz bounded by O;. I; and I; 
satisfy the conditions of the lemma. This completes the proof. 
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4. Transitive horospheres. Let EF be the set of elements 


p: (x, y, 2; ¥, 9), 
where 
rt+y+2 <1, Osyv<r, 0 < @ < Qn. 


Any such element determines a point P:(z, y, z) inside S and a direction d: (y, 6) 
at this point, where y is the angle between d and a line 2’ through P parallel 
to the z-axis, and @ is the angle between the plane determined by z’d and the 
plane through P parallel to the (z, z)-plane. The elements will be briefly 
designated by p:(x; d). Any such element determines a directed geodesic 
since there is one and only one geodesic through a point P inside S in a given 
direction d. We define the distance between two elements ~,:(%; d:) and 
Pe: (x2; de) as 
|| pz — ~i || = H(P1P2) + a, 


where H(P,P:) is the hyperbolic distance between the points P;:(2,) and 
P.: (xe), and @ is the least positive angle between d, and d2 . 

DeriniITION. Two elements p;:(2:; d;) and pe:(x2; de) of E are congruent 
if there is a transformation of G taking P;:(2:) into P2:: (x2), and the direction 
d, at P; into the direction dz at P2 ; i.e., taking P,; into P2 and the directed 
geodesic determined by p,; into the directed geodesic determined by pre. 

Derrinition. An element of E is periodic if it determines a periodic geodesic. 

It follows that all the elements on a periodic geodesic are periodic elements. 

TueoreM 4.1. If G is of the first kind, the periodic elements are everywhere 
dense in E. 

Let N(p) be any neighborhood of any element p:(zx; d) of EZ. The element 
p determines a directed geodesic AB. Let I, and I be sufficiently small regions 
on S about A and B respectively, so that the set of geodesics having initial 
endpoint in J, and terminal endpoint in J, goes through N(p). However, by 
Theorem 3.1, there is at least one periodic geodesic in that set and hence a 
periodic element in N(p). 

Derinition. A horosphere is a Euclidean sphere internally tangent to S. 

The point at infinity of a horosphere is its point of contact with S.A horo- 
sphere is completely determined by its Euclidean radius and its point at infinity. 
The horosphere with Euclidean radius r and point at infinity Q will be denoted 
by A(Q, r). The elements of £ on the horosphere will be taken as its points 
inside S with a direction at each point normal to the horosphere and directed 
outward. It is clear that an element of E determines a unique horosphere, 
and that a point A in S and a point B on S determine a unique horosphere 
through A with point at infinity at B. 

We may also note that two horospheres A(Q, r:) and h(Q, r2) with Q as point 
at infinity cut off equal hyperbolic lengths on the set of geodesics through Q. 
For, let QA,;A,.R and QB,B.S be any two geodesics through Q. The points 
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A, and B, are on h(Q, 7), and Az and Bz on A(Q, r2). We can find a parabolic 
transformation 7T' such that 79(A;) = B,. Then T,(QR) = QS. Since the 
horospheres are fixed under 7g, T'g(Az) = Bz. Hence the hyperbolic dis- 
tances A,A2 and B,Bz, are equal. 

DerinitTion. A horosphere h(Q, r) is transitive if the totality of elements 
on it and on all its copies form a set everywhere dense in E. 

The remainder of this section is devoted to several theorems on the transi- 
tivity of horospheres. Where the proofs are completely analogous to those 
for horocycles in the two-dimensional hyperbolic space, the exact reference is 
given at the end of the statement of the theorem. The proofs are omitted. 

DeriniTion. A set of horospheres is transitive if the totality of elements 
on all copies of all members of the set is everywhere dense in E. 

Lemma 4.2. Let P be a point inside S and I a circular domain on S. Let I’ 
be a circular domain of I, and h(P, I') the set of horospheres through P with points 
at infinity in I’. If h(P, I’) is transitive for every circular domain I’ of I, then 
there exists an infinite set of transitive horospheres through P with points at infinity 
in I (Hedlund, 11, Lemma 1.1, p. 532]. 

TuroreM 4.2. If G is of the first kind and if P is an arbitrary point in S 
and I an arbitrary circular region on S, there exists a point Q in I such that h(P, Q) 
is transitive. 

The theorem will follow from the lemma if we show that the set A(P, J) is 
transitive. Let AB be the axis of a hyperbolic or loxodromic transformation 
of G, and hence a periodic geodesic. It has a copy A’B’ with endpoints in J. 
Let Py be a point on AB. It has a copy Pj on A’B’. By repeated application 
of T4:2, we get copies ye... @&ak approaching B’. Consider a set of 
horospheres, all passing through P and one through each P’,. As n becomes 
infinite, the set of horospheres through P and P’, will have points at infinity 
Q, approaching B’. The angle at which the horospheres cut A’B’ will approach 
a/2. Therefore, if p»:(x,; dn) is the element on A’B’ at the point of inter- 
section with the horosphere through P and P%, , and qn:(x,; d) is the element 
on the horosphere at the point of intersection with A’B’, then, as n becomes 
infinite, the angle between d, and d,, approaches zero, and hence || qn — Dn || 
approaches zero. Since po is any periodic element, and since the periodic 
elements are everywhere dense in E, the set h(P, J) is transitive. 

TueoreM 4.3. If G is of the first kind, there exists an infinite set of transitive 
horospheres through any point in S. 

The points at infinity of these form a set everywhere dense on S. This 
theorem is an immediate consequence of the preceding one. 

TuHEeoreM 4.4. If one horosphere with Q as point at infinity is transitive, all 
the horospheres with Q as point at infinity are transitive [Hedlund, 11, Theorem 2.1, 
p. 535]. 

Derinition. A point Q of S will be called h-transitive if all the horospheres 
with Q as point at infinity are transitive. 

TueoreM 4.5. If G is of the first kind, the endpoints of all axes of hyperbolic 
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or lorodromic transformations of G are h-transitive (Hedlund, 11, Theorem 2.2, 
p. 536]. 

TuHeoreM 4.6. If G is of the first kind and there are copies of the horosphere 
h(Q, r) with radii arbitrarily close to 1, Q is h-transitive [Hedlund, 11, Theorem 2.3, 
p. 537]. 

THEeoreM 4.7. If G is of the first kind, Q a point on S, and if there exists on 
OQ a sequence of points O, , O2 , --- such that the limit as n becomes infinite of 
the hyperbolic distance OO, is + © and such that O, has a copy O}. with hyper- 
bolic distance OO', bounded, then Q is h-transitive (Hedlund, 11, Theorem 2.4, 
p. 537]. 

THeoreM 4.8. If G is of the first kind with a fundamental region Ry which 
together with its boundary lies entirely inside S, then all points on S are h-transitive. 

This is an immediate consequence of the preceding theorem. 


5. The measure of transitive geodesics. 

Derinition. A directed geodesic is transitive if the totality of elements on 
it and on all its copies form a set everywhere dense in E. 

DerinitTion. An element of E will be called transitive if it determines a 
transitive geodesic. 

With the aid of the preceding theory on transitive horospheres we derive 
some theorems concerning the measure of the transitive geodesics on the mani- 
fold M, defined by considering as identical the points in S congruent under 
the transformations of a group G of the first kind. Measure in EZ is Lebesgue 
measure but the space will be considered as a Euclidean space. 

TueoreM 5.1. The transitive elements of E form a measurable set. 

Let «& , @&, --- be a sequence of positive numbers such that lim «, = 0. Let 


n-*00 
E be covered by a finite set of open cells such that the Euclidean diameter of 
each cell is less than « and such that every cell contains some of EZ. Let 0; 
be the set of elements of EZ, each of which determines a geodesic such that every 
cell contains an element of it or of one of its copies. The set O, is open; for, 
if p; is an element of O, and pe is an element in a sufficiently small neighborhood 
of p, , the geodesic ge determined by p, will stay close enough to that determined 
by p, so that every one of our open cells will contain an element of gz or of one 
of its copies. Let £ be now covered by a finite set of open cells each of diam- 
eter less than e€ and such that every cell contains some of EZ; and let O2 be the 
set of elements, each of which determines a geodesic such that every one of 
these new cells contains an element of that geodesic or one of its copies. Con- 
tinuing in this manner we get sets O,; , O. , O;, --- . An element is transitive 
if and only if it belongs to all of these sets. Hence the set of transitive elements 

co 


is Il O, which is measurable since each O; is open and therefore measurable. 
n=1 
TueoreM 5.2. If G is of the first kind with a fundamental region Ro which, 
together with its boundary, lies entirely within S, any measurable set W in E, 
where W is of positive measure, determines a transitive set of geodesics. 
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We shall consider first a special set ®, the set determining a solid cone of 
geodesic rays with vertex at the point P in S of element p:(zx; d) and with 
generators determined by the cone of directions through P making an angle 
less than or equal to ¢ with d. We shall show that the totality of elements 
on all the geodesic rays determined by ® is a transitive set. 

On each ray of the cone consider the element (zx, ; d,) of E whose point (z,) 
in S is at a hyperbolic distance s from P. The totality of such points (z,) 
is on a spherical zone a, of hyperbolic area A,. The elements (z, ; d,) have 
directions normal to a,. As s becomes infinite the hyperbolic radius of the 
zone becomes infinite. Let s become infinite through a sequence of values 
8, < Ss. < --- and consider the elements (z., ; dsn) thus determined on the 
central geodesic ray g-. Each such element has a copy (x7,; d2,) in Ro. Since 
we can pick a subsequence of these copies with a limiting element, we shall 
assume that this is already the subsequence with unique limiting element 
(x*; d*) in Ro. This element determines a horosphere h(Q, r) which is transi- 
tive (Theorem 4.8). Let 7, be the transformation of G which carries (2s, ; dsn) 
into (xz; sh and let az, be T (dsr). As n becomes infinite ay, isa sequence 
of spherical zones whose hyperbolic radii become infinite. Each a, carries 
an element e*, at its center such that the lim e%, is (x*; d*) and such that ra 


approximates more and more of the transitive horosphere h(Q, r). Hence the 
limiting position of a}, is the transitive horosphere h(Q, r). Now let e be any 
element of EF, and let N(e) be a neighborhood of this element. Since h(Q, r) 
is transitive, there exists an element e, on h(Q, r) which has a copy in N(e). 
Let N(e,) be a neighborhood of e, so small that each element in N(e,) has a 
copy in N(e). If we let ®, denote the set (2..; dsn), where the points (z.,) 
are on the spherical zone a,, , there exists an N such that for n greater than N 
the set &, has an element with a copy in N(e,) and hence in N(e). Thus the 
totality of elements on all the geodesic rays determined by ® is a transitive set. 

We now return to the arbitrary set W in E, where W is of positive five- 
dimensional measure. We take sections of it by planes determined by fixing 
particular (z, y, z). There exists on at least one of these planes 7 a section 
of W of positive plane measure [Hobson, 12, p. 185], and there is an element 
p:(x; d) of this section at which the two-dimensional metrical density is 1 
[Hobson, 12, p. 179]. This element determines a geodesic ray g,, and letting s 
become infinite through a sequence of values s; < s; < --- , we again consider 
the elements (2, ; dsn) on gy. Let C, be the hyperbolic sphere with center x 
and radius s,. Given a positive constant A, let a, be a spherical zone of 
hyperbolic area A, on C, and with center at z,,. The set of elements ¢, at 
the point z and determining rays passing through a, forms a circular region 
in + with center at p:(z; d). As n becomes infinite, the radius of the set ¢, 
approaches zero, and we have 


(1) im —>_— = 
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where the measures are two-dimensional measures. (The cells used in the 
definition of metrical density are squares; but it is easily seen that if the metrical 
density is 1 when squares are employed, the same must be true when circles 
are used.) 

Let ®, be the elements of the geodesic rays, with initial point z and passing 
through a, , at the points where they intersect a,. Let W, be the subset of 
, obtained when only rays determined by the set ¢,-W are considered, and 
let w, be the set of points on a, bearing the elements W,. The set w, is a 
measurable set. We wish to show that 


where the measure here is in terms of hyperbolic area on a, . 

It can be assumed that p:(zx; d) is such that z is at the center O of S, and d 
is such that its y is neither 0 nor wr. For if the point z is transformed to O 
by a rigid motion of the hyperbolic space, angles are preserved and hyperbolic 
areas are preserved. The transformation can evidently be chosen in infinitely 
many ways such that the condition on direction is fulfilled. Then for each n, 
A is the hyperbolic area of a zone of a sphere whose equation in spherical co- 
ordinates is 


xr =r, sin y cos 8, 
y =r, sin y sin @, 
z =r, cos y, 


where 0 <r, < 1. The hyperbolic metric on this sphere becomes 
2 
d* = <3 . (sin® y de + dy’), 
(1 = rn)* 


and we have 


2 
m(w,) = If a =a sin y dé dy, 


2 
rn . 
A= / ft =a sin y dé dy, 


while 


where both integrals are Lebesgue integrals. Thus 


men.) _ I fesmy do dy 


4 If sin y dé dy 
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mgn-W) _ Jf. aoe 
m(¢n) I do dy 


Letting M, and m, be the maximum and minimum, respectively, of sin y in 
¢gn-W, and Mz and mz the maximum and minimum, respectively, of sin y in 
Gn, We have 


m | f do dy If sin y dé dy us| [ dé dy 
| Jen’ W < } Jen'W oon £ Jen W ; 


If sin y dé dy : m | f dé dy 


As n becomes infinite, Y approaches a constant different from 0 or 7; namely, 
the y of the element p:(z; d); and the first and third ratios become equal. 


Hence, 


Now 


5 
aay 
; S 
= 
I 





; noW) _ ,. m(wn) 

lim my = lim ——. 
no m(¢n) n+ A 

From (1), 

(2) lim a = 


Again let e be any element of E and let N(e) be a neighborhood of this ele- 
ment. If we use the notation of the first case considered under this theorem, 
we see that there exists an element e, on h(Q, r) which has a copy in N(e). 
Let N(e,) be a neighborhood of e, so small that each element in N(e,) has a 
copy in N(e). Let A be chosen so that the zone a of h(Q, r) with center at x* 
and hyperbolic area A contains the point bearing e,. The sequence of zones 
T,.(a@,) approaches the zone a uniformly, and for n sufficiently large one of the 
elements 7',(W,) will lie in N(e,). For if this were not the case, there would 
exist a 6 > 0 and an WN such that for n > N the zone 7,(a,) would contain a 
domain of hyperbolic area greater than 6 and containing no point of the set 
T,(w,). The same would hold with respect to the zone a, and the set w,, 
and thus 

m(w,) “is 6 


sow m(a,) ~ ae 





This contradicts (2). Thus the totality of elements on all the geodesic rays 
determined by W is a transitive set. 
THEOREM 5.3. If G is of the first kind with fundamental region Ry which, 
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together with its boundary, lies entirely within S, then almost all elements of E are 
transitive. 


This theorem will be proved by showing that the complement (I 0n) of the 


n=1 


set [] 0, of Theorem 5.1 isa zeroset. Since (I 0n) is equal to C(O) + C(O2) 


n=1 n=l 
+ --- , it will suffice to show that C(O;) has zero measure. Let the set of 
open sets in the mesh defined by « be denoted by ,O; , 20, --- , ,O,. Let 2; 
be the set of elements each of which determines a geodesic such that ,O; con- 
tains no element of that geodesic or of any of its copies. Then C(O,) = 2, 
+ E,+ --- + E,. The set EZ; is measurable since its complement is open 
and therefore measurable. By Theorem 5.2 each E; is a zero set. Therefore 
C(O,) is a zero set. In a similar manner we show that C(O;) is a zero set for 
every 7. Hence (II 0.) is of measure zero. 
n=1 

The proof of Theorem 5.2, and hence that of Theorem 5.3, depends on the 
group’s being such that all points on S are h-transitive. However, we may have 
groups of the first kind where all points on S are not necessarily k-transitive. 
For example, if Q is a fixed point of two parabolic transformations of the group, 
not both in the same cyclic subgroup (e.g., the Picard group), the fundamental 
region on a horosphere with Q as point at infinity, for the subgroup generated 
by these two transformations, is of finite hyperbolic area. Hence, the horo- 
sphere cannot be transitive. We wish, therefore, to extend Theorem 5.3 to 
include such groups of the first kind. 

Let Ey be the space obtained from E by considering congruent elements 
identical. This is then the phase space associated with the manifold M. To 
the uniform motion along the geodesics on M there corresponds a steady flow 
on Ey. The element of five-dimensional volume dm = dvdédy, dv being the 
three-dimensional hyperbolic element of volume, is invariant under the flow 
[cf. Hopf, 4, pp. 300-304]. 

Derinition. An element p of Ey will be called unstable [Hopf, 7, “flie- 
hende’’] if the motion along the geodesic ray determined by it ultimately passes 
out of and stays out of any finite neighborhood in Ey once occupied. The 
geodesic ray determined by an unstable element will be called an unstable 
geodesic ray. 

Derinition. An element p of E y will be called stable [Hopf, 7, “wiederkehr’”’; 
semi-stable in the sense of Poisson] if the motion along the geodesic ray deter- 
mined by it returns infinitely often to an arbitrarily small neighborhood of p. 
The geodesic ray determined by a stable element will be called a stable geo- 
desic ray. 

Tueorem 5.4. If G is of the first kind and if the unstable elements form a set 
of measure zero, almost all geodesics are transitive. 

Each element in Ey determines an infinite set of congruent elements of £. 
If the element of Ey is stable, each of the corresponding elements (x; d) of E 
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will determine a geodesic ray which has on it an infinite sequence of elements 
(2sn; den) With lim s, = + and such that each (2,,; ds.) has a copy (xr,; den) 


no 


with lim(z?,; d?,) = (z;d). Therefore the geodesic ray ends in a point on S 


which is h-transitive (Theorem 4.7). It has been shown that, under the hypoth- 
esis of this theorem, almost all the elements of Ey are stable [Hopf, 7, The- 
orem 1, p. 712]. Then almost all the elements of EF are correspondents of 
stable elements of EZ y and thus have the property described above. 

The proof of this theorem now follows closely that of Theorem 5.2 with the 
following modifications. In choosing the element p: (zx; d) which is to determine 
the central geodesic ray g- we choose one which is stable and such that the 
element with the same P:(x) but direction opposite to d is also stable. This 
excludes only a set of measure zero; for, since almost all elements of Ey are 
stable, then, of those elements p:(z; d) which are stable, only a zero set can 
be such that the elements with the same P:(x) but direction opposite to d are 
not stable. This assures us that the limiting element (x*; d*) is inside S (it is p 
itself) and that the unique horosphere determined by it is transitive. We do 
the same in choosing the element p:(z; d) at which the metrical density is 1. 
This again excludes only a set of measure zero [Hobson, 12, p. 179]. The rest 
of this proof and that of Theorem 5.3 go through without change and thus 
Theorem 5.4 is proved. 

TueoreM 5.5. If G is a group of the first kind with a finite number of gen- 
erators, all points on S, with the exception of those which are fixed points of more 
than one cyclic parabolic subgroup of G, are h-transitive. 

A group with a finite number of generators can have only a finite number of 
points Q; (¢ = 1, ---, m) of the boundary of the fundamental region Rp on S. 
Each of the points Q; is a fixed point of more than one cyclic parabolic sub- 
group of the given group G [F-K, 10, pp. 125-126] and hence is not h-transitive. 
If we let Q be the set of points Q; (i = 1, --- , m) and their copies, this theorem 
will prove that all points on S except those of set Q are h-transitive. 

If the radii r; (¢ = 1, --- , m) of the horospheres h(Q;, 7;) are chosen suffi- 
ciently near 1, it is geometrically evident that any point of Rp or its boundary 
and interior to S will be interior to some one of the set h(Q; , r:) (¢ = 1, --+ , m). 
If C denotes the set h(Q;, 7;) and all copies of these, any point inside S is in- 
terior to some member of C. 

There exist at least two parabolic transformations of G with fixed point Q;. 
Hence each point of h(Q; , r;) with the exception of Q; has a copy within hyper- 
bolie distance D; of the origin O, where D; depends on h(Q;, ri) and not on 
the chosen point on it. If D is a constant denoting the largest of the D; , any 
point of the set C which is not on S has a copy within hyperbolic distance 
D of O. 

Now let P be any point on S, not belonging to the set Q. If P’ is any point 
on the ray OP, it lies interior to one of the horospheres of C. But P’P cannot 
lie entirely in any one member of C, for this would imply that P belonged to 
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the set Q. Hence P’P must intersect one of these horospheres and has on it 
a point P” with a copy within hyperbolic distance D of O. From Theorem 4.7, 
P is h-transitive. 

TueoreM 5.6. If G is a group of the first kind with a finite number of gen- 
erators, the unstable elements of E 4 form a set of measure zero. 

From Theorem 5.5 all points on S not belonging to set Q are h-transitive 
and hence cannot be endpoints of unstable geodesics. Therefore, the unstable 
elements of E y determine geodesics in S ending in the points of set Q. These 
endpoints form a denumerable set on S. We may have an infinite number 
of geodesic rays going out to each point of Q. However, almost all unstable 
geodesic rays are also unstable when extended backward through the initial 
point [Hopf, 7, Theorem 2, p. 712]. Hence both ends of almost all geodesics 
determined by unstable elements must belong to the set Q. Therefore, the 
unstable elements form a set of measure zero. 

An immediate consequence of Theorem 5.4 and Theorem 5.6 is the following: 

TueoremM 5.7. If G is of the first kind with a finite number of generators, 
almost all geodesics are transitive. 
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CHARACTERIZATION OF THE CONFORMAL GROUP AND THE 
EQUI-LONG GROUP BY HORN ANGLES 


By Epwarp KAsNER 


We begin by giving certain preliminary definitions. A horn angle consists of 
two curves which pass through a common point in a common direction. In 
this paper we consider only horn angles of first order contact, that is, the curves 
of the horn angle have different curvatures at the common point. By a contact 
transformation we mean a lineal element transformation by which every curve 
(union) corresponds to a curve. Thus it follows that every contact trans- 
formation converts every horn angle into a horn angle. In our previous work! we 
have defined a natural conformal measure My, and a distinct natural equi-long 
measure uy2 of a horn angle. In this paper we shall determine all contact trans- 
formations that preserve Mj: or w2. Our results are that the group for which 
Mj is invariant is the direct conformal group; and, dually, the group for which 
2 is invariant is the direct equi-long group. 

Separate proofs are required for these two results. For, although the two 
theories are analogous (or roughly dual), they are not connected by any known 
automatic principle of duality or transference principle. In fact we will notice 
in the course of our work that some of our preliminary theorems lead to results 
which are not strictly dual. 

We shall consider the geometric properties of certain three-parameter families 
of curves designated as L-families and \-families. They may be regarded as 
generalizations of dynamical trajectories. One of our principal results is that 
the group of transformations which convert every L-family of curves into an 
L-family of curves is the conformal group. On the other hand, the group of 
transformations which convert every \-family of curves into a A-family of 
curves is a group of line transformations which convert parallel lines into parallel 
lines. This group is much larger than the equi-long group, so that our two 
results are not dual. The dynamical type group is projective. 

Finally we shall prove that there is no contact transformation which changes 
every conformal measure Mj: into an equal equi-long measure wz. This is an 
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immediate consequence of the theorem that there is no contact transformation 
which transforms every L-family of curves into a A-family of curves. 

In the first part of our paper we give a discussion of two auxiliary curves: (1) 
the extended lemniscate, a quartic curve, which is used in characterizing the 
L’-families of curves; and (2) the extended cissoid, a cubic curve, which is used in 
characterizing the \-families of curves. Then we introduce the conformal 
measure My» and the equi-long measure yy: of a horn angle; and define wide-open 
trihorns. Next we define and give some geometric properties of the L’-, L-, and 
\-families of curves. The relation to wide-open trihorns is stated in the basic 
Theorems 7 and 11. Then we find the transformations which preserve these 
families and also show the non-existence of a transformation converting every 
L-family of curves into a \-family of curves. In the final part of our paper we 
prove that Mj. and wy» uniquely characterize respectively the direct conformal 
group and the direct equi-long group within the group of all contact transforma- 
tions, and that there is no contact transformation which changes every M). 
into an equal uw». The relation to Finsler metric (or space) is stated at the end. 

The author wishes to thank John De Cicco for valuable assistance in writing 
this paper. 


1. The extended lemniscate. Let C be a unit circle and C’ any given circle 
such that C and C’ have a point O in common, and let k be a given number. 
Through O draw any line!. Then / will meet C and C’ in Q and Q’, respectively. 
On J, let us take the point R so that OR = kOQ. Finally on 1, we take the 
points P; (¢ = 1, 2) so that RP; is equal to the mean proportion between 0Q 
and OQ’. The totality of points P; , P2 constitutes an extended lemniscate. 

We note that if C and C’ are orthogonal and if k = 0, then our extended 
lemniscate is an ordinary lemniscate. 

The equation of an extended lemniscate is 


a) [2 + yf — 4k[x cos a + y sin al[z” + y’} 
1 P 
+4[z cos a + y sin al[x(k’ cos a — r cos 8) + y(k’ sin a — rsin B)] = 0 

’ 
where O is taken as origin, and where (1, a) and (r, 8) are the polar coérdinates 
of the centers of C and C’, respectively. 

From this equation we observe that O is the node of the extended lemniscate 
and that the tangent to C at O is one of the tangent lines of the extended lemnis- 
cate at O. We call this the principal tangent element of our extended lemniscate. 

The equation of any extended lemniscate may be put in the form 


(2) [x? + y"} + [ax + bylle(x* + y*) + dx + ey] = 0, 


where O is at the origin and az + by = 0 is the line of the principal tangent 
element. 

If the tangent lines at the node of an extended lemniscate are orthogonal, 
then we shall say that our extended lemniscate is an orthogonal extended lemnis- 


cate. 
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2. The extended cissoid. Let C be a fixed circle and OA a fixed chord of C. 
At A let us draw the tangent line ¢ to C. Let 1 be any line through O. Then 
it will meet C and ¢ in the points Q and Q’, respectively. Onl let us take the 
point P so that OP = QQ’. The set of points P is called an extended cissoid. 

We note that, if the chord OA is a diameter, we obtain an ordinary cissoid. 

The equation of an extended cissoid is 


(3) = [z* + y'I[z cos (a — 8) — ysin (a — 8)] = 2r[x cos 8B + y sin A)’, 


where O is taken as origin, (r, a + 8) are the polar coérdinates of the center of C 
and B is the inclination of the chord. 
From this equation we observe that O is the cusp of the extended cissoid and 
its tangent line at O is the chord OA. 
Thus any extended cissoid takes the form 
(4) (x* + y’)(ax + by) = (cx + dy)’, 
where O is at the origin and cr + dy = 0 is the equation of the fixed chord OA. 
3. The conformal measure M,.. In our previous work it was shown that 
any horn angle of first order contact has the unique conformal invariant 


ai (az — ax)" 
(5) Me = 


where a; and 6; are the curvature and the rate of variation per unit length of arc 
of the curve C; of the horn angle at the vertex of the horn angle. We call it the 


conformal measure of the horn angle. 
A trihorn is defined to be three curves C; , C2 , C3 , which pass through a given 
point in a common direction. The fundamental triangular inequality is 


M2 M23 M3i(M 2 + M2; + Ma) a 0. 
If a trihorn (C, , C2 , C3) satisfies the condition 
(6) My + Mz + My = 0, 


then it is said to be wide-open. 


4. The equi-long measure 4,2. We have previously shown that any horn 
angle of first order contact has the unique equi-long invariant 


- — (a2 — a)’ 
(7) Ke = Bs — Bi ’ 





where a; and £,; are the radius of curvature and the rate of variation of curvature 
per unit radian measure of the angle that the tangent line makes with a fixed 
line of the curve C; of the horn angle at the vertex of the horn angle. We call it 
the equi-long measure of the horn angle. 
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If a trihorn (C, , C2 , C3) satisfies the condition 
(8) Miz + wos + ws = 0, 


then we shall say that the trihorn is dual-wide-open. 


5. The L’-family of curves. A three-parameter family of curves is called an 
L'-family of curves if its differential equation is of the form 


(9) y” = fy” + gy" +h, 


where f, g, h are arbitrary functions of z, y, y’. 

The L’-families of curves include the trajectories of dynamics (Kasner, 
Trajectories of dynamics, Transactions of the American Mathematical Society, 
1906); the plane sections of a surface (Dynamical trajectories and the ~* plane 
sections of a surface, Proceedings of the National Academy of Sciences, 1931); 
and the curvature trajectories (Dynamical trajectories and curvature trajectories, 
Bulletin of the American Mathematical Society, 1934). 

THEOREM |. For a three-parameter family of curves to be an L'-family of curves, 
it is necessary and sufficient that 


(10) b = Aad’ + Ba+C, 


where A, B, C are arbitrary functions of x, y, y’, and a and b are the curvature and 
the rate of variation of curvature per unit length of arc. 

THeoreM 2. For a three-parameter family of curves to be an L'-family of curves, 
it is necessary and sufficient that the locus of the second centers of curvature of the 
co ' curves which contain a given lineal element, constructed at the point of the element, 
be a cubical parabola (related to the tangent and normal lines of the given lineal 
element as the y- and x-axes, respectively), which contains the point of the element. 

THEOREM 3. Fora three-parameter family of curves to be an L’-family of curves, 
it is necessary and sufficient that the locus of the foci of the osculating parabolas 
of the ~' curves which contain a lineal element, constructed at the point of the element, 
be either a circle passing through the point of the element or an extended lemniscate 
with the given element as the principal tangent element of the extended lemniscate. 


6. The L-family of curves. A three-parameter family of curves is called an 
L-family of curves if its differential equation is of the form 


a? 3y’ 
l = 
(11) . 1+y" 


where g and hf are arbitrary functions of z, y, y’. Thus every Z-family of curves 
is also an L’-family of curves. 

THEeorREM 4. For a three-parameter family of curves to be an L-family of curves, 
it is necessary and sufficient that 





y’" + gy” + h, 


(12) | Aa + Bb+C =0, 
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where A, B, C are arbitrary functions of x, y, y’, and a and b are the curvature and 
the rate of variation of curvature per unit length of arc. 

THEOREM 5. For a three-parameter family of curves to be an L-family of curves, 
it is necessary and sufficient that the locus of the second centers of curvature of the 
x’ curves which contain a given lineal element, constructed at the point of the 
element, be a cubical parabola (related to the tangent and normal lines of the given 
lineal element as the y- and x-axes, respectively), which passes through the point of 
the element in a direction orthogonal to the direction of the element. 

THEOREM 6. For a three-parameter family of curves to be an L-family of curves, 
it is necessary and sufficient that the locus of the foci of the osculating parabolas 
of the ~’ curves which contain a lineal element, constructed at the point of the 
element, be either a circle passing through the point of the element and orthogonal 
to the element or an orthogonal extended lemniscate with the given element as the 
principal tangent element of the orthogonal extended lemniscate. 

THEOREM 7. For a three-parameter family of curves to be an L-family of curves, 
it is necessary and sufficient that every trihorn of the family be wide-open. 

This last theorem indicates the immediate importance of L-families in con- 
formal geometry. 


7. The \-family of curves. A three-parameter family of curves is called a 
-family of curves if its differential equation, in Hessian coérdinates, is of the form 


(13) v= fo” +9, 


where f and g are arbitrary functions of u, », v’. 
In Cartesian coérdinates, the differential equation of a \-family of curves is 


(14) y"” = hy”? + ky”, 


where A and k are arbitrary functions of z, y, y’. 
THEOREM 8. For a three-parameter family of curves to be a d-family of curves, 
it is necessary and sufficient that 


(15) Aa+ BB+C=0, 


where A, B, C are arbitrary functions of u, v, v', and a and 8 are the radius of 
curvature and the rate of variation of the radius of curvature per unit radian measure 
of the angle that the tangent line makes with a fixed line. 

THEOREM 9. For a three-parameter family of curves to be a d-family of curves, 
it is necessary and sufficient that the locus of the second centers of curvature of the 
2" curves which contain a given lineal element, constructed at the point of the 
element, be a straight line. 

THEOREM 10. For a three-parameter family of curves to be a \-family of curves, 
it is necessary and sufficient that the locus of the foci of the osculating parabolas, 
of the «' curves which contain a lineal element, constructed at the point of the 
element, be an extended cissoid which contains and has its cusp at the given element. 
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TuHeoreM 11. For a three-parameter family of curves to be a d-family of curves, 
it is necessary and sufficient that every trihorn of the family be dual-wide-open. 

This theorem shows the importance of the concept of A-family in general 
equi-long geometry. 


8. L’-families of curves into L’-families of curves. 

TuHeoreM 12. Any contact transformation which converts every L’'-family of 
curves into an L’-family of curves must be a point transformation. 

Let 


(16) X = ¢(z, y, p), Y =-(2,y,p), P= x(z,y, p) 
be a contact transformation, so that 
“ Ye + pl, _ 
17) —<$—$=—<=— /—-  y, 
- d+ Phy oO * 


The extended form of this contact transformation is given by the equation 


dP _ x2 + pxy + Px 


dX o: + poy + p'd,’ 


d’P _ A + Bp’ + Cp” + Dp” + Ep" 
dX? (o2 + Poy + P'dy)* 





(18) 





where 


a 
Il 


(ze + Pby)(Xez + 2PXzy + DP Xw) — (xz + PXu) (bez + 2 bay + Pow); 
B = (2 + Por)(Xy + 2x20 + 2PXve) + bo(Xee + rey + P'Xw) 
— (xz + PXu) (by + zn + 2Wobv») — Xv(bzz + Wb + Pow), 
(19) C = @. + Poy) xXvp + Orl(xy + 2x20 + 2DXvp) 
— (xz + PXxv)bop — Xv(by + Wer + Woy»), 
D = ooXpp — Xv%vr; 
= Xp(oz + Poy) — op(xz + PXy)- 
If we use the formulas 
a=p(l+p)', b=[(1 + p)p” — 3pp"\(1 +p’) 


and the corresponding formulas for ad and 6, the curvature and the rate of 
variation of curvature per unit length of are of the transformed curve, the 
equations (18) become 


Ze (xz + PXxy) + q Xp@ 
(1 + x*)*[(¢2 + poy) + 9’ opal)’ 
“ee A + q' Ba + [q°C + 3pq° Bla” + q' Da® + ¢ Bb 
(1 + x°)*[(¢2 + poy) + 9 dpa)? 


& 
| 





(20) 
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where 


A = (1 + x°)A — 3x(xz + Dxu)"(bz + Pov), 

B= (1+ x°)B — 6xx0(xz + Pxv) (bz + Poy) — 3xop(xz + PX)”, 
(21) C = (14+ x°)C — 3xxnbz + Dov) — 6xxvdo(xz2 + PXy), 

D = (1+ x)D — 3xxidp, 

E=(1+x)E, q=1+p. 


For a fixed lineal element (2, y, p), (20) is a transformation from (a, b) to 
(a, 6). Then for every L’-family of curves to be carried into an L’-family of 
curves, the transformation (20) must carry every equation of the form (10) into 
an equation of the form (10). This can happen when and only when 


(22) ¢ =0, D=0. 


By equations (17), (19), (21), (22), we see that the required transformation 
must be a point transformation, and our theorem is proved. 


Il 


9. L-families of curves into L-families of curves. 

THEOREM 13. Any contact transformation which changes every L-family of 
curves into an L-family of curves must be a conformal transformation. 

If our contact transformation carries every L-family of curves into an L-family 
of curves, the transformation (20) must carry every equation of the form (12) 
into an equation of the form (12). It therefore follows that (20) must be a 
linear transformation, and therefore we must have 


(23) %=0 D=0, (14+ p)C + 3pk =0. 


By equations (17), (19), (21), (23), we observe that our contact transforma- 
tion must be a point transformation, and also we must have 


(24) (1 + pC + 3pE = 0. 
Upon simplifying (24) by means of (19) and (21), we obtain the single condition 
d2(beby + Wey) + (baby + Oey — b: — ON + by)P 
+(by +o — Wiby — oa, — bwe)D” — (bb, + Vay)p” = 0. 
Since (25) is an identity, we then obtain the four conditions 
$:(¢4, + vy) = 0, 
2.6; + dy — o: — ob: + b¥y 


(25) 


0, 
(26) 


Ovi + 0) — Wid, — dababy — ow = 0, 
ou(diby + Vety) = 0. 


If ¢. = 0, then ¢, ~ 0, and ¥. ~ 0. From (26) we obtain y, = 0, and ¢, = 
+y,. Thus our transformation is conformal. 











102 EDWARD KASNER 


If ¢, = 0, then ¢, # 0, and y, # 0. From (26) we obtain y. = 0, and ¢, = 
+y,. Thus our transformation is conformal. 

Now we can assume that ¢. ~ 0 and ¢, # 0. The equations (26) are then 
equivalent to the equations 


ty + vy =0, +vV=e4+Hi, 


which are obviously the conditions for conformality. This completes the proof 
of the theorem. 


10. \-families of curves into \-families of curves. 
THEOREM 14. Any contact transformation which transforms every d-family of 


curves into a d-family of curves must be a line transformation of the form 
" @ = Flu), 
(27) 
y = G(u, v). 


It is seen that this theorem is not the exact dual of Theorem 13. This group of 
transformations contains one arbitrary function of one variable and one arbi- 
trary function of two variables. A subgroup of this group of transformations 
is the set of equi-long transformations. 








Let 
(28) U = $(u, », w), V = Wu, », w), W = x(u, », w) 
be a contact transformation, so that 
Vu + wy,» Vw 
29 as oe 
( ) ou + Woy Pw 


The extended form of this contact transformation is given by the equations 
dW “ Xu + WX» + Ww’ Xw 
dU bu + Why + w'by’ 
@W _ A+ Bw’ + Cw" + Dw® + Ew” 
dU? (du + wor + w'pw)* 


where A, B, C, D and E are given by formulas of the same form (19). 
If we use the formulas 





(30) 





’ 


a=V+ B=W+-—., a=v+uw’, B=wt+w", 


the equations (30) become 


(xx + WX») + Vd. + w¢,) rae v(x + Vow) + al(xw + vo.) 
Pu + Woy — Vow + ady 


(31) (o, + wo, — v6. + ad) B = (A — eB + °C — oD — Ew) 
+ a(B — 20€ + 3° D) + a’(C — 3vD) + a’ D + BE, 





a= P 
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where 


A=A+x(bu + wb)’, 

B = B + 3x(¢u + wr) bw , 
C=C + 3x(b. + wdr)oe , 
D=D+ x. 


(32) 


For a fixed lineal element (u, v, w) the equations (31) define a correspondence 
from (a, 8) to (&, 8). If our contact transformation carries every \-family of 
curves into a d-family of curves, the transformation (31) must carry every 
equation of the type (15) into an equation of the type (15). It therefore follows 
that (31) must be a linear transformation, and hence 


(33) @=0, D=0, C-—3D=0. 


From equations (19), (29) and (32) we see that our contact transformation 
must be a line transformation, and also we must have 


(34) C=0. 
Upon simplifying (34) by means of (19) and (29), we obtain the single condition 
(35) —3J/¢, = 0, 


where J is the Jacobian of the transformation. Hence ¢, = 0, from which we 
obtain immediately the equations (27). Theorem 14 is completely proved. 
From Theorems 13 and 14 we obtain 
THEOREM 15. The group of contact transformations which change every L-family 
of curves into an L-family of curves and every d-family of curves into a d-family of 
curves is the group of rigid motions, reflections and magnifications, that is, the 
similitude group. 


11. Impossibility of converting L-families into \-families. 

THEOREM 16. There is no contact transformation which changes every L-family 
of curves into a d-family of curves. 

By means of the obvious relations 


ows 
a’ 


the equations (20) may be written in the form 


_ (+x) @. + poy) + pal 
(xz + pxv) + g'xpa 


_(1+x°)'[4 + q' Ba + (q° C + 3pq°B ja? + g'Da* + qEb) 





Qi 


(36) 





wi 


[(xz + Pxy) + q} xpa}? 
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If our contact transformation carries every L-family of curves into a \-family 
of curves, then (36) must carry every equation of type (12) into an equation of 
type (15). Thus (36) must be a linear transformation, and therefore 


(37) xp = 0, D = 0, (1+ p)C + 3pE = 0. 


From (17), (19), (21), (36), (37) we see that our contact transformation must 
be of the form 


g = 92+ Py 
Se + Phy’ 

38) ¥ = fo-4, 

x=f, 
where f and g are arbitrary functions of z and y only, and where 
(39) (1 + p)iboxy — (xe + Pxv)bor] — 3pdy(xz + Pxy) = 0. 

Substituting (38) into (39) and simplifying, we obtain 

(40) (—Pfe + hid = 0, 


where J = f.gy — fyaz. Now J # 0, for otherwise by (38) ¢, ¥, x would be 
independent of p. Hence (40) becomes 


Since (41) is an identity, we obtain f = constant. By (38) this is impossible, 
and hence there is no contact transformation which converts every L-family of 
curves into a A-family of curves. 


12. Conformal transformations and horn angles. We now prove that the 
conformal measure My. completely characterizes the group of direct conformal 
transformations among all contact transformations. 

TuHeoreM 17. Jf a contact transformation leaves invariant the conformal 
measure M2 of every horn angle, then it must be a direct conformal transformation. 

For then every wide-open trihorn must be carried into a wide-open trihorn, 
and hence by Theorem 7, every L-family of curves must be transformed into an 
L-family of curves. By Theorem 13, our transformation must be conformal. 
Thus equations (20) assume the form 


a= ma+A, 
(42) ‘ : 
b = +m'b + k, 
where we take the plus or minus sign according as the correspondence is direct or 
reverse conformal. Then for Mj, to be invariant we must take the plus sign, 
and hence the required transformation is direct conformal. 
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13. Equi-long transformations and horn angles. Finally we prove that the 
equi-long measure yi. completely characterizes the group of direct equi-long 
transformations among all contact transformations. 

THeEoREM 18. If a contact transformation leaves invariant the equi-long measure 
Mis Of every horn angle, then it must be a direct equi-long transformation. 

For then every dual-wide-open trihorn must be transformed into a dual- 
wide-open trihorn, and hence by Theorem 11 every \-family of curves must be 
transformed into a \-family of curves. By Theorem 14 our transformation 
must be a line transformation of the form (27). For such a transformation the 
equations (31) become 


- (xu + WX») + vbu — Xv + AXw 








a 
(43) _ wy 
3 a (A te vB — WXw bu) + aB + BXw Pu 
ou : 
where 
A=A+x., 
B =B= ulXe > 2Xuw + 2Wxow) — Xwuu - 


For (43) to leave wiz invariant, we must have 


dulXe + 2X uw + 2x vw) — XwOuu = 0, 


(44) Xw (=) 

¢. \du/” 
Since ¢, ~ 0, and x, # 0, the second of equations (44) shows that 
(45) Xw = 1. 


From (27), (29) and (45) we obtain immediately that our contact transformation 
is a direct equi-long transformation. Of course it is obvious that our direct 
equi-long transformation satisfies the first of equations (44). Theorem 18 is 
completely proved. 

From Theorems 17 and 18 we obtain 

THEOREM 19. If a contact transformation leaves every conformal measure My. 
and every equi-long measure 2 invariant, then it must be a rigid motion. 


14. Not every M, into a wu». 

THEOREM 20. There is no contact transformation which carries every horn angle 
of conformal measure My into a horn angle with an equal equi-long measure 2. 

For then every wide-open trihorn must be carried into a dual-wide-open 
trihorn, and hence by Theorems 7 and 11, the transformation must carry every 
L-family of curves into a \-family of curves. By Theorem 16 this is impossible. 
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15. Finsler metric. Since M and u have the same algebraic form (22 — x,)*/ 
(ye — yi), the conformal and equi-long theories of horn angles lead to the same 
abstract metric. This may in fact be considered as a special Finsler metric (Finsler 
space), defined by the integral 


s= [Fa [dae 
dy y 


We thus obtain essentially the same trihornometry in the two theories. 

Theorem 20 asserts that it is impossible to pass from the conformal plane (z, y) 
to the equi-long plane (u, v) by any contact transformation. The auxiliary 
planes (a, b) and (a, 8) may be related, of course, by a transformation of differ- 
ential elements of third order. 

We remark in conclusion that relative invariants, for example Ostrowski’s 
2 — ¥1, or our expression of third order, dy2/dsz — dy:/ds;, may serve to charac- 
terize completely the conformal group. The dual results are also valid. 


CotumBia UNIVERSITY. 











QUATERNARY CREMONA GROUPS OF TERNARY TYPE 
By Frank C. Gentry 


Introduction. We consider the possibility of using involutions determined 
by webs of quartic surfaces of degree 2 as generators of groups of Cremona 
transformations in space. Coble’ has discussed the same problem using involu- 
tions determined by webs of cubic surfaces as generators. 

For a web of quartic surfaces of degree 2 to contain in its base a curve of index 
numbers’ (aj, a) and of multiplicity 7, a simple curve (a, a) meeting the 
multiple curve s times, B; j-fold points (j = 1, 2, 3, --- ), Hudson’ gives for the 
postulation P and the equivalence E the formulas: 





P= =s 1) {36ao + (21 + lai} + 6a + = — is 





+ DIG+NG+ DB _ gy 


E = i*(12a9 + iat) + 12a + a — (31 — 1)s + 207° B; = 62. 
7 


The following solutions of these equations, for i > 1, ay ¥ 0, B,; ¥ 0, lead to 
webs of non-degenerate quartic surfaces: 


No. i a @ @ s B, B, No. i a a1 a ao 8 BB 
I2 1-26 -18 5 1 0 VIII2 1-2 2 -4 2 4 2 
II2 1-2 7 -—30 5 1 0 IX 2 1 -—2 0 00 6 3 
II2 1-2 5 -—-12 4 2 0 X22 -6 4 -16 4 2 0 
IV2 1-2 6 —24 4 2 0 XI2 2 -6 3 -10 3 3 0 
V2i1#+-+-25 -18 3 3 0 XII2 2 -6 2 -4 2 4 0 
VI2 1 -—-2 4 —-12 2 4 0 XII 2 2 -6 0 00 6 1. 

VII2 1-2 4 -8 42 1 


Sharpe and Snyder* have determined the homaloidal webs and fundamental 
and principal elements of the involutions of Cases II, IV, V and VI. Except in 
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Case X, we shall use their methods for obtaining a description of the involutions 
of the other cases. Then, in each case, by allowing the simple base points to 
vary while the remainder of the base is held fixed, we shall generate groups of 
Cremona transformations isomorphic to certain linear groups. 


I. The involution I, determined by the web of quartic surfaces W = (€ Cs @ & p:)* 
where the double line & is trisecant to the rational quartic curve C, and across the 
two lines & , &. Twomembers of the web W meet in « , Cs, & , @ and an elliptic 
sextic curve Cs on p; and meeting € 3 times, C, 9 times and « , & each 3 times. 
The web W contains 3 pencils of degenerate members: Wo = (€ C:)*(€ € & Pi)’, 
W; = (€ €;)'(eo Cs ep) (j,k = 1,237 ¥h). The plane Px; (e e;)' is a P-surface 
of the F-curve of the first kind K; , of order 2, on p,; , 4-secant to C, and 2-secant 
toe. The quadric P,(é C,)’ is a P-surface of the F-curve L, of the first kind, 
of order 1, on p; and across « , @&, K, and Kz. The P-surfaces Px, , Px, , Px 
and the surface of coincident points R(¢ Ci 4 & pi)* make up the Jacobian of 
the web W. R meets Px,, Px, and P,, respectively, in 2 lines p;, 2 lines p: and 
2 conics 6 which are therefore self-corresponding F-curves of the second kind. 

The homaloidal web H and the other P-surfaces of the involution are de- 
termined by making use of the (1, 2) transformation y; = Q{*(z) (i = 1, 2, 3, 4), 
where Q;'’(x) are 4 linearly independent members of the web W. By considering 
the intersection of these surfaces with one another and with the surface R, we 
find that the involution J, possesses the additional self-corresponding F-curves 
of the second kind: the line r on p; and across « and C, ; the 6 lines s across 
€ , € and bisecant to C, ; the 4 conics C; on p; and meeting «© , & , @ each once 
and C, 3 times; and the rational cubic C; on p; and meeting & once, « , @ each 
twice and C, 5 times. 

The characteristics of the homaloidal web H and the P-surfaces with respect 
to the base (n: L, K;, Kn, «& , Ca, €;, &, 21 303,17, 8, 9, C2, Cs) are as follows: 
H (17: 2,1,1, 8, 4, 5, 5, 6; 1, 1, 1, 2, 2, 3), 

P, (2: 0,0,0, 1,1, 0, 0,0; 0, 0, 0, 1, 0, 0), 

Px,( 1: 0,0,0, 1,0, 1, 0, 0; 1, 0, 0, 0, 0, 0), 

Pr. (82 114,31, 42323 81,1,63, 1,2) 

P¢, (26: 4, 1, 1, 12, 6, 8, 8, 9; 1, 1, 2, 4, 3, 5), 

P., (9: 1,1,0, 4, 2, 3, 3, 3; 1, 0, 1, 1, 1, 2), 

P,, (4: 0,0, 0, 2,1, 1, 1, 2;0, 1, 0, 0, 1, 1), 
where j,k = 1, 2 (j # A). 

Let a surface s, have the characteristic (z: 2, 2, Ze, 20, Z2*, 21, 22, 21) With respect 
to the involution J, , where z is the order of s, and 2 , 2; , 22, 20, Z* , 21, 22, and 
z; are its multiplicities on the F-curves L, K,, Ke, € , Cs, &, & and at the F-point 
pi, respectively. The surface s, is transformed by the involution J; into a 
surface s,, whose characteristic is given in terms of the original characteristic 
by means of a linear transformation obtained immediately from the description 
of I; given above. 
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Let G be the group of Cremona transformations generated by involutions J, 
with fixed F-curves « , Cs, &, € and variable F-point p, chosen from the p 
points p; (i = 1, 2, --- , p), and hence the variable F-curves L, K,, K2. Let the 
points p; be generically placed with respect to the fixed F-curves and the fixed 
P-surfaces of the variable F-curves. In forming products of such generators 
we suppose that the F-point p, of the last factor may fall on one of the variable 
F-points of the preceding product but that, aside from such incidence, it is in 
generic position with respect to such F-points. The additional base points of 
these involutions would appear in the characteristic of s, and in the transforma- 
tion giving the characteristic of s,, we should have the additional equations: 
ry = 2%; (> 1). 

If in the linear transformation on the characteristic of s, we make the sub- 
stitutions: uw = 22 — 2 — 4ze — 2 — Z, Uy = 2 — &% — me — 2%, Ue = 2 — 
Zo — Ze — 22,0 = Z — Qe — 2% — Ze, bo = Gz — 32% — Dee — 32, — 3m, ti = Bi; 
then aside from u; = 2;, u; = 2; (j = 0, 1, 2) and v’ = —», the transformation 
becomes the involution 


to = 2to -_ 3t , 
it j= &<—t, 
t= ¢; (i > 1). 


Let g,(2) be the group of linear transformations generated by -involutions 
i, (a = 1, 2, 3,---, p). Evidently g,(2) belongs to the type g,(a) for r = 1 
discussed by Coble.° 

If the generic element of the linear group g,(2) is 


lo = ants — ant — --- — aol, 
g’: ti = anls — anh — «++ — aipl, (i ” 1, 2, Pes »P); 
t; = t; (j > p); 


then by a comparison of particular products in the groups G and g,(2) we infer 
that the corresponding element G’ of the Cremona group G has a homaloidal 
web H and P-surfaces whose characteristics with respect to the base (n: 


L, Ki, Kz, 0, Cs, &, @&, Pr, D2, +++ y Pp) are: 

H ( 8a + 1: 2, 1, 1, 4exoo , 2eroo , Zaroo + 1, Zao + 1, Barro , Garo, - ++ , Bao), 
P., ( 400 : 1,1, 1, 2a, coo, coo » Ao , 3a19 , Baa, +++ , Sao), 
Pe,(12a + 2: 4, 1, 1, 6aoo , 3a, 3a09 + 2, 3a00 + 2, Doro , Yar, «++ , Dero), 
P., ( 400 + 1: 1,1, 0, 2a, coo, ao +1, ao + 1, 30, 3a, --+ , Sexo), 
P., ( 400 + 1: 1,0, 1, 200, ao, coo +1, ao + 1, 3a, 3am, --- , Sao), 
P,, ( 4k °:0,0,0,2% ,& ,&k _ » Mi, ei, +++, Gi), 


5 A. B. Coble, A class of linear groups with integral coefficients, this Journal, vol. 3 (1937), 
pp. 175-199. 
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(¢ = 1, --- , p); where ap; = 3k, k an integer, and where L, K, , Ke are variable 
F-curves of the first kind corresponding to the fixed P-surfaces P1(e C,)’, 
Px,(@ 4)’, Px,(@ @)', respectively. 

The theorem is true for 7; and J;. Hence in order to complete the proof we 
need only show that g’t; ~ G’J,; and g’i,.1 ~ G’I,.,. This follows immediately 
from a comparison of the products indicated. 


II. The involution I, determined by the web of quartic surfaces W = (€) Cz p:)* 
where the double line & is 5-secant to the septimic curve of genus 2 C; . Two members 
of the web W meet in €), C; and an elliptic quintic curve C; on p; and meeting & 
3 times and C; 11 times. W contains the uniquely determined degenerate 
member W; = (€ p:)'(€ Cz)* whose factors are interchanged by the involution J, . 
The quartic surface Px(¢} C;)‘ is a P-surface of an F-curve K, of the first kind, of 
order 5, 3-fold at p,; and meeting C; 14 times. The surface of coincident points is 
R(,C; pi)’. The involution possesses the following self-corresponding F-curves 
of the second kind: the 6 lines p meeting C; twice and «& once and on R and Px , 
the 2 lines r on p; and across C; and « , the 4 lines ¢ quadrisecant to C; and the 
4 conics C; on p; and meeting € once and C; 5 times. The characteristics of the 
homaloidal web H and the P-surfaces with respect to the base (n: K,e€ ,Cz ,pr ; 
p, r, t, C2) are as follows: 

H(15: 1, 7, 4, 5; 1, 1, 1, 2), 
Px(4: 0, 3, 1, 0; 1, 0, 0, 0), P.,(8: 1, 4, 2, 3; 1, 1, 0, 1), 
P¢,(36: 2, 16, 10, 11; 2, 1, 4, 5), P,,(4: 0, 2, 1, 2; 0, 1, 0, 1). 


Let G be the group of Cremona transformations generated by involutions J, 
with fixed F-curves « , C; and variable F-point p, chosen from the p points 
pi (« = 1, 2, 3, ---,) and hence the variable F-curve K. We restrict the 
points p; as in Case I. 

The surface s, having the characteristic (z; Z, zo , 21 , 21), where z is the order of 
8, and Z, 2, 2, 2; are its multiplicities on the F-curves A, « , C; and at the 
F-point p; , is carried by J, into the surface s;, whose characteristic is given in 
terms of the original characteristic by a linear transformation. If in this 
transformation we make the substitution wu; = z — 2 — 22, w= 2z— 421, 
to = 5z — 32 — 1lz,, ¢; = 2; ; then aside from ur = 2,um = 2 and u; = —Ue, 
it becomes the transformation 7, of Case I and the linear group generated by 
involutions 7, (a = 1, 2,3, --- ,p)isag,(2). If the generic element g’ of g,(2) is 
defined as in Case I, then the homaloidal web H and the P-surfaces of the 
corresponding element G’ of the Cremona group G have the following char- 
acteristics with respect to the base (n: AK, €& , Cz, 91, Po, +++ 5 Do): 


H (20k + 5:1,10k + 3, 5k +1, 5aw, 5ay,---, Seago), 
P,,( 4a : 1, 2aoo » Ao , 3a, San,-+-, Sapo), 
Po, (44k + 8: 2,22k + 6, 11k + 1, llaw, lla, --- , Las), 
P,,( 43 7:6 2 ~» & » Qi» Main ***, Ma), 
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(¢ = 1, 2,---, p), where ao = 3k + 1, ao; = 3j, k and 7 integers; and where K isa 
variable F-curve of the first kind corresponding to the fixed P-surface P x(¢ C:)*. 
The proof is the same as that for the theorem of Case I. 


III. The involution I. determined by the web of quartic surfaces W = (€& C2 
€: € € Pi Po)* where the double line € meets the conic Cz and each of the lines «, 
€ , once. Twomembers of the web W meet in «&, C2, 4, @, & and an elliptic 
septimic curve C; on p; and pe and meeting € 4 times, C2 7 times and e¢; (j = 
1, 2, 3) 3 times. W contains the three pencils of degenerate members W; = 
(€ €;)'(€ Ce €m €n Pi Po) (j, m, n = 1, 2,3; 7 ¥ m ¥ n); the uniquely determined 
degenerate member (€ C2 p; p2)’(€ € € €)"; and the pencil of degenerate members 
(C2)'(€5 € € 6 ~1P2). The planes P,(C2)’, Px,(€ e;)' (j = 1, 2,3) are P-surfaces 
corresponding to the F-curves of the first kind L, K;. L is of order 2, is on p; 
and p., and meets 6, &, @, € each once. AK; is of order 3, is on p; and po 
and meets € once, C2 3 times and em, €, each twice. The surface of coincident 
points is R(é Géaed Pi D2). The involution J,. possesses the following 
F-curves of the second kind: the 3 sets of 2 lines p; (j = 1, 2, 3) across C2, &, €; 
and on R and Px, ; the 3 lines r across C2, € , € and ¢; ; the two lines s; (¢ = 1, 2) 
on p; and across € and C; ; the 2 conics 6 meeting C2 3 times and @ , 4, @, & 
each once and on R and P, ; the 6 conics Cx (i = 1, 2; k = 1, 2, 3) on px, and 
meeting €, €, @&, € each once and C, twice; the rational cubic C3; on p; , pe 
and meeting « twice, C2 3 times, and « , €&, « each once; and the rational 
quartic C, on p; , p2 and meeting & , 4 , €, €; each twice and C, 4 times. The 
characteristics of the homaloidal web H and the P-surfaces with respect to the 
base (n: L, K;, Km, Kn, €, C2, €3, €m, €n, Diy Dri Pj, 7, Si, 9, Cu, C3, Ca) (Gh = 
1,2;1 + h;j, m,n = 1, 2,3;7 4 m # n), are as follows: 

H (22: 2,1, 1, 1, 11, 5, 6, 6, 6, 7, 7; 1, 1, 1, 2, 2, 3, 4), 
P, (1: 0,0, 0,0, 0, 1, 0, 0, 0, 0, 0; 0, 0, 0, 1, 0, 0, 0), 
Px;( 1: 0,0,0,0, 1, 0,1, 0, 0, 0, 0; 1, 0, 0, 0, 0, 0, 0), 
P,, (12: 1,1, 1,1, 6, 3, 3, 3, 3, 4, 4; 1, 0, 1, 1, 1, 2, 2), 
Po, (22: 3, 1, 1, 1, 11, 5, 6, 6, 6, 7, 7; 1, 1, 1, 3, 2, 3, 4), 
P,, (10: 1,1, 0,0, 5, 2, 3, 3, 3, 3, 3; 1, 1, 0, 1, 1, 1, 2), 
P,,( 4: 0,0, 0,0, 2,1, 1,1, 1, 2,1; 0,0, 1,0, 1,1, 1). 

Let G be the group of Cremona transformations generated by involutions 
I.» with fixed F-curves @ , C2, &, @, € and variable F-points p, , p» selected 
from the p generic points p; (i = 1, 2, 3, --- , p), and hence the variable F- 
curves L, Ki, Ke, Ks. 

The surface s, having the characteristic (z: 2 , 2: , Z2, %3, 20, 2, 21, 22, 23, 
21, 42), where z is the order of s, and %, 2 , 22, 23, 20, 2*, 21, 22, 23, 1, Y2 are 
its multiplicities on the F-curves L, K,, Ke, Kz, @, C2, &, @, 6 and at the 


F-points p; , pz , is carried by the involution J,2 into a surface s,, , whose char- 
acteristic is given in terms of the original characteristic by means of a linear 
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transformation. If in this transformation we make the substitutions: uw = 


2z — 2 — 3ée — 2 — Ze — 23, Uj = 2 — % — &e — 2; (7 = 1,2,3), 09=2-— 

Ze — 2%) — 22 — 23, by = Fz — 42, — Tz — 32, — Sze — 32;, ¢; = 2;; then, 
. ° , an __ , . 

aside from up = 2, vw = %, u; = 2;, u; = Z, and v’ = —2, it becomes the 


involution 
to = 3ly — 4t, — 4te, 


‘ t; = t& — 24, -— te , 
112 , 
i. = by — i, — 2t2, 
i= t; (i > 2). 


Let g,(2, 1, 1) be the group generated by involutions i. (a, b = 1, 2, 3, --- , p; 
ab). This group is readily seen to belong to the type of linear groups g,(r, «, e) 
discussed by Coble.’ If the generic element g’ of g,(2, 1, 1) be defined as was 
that of g,(@) in Case I, then the homaloidal web H and the P-surfaces of the 
corresponding element G’ of the Cremona group G have the following char- 
acteristics with respect to the base (n: L, K;, Km, Kn, €& , C2, €;, Em, €n; 
Pry -** 5 Dp): 

H (Jaw ¥ 1:2,1,1,1, 149g +3, 7g + 2,79 1,79 +1, 79 + 1, Taw, --- , Tax), 
P,, (Aco a AY Pe Re Za » Go » Goo » oo » oo , tayo, ere , 4,0), 
Po, (7a F 1:3, 1,1, 1, 14g + 3, 7g + 2,79 + 1,79 + 1,79 +1, Taw, --- , Za,0), 
P, (3a00 F 1:1, 1, 0, 0, 69 + 1, 3¢g+ 1, 3g , 3g , 3g » Ba10 5 +++ » SQ&0), 
P,,( ai :0,0,0,0, 2h ie A 4 gn » Qs s+ 5 Qi), 


(j,m,n = 1,2,3;7 = m ¥ n;i = 1,2,3, --- , p), where ao = 4g + 1, ao; = 4h, 
g and h integers, and where L, K, , Ke , Ks; are variable F-curves corresponding to 
fixed P-surfaces. In order to prove this theorem we have only to show that 
Jie ~ G@Te, Virou ~ Grou, and g’igsi pig ~ G'Iyit 42. A comparison of 
the products shows this to be true. 


IV. The involution I). determined by the web of quartic surfaces W = (€ Cs pi p2)* 
where the double line € is quadrisecant to the elliptic sextic curve Cs. Two members 
of the web W meet in «, Cs and an elliptic sextic curve on p; , p2 and meeting 
€) 4 times and C, 12 times. The web W contains 2 uniquely determined degene- 
rate members W; = (€ pi)'(@ Cs p;)’ (i,j = 1, 2; i ¥ j) whose factors are inter- 
changed by the involution. 

The ruled quartic surface Px = (€ Cs)‘ is a P-surface corresponding to the 
F-curve K, of the first kind, of order 11, 4-fold at p; and p., and meeting & 
4 times and C, 24 times. The surface of coincident points is R(e C§ pi p2)’- 
The involution J. possesses the following self-corresponding F-curves of the 
second kind: the 8 lines p across ¢) and bisecant to Cs and on Px and R; the 


6 Tbid. 
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4 lines r;; on p,; and across € and C, ; the 2 lines s quadrisecant to C, ; the 4 conics 
C,;; on p; and meeting & once and C, 5 times; and the 2 rational cubies C; on 
Pi, Pe and meeting & twice and C, 6 times. The homaloidal web H and the 
P-surfaces of the involution J, have characteristics with respect to the base 
(n: K, &, Cs, Pi, Pi: P, Tis, 8; Ci; 9 C3) as follows: 

H (19: 1, 9, 5, 6, 6; 1,1, 1, 2, 3), 

Px( 4: 0, 3, 1, 0, 0; 1, 0, 0, 0, 0), 

P,,(12: 1, 6, 3, 4, 4;1, 1,0, 1, 2), 

Pe, (40: 2, 18, 11, 12, 12; 2, 1, 4, 5, 6), 

P,,( 4: 0, 2, 1, 2, 1;0,1,0,1, 1) (i,j = 1,2). 


Let G be the group of Cremona transformations generated by the involutions 
I.» with fixed F-curves & , Cs and variable F-points pz, pe selected from the p 
generic points p; (¢ = 1, --- , p), and hence the variable F-curve K. 

A surface s, having the characteristic (z: Z, zo , 21 , 21 , Y2), where z is the order of 
s, and Z, 2 , 2; , 2; and 2 are its multiplicities on the F-curves K, e , Cs and at the 
F-points p; and pez, respectively, is carried by the involution J,2 into the surface 
s,- whose characteristic is given in terms of the original characteristic by a linear 
transformation. If in this transformation we make the substitutions: u = z — 
Z — 22, t = 62 — 4% — 122, ; t; = 2; ; then, aside from u’ = Z, u = 2’, the 
transformation becomes the linear transformation i of Case III. Evidently 
the group generated by involutions 7,, (a, b = 1, 2, 3, --- ,»; a # 6b) is the 
group g,(2, 1, 1) of Case III. Let g’ be the generic element of g,(2, 1, 1). Then 
the homaloidal web H and the P-surfaces of the corresponding element G’ of the 
Cremona group G have the following characteristics with respect to the base 


(n: K, @&, Ce, Pr, Pe, -+* 5 De): 
H (12k +5:1,64 +3,3k 41 , 6a, Gban,---, Gayo), 


P., ( 4a ° 1, 2a » Goo ’ 4a ’ 4a "Geet 4a50), 
P¢,(12a00 + 4: 2, 6a00 —, Bao F 2, LZayo , 12a, +--+ , 12a), 
Pf 4h : 0, 2h ’ h ’ ai, Aegis, ***y Qi) 


(¢ = 1, 2,---,p), where ao = 2k + 1, ao; = 4h, k and h integers, and where K 
is a variable F-curve of the first kind corresponding to the fixed P-surface 
Px = (eCs)*. The proof is the same as for the theorem of Case III. 


V. The involution I;23 determined by the web of quartic surfaces W = (€ Cs pi pe 
ps3)’ where the double line « is trisecant to the rational quintic curve C;. Two 
members of the web W meet in «, Cs and an elliptic septimic curve C; on p, , 
Po, P3 and meeting «& 5 times and C; 13 times. W contains 3 uniquely determined 
degenerate members W; = (€ px)’ (e Cs pi m)° (i, j, k = 1, 2,3;1 #7 Xk) 
whose factors are interchanged by the involution. 
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The ruled quartic surface Px = (¢} C;)* is the P-surface of an F-curve K, of 
the first kind, of order 19, 5-fold at p; , pe and p; and meeting € 10 times and C; 
36 times. The surface of coincident points is R(e Cj Di Dp? D3)’. The involu- 
tion possesses the following self-corresponding F-curves of the second kind: 
the 10 lines p on R and Px across € and bisecant to Cs; ; the 3 sets of 2 lines each 
r; on p; and across ¢ and C; ; the line s quadrisecant to C; ; the 3 conics C; on px 
and meeting « once and C; 5 times; and 3 rational cubics Cj” on p; and px and 
meeting € twice and C; 6 times; and the rational quartic C, on p; , pe , ps3 and 
meeting « 3 times and C; 7 times. 

The homaloidal web H and P-surfaces of the involution J; have characteris- 
ties with respect to the base (n: K, @, Cs, Pi, Pi, Pej Ti, 8, Ci, C$”, CY’, 
C$”, C,) as follows: 

H (23: 1,11, 6, 7, 7, 7;1, 1,1, 2, 3, 3, 3, 4), 

Px( 4:0, 3, 1, 0, 0, 0; 1, 0, 0, 0, 0, 0, 0, 0), 

P.,(16: 1, 8, 4, 5, 5, 5;1,1,0, 1, 2, 2, 2, 3), 

Po, (44: 2, 20, 12, 13, 13, 13; 2, 1, 4, 5, 6, 6, 6, 7), 

P,,( 4:0, 2, 1, 2, 1, 1;0,1,0, 1,0, 1,1, 1). 
Let G be the group of Cremona transformations generated by involutions J jx, 
with fixed F-curves « , Cs and variable F-points p;, px, pr chosen from the p 
generic points p; (¢ = 1, 2, 3, --- , p), and hence the variable F-curve K. 

A surface s, with characteristic (z: 2, 2, 21, %1, 22, 23) with respect to the 
involution is transformed into a surface s,, whose characteristic is given in 
terms of the original characteristic by a linear transformation. If in this 
transformation we make the substitutions: u = z — 2 — 22z,, t = 7z — 52 — 132, 
t; = 2,; then, apart from u’ = 2, u = 2, it becomes the involution 

& = 4 — & — Se — She, 
1393: &@= b- t§h- bh- &-fk (¢ = 1, 2, 3), 
t= t; (j > 3), 
Let g,(3, 1, 1) be the linear group generated by involutions ¢ j., (j, k, h = 1, 2, 3, 

-,p3j # kh). g,(3, 1, 1) belongs to the type g,(r, €, e) mentioned above. 

The generic element G’ of the Cremona group G has the following characteristics 


with respect to the base (n: K, «@, Cs, pr, P2,---, p>) and in terms of the 
coefficients of the corresponding element of the linear group g,(3, 1, 1): 


H (28f +5: 1,14f+3, 7f+1, Taw, Tao,---, Tao), 
P.,( 4000 :1, 2a0 , ao , Saw, 5a0,---, Sap), 
Po,(52f + 8: 2, 26f + 6, 13f + 1, 13a, 13a, --- , 13ay0), 
P,,( 4g : 0, 2g > ¥ ~ Ce Gices*> ae 


(t = 1,2, ---, p), where ao = 5f + 1, ao; = 5g, f and g integers, and where K is a 
variable F-curve of the first kind corresponding to the fixed P-surface P «(5 Cs)*. 
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To prove the theorem we show that g’t123 ~ G’ Ties, 9/12, p41 ~ G’Tizost, 9 tip4t.042 ™ 
, Pe , 
G Th p+1.942 and g Up+1,p+2,0+3 —_ G T41.042.043 . 


VI. The involution I;25; determined by the web of quartic surfaces W = (€ C2 C2 
Pi D2 Ps ps)’ where each of the conics C2, C2 meets the double line & once. Two 
members of the web W meet in « , C2, C3 and an elliptic octavic curve Cs on 
p; (i = 1, 2, 3, 4) and meeting & 6 times and C,, C2 each 7 times. The web W 
contains the 12 uniquely determined degenerate members: Wi; = (€ C2 p; p;)° 
(€ C2 pe pm) (i, j, ky m = 1, 2,3, 4;1 # j X kX m); Wo = (C2)"(eb Co Di D2 
Ps Ps)’; We = (C2)"(eb C2 pi D2 Ds Ds); Wi = (€ pi) (eo C2 C2 pj Pe Pm). The 
factors of each of these surfaces are interchanged by the involution J23, . 

The ruled quartic surface Px(¢} C2 C3)‘ is the P-surface of the F-curve K, of the 
first kind, of order 29, 6-fold at p; (¢ = 1, 2, 3, 4) and meeting «& 18 times and 
C,, Cz each 25 times. The surface of coincident points is R(¢s C3 C2’ pj p2 ps pi) - 
The involution possesses self-corresponding F-curves of the second kind as 
follows: the 12 lines p on R and Px and across « , C2 and C2 ; the 4 lines r; on p; 
and across € and C; ; the 4 lines s; on p; and across € and C2 ; the line ¢ bisecant 
to Cz and C3 ; the 6 rational cubics C;; on p; , p; and meeting € twice and C2 , C2 
each 3 times; and the rational quintic C; on p, , pe, ps, ps and meeting @ , C2, 
C2 each 4 times. 

The homaloidal web H and P-surfaces of the involution have characteristics 
with respect to the base (n: K, @ , C2, C2, Pi, Di, Pe» Pm iP, Ti, 8, t, Cj, Cs) 
as follows: 

H (27: 1, 13, 7, 7, 8, 8, 8, 8; 1, 1, 1, 1, 3, 5), 

Px ( 4:0, 3,1, 1, 0, 0, 0, 0; 1, 0, 0, 0, 0, 0), 

P,, (20: 1, 10, 5, 5, 6, 6, 6, 6; 1, 1, 1, 0, 2, 4), 

Pc, (24: 1, 11, 7, 6, 7, 7, 7, 7; 1, 1, 0, 2, 3, 4), 

P¢;(24: 1, 11, 6, 7, 7, 7, 7, 7; 1, 0, 1, 2, 3, 4), 

Pf 4:4 21,1,2.1,1,66644840 (i = 1, 2,3, 4). 
Let G be the group of Cremona transformations generated by involutions I jimn 
with fixed F-curves « , C2, C2 and variable F-points p; , pz , Pm 5 Pn Chosen from 
the p generic points p; (¢ = 1, 2, 3, --- , p), and hence the variable F-curve K. 

A surface s, with characteristic (z: 2, Zo , 21 , 22 , 21, 2, 23 , Xs) defined as in the 
preceding cases is transformed by J123; into a surface s.. If in the linear trans- 
formation giving the characteristic of s., we make the substitutions: wu = z — 
Zo — 2 — 22, to = 82 — bz — 72, — Tze, ts = 2; ; then, aside from wu’ = 2, 
u = 2’, it becomes the involution 


to = 5to — 6t, — 6le — Gls — Gt;, 
14034 : t; = ty _ t; _ ty _- ts _ ty _ t; (i = 1, 2, 3, 4), 
t= t; (j > 4). 
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Let g,(4, 1, 1) be the group of linear transformations generated by involutions 
liemn (j, ky m,n = 1, 2,3,---, p37 #~ kx m+n). It belongs to the type 
go(T, €, €). 

The characteristics of the generic element G’ of the Cremona group G with 
respect to the base (n: K, @, C2, C2, Pi, Pe, ++, D>) and in terms of the 
coefficients of the corresponding element g’ of the group g,(4, 1, 1) are: 


H (32f + 5: 1, 16f + 3, 8f + 1, 8f + 1, 8a, 8am, --- , 8a,o), 
P.,( 4000 :1, 2a0 , aw , ao , Gayo, Gam, --- , bao), 
P¢,(28f + 4: 1, 14f + 3, 7f , f + 1, Taw , Za, --- , Tao), 
Poi(28f + 4: 1, 14f + 3, 7f + 1, 7f , Tayo, Ta, +++ » Teo), 
P,.( 49 : 0, 2g , 9g, 9 » Os, Gee, -* 5 Mp) 


(¢ = 1,2, ---, p), where ao = 6f + 1, ao; = 69, f and g integers, and where the 
variable F-curve of the first kind K corresponds to the fixed P-surface Px(€C2C:)*. 
The theorem is proved by showing that g’ti2s4 ~ G’Jiess, g’ti3..41 ~ G@'Ties.oi1, 
9’ tr2 p+1es2 ™ GTiapsis2, Otresries20+3 ~ GTi pstose.e+3 ANd G’tpiipi2.043,044 ™ 


G'T 41 +2 .p+3 .p+4 + 


VII. The involution I;: determined by the web of quartic surfaces W = (€ & & 6 & 
D* p, p2)* where the line €; (j = 1, 2, 3, 4) meets the double line & once and the 
double point D is in generic position with respect to the rest of the base. Two 
members of the web W meet in «&, & , @, 6, & and an elliptic octavic curve Cs 
on p; , Pp: , 4-fold at D and meeting « 4 times and ¢; 3 times. The web W con- 
tains the 16 uniquely determined degenerate members: Wj, = (€ €; «& D p,)° 
(€o €m én D pr) (j,k, mn = 1,2,3,4;7 AK A mH njsi,jh = 1,2;1 Fh); 
W; = (€ €;)'(€ € €m x D® pr pr)’; W? = (€; D)'(€0 €& €m én D py p2); Wo = 
(€ D)'(€ € € & & D p; po)’; and Wy. = (D p; po)’ (6 a @ & & D)’. The factors 
of all of these surfaces except Wp» and Wy: are interchanged by the involution. 

The plane Px(¢ D)' and the ruled cubic surface P.(é «4 @ 6 « D)’ are P- 
surfaces corresponding respectively to the F-curves of the first kind: K, of 
order 9, 2-fold at p: , pe, 3-fold at D, and meeting « twice and 4, @, 6, & 
each 5 times; and L, of order 5, 2-fold at p, , pe, 3-fold at D and meeting «© 
twice, &, @&, 6, & each once. The surface of coincident points is R(¢ & & é 
D* Di p2)’. The involution possesses self-corresponding F-curves of the second 
kind as follows: the 4 lines p on R and Px across & and D; the 4 conics @ on P, 
and R meeting & , &, @, €, € each once and on D; the 6 lines rj, on D and 
across ¢;, « ; the 8 conics C;; on p; and meeting @, & , €m, €, each once; the 
rational cubic C; on D, p; , pe and meeting € twice and & , @&, 6, « each once; 
and the rational quintic C; on p; , pz , 3-fold at D and meeting & , 4, @&, 6&, & 
each twice. 

The homaloidal web H and P-surfaces of the involution J, have the following 
characteristics with respect to the base (n: K, L, € , €;, &, €m, €n, D, Pi, Pa} 
P, Vik ; 6, Ci; 9 Cu Ps Ca P Cin 9 C; ; Cs): 





Mw 
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H (24: 1, 2, 11, 6, 6, 6, 6, 13, 8, 8; 1, 1, 2, 2, 2, 2, 2, 3, 5), 
Px( 1: 0,0, 1,0,0,0,0, 1,0, 0; 1, 0, 0, 0, 0, 0, 0, 0, 0), 
P,( 3: 0,0, 2,1,1,1,1, 1,0, 0;0, 0, 1, 0, 0, 0, 0, 0, 0), 
P,,(12: 1,1, 6,3, 3,3,3, 6, 4,4; 1,0, 1, 1, 1, 1, 1, 2, 2), 
P.,( 9: 0,1, 4,3, 2, 2,2, 5,3, 3;0, 1, 1,0, 1, 1, 1, 1, 2), 
Py (12: 1,1, 5, 3,3, 3,3, 7,4, 4;1,1, 1,1, 1,1, 1, 1, 3), 
P,,( 4: 0,0, 2,1,1,1,1, 2,2, 1;0, 0,0, 1,1, 1,1, 1, 1). 
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Let G be the group of Cremona transformations generated by involutions J, 
with fixed F-curves € , & , €@, €;, « and F-point D and variable F-points pa, , ps 
chosen from the p generic points p; (¢ = 1, 2, 3, --- , p), and hence the variable 
F-curves K and L. 

Let a surface s, have the characteristic (z: % , 2 , 20, 21, 22, 23 , 24, Yo, L1, Ze), 
where z is the order of s, and % , Z: , 20 , 21 , 22 , 23 , 24, Yo, Z1, X2 are its multiplici- 
ties on the F-curves K, L, @, &, @, 6, «& and at the F-points D, p,, pe, respec- 
tively. The characteristic of the transform s,- of s, by Ji is given by a linear 
transformation. If in this transformation we make the substitutions: u, = z — 
2 — Yo, Ue = 22 — % — % — te — 23 — 2% — Yo, lo = 82 — 4% — 3x, — 3x — 
323 — 3z, — 4yo, t; = 2; ; then, aside from u; = 4, uw = 21, Us = 2, Ue = 2a, 
it becomes the generator 7,2. of Case III. Hence the linear group generated by 
transformations 7 (a,b = 1, 2,3, --- , p;a # b) isag,(2, 1, 1). 

The generic element G’ of the Cremona group G has the following char- 


acteristics with respect to the base (n: K, L, € , €;, € , €m, €n, D, Pi, Po, ++, 
Po) (j,k, myn = 1,2,3,4;7 #k Amen): 

H (8a: 1, 2, 4a00 + 1, 2a0o, 2a ,2a0 ,2a0 , 4000 F 1, Say, --- , Sao), 
P,,(4a00 : 1, 1, 2ecoo » 0, Go , Go , A , 2Am , 4a, «++ , 4a%0), 
P,,(8a0:0,1,6f +2,3f ,3f+1,3f+1,3f+1,6f +1, 3an,--- , 3a), 
Py(4a0: 1,1, 2a0 +1, av, aw , ao , Go , 2a0 +1, 4a, --- , 4a), 


P,,( aoi : 0, 0, 2g > 9; 9 » g > g , 2g ’ Qi, ++ Ms) 
(¢ = 1, 2,3, --- , p), where ao = 4f + 1, ao; = 49, f and g integers, and where K 
and L are variable F-curves of the first kind corresponding respectively to the 
fixed P-surfaces Px(@ D)' and Pi(é & @ 6 « D)*. The proof is the same as 
for the theorem of Case III. 


VIII. The involution I,255 determined by the web of quartic surfaces W = (6 4 & 
D{ D3 p: po ps ps)’ where the double line & meets each of the lines & , @ once. Two 
members of the web W meet in 6, 4, @& and an elliptic 10-ic Cy on p; , Po, Ps; 
ps, 4-fold at D; , De and meeting & 6 times and « , « each 3 times. The web 
contains the 5 uniquely determined degenerate members: W; = (€ €;)'(€ & 
Di D3 p; po ps ps)’ (j, k = 1, 237 ¥ k), W* = (eo Du)’ (er & @& Di D> py; po ps ps)’, 
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Wy = (€ €& @ D; Dz)’ (& D, Dz p; po ps ps)’. The factors of W; are interchanged 
by the involution. 

The quadric P:(€ & @ D; D2)* is the P-surface of an F-curve L, of the first 
kind, of order 9, 2-fold at p; , pe , ps , ps , 3-fold at D, , Dz and meeting & 6 times 
and ¢,, each once. The plane Px,( Dx)’ is the P-surface of an F-curve K; of 
the first kind, of order 13, 2-fold at p: , pe , ps , ps , 3-fold at D, , 7-fold at D; and 
meeting € 6 times and «, & each 5 times. The surface of coincident points is 
R(é & & Di D} Di Pa D3 pi)’. The involution possesses the following self-cor- 
responding F-curves of the second kind: the 2 sets of 4 lines p, on D, and across 
é) and on R and Px, ; the line r on D, and D, ; the 4 conics 6 on D, , Dz and 
meeting € , €& , @ each once and on R and P, ; the 8 conics C;; on D, , Dz, and p, 
and meeting « , €; each once; the 6 cubics Cj” (i, h = 1, 2, 3, 4; ¥ Ah) on Dy, 
Dz, pi, px and meeting «& twice and «& , & each once; and the rational septimic 
C;0n pi , Pe, Ps , Ps, 3-fold at D, , Dz and meeting € 4 times and « , « each twice. 

The homaloidal web H and the P-surfaces of the involution J)23; have char- 
acteristics with respect to the base (n: L, Ki, Kj, €, €;, «&, Di, Dj, pi, Pry Dm; 
Pani, 1, 0, Ci, CS”, Cr) (j,k = 1, 239 ¥ ks t,h, m,n = 1,2,3,4;5i 4h # 
m # n) as follows: 


H (33: 2, 1, 1, 16, 8, 8, 17, 17, 10, 10, 10, 10; 1, 1, 2, 2, 3, 7), 


Px,( 1: 0,0,0, 1,0,0, 1, 0, 0, 0, 0, 0; 1,0, 0, 0, 0, 0), 
P, ( 2:0,0,0, 1,1,1, 1, 1, 0, 0, 0, 0;0,0, 1, 0,0, 0), 
P,, (20: 1, 1, 1, 10, 5, 5, 10, 10, 6, 6, 6, 6; 1,0, 1, 1, 2, 4), 
P., (10: 1,0,0, 5,3,2, 5, 5, 3, 3, 3, 3;0,0, 1, 1, 1, 2), 
P,,(13: 1,1,0, 6,3,3, 7, 7, 4 4, 4, 4;1,1,1,1,1, 3), 
P,,(4:6066 2244,.%33238 2 4, 66011, ID. 


Let G be the group of Cremona transformations generated by involutions 
Tasca With fixed F-curves @ , & , @& and F-points D, , Dz and variable F-points 
Pa, Po, Pe , Pa chosen from the p generic points p; (i = 1, 2, 3, --- , »), and hence 
the variable F-curves L, K, , Ke. 

If in the linear transformation giving the characteristic of the transform s,/ 
of a surface s, with characteristic (2: Z , 2: , 22, 20, 21, 22, Yr» Yo, Lr, Le, Ls, Ls) 
with respect to the involution Jj23; , we make the substitutions: uw = 2z — z — 
4— Z22— Yi — Ye; Un = 2— 2 — yx (k = s 2), bh = 10z — 620 — 32 — 322 — 
4y, — 4ye, ti; = 2; ; then, aside from uw = %, uw = 20, Us = Ze, Ue = &, it 
becomes the generator 7)235 of the linear group g,(4, 1,1) of Case VI. The generic 
element G’ of the Cremona group G has the following characteristics with 
respect to the base (n: L, Ki, K;, 0, €;,&,Die,Dj, pi, p2, Ps, +++ 5 Po)? 


H (40f47: 2,1,1, 20f+4, 10f+2, 10f+2, 20f+3, 20f+3, 10a, --- , 10e,0), 
Paa( 4a oe m/e P Zao 9 ao ; ao ; 2a ’ 2a 9 Gayo , SCH s 62,0), 


P,, ( Zain ; 1, 0,.0, an ; of P 3f+1, ao ; ao ; 3a , oo? 4 3a,0), 
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Pp, (16f+3: 1,1,0, 8f+2, 4f41, 4f41, 8f41, S8f+1, 4aw,---, 4a, 0), 
P,,( 4g : 0,0, 0, 29 ’ g ’ g ’ 29 ’ 29 ’ Gig °** s Qi); 


where ao = 6f + 1, ani = 69, f and g integers, and where L, K, and Kz are 
variable F-curves corresponding to fixed P-surfaces. The proof is the same as 
for the theorem of Case VI. 


IX. The involution Iyos:6 determined by the web of quartic surfaces W = (& Dj 
Dz Dj pi ps Ps Ps Ps Ps)’. ‘Two members of the web W meet in ¢ and an elliptic 
12-ic Cz with 4-fold points at D; , D. , Ds, simple points at p; (¢ = 1, 2, 3, 4, 5, 6) 
and meeting ¢ 8 times. The web W contains the 14 uniquely determined 
degenerate members: Wa = (€) Dz)'(€ Da Dj} D? p; po ps ps ps ps)’ (a, b, c = 1, 2, 3; 
a # b # c), Wo = (D; Dz Ds)'(€ Di Dz Dg p; ps ps Ps Ps Ps), Winj = (€0 D: Dz Ds 
Di Pr Pj) (€0 DiDz Ds px Pm Pn)’ (i, hy j,k, m,n = 1,2,3,4,5,6;5 HA ¥GKKH 
mn). The factors of the 10 surfaces Wj; are interchanged by the involution. 

The plane (D, D, D;)' is the P-surface of an F-curve L, of the first kind, of 
order 13, with a double point at p;, a triple point at D, and meeting «& 10 
times. The plane Px,(@ D.)' is the P-surface of an F-curve K,, of the first 
kind, of order 17, 3-fold at D, , 7-fold at D,, D., 2-fold at p; and meeting & 
10 times. The surface of coincident points is R(¢é Dj D} Dj} pi De D3 Di Ds ps) 
The involution possesses self-corresponding F-curves of the second kind as 
follows: the 3 sets of 4 lines p, on D, and across « and on Px, and R; the 4 
conics 6 on D, , De, D3 and meeting « once and on P, and R; the 15 cubics 
Cx» on D,, De, Ds, pi, and p, and meeting « twice; and the rational 9-ic Cy 
3-fold at D, , on p; and meeting € 6 times. 

The homaloidal web H and the P-surfaces of the involution 123456 have char- 
acteristics with respect to the base (n: L, Ka, Ki, Ke, @, Da, Ds, De, pi, 
Ph, Pi» Pry» Pm, Pn 3 Pa, 9, Cx, Cy) as follows: 


H (42: 2, 1,1, 1, 21, 21, 21, 21, 12, 12, 12, 12, 12, 12; 1, 2, 3, 9), 


P,( 1: 0,0,0,0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0;0,1, 0,0), 
Px,( 1: 0,0,0,0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0;1,0,0, 0), 
P., (28: 1, 1, 1, 1, 14, 14, 14, 14, 8, 8, 8, 8, 8, 8;1, 1, 2, 6), 
Pp,(14: 1,1,0,0, 7, 7, 7, 7, 4, 4, 4 4, 4, 431, 1, 1,3), 
P,, (4: 0,0,0,0, 2, 2, 2, 2, 2, 1, 1, 1, 1, 1;0,0,1,1). 


Let G be the group of Cremona transformations generated by involutions 
I jrjkmn With fixed F-curve ¢ and F-points D,;, D2, D; and variable F-points 
Po» Phy Pi} Pk» Pm, Pn Chosen from the p generic points p; (¢ = 1, 2, 3, ---, p) 
and hence the variable F-curves L, K, , Kz , K3. 

If in the linear transformation giving the characteristic of the transform s,, 
of the surface s,, whose characteristic with respect to the involution Jy23456 is 
(2: 2, Z1, 2, 23, 2, Yr, Yo, Ys, L1, Le, Xz, Ts, Xs, Xe), We make the substitu- 
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tions: uw = 22 — 2 — yi — Ye — Ys, Ue = 2 — BH — Ya (2 = 1, 2, 3), & = 122 — 
° , ~ ait ’ 
829 — 4y, — 4y2 — 4y3,¢t; = 2, ; then, aside from wy = %, UW = 2%, Ua = 2a, 
, 


U, = Z,, it becomes: 


ty = Th — St, _ Sts _ St; _ St, _ St; _ Sts , 
2123456 ° t; = h— t — te —_ ts —_ ty = ts = ts = ti (z = l, 7 6), 
= bt (h > 6). 


Let g,(6, 1, 1) be the group of linear transformations generated by involutions 
ighikmn (9, h, j,k, m,n = 1,2,3,--- ,psgAxhAjxAkAmsA n). g,(6,1, 1) is 
evidently of the type g,(r, «,e). The generic element G’ of the Cremona group G 
has the following characteristics, in terms of the coefficients of the corresponding 
element g’ of the group g,(6, 1, 1), and with respect to the base (n: L, Ka, Ko, 
K., @, Da, De, De, Pi, D2, Ps, di » Dp): 


H (Gay : 2, 1, 1, 1, 3ac0 , Sao , Sao , 3ao0 , Layo , 12a, --- , 1Zayo), 
P,,, (4a00 : 1, 1, 1, 1, 2eroo , Zaroo , Zaroo , Zao, Saw, S8a%,--- , Sago), 
Pp, (2a: 1,1, 0,0, coo, coo, coo, G0, 4a, 409,---, 4a), 
Faus t@O440606 7 «3 «5 w 5 4 Cite Gie*s*) Ge 


(¢ = 1, 2,3, --- , p), where ao; = 4f, f an integer, and where L, K, , Ke , K; are 
variable F-curves of the first kind corresponding to fixed P-surfaces. The 
theorem is proved in the same way as the theorems in the other cases. 


X. The involution I: determined by the web of quartic surfaces W = (CC, p; ps)* 
where the elliptic quartic curve C, meets the double conic C, 4 times. Two members 
of the web W meet in C3, C, and an elliptic quartic Cj on p,, pe and meeting 
C:, Cys each 4 times. The web W contains 2 nets of degenerate members: 
W, = (C2 C,)°(Co py po)’, We = (C2)'(C2 Cs p: ps)®. Wi and Wz have in common 
the pencil of degenerate members Wy. = (C2)'(C2 Cs)*(~, po)’. 

In each plane of the pencil (p; p2)' the web W determines an involution which 
is the transform under a quadratic transformation T, of a special Geiser’s 
involution having 6 of its 7 base points on a conic. But the curves of the 
homaloidal net and the p-curves of this involution are generic sections of the 
surfaces of the homaloidal web H and the P-surfaces of the involution deter- 
mined in space by the web W. The plane Pp,(C:2)' is the P-surface of an isolated 
F-point Py» on the line joining p; and pe. The involution possesses self-cor- 
responding F-curves of the second kind as follows: the 2 sets of 4 lines r; (¢ = 1, 2) 
on p; and across C2 and C, ; and the 2 conics C on p; , pe and meeting C2, Cy 
each twice. 

The homaloidal web H and the P-surfaces of the involution J,. have char- 
acteristics with respect to the base (n: Py, C2, Ci, pi, pr iri, C) (GA = 1, 2; 
t = h) as follows: 





VS Sa Se OG 
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H(10: 1, 5, 2, 4, 4; 1, 2), 
Pp,(1: 0, 1, 0, 0, 0; 0, 0), P¢,(10: 2, 5, 2, 4, 4; 1, 2), 
P¢,(8: 0, 4, 1, 4, 4; 1, 2), P,,( 4: 0, 2, 1, 2, 1; 1, 1). 


Let G be the group of Cremona transformations generated by involutions J ; 
with fixed F-curves C:, Cy and variable F-points p;, p, chosen from the p 
generic points p; (¢ = 1,2, --- , e), and hence the variable F-point Pp . 

If in the linear transformation giving the characteristic of the transform s,. 
of a surface s, , having the characteristic (z: Z, Zo , 21 , 21 , 22) with respect to the 
involution J;,., we make the substitutions: u = z — 2z, th = 42 — 4% — 4a, 
t; = 2;; then, apart from u’ = Z, u = 2’, it becomes the generator 72 of Case III. 
Hence the group generated by involutions 7; (j, k = 1, 2, 3, ---, p37 # k) is 
g.(2, 1, 1). The generic element G’ of the Cremona group G has the following 
characteristics with respect to the base (n: Po, C2, Cs, pi, Po, Ps, +++ 5 Dp)? 


H (4am — 2: 1, 2a — 1, aco — 1, 40, 4020, --+ , 4c), 
Pc, (4a0 — 2: 2, Zao — 1, ao — 1, 4a10, 4090, --- , 40), 
P (4a — 4: 0, 2aoo — 2, aoo — 2, 4ar0 , 409, --- , 40,0), 
P»y,( ae : 0, 2f f » Qi, Gee, +++, Mi) 


(¢ = 1, 2,3,---,p), where ao; = 4f, f an integer, and where P, is a variable 
F-point corresponding to the fixed P-surface Pp,(C2)'. The theorem is proved 
as in Case ITI. 


XI. The involution I\23 determined by the web of quartic surfaces W = (C2 Cs —P1 
P2 ps)’ where the rational cubic Cs meets the double conic C23 times. Two members 
of the web W meet in C}, Cs and an elliptic quintic Cs on p; , pe , ps and meeting 
C:, C; each 5 times. W contains the net of degenerate members W, = (C:)' 
(C2 Cs pi pe ps)’ and the pencil of degenerate members W2 = (C2 C3)*(C2 pi po ps)’- 
W, and W, have in common the uniquely determined member Wy = (C2)’ 
(C2 C3)"(p1 Pe Ds)’. 

The plane Pp,(C2)' is the P-surface of an isolated F-point Po. The quadric 
Px(C2 C;)° is the P-surface of an F-curve K, of the first kind, of order 2, on 
Pi, P2, ps and meeting C2 twice. The surface of coincident points is R(C} C3 pi 
p2 ps). The involution possesses self-corresponding F-curves of the second kind 
as follows: the 2 lines p on R and Px , across C2 and bisecant to C3; ; the 3 sets of 
3 lines r; on p; and across C; and C; ; the 3 conics C; on p; , p, and meeting C2 , 
C; each twice; and the rational cubie C; on Pi, P2, ps and meeting C; , C3; each 
3 times. 

The homaloidal web H and the P-surfaces of the involution have the following 
characteristics with respect to the base (n: Po, K, C2, Cs, pi, Pi, Dei 0, Ti, 
Ca, Cry Cay Ca): 
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H (16: 1, 1,8, 4, 5, 5, 5; 1, 1, 2, 2, 2, 3), 
Pp,( 1: 0, 0, 1, 0, 0, 0, 0; 0, 0, 0, 0, 0, 0), 
Px ( 2: 0, 0, 1, 1, 0, 0, 0; 1, 0, 0, 0, 0, 0), 
Pc,(16: 2, 1, 8, 4, 5, 5, 5; 1, 1, 2, 2, 2, 3), 
P.,(16: 0, 2, 8, 4, 5, 5, 5; 2, 1, 2, 2, 2, 3), 
P,,( 4: 0, 0, 2, 1, 2, 1, 1; 0, 1, 0, 1, 1, 1), 


(i,j,k = 1,2,3;4 #7 # k). Let G be the group of Cremona transformations 
generated by involutions J,;, with fixed F-curves C, , C; and variable F-points 
Pr, Pi, Pe chosen from the p generic points p; (¢ = 1, 2, 3, --- , p), and hence 
the variable F-point Py) and F-curve K. 

If in the linear transformation giving the characteristic of the transform s,, 
of a surface s, , having the characteristic (z: % , Z: , 20 , 21, 21, Zz , 23) With respect 
to the involution J; , we make the substitutions: w = z — 22, wu = z — 2 — 
22, , to = 5z — 5z — 5z, , t; = x; ; then, apart from u, = in, Um = a (m = 0, 1), 
it becomes the generator 71:3; of Case V. Hence the group generated by invo- 
lutions 7%; (A, j, k = 1, 2, 3,---, pp h 4 j # k) is g,(3, 1, 1). The generic 
member G’ of the Cremona group G has characteristics with respect to the base 
(n: Po, K,C2,Cs, 71, pe, +++ , Dp) as follows: 


H (Aa : 1, 1, 2a , coo, 5ayo , 5a, --- , Sapo), 
Pc, (Sexo : 2, 1, Zeroo , coo , Sano, Sao, +--+ , Sargo), 
Pc, (4ec0 : 0, 2, Zao , aon , Sao , 5a, --- , Sapo), 
P,( 4f :0,0,2f ,f , ans, aes, +++, Mi) 


(i = 1,2,3, --- , p), where ao; = 5f, f an integer, and where P) and K are variable 
F-point and F-curve corresponding respectively to the fixed P-surfaces Pp,(C:)' 
and Px(C:C3)*. The proof is the same as for the theorem of Case V. 


XII. The involution I23, determined by the web of quartic surfaces W = 
(CE € € Pi D2 Ps ps)* where each of the lines &, @ meets the double conic C2 once. 
Two members of the web W meet in C? , 6 , & and an elliptic sextic Cs on p: , pe, 
Ps, Ps and meeting C, 6 times and «& , & each 3 times. W contains the net of 
degenerate members W, = (C2)'(C2 & € i Ps ps ps)’ and the 7 uniquely deter- 
mined degenerate members: Wo = (C2 & €)°(C2 pi Ps Ps Ps), Wai = (C2 €: Dr Di)” 
(C2 @ p; px)’ (h, i,j, k = 1,2,3,4;hk #iAGHxk). The factors of the surfaces 
W,,; are interchanged by the involution. 

The plane Pp,(C2)' is the P-surface of an isolated F-point Py. The quadric 
Px(C2 & @)° is the P-surface of an F-curve K, of the first kind, of order 6, on 
Pi, P2, Ps, Ps each twice and meeting C2 6 times and « , @ each once. The 
surface of coincident points is R(C} ae Pi pe D3 pi). The involution possesses 
self-corresponding F-curves of the second kind as follows: the 4 lines p on R and 
Px and across C2, « and & ; the 4 sets of 2 lines each r;, on p; and across C2, 
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ém ; the 6 conics C;; on p; , p; and meeting C2 twice and «& , « each once; and the 
rational quartic C; on p; , pe , ps , ps and meeting C2 4 times and « , & each twice. 

The homaloidal web H and the P-surfaces of the involution Ij23, have char- 
acteristics with respect to the base (nm: Py, K, Co, €m, €n, Diy Pray Diy Pk; 
Pp, Tim , Ci;, C4) as follows: 


H (20: 1, 1, 10, 5, 5, 6, 6, 6, 6; 1, 1, 2, 4), 

Pp,( 1: 0,0, 1, 0, 0, 0, 0, 0, 0; 0, 0, 0, 0), 

Px ( 2: 0,0, 1,1, 1, 0, 0, 0, 0; 1, 0, 0, 0), 

P¢,(20: 2, 1, 10, 5, 5, 6, 6, 6, 6; 1, 1, 2, 4), 

P.,,(10: 0,1, 5, 3, 2, 3, 3, 3, 3; 1, 1, 1, 2), 

P,,( 4: 0,0, 2,1, 1,2, 1,1, 1;9, 1,1, 0), 
(i, h, j,k =1,2,3,4;%¢4% 7 ~hA kj; m,n = 1,2;m Hn). Let G be the 
group of Cremona transformations generated by involutions I,sca with fixed 
F-curves C2, & , @& , variable F-points p, , po , Pc , Pa Selected from the p generic 
points p; (i = 1, 2,3, ---, p), and hence the variable F-point Py and F-curve K. 


. . . — . . , 
If in the linear transformation giving the characteristic of the transform s,- of a 
surface s,, having the characteristic (z: 2 , 1, 20, 21, 22, 41, %2, 2, 2%) with 


respect to the involution Jj5; , we make the substitutions: uw = z — 2%, 

Uy = 2 — 2% — 2% — 22,0 = 2 — 2, by = Gz — Gz — 3z, — 32%, ts = 2; ; then, 
, - af . . 

apart from u, = Z,, u. = 2, (s = 0, 1), v’ = —»v, it becomes the generator ty234 


of the group g,(4, 1,1) of Case VI. The characteristics of the generic element G’ 
of the Cremona group G with respect to the base (n: Po, K, C2, €m,€n,Pry***» 
Po) are as follows: 


H (4a: 1,1, 2a, ao, ao , Gayo, Gar, --- , Gayo), 
P¢,(4ca0 : 2,1, 2a, coo, ao , Gayo , ba, +--+ , bar), 
P,,,(2a0: 0,1, aw, 3f ,3f+1, 3aw , 3a, --- , Sao), 
P,,.4@9 :008% , @.8 +» Mts G@tr*°*,s Sah 


(¢ = 1,2,3,---,p;m,n = 1,2;m # n), where ag = 6f + 1, ani = 69, f and g 
integers, and where Py and K are variable F-point and F-curve corresponding to 
fixed P-surfaces. 


XIII. The involution Ijo3s56 determined by the web of quartic surfaces W = 
(Cz D* p; po ps Ps Ps Ps)’. ‘Two members of the web W meet in C} and an elliptic 
octavie Cs on p; (t = 1, 2, 3, 4, 5, 6), 4-fold at D and meeting C, 8 times. W 
contains the net of degenerate members Wo = (C2)'(C2 D® p; po ps Ps Ps Ps) and 
the 10 uniquely determined degenerate members Wi; = (C2 D pi pr p;)*(C2 D 
Pi Pm Pn) (i, h, j, ky m, n = 1, 2,3,4,5,6;5 Ah AG AkAm#n). The 
factors of the surfaces W; are interchanged by the involution. 

The plane Pp,(C2)' is the P-surface of an isolated F-point Py. The quadric 
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cone Px(C, D’)’ is the P-surface of an F-curve K, of the first kind, of order 20, 
4-fold at p,; (¢ = 1, 2, 3, 4, 5, 6), 6-fold at D and meeting C; 20 times. The 
surface of coincident points is R(C3 D* pi p3 p3 pi ps ps). The involution pos- 
sesses self-corresponding F-curves of the second kind as follows: the 8 lines p 
on D and across C2 and on Px and R; the 15 conics C;; on D, p; , p; and meeting 
C. twice; and the rational sextic Cs on p, , pe, Ps, Ps, Ps, Po, 3-fold at D and 
meeting C, 6 times. 

The homaloidal web H and P-surfaces of the involution J;23456 have characteris- 
tics with respect to the base (n: Po, K, C2, D, pi, Pa, Pj, Pe» Pm y Pn 30, Caz, Co) 
as follows: 

H (28: 1, 1, 14, 14, 8, 8, 8, 8, 8, 8; 1, 2, 6), 
Pp,( 1: 0,0, 1, 0, 0, 0, 0, 0, 0, 0; 0, 0, 0), 
Px ( 2: 0,0, 1, 2,0, 0,0, 0, 0, 0; 1, 0, 0), 
P¢,(28: 2, 1, 14, 14, 8, 8, 8, 8, 8, 8; 1, 2, 6), 
P, (14: 0,1, 7, 7, 4, 4, 4, 4, 4, 4; 1, 1, 3), 
Pt&@6 8 23 1,1, 1,6,.8:30 5, &). 


Let @ be the group of Cremona transformations generated by involutions 
I jrikmn With fixed F-curve C, and F-point D and variable F-points p,, Pr, Pi, 
Pr » Pm, Pn Chosen from the p generic points p; (¢ = 1, 2, 3, ---, @) and hence the 
variable F-point Py and F-curve K. 

If in the linear transformation giving the characteristic of the transform 8," 
of a surface s, , with characteristic (z: 2 , 2: , 20, Yo, 41, 22, V3, Ts, Xs, Xe) With 
respect to the involution Jj 546, we make the substitutions: uw = z — 22, 
Ul = 2 — % — Yo, ly = 8z — Bz — 4yo, ts; = 2; ; then, apart from uo = %, 
Ww =%,.u =, mu = Z,, it becomes the generator 723456 of the linear group 
g,(6, 1, 1) of Case IX. The characteristics of the generic element G’ of the 
Cremona group G with respect to the base (n: Py, K,C2,D, pi, Po, Ps, +++ » Po) 
are as follows: 


H (Aw : 1, 1, aoe , Zao , Sao , Sa , Sasz0, «++ , Sapo), 
Pc, (Aero ° 2, 1, Za ’ Zao ’ Sayo P Saco ’ 8a30 5 etry 8a,0), 


Pp (2a : 0, & Qo, Goo, Layo ’ 4a ’ 430 > 4,0), 
P,,(2f : 0, 0, f ’ f » Gi, Gai, Asi,rrrs, api) 
(¢ = 1, 2, 3,---, p), where ao; = 4f, f an integer, and where Py and K are 


variable F-point and F-curve corresponding to fixed P-surfaces. 


Conclusion. We have thus exhibited a rather large aggregate of groups of 
Cremona transformations simply isomorphic to the linear groups g,(a) and 


g(r, €, €). 


University oF ILLINotIs. 








WEAKLY COMPLETE BANACH SPACES 
By H. H. Go.pstIne 


Banach has shown that if every bounded sequence of elements from a separ- 
able Banach space contains a subsequence which converges weakly to some 
element of the space, the space is equivalent to the adjoint of its adjoint 
and recently the converse of this theorem has been shown to be true.’ In this 
paper we shall investigate necessary and sufficient conditions that a space be 
equivalent to the adjoint of its adjoint. We show that if the adjoint space is 
separable, such a condition is that the space be weakly complete. In fact, the 
assumption of separability can be dispensed with by redefining the notion of 
weak completeness. 

Most of the results herein contained follow from a representation theorem 
that is based upon one of Hildebrandt’s.? This result enables us to examine 
the analytic character of functionals in the adjoint of the adjoint of a Banach 


space. 


1. Definitions. Therepresentation theorems. Before proceeding to establish 
the basic theorems of this section, we shall find it convenient to fix upon certain 
notations and definitions which will be used throughout this paper. For this 
purpose we agree that 

(a) MR is the set of all real numbers; 

(b) $ is an arbitrary class of elements p; 

(c) Q is a non-null subset of B; 

(d) ¥ is a linear class of functionals on to R, which are bounded on OQ; 
i.e., to each & there corresponds a number n; such that 


| &(q) | S me (qe Q); 


(e) the norm, || £||, of a functional é in ¥ is the least upper bound of | £(q) | for 
qin Q; 

(f) D is the class of all partitions or divisions 6 of © into a finite number of 
mutually exclusive subsets E;. In accordance with Hildebrandt’s notation 
we say that 6, = 6, in the event that every set FE, of 6; is contained in some sub- 
set E, of ds ; 


Received October 25, 1937; presented to the American Mathematical Society, No- 
vember 27, 1937. 

1 See S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 189, and V. Gant- 
makher and V. Smulian, Sur les espaces linéaires dont la sphére unitaire est faiblement 
compacte, Comptes Rendus (Doklady) de l’Académie des Sciences de l’URSS, vol. 17 
(1937), pp. 91-94. 

2 On bounded linear functional operations, Transactions of the American Mathematical 
Society, vol. 36 (1934), pp. 868-875. 
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(g) if as is a real-valued function defined on D, then lim a; = a in case to 
t) 


each positive number e there corresponds a 6, in D such that | a; — a| < e, 
whenever 6 2 6,. This limit is utilized by Hildebrandt and is a special case 
of the general limit of E. H. Moore and H. L. Smith.’ 

We now proceed to establish two representation theorems which are essen- 
tially due to Hildebrandt.* 

TueoreM I. Every linear and continuous functional M on &¥ to R is expres- 


sible as 


M(é) = / Edy (é € %), 


where d is some real-valued, additive function of bounded variation’ defined on 
the class of all subsets E of 2. The integral is either of the Hildebrandt-Stieltjes 
or of the Hildebrandt-Lebesque type. Moreover, the bound or norm of M, || M ||, 
is the total variation of X. 

In order to prove this theorem let 9) be the class of all functionals y on $B 
to ®, that are bounded on Q, and let the norm |} 7 || of 7 be the upper bound 
of | 7 | on Q. Clearly ¥ isa linear subset of J). Two functionals m, 72 of J) are 
said to be equivalent when they are equal on Q;.e., for every g, m(q) = 72(q). 
Then if m is equivalent to m, the norm of m equals the norm of m: and the 
norm of 7; — m2 is zero. Moreover, it is also clear that this relation is reflexive, 
symmetric and transitive. Consequently it divides 9) into mutually exclusive 
and exhaustive subsets [y]; hence [n] consists of all m that are equivalent to 7. 
The class of all these subsets becomes a normed linear space when the following 
definitions are made: the norm of [n] is the norm of 7; a[n] is the set [an]; and 
[m] + [nme] = [m + m]. It is evident that these operations are well defined. 

If 6 = (£,, --- , E,) is any partition in D, q; is any point in EZ; (¢ = 1, 2, 

, n), and if » is any functional in ¥), then 7; is defined to be the sum 


> n(qiee;, 


where gx is the characteristic function of the subset E of Q; i.e., gz(p) is unity 
if pis in E and is zero if pis not. It is, of course, true that 3 and gg are in ¥). 
The limit as to 6 of ns exists and is equivalent to n. Moreover, the limit, lim [yn], 

5 


exists and is [n], both limits being taken in the sense of the norm. The proof of 
the first assertion is entirely analogous to the one given by Hildebrandt,° and 
the second follows at once from this and the definition of the equivalence 


relation. 


3A general form of limit, American Journal of Mathematics, vol. 44 (1922), pp. 102-121. 
* Bounded functional operations, p. 875. 

5 Ibid., p. 869. 

® Bounded functional operations, p. 870. 
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Let N([é]) be defined as M(é). Then N is a single-valued function on the 
class of all subsets [¢], where é is in X; for, if & and & are both in [é], then 


| M(&) — M@&) | S || M||-||& — &|| = 0. 


Furthermore, it is linear, continuous and has its bound || N || equal to || M |]. 
Hence by Banach’s extension theorem’ there exists a linear continuous func- 
tional P on the class of all [y], having the same bound as N and coinciding 
with N on the range of definition of N. 

Having thus extended the range of N, we define \(Z) to be P([gg]) and pro- 
ceed in the manner of Hildebrandt.* That is to say, we can see that 


P(lé)) = Do eq) M(B); 
and consequently by means of the continuity of P that 


M(e) = N((e) = lim D ead) = i Edn. 


This integral is of the Hildebrandt-Stieltjes type, but since — is measurable 
relative to the class of all subsets E of Q, in the sense that the set E [a < &(q) 
<= b] is a subset of OQ, the Hildebrandt-Lebesgue integral exists and equals the 
Stieltjes integral.’ 

TueoreM II. Every linear and continuous functional M on X to R is expres- 
sible in the form 


M(é) = lim > £(p)Bs(p) (€ € %), 


the function B; being different from zero for at most a finite number of places p, and 
|| M || = lim 2 | B:(p) |. 
Pp 


To establish this result it suffices to modify the proof of Hildebrandt” as 
was done in the preceding theorem. 


2. Adjoint spaces. Throughout the remaining sections it will be understood 
that 

(h) $ is a normed linear space; 

(i) QQ is the unit sphere [all p such that || p || < 1] in $B; 

(j) &¥ is the set of all linear continuous functionals — on $ to R; 

(k) M is the set of all linear continuous functionals M on X to R. 


7 Opérations Linéaires, p. 55. 

8 Bounded functional operations, pp. 870-872. 
® Ibid., p. 869. 

” Tbid., p. 871. 
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TuHeoreM III. To every linear continuous functional M on X to & there corre- 
sponds a function ps , defined on D and having functional values in B% such that 


M(é) = lim £(ps) (é € X), 


and 
lim | ps|| < + «, 
F 


Since each € is linear, 


p> t(p)Bs(p) = (20 pBi(p)) ; 
whence if p; is defined to be be p8:(p), then 
HD pB:(p)) = (ps). 


Moreover, it is evident from the definition of Q and from the fact that 8;(p) = 0 
if p is not in Q that 


lps || S 20 | Bs(q)| S || M|| 
q 


for every 6. 

Let us now turn attention to an arbitrary class % and a relation R on {& 
which is transitive and compositive.” We shall say that 2 is weakly complete 
relative to 2 in the event that to every function p; on % to $ such that 


lim ‘| pri] < + © and lim (pi) (é € X) 


exists there corresponds a po in $ with the property that 


(po) = lim (pi) ( € %). 


If 2 is the set of positive integers and R is the “greater than” relation, then the 

restriction that the upper limit of || p; || is finite is a consequence of the existence 

of the lim &(p,), for every ~ However, this is not necessarily the case for 
l 


more general &r-systems. If $ is weakly complete relative to every % and R, 

then it is termed weakly complete. For separable spaces this definition is 

equivalent to the one of Banach,” as will be shown later. First we shall prove 
TueoreM IV. Every functional M in M is uniquely expressible as 


M(é) = &(po) ( € ¥) 
if and only if B is weakly complete relative toD. Furthermore $ is weakly com- 


plete relative to D if and only if it is weakly complete. 


11 R is compositive in case, for every 1; , 1, in 2, there is an J; in 2 such that J;r1; and 
lyrl,. (See Moore-Smith, loc. cit., p. 103.) 
12 Opérations Linéaires, p. 240. 
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If $ is weakly complete relative to D, then it follows from Theorem III 
that there exists, for every linear continuous functional M on X to R, a po in B 
with the desired property. Moreover, the existent po is clearly unique. Later 
it will be shown that the transformation M,() = &(p) establishes an equivalence 
in the sense of Banach" between and M, the adjoint of X. 

Suppose that every M in MM is expressible in the form &(p) and that p; is a 
function on % to $ such that the upper limit as to l of || p, || is finite and the 
limit as to 1 of &(p;,) exists for each — in ¥. If M,(£) is defined to be &(p,), there 
is a linear functional M,(é) which is the limit of M,(é) for each ~& Furthermore, 
this limit is continuous since 


| Mo(&) | = lim | Mi()| 3 || §|| -lim || pr ||. 


Therefore there must exist a po such that lim &(p;) = Mo() = &(po). 
l 


If one observes that 2 is weakly complete relative to D whenever it is weakly 
complete, then the proof of the theorem is completed. 

Coro.uary 2.1. If ¥ is separable and § is complete, then a necessary and 
sufficient condition that 8 be weakly complete is that it be weakly complete relative 
to the set of positive integers. 

Clearly it suffices to show that $ is weakly complete if it is weakly complete 
relative to the positive integers. For this purpose let Jt be the set of all M(é) 
which are of the form &(p). Then & is a linear and total subset of M; i.e., if 
& has the property that N(é) = 0 for every N in 9, & is the zero functional. 
Furthermore Jt is weakly closed. For if the sequence N,,(¢) = &(p,) of functionals 
in N converges weakly to M(é), then 


lim (px) = M(é) (& € X). 


But by hypothesis $ is weakly complete relative to the set of positive integers. 
Hence there is a pp such that 


§(po) = lim &(p.) = M(), 


which proves that M is in 9. Therefore since ¥ is separable, N coincides with 
m.'* The desired result then follows at once from Theorem IV. 

In his treatise on linear operations Banach establishes a sufficient condition 
that a space be equivalent to the adjoint of its adjoint.” The following theorem 
is a distinct generalization of his result. 

TuHeorEM V. If $ is weakly complete, then it is equivalent in the sense of 
Banach to M the adjoint of %. 


13 Tbid., p. 180; i.e., there is a bi-continuous linear transformation p = T(M) between 
both spaces such that || M || = || T(M) ||. 

4 Thid., p. 126. 

18 Tbhid., p. 189. 
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The theorem follows from Theorem IV and the remark on equivalence made 
in the proof of that theorem. To establish this fact, note that the transfor- 
mation effecting the isomorphism is M,(é) = &p). Therefore | M,(é) | s 


|| p ||-|| € ||, and hence the norm of M, is not greater than the norm of p. 
But by a theorem of Banach,” there is a functional & in ¥ such that £(p) = || p || 
and || & || = 1. Hence the norm of M, equais the norm of p. 


The theorem as proved by Banach assumes that $ is separable, complete, 
and that every bounded sequence in $ contains a subsequence which converges 
weakly to an element of $. Without assuming either the completeness or 
separability of $B it is easy to show that this latter compactness property 
always implies the weak completeness of $ relative to the set of positive integers. 


3. The converse of Theorem V. It is of considerable interest to know when 
the converse of Theorem V is true. We proceed to investigate that question 
in this section. Furthermore, we determine the analytic character of any 
equivalence between $ and the adjoint of %. 

If ¢ is a transformation of $ into M, then it is clear that ¢(p) is a function 
of ¢. For convenience we shall use the notation ¢(p | &) to denote the func- 
tional M = ¢(p) evaluated at & = &. 

TueoreM VI. Let $ be complete and let ¢ be a transformation between $ and 
the adjoint of %, which establishes an equivalence in the sense of Banach between 
these spaces. Then there is a unique rotation” f(p) of % about O, such that 


M(é) = ¢(p | &) = ef(p)] (p « B, & € X). 


Since the function &(p), as — varies over %, is in Mt and since the vanishing of 
¢(p | &) for every & implies that p = O,, it is clear that there exists a unique 
function p(p) such that 


(3.1) gle(p) | | = &(p) (p eB, & € %). 


Let Bo C $B be the contradomain of p, i.e., Bo = p(B). Then p is linear and 
continuous on $ to B). In fact, since ¢ establishes an equivalence between [ 
and the adjoint of ¥ and since the norm of £(p), as & varies over X, is the norm 
of p, we know that 


(3.2) I] e(p) || = Il p Il. 


Hence p has a linear continuous inverse” p* on Bp to §. 

It is apparent from what has been said above that Bp is a linear closed subset 
of 8. Therefore it is a Banach space and is of the second category.” But 
Y , being the contradomain of a linear continuous operator, is either of the 


8 Tbid., p. 55. 
" [bid., p. 173. 
8 Tbid., p. 145. 
” [bid., p. 14. 
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first category or is identical with $8.” Therefore 2) = 8, and equation (3.2) 
implies that p is a rotation of B about O,. Hence by equation (3.1) we have 


o(p | &) = ef(p)] (§ € X), 
for every p in , where f is defined to be p'. Then since p is a rotation about 
O,, 80 is f. 

TueoreM VII. If $ is complete, a necessary and sufficient condition that B% 
be equivalent to the adjoint of X is that B% be weakly complete. 

The sufficiency of the condition was shown in Theorem V without assuming 
the completeness of 8. The necessity will be shown to follow from Theorem VI. 
Let ¢ establish an equivalence between B and I. Then ¢(p | &) is of the form 
[f(p)]. Suppose that ps; on D to $ is such that the upper limit with respect 
to 6 of || ps || is finite and the limit with respect to 6 of (ps) exists for every 
in ¥. It is apparent that there is a functional M on ¥ to ® such that 


M(é) = lim elf '(ps) | €] (EX). 


It follows readily that M is linear and continuous. Therefore, there is a po 
in $ such that 


(3.3) elf '(po) |] = lim elf ‘(ps) | €] (& € X). 


Put into other terms, equation (3.3) states that 


§(po) = lim (ps). 


Hence, by Corollary 2.1, 8 is weakly complete. 


UNIVERSITY OF CHICAGO. 


20 Tbid., p. 38. 











SOME EXISTENCE THEOREMS FOR PROBLEMS IN THE 
CALCULUS OF VARIATIONS 


By E. J. McSHANE 


Introduction. In a recent paper’ I have established a theorem on semi- 
continuity of integrals of the calculus of variations under hypotheses weak 
enough to apply to the parametric and ordinary problems, as well as to several 
other problems. Here I wish to establish existence theorems of a comparable 
generality for the parametric and ordinary problems, as well as for problems 
involving higher derivatives. 

The added generality in the parametric problem is not very important. It 
consists merely of a relaxing of the continuity requirements on the integrand; 
instead of being required to have certain partial derivatives, the integrand is 
required only to be a lower semi-continuous function of its arguments. The 
chief point of interest is that the existence theorem for the parametric problem is 
obtained without added effort as a special case of one of the auxiliary theorems 
designed to handle the problem in ordinary form. 

With problems in ordinary form the situation is quite different. The existence 
theorems for such problems may be roughly classified into two types: those 
which depend on the behavior of the integrand f(z, y, y’) as|y’|—> ©, and 
those which depend on the differential properties of minimizing curves. The 
second type is not considered in this paper. In the first type, a fundamental 
theorem is the one’ which applies to quasi-regular integrands for which 


(*) S(z,yy)/\y | 2 as|y’ | &. 


This requirement implies in particular that f fdz is “positive quasi-regular semi- 
normal”, in Tonelli’s terminology. Clearly the requirement that (*) hold 
everywhere can be relaxed in two ways. We may suppose that (*) fails to hold 
on a set E, but f fdr remains positive quasi-regular semi-normal on E. The 
question is, how general can the set E be without disturbing the existence of the 
solution? In this paper a class of sets (progressively distributed sets) is defined, 
and it is shown that E may be any progressively distributed set. All previously 
known classes of sets Z are contained in this class. A different way of relaxing 


Received October 28, 1937. 

1 Semi-continuity of integrals in the calculus of variations, this Journal, vol. 2 (1936), 
p. 597. This paper will henceforth be referred to as SC. 

2M. Nagumo, Uber die gleichmassige Summierbarkeit und ihre Anwendung auf ein Varia- 
tionsproblem, Japanese Journal of Mathematics, vol. 6 (1929), pp. 173-182. 

E. J. McShane, Existence theorems for ordinary problems of the calculus of variations, 
Annali della R. Se. Norm. Sup. di Pisa, ser. II, vol. 3 (1934), p. 298. 

L. Tonelli, Su gli integrali del calcolo delle variazioni in forma ordinaria, Annali della R. 
Se. Norm. Sup. di Pisa, ser. II, vol. 3 (1934), p. 400. 
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(*) is simply to omit it without substituting the hypothesis of semi-normality. 
The sets E on which this may be done are of two types; those lying on absolutely 
continuous curves y = ¢(x), and those whose projections on the z-axis have 
measure 0. The first type’ we shall not discuss. ‘The second type is here shown 
to be in a sense somewhat illusory; for under the other hypotheses on f(z, y, y’) 
it is shown that it is possible to change independent variable from z to — = A(z) 
in such a way that the transform of f satisfies (*). However, it should be 
remarked that it is only because of the weak continuity requirements on our 
integrands that this transformation can be used, for the transform of f is not 
continuous. 

This last remark exemplifies the unification of theorems resulting from the 
analytical generality of the present methods. A previous example was the 
obtaining of a theorem for problems in parametric form as a by-product of our 
study of ordinary problems. A third example is contained in §10, where a 
theorem on integrals involving higher derivatives‘ is deduced without difficulty 
from the theorem on problems in ordinary form, which latter theorem is in turn 
immediately deducible from the theorem of §10. 


1. Notation and definitions. The letters y, » (with or without affixes) will 
be used to denote vectors (y', --- , y*), (n', --- , 2") in q-dimensional space; 
their lengths will be denoted by | y |, |7 |. We shall use a modification of the 
tensor summation convention: if a Greek-letter affix is repeated, the expression 
is to be summed over the values 1, --- , g of that affix. Thus de,.y% = diny, + 
-+» + a,ny%, summed on a@ but not on n. 

For functions ¢(¢) the symbol ¢(¢) shall denote ¢’(¢) whenever ¢’(é) is defined 
and finite, and shall have the value 0 elsewhere. 

Functions shall be permitted to assume the value +o, but not —. For 
the symbol « we adopt the same (obvious) calculation rules as in SC, and the 
same (trivial) extension of the meaning of lower semi-continuity. We again 
use the letters a.c. as an abbreviation for “absolutely continuous”’, and L.s.c. for 
“lower semi-continuous”. The integrals used will be Lebesgue integrals, with 
the same minor modification as in SC. 


2. The principal objects of study in this paper will be integrals 
Ty) = f fe,» 9) a 


in which the integrands f(z, y, y) = f(z, y',---, y’, y', --- , y satisfy the 
following conditions: 

(2.1a) f(z, y, y) is defined and finite for all (x, y) in a closed set A and all (finite) 
and is l.s.c. as a function of its 2q + 1 arguments; 

(2.1b) f(z, y, 0) is bounded on A; 

(2.1¢) for each (x, y) € A the function f(z, y, ) is a convex function of y. 


3 Tonelli, loc. cit., p. 428. 
‘This theorem generalizes the theorem obtained by Cinquini, Sopra l’esistenza della 
soluzione, etc., Annali della R. Sc. Norm. Sup. di Pisa, ser. II, vol. 5 (1936), pp. 169-190. 
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As is well known, if f has partial derivatives with respect to the gy’, (2.1c) is 
satisfied if and only if 
E(z0, yo, Yo. Y) = S(x0, yo. Y) — S(xo, yo, Ho) — (Y* — Yo) fie(to, Yo, Yo) 20 
for all (zo , yo) € A and all y and y. 
From f(z, y, y) we form the associated parametric integrand g(z, y, z, ¥), 
defined by the equations: 
g(x, y, &, y) = #f(z, y, y/%) if (x, y) € A and z > 0, 


(2.2) : . 
g(x, y, 9, y) = lim g(a, y, &, y)_ if (a, y) € A. 
g-+0 


If f(z, y, y) satisfies conditions (2.1), then g(z, y, y) satisfies the following 
conditions: 
(2.3a) g is defined (finite or + ~) for (x, y) € A, 2 0, all y, and is finite for t > 0; 
(2.3b) g is l.s.c. as a function of all its arguments; 


(2.3c) for each (xo , yo) € A, each (zo , Ho) with % = Oand each u < g(xo, Yo, Lo, Ho), 
there is a linear function az + bay" such that 


(i) av + bays > u and (ii) g(to, yo, &, y) 2 at + bay” 
for all (z, y) with z = 0; 
(2.3d) g(x, y, tz, ty) = tg(z, y, 2%, y) Uf (xz, y) eA andt 2 0. 


It follows’ that if C: z = x(t), y = y(t), (a S t S b) is an a.c. representation of a 
rectifiable curve lying in A, the integral 


Jc] = [ n(x), y(t), #(0), g(O) at 


is defined and is independent of the particular (a.c.) representation of C. In 
particular, if C happens to have an a.c. representation of the form y = y(z) 
(a S x S b), we may use this representation to evaluate J[C]; then, recalling 
(2.2), we see that 


Ty] = [ f(a, y(z), w(2)) dz = JIC), 


An important class of integrands f consists of those which, in addition to (2.1), 
satisfy (for some or all points (z, y) « A) the following condition: 
(2.4) the graph of f(z, y, y), as a function of yj, has a plane of support which touches 
it at only a single point;’ that is, there is a linear function a + bay" and a particular 
Yo such that 


fzyy—-a-by >0 fy x w, 
f(z, y; yo) _ bala = 0. 


5 The proof of this statement is contained in SC, p. 613. 
* SC, Theorem 2.1. Here g satisfies conditions (2.2) of SC. 
7 In the theory of convex bodies such a point is called an extreme point. 


(2.5) 
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In case f has partial derivatives with respect to the y’, the plane of support at yo 
is the same as the tangent plane at y , which is the graph of the linear function 
a+ bay* = f(z, y, Yo) + (¥* — Wo) fialz, Ys Yo); 
so, if we recall the definition of the E-function, condition (2.3) requires 
E(z,y,H,y)>90 ify x H. 


(The other condition, E(x, y, yo , yo) = 0, is always satisfied.) The integrals for 
which f satisfies (2.4) for every (z, y) «A have been called “positive quasi- 
regular semi-normal”’. 

We now wish to prove 

Lemma l. If f(z, y, y) satisfies (2.4), then g(x, y, z, y) satisfies the following: 
(2.6) there is a linear function cz + day* such that for all (z, y) # (0, 0) having 
z = O the inequality 

g(z, y, Z, y) — cL — day” > 0 
holds. 

With the a and b; of (2.5) we define c = a — 1, d; = b;. Suppose now 
g(x, y, 2, y) — ce — day* S 0 for some (2, ¥); we shall show that (z, y) = (0, 0). 
If we use (2.2) and (2.3), 

g(z, y, 1, Yo) = ¢ + baw, 
g(x, y, 4,9) S aé —% + Day”. 
Since g is convex in (2, ¥), 

g(z, y, 3(1 + 4), 8(yo + y)) S fall + Z) — 44 + $b.(y* + yo). 
Dividing both members by 3(1 + 4) and recalling that g is homogenous, we see 
that 
f(z, y, (Yo + y)/(L + #)) = g(a, y, 1, Yo + 9)/(1 + 2)) 

Sa — &/(1 + 4) + daly* + go)/(1 + 4) 
Now this, together with (2.5), implies that #/(1 + #) S 0, whence ¢ = 0- 
Making the substitution, we get 
f(z, ¥, Wo + ¥) Sa + bay" + Wo), 
which by (2.5) is possible only ify = 0. This establishes the lemma. 

Condition (2.5) attains usefulness through 

Lemma 2. If g(z, y, 2, y) ts L.s.c. and satisfies condition (2.6) at a point (20, yo) 
of A, then there is a positive constant k and a neighborhood U of (x0 , yo) such that 

o(z,y,#,9) =k + yy +ce+day* if % 2 0 and (z,y) € AU. 

Suppose this false; we can then find a sequence (z, , y,) of points of A tending 
to (zo , yo) and a sequence (z, , y,) such that 


(In, Yny ny Yn) < [22 + or ys)'/n + cén + day?. 
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This implies at once that (z, , jy.) # (0,0). As both members are positively 
homogeneous of degree 1 in (#, y), we may as well suppose that the expression 
in square brackets on the right has the value 1. From the (z%,, y,) we can 
select a subsequence (Zm, Ym) converging to a limit (%, yo); this limit will 
satisfy #5 + yf yi = 1. Now, since g is L.s.c., 

g(to, Yo, to, Yo) S lim inf g(rn, Ym, Em, Ym) S Cho + daWo. 


m-*o 


This violates condition (2.6), and so Lemma 2 is established. 


3. In the paper cited in footnote 1, some theorems on semi-continuity were 
established and utilized, together with the simplest convergence theorem, to 
obtain general existence theorems. This simplest convergence theorem applies 
only to integrals for which g(z, y, z, y) > 0 if (#, y) ¥ (0,0). In this section 
we shall establish a more general convergence theorem, of the type already 
studied by Hahn’ and Tonelli.’ 

Lemma 3. Jf 

(a) A is a bounded closed set; 

(b) J[C] satisfies conditions (2.3) and (2.6) for all (x, y) « A; 

(ce) for each constant xo , there is a number u(x) such that all the curves 


C:r=n, y =y'(0), (a Sts 5) 


in A for which J[C] S 0 have lengths S u(x); 
then for every positive number M all’® curves C in A such that J[C] S M have 
lengths less than a number N depending only on M. 

In the course of the proof of this lemma we shall consider curves C with 
various affixes. For such curves the defining functions, etc., will have 
corresponding affixes; thus, if C’, be a curve, we understand that it is defined by 
functions z = z),(s), y = y2,(s), (0 S s S L’,), where L’, isthe length of C). Also, 
we shall have occasion to select from among a finite number of arcs of a curve 
one which satisfies a certain criterion; if several of the ares satisfy the criterion, 
we shall always choose the one on which s is smallest. Finally, given a curve 


C,, we define J,(s) to be the integral [ g(tn, Yn, dn, Yr) ds (O S 8 S L,). 
0 


Suppose now that the lemma is false. We can then find an M and a sequence 
{C,} (with z,(s) 2 0) such that 


(3.1) J(C,] = M, 
and 
(3.2) lim L, = &. 


*H. Hahn, Uber ein Existenztheorem der Variationsrechnung, Sitzungber. d. Akad. d. 
Wiss. Wien, Mathem.-Naturwiss. K]., Abt. II-a, vol. 134 (1925), pp. 437-447. 

*L. Tonelli, Sull’esistenza del minimo in problemi di calcolo delle variazioni, Annali 
della R. Se. Norm. Sup. di Pisa, ser. II, vol. 1 (1932), pp. 89-99. 

1 We continue to.assume z 2 0. 
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We shall first show that the sequence {C,,} can be taken so as to have the follow- 
ing properties: 

(a) lim inf J,(s) S Oforall s = 0, 

(8) lim L, = ~, 

(y) the sequences {z,(0)} and {2z,(Z,)} converge to a common limit £. 

In order to prove this we find it convenient to consider two cases. 

Case I. The oscillations Ose J,(s) are unbounded. Let J,(s) assume its 
maximum at s,.2 and its minimum at s,,,. Either J,(s,,2) is unbounded above, 
in which case we may assume lim J,(8,,2) = ©; or else J,(8,,;) is unbounded 
below, in which case we may assume lim J,,(8,,1) = —«. In the former case we 
select the are corresponding to 8,2 < s < L, and rename it C*; in the latter 
case we denote by s,,o the greatest s in the interval [0, s,,;] for which J,(s) = 0, 
and choose C* to be the are corresponding to so S s S s:,. In either case we 
have 


(3.3) lim J[Cz] = —. 
We may assume that J[C*] < —n’; if this is not the case, we have only to 
choose a subsequence of {C*}, as is shown by (3.3). For k = 0,1, 2, --- ,n we 


define s; to be the greatest s for which J*(s) = kn‘J[C%]. The curve C% is thus 
cut into n arcs. If d be the diameter of the set A, for at least one such arc the 
projection on the z-axis is S d/n; we choose one such arc and call it C,. Then 
by the definition of the s, we have 


(3.4) Tn(s) = Ja(se + 8) — Ja(sr) <0 (0<sSL,), 


[ Gln, Gus ba, fe) ds = NC] = LICE s —n. 


The set of all arguments (z, y, z, ¥) with (z, y) «A, ¢ = 0, # + y*y* = lis 
bounded and closed, and on it g is l.s.c.; hence on this set g attains its lower 
bound —é. From (3.4) it is obvious that —é < 0, and 


Ln 
—sL, = -[ é-ds s J[C,] Ss —n, 
0 


so that 
(3.5) L, = n/S, 
and 
L,— @. 
From the curves C, we select a subsequence C, for which the numbers ,(0) 
approach a limit ¢ But the projection of C,, on the z-axis is at most d/n, so 
that (0) < #(L,) S 2,(0) + d/n. This implies that lim z,(L,) = &, and 


conditions (a), (8), (y) are all satisfied. 
Case II. The oscillations Ose J,(s) are bounded. Suppose that Ose J,(s) S 
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K. We assume, as we may, that L, = n’, and we cut C, into n ares each of 
length L,/n. At least one such are has a projection on the z-axis which is 
< d/n, where d is the diameter of A. We choose such an are and call it C* . 
Clearly L* = n® and Ose J3(s) S K. If we choose a subsequence (which we 
again call C*) such that the numbers r*(0) converge to a limit £, then from the 
inequality r(0) < r*(L*) < r-(0) + d/n we see that lim r*(L*) = § Hence 
(y) is satisfied. 

If for infinitely many curves C* we have J*(s) <0(0Oss8 ES). we select 
these curves as the C, , and (a), (8), (vy) are satisfied. If not, we have for almost 
all n the inequality 


m, = max J*(s) > 0. 


For k = 0, 1, --- , mn we define s; to be the least s for which J*(s) = m,k/n. 
The curve C* is thus divided into n ares. At least one has length = L*/n =n; 
we choose one such are and call it C,,. Since the C,, are ares of the C* , condition 
(y) remains satisfied; and since L, 2 n, (8) is also satisfied. By the definition 
of the s, we have (for a certain k) 


Jn(s) = J2 (se + 8) — J2 (sx) S milk + 1)/n — m,k/n S K/n(0 S 8 S L,); 


and thus (a) also holds. So in this case also conditions (a), (8) and (y) are 
satisfied. 

Letting h be a positive integer, we consider the functions x = 2,(s), y = 
yn(s), (0 S s S h), which are defined on this interval for almost all n. Since 
these functions are uniformly bounded and satisfy a Lipschitz condition of 
constant 1, we can select a subsequence {C,,,} for which z,,,(s) and yn,(s) 
converge to limit functions xo(s), yo(s), respectively, uniformly for 0 < s S A. 
If we thus select {C,}, and from it select {C,2}, and so forth, we can by the 
diagonal process select a subsequence {C,,} such that on every finite interval 
0 S s S & the functions z,,(s), ym(s) converge uniformly to limit functions 
ao(s), yo(s). Because of (y), to(s) = &. Because of the lower semi-continuity” 
of J[C], it follows from (a) that Jo(s) S 0 for every s. Hence by hypothesis (c) 
the curve rz = 2(s), y = yo(s), (0 S s S sg) has length < u(é), whatever s 
may be. This can only be true if xo(s), yo(s) approach unique limits z*, y* as 
s—> «0. (Clearly z* = £.) 

By Lemmas 1 and 2, hypothesis (b) implies that there exists a neighborhood 
U of (2*, y*) (which we shall take to be a spherical neighborhood having radius 
2p and center at (x*, y*)) and numbers k > 0, a, b’, --- , b® such that 


g(x, Y, Z, y) — at — b*y* = k 


for all points (z, y) of AU and all unit vectors (z, y) with ¢ 20. Let N be 
chosen large enough so that (zo(s), yo(s)) has distance less than p from (z* , y*) 
when s = N, and let A be any positive number. Then for all sufficiently large n 


1 SC, Theorem 3.1. 
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the are x = 2,(s), y = yn(s), (VN Ss S| N +h) liesin U. Since (@,, y,) isa 
unit vector for almost all s, and z, 2 0, this implies 


[ g(In, Yn, En, Yds > kh + al[z,(N +h) — 2.(N)] + O° [ys(N +h) — yr(N)] 
> kh — 4p(ja| +|b'| + --- +|b*)). 


Using again the semi-continuity of J[C], we find that for all sufficiently large n 
we have 


s 
[ (ny Yny Eny Yn) ds = Jo(N) — 1. 
0 


Adding the last two inequalities, we get 
JAN +h) = kh + Jo(N) — 1 — 4p(la| + [0] + --- + | 68). 


If we choose and fix a sufficiently large value of h, the right side exceeds 1. 
But this contradicts (a), and so the lemma is established. 


4. We are now able to establish an existence theorem for the associated 
parametric problem f gds = min. 

THEorEM 1. Jf 

(a) A is bounded and closed, and g(x, y, %, ij) satisfies conditions (2.3) on A; 

(b) g satisfies condition (2.6) for each (x, y) € A; 

(c) for each fixed x, all the rectifiable curves C: x = x, y = y(s) with J[C] = 0 
have uniformly bounded lengths; 

(d) K is a complete class of rectifiable curves lying in A and having (s) = 0; 
then in the class K there is a minimizing curve for J[C]. 

If J[C] = for every curve of K, then any curve of K gives J[C] its least 
value, «. Otherwise J[C] assumes a finite value M — 1. Choose now a 
sequence {C,} of curves of K such that J[C,] tends to the lower bound m of 
J(C] on K. -We may assume J[C,] < M for alln. By Lemma 3, the curves C, 
have uniformly bounded lengths. Therefore it is possible to select a subsequence 
{C,,} of the C, such that C,,; tends to a rectifiable limit curve Co. Since EB is 
complete, Co is in K, and so J[C)] = m. But on the other hand the curves 
Co, Cn,, Cn,, +--+ are of uniformly bounded lengths, so J[C] is l.s.c. on this 
class,” and J[Co] < lim inf J[C,,] = m. Therefore J[Co] = m, and this com- 
pletes the proof. 

From this theorem we obtain as a corollary an existence theorem for integrals 
in parametric form. An integrand g(y, y) in parametric form may be regarded 
as an integrand g(z, y, <, y) which happens to be independent of z and «. If 
g(y, y) is defined for y ¢ B and all y, then we may regard it as a function g(z, y, 
%, y) defined for all z, all ye B, all 2 0, all y. Suppose that g(y, 7) satisfies 
the condition 


‘2 SC, Theorem 3.1. 
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(4.1) for each y € B, each ij) and each u < gy, jo) there is a linear function cay“ 
such that 


(i) Cals > U 

and 

(ii) gy, ¥) 2 cay" 

for all y. 

Then clearly condition (2.3c) is satisfied if we take a = 0, 6; = c;. In 


particular, condition (4.1) (and therefore (2.3c)) holds if g(y, y) is convex in y 
for each ye B. Furthermore, if 
(4.2) for each y « B there is a linear function cay" such that 


g(y, ¥) — cay“ > 0 ifi\y|> 9, 


then condition (2.6) holds; we have only to take d; = c;, ¢ = —1 in (2.6). 
We may therefore state 

THEeorEM 2. If 

(a) g(y, y) is defined (finite or + ~) and L.s.c. for all y in a bounded closed set B 
and all y, and is positively homogeneous of degree 1 in y; 

(b) g satisfies conditions (4.1) and (4.2); 

(ec) the rectifiable curves C: y = y(s) in B for which J[C] < 0 have uniformly 
bounded lengths; 

(d) K is a complete class of rectifiable curves lying in B; 
then in the class K there is a minimizing curve for J[C}. 

In (2, y)-space we consider the set A of points (z, y) such that x = 0 and 
y ¢ B; this is bounded and closed. We set g(x, y, 2, y) = g(y, y) for (x, y) € A, 
and let K be the class of curves C: x = 0, y = y(s) with y(s) in K. Then by 
Theorem 1 there is a minimizing curve x = 0, y = yo(s) for f g(x, y, 2, y) ds in the 


class K. It follows at once that y = yo(s) minimizes J[C] in K. 


5. The remainder of this paper will be primarily concerned with existence 
theorems for integrals in ordinary form. For the study of these integrals it is 
convenient to utilize a property of point sets which we shall call “progressive 
distribution”. 

Roughly speaking, we may say that a set Z of points (z, y) has this property 

if a rectifiable curve x = x(s), y = y(s) with x’(s) = 0 cannot stay in the set E 
without obliging the tangent vector (z’, y’) to have a positive component 2’ 
along the z-axis. More precisely: 
(5.1) A set E in (2x, y', ---, y")-space is progressively distributed if for every 
absolutely continuous representation of every rectifiable curve x = x(t), y = y(t), 
(a <t<b), z(t) = 0 the conditions (x(t), y(t)) in E, z(t) = 0, y(t) ¥ 0 are not 
simultaneously satisfied except at most on a set of t of measure 0. 

If we introduce the notation (to be retained throughout this section) T's 
for the set of ¢ such that (x(t), y(t)) « E, To for the set of t such that z(t) = 0, 
and 7, for the set of ¢ such that | g(t) | > 0, condition (5.1) assumes the form 


m(ToT,Ts) = 0. 
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An equivalent statement is that 
(5.2) a set E is progressively distributed if, whenever x = x(s), y = y(s) is a recti- 
fiable curve (s being arc length) with #(s) = 0, the conditions z(s) = 0 and (2x(s), 
y(s)) € E cannot hold simultaneously except on a set of measure 0. 

With symbols analogous to those introduced just above, condition (5.2) can 
be written 


m(SoSz) = 0. 


It is clear that (5.1) implies (5.2). For suppose (5.1) holds; we must show 
m(SoSz) = 0. Write 


SoSe = SoSeS,. + SoSeCS. ° 


The first set on the right has measure 0 by (5.1). The second set is contained 
in the set SoCS, on which z(s) = 0 and | y(s) | = 0. This set has measure 0, 
so SoS, has measure 0. 

Conversely, let the set E satisfy (5.2). Let x = 2(s), y = y(s), (0S s S L) 
be a rectifiable curve with are length as parameter and such that #(s) 0, 
and let = é(t), y = n(t), (@ S t S b) be another a.c. representation of the 
same curve. Define N, to be the set of s such that z’(s) or y’(s) is undefined, 
and define N; to be the set of ¢ for which one or more of the derivatives s’(t), 
£’(t), n’(t) is undefined. Since all these functions are a.c., mN, = mN; = 0. 

From the inequality 


| n'(t) — n‘(e)| S | 8) — s(@) | 


we see at once that »’(t) = 0 whenever s(t) = 0. If te TeToT, — Ni, then 
n'(t) is defined and ~ 0, so s’(t) ¥ 0: 


(5.3) s(t) ca 0 for te TT oT, -_ N; . 


s 
2 


We next show 
(5.4) s(t) e SoSe +N, forte TeToTs — Ni. 


If ¢ is in the last-mentioned set, either x’(s(t)) and y’(s(¢)) are both defined or 
else they are not. In the latter case s(t) « N, by definition of N,. In the former 
case, £’(t) = 2x’(s(t)) s’(t). But &’(t) = 0 because t e Ty , whereas s’(t) # 0 by 
(5.3). Hence x’(s(t)) = 0, and s(t) e So. That s(t) e Sg is immediate, because 
(x(s(t)), y(s())) = (&(®, n() € #. So in this case s(t) « SoSz, and (5.4) is 
established. 

Now SoS¢g has measure 0 by condition (5.2), while we already know N, has 
measure 0. So by (5.4), the a.c. function s(t) maps 7,797. — N;: on a set of 
measure 0, and therefore” s(t) = 0 almost everywhere in T)7,7T, — Ni. This, 
with (5.3), implies that the last-named set has measure 0. But N; has measure 
0, so 


m(ToTzT.) = 0, 
and condition (5.1) is satisfied. 


13 Carathéodory, Vorlesungen tiber Reelle Funktionen, p. 560, Theorem 2. 
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We shall now investigate some of the properties of progressively distributed 
sets. 

Lemna 4. If E is progressively distributed, so is every subset E* of E. 

The proof is obvious. 

Lemma 5. If E,, Ez, --- is a finite or denumerable collection of progressively 
distributed sets, the set E = > E,, is progressively distributed. 

With the above notation we have 


Te= STs, TT Te = DTT s,, 


and each set in the sum on the right has measure 0. 
Lemma 6. [If the set E is such that its projections on the spaces (x, y', --- , y') 
and (x, y***, --- , y*) are progressively distributed, then E is progressively distributed. 
Let the projections mentioned be E’, E”’, respectively. With the usual 
notation, the set 7, is the sum of the sets T’. on which (y’, --- , 9‘) ¥ (0, --- , 0) 
and the set T on which (j‘*', --- , 9") ¥ (0, --- ,0). The set 7, is the product 
of the sets T;, on which (z, y'(z), --- , y*(z)) € E’, and Tz, on which 


(zx, y**(z), ob y*(x)) € E”. 


By hypothesis, 
m(ToT T+) = m(ToT eT.) = 0. 


Hence the set 
TTT. = ToT eT lT. + To) SC ToT cle + ToT ele 


has measure 0, and E£ is progressively distributed. 

By induction we obtain the corollary 

Lemma 7. If there is a partition of the y' into sets (y’, --- , y"), (y°™, ---, y’), 
--+,(y'", --+, y® such that the projection of E on each of the spaces 


(x, y', wate ,y'), wel are ee »y') 
is progressively distributed, then E is progressively distributed. 

Lemma 8. If E, is progressively distributed and E is the set of all points (zx, y) 
such that (x, y + o(r)) € E, , where ¢'(x), --- , o“(x) are a.c. functions, then E is 
progressively distributed. 

Let c = z(t), y = y(t), (@ S t S b) be an ace. curve with ¢ 2 0, and let 
y(t) = y(t) + o(2(t)). Since (x(t) is a.c.,"* the functions z = z(t), y = m(0), 
(a St S b) also are an a.c. representation of acurve with 20. In accordance 
with our usual notation, we let 7 be the set of all ¢ such that (x(t), y(@)) € E, 
and let T's, be the set of all ¢ such that (z(t), y:(t)) «Zi. By the definition of y:, 
these sets are identical. Also, we let 7, , T}. be respectively the sets of ¢ such 
that | g(t) | ~ 0, | m(t)| ¥ 0. By hypothesis, m(T)T.T:,) = 0; we must show 
m(T oT.Tz) = 0. Since z(t) is a.c. and ¢ = 0 on Ty, the set Ty) is mapped by 


™ Carathéodory, op. cit., p. 556, Theorem 12. 
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x = x(t) on a set of x of measure 0.” Since ¢'(z) is a.c., this last set is in turn 
mapped by y’ = ¢'(z) on a set Y* of measure 0. That is, y* = $'(z(2)) is an a.c. 
function which maps 7» on a set Y' of measure 0. Therefore,’* for almost all 
t eT), we have dg'/dt = 0, so that y(t) = m(t) — do(x(t)) /dt = y(t) for almost 
allte 7). Thus the sets ToT, and T,T} differ only by a set of measure 0, and so 


m(ToT Ts) = m(ToT+Tx,) = 0. 


Lemma 9. Jf E, ts progressively distributed and &(x) is monotonic increasing 
and a.c. on an interval (x; , 22), then the set E of all points (x, y) witha, S x S x 
and (é(x), y) « E; is progressively distributed. 

Let z = x(t), y = y(t) be an a.c. curve with ¢ = 0; then x = 2,(t) = é(z(2)), 
y = y(t) is also an a.c. curve with 4; 2 0. The set 7 on which (z(¢), y(t)) « Eis 
the same as the set 7, on which (z;(¢), y(t)) «£,. The set 7, is the same for 
both curves. If we can show that the set 7} , on which #, = 0, and the set To, 
on which # = 0, are such that m(7) — T}) = 0, the proof will then be complete, 
for then we will have 


m(ToT,T x) < m{(To — T})T.Ts] + m(TIT.Ts) = 0. 


Let N, be the set of x such that ¢’(x) is undefined; this set has measure 0, 
since (x) is a.c. For the same reason, its image N; , consisting of all numbers 
§(x) with z e N,, has measure 0. We now split 7) into the subset T’ on which 
z(t) e Nz, and the subset 7”, on which z(¢) is not in N,, and £’(x(t)) is therefore 
defined. The a.c. function z(t) = é&(z(t)) maps T’ on a subset of N; , which 
has measure 0; so” we have #;(t) = 0 almost everywhere in 7’. On almost all of 
T” we have #,(t) = ¢’(2(t))z() = 0. Hence 4,(t) = 0 almost everywhere 
in Ty ; that is, To — T} is a set of measure 0, and the proof is complete. 

Lema 10. Inthe plane, if the projection P of the set E on the y-axis has measure 
0, the set E is progressively distributed. 

If te Tz, then y(t) ¢P. This implies” y(t) = 0 almost everywhere in T; ; 
that is, m(T,Ts) = 0, and E is progressively distributed. 

By Lemmas 5 to 10 we see, for example, that a set E is progressively distributed 
if it lies on a family of curves y' = ¢),(z) + a’, where the ¢',(z) belong to a denu- 
merable family of a.c. functions and the numbers a’ belong to a set of measure 0. 

The application of the notion of progressively distributed sets to our variations 
problems will be through 

Lemma 11. If g(x, y, &, ¥) satisfies conditions (2.3) on A, and there is a pro- 
gressively distributed set E such that g(x, y, 0, y) = © forall (x, y)« A — E and 
all y # 0, then for every a.c. curve C: x = x(s), y = y(s), (0 S s S L) such that 
J[C] < « we have z(s) > 0 almost everywhere. 

Since J[C] < «, the function g(z, y, , y) is summable, hence almost every- 
where finite. Split (0, L) into the set Sz, on which (z(s), y(s)) « Z, and the 

18 Hobson, Theory of Functions cf a Real Variable, vol. 1, pp. 606 and 342. 


16 Carathéodory, loc. cit. (footnote 13). 
17 Carathéodory, loc. cit. (footnote 13). 
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remaining set CS,. Almost everywhere in Sg we have #(s) > 0, since E is 
progressively distributed. Almost everywhere in CS, we have g(z, y, #, y) < ~, 
hence ¢ > 0. This completes the proof. 

Let us agree that a function y(x), defined and single-valued on a degenerate 
interval consisting of a single point, will be called a.c. Then Lemma 11 implies 
at once 

Lemma 12. Under the hypotheses of Lemma 11, if C is a rectifiable curve such 
that J(C| < ~, then C has an a.c. representation y = y(x) (a S x Sb). 

Let x = x(s), y = §(s), (0 S s S L) be the representation of C with arc length 
as parameter. If L = 0, C consists of a single point, which can be given the a.c. 
representation y = y(z) = g(0), x = 2(0). Otherwise, L > 0. Then, by 
Lemma 11, #(s) > 0 for almost all s, so” x(s) has an a.c. inverse s(x). Changing 
parameter to x, we find that C has the representation z = z, y = y(x) = 9(s(z)), 
(x(0) S x S x(L)) and y(z) is a.c.” 

Another corollary is 

Lemma 13. Under the hypotheses of Lemma 11, hypothesis (c) of Lemma 3 is 
fulfilled. 

Let zx = x(s) =m, y = y(s), (0 S s S L) beacurve with J[C] < 0. Then 
z(s) = 0, while by Lemma 11 2#(s) > 0 for almost all sin (0, L]. This is possible 
only if L = 0, so in hypothesis (c) of Lemma 3 we can take u(x) = 0. 


6. We now take up the proof of our first existence theorem for problems in 


ordinary form. 
TueoreM 3. If 
(a) A is a bounded closed set of points; 
(b) K, is a complete class of a.c. functions lying in A; 
(c) f(x, y, y) satisfies conditions (2.1) and (2.4) on A; 
(d) the equation” 


holds for all y # (0, --- ,0) and all (x, y) in A — E, where E is a progressively 
distributed set; 
then there exists a function y = yo(x) in the class K, for which I{y] assumes its 


least value on K, . 
If I[y] = © for all curves y of K, then any curve yw of K, gives I[y] its least 


18 Carathéodory, loc. cit. (footnote 13), p. 584, Satz 3. 

19 Carathéodory, loc. cit. (footnote 14). 

2° It is worth noticing that the associated parametric integrand g(z, y, z, y) necessarily 
satisfies condition (2.6) at each (z, y) « A at which (6.1) (or the equivalent statement (6.3)) 
holds. For let S, be the set of (z, y) for which z? + yy* = 1 and g(z, y, z, y) + ne S 0. 
Each S, is bounded and closed, and S; DS; D>S;D---. No point (z, y) with z > 0 belongs 
to any S, with n > —g(z, y, z, y)/z # +@ , and no point (0, ¥) belongs to any S, , since 
g(z, y, 0, y) = © by (6.3). So ILS, is empty, and therefore there is an n for which S,, is 
empty. For this n we have g + nz > 0 if z* + yy = 1, and by homogeneity g + nz > 0 
if (z, y) # (0, 0). 
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value, «. Otherwise, for some y of K, the integral J[y] assumes a finite value 
M — 1. Choose now a sequence y, y2,--- of functions of K, for which 
I{y,] tends to the lower bound m of I[y] on K,. We may assume I[y,] < M 
for alln. That is, using the associated parametric integrand and denoting the 
curve y = y,(x) by C, , we have 


(6.2) J([C,] < M, J([C,] — m. 
In terms of the associated parametric integrand, (6.1) becomes 
(6.3) g(x, y,0,y) = © for (z,y)eA — E,|y| #0. 


Therefore the hypotheses of Lemma 11 are satisfied, and by Lemma 13 hypothe- 
sis (c) of Lemma 3 is verified. Moreover, from Lemma 1 we learn that g 
satisfies condition (2.6) for all (x, y) « At. So by Lemma 3 the curves C, have 
uniformly bounded lengths. Therefore, by Hilbert’s theorem, they possess a 
curve of accumulation C: x = #(s), y = g(s), and a subsequence of the C, 
(we may suppose it is the whole sequence) tends to @. By the semi-continuity” 
of J[C] it follows that J[C] < lim inf J[C,] = m. But by Lemma 12 this 
implies that C has an a.c. representation y = yo(x). Since y = yo(z) is an a.c. 
limit function of a sequence {y,} of functions of K, , and K, is complete, y = yo(z) 
is itself in K, , and I[yo] 2m. Therefore, 


and the theorem is proved. 


7. So far we have assumed that (except on a progressively distributed set) 
the relation g(z, y, 0, y) = © holds for|y|+# 0. We now show that our 
conclusions hold if by a change of independent variable we can arrive at this 
property for the transform of g. Let us say that 


(7.1) S(z, y, 9) (or g(@, y, #, 9) 


satisfies the x-transform condition on A with the exception of E if there is 

(7.1a) a function v(x) defined on [a, b] (where a and b are such that the set A lies. 
between x = aand x = b), positive, l.s.c. and summable; 

(7.1b) a set N whose projection on the x-axis has measure 0, such that if 


(tn, Yn, ny Yn) — (Lo, Yo, Lo, Yo) 


and 
(tn, yn) € A — N, (to, yo) «A — E, | yo | 0, 
then 
lim g(r, Ynys £,/v(rn), Yn) = @, 
Then 


218C, Theorem 5.1. 











146 E. J. MCSHANE 


TueoreM 4. Jf 

(a) A is a bounded closed set, and f(x, y, y) satisfies condition (2.1) on A; 

(b) f(x, y, y) satisfies the z-transform condition on A with the exception of a 
progressively distributed set E; 

(ce) f(z, y, y) satisfies condition (2.4) on E; 

(d) K, is a complete class of a.c. curves lying in A; 
then in the class K, there is a minimizing curve for I[y]. 

Since the projection of N has measure 0, there is a summable function ¢(z), 


l.s.c. on [a, b], such that ¢(z) > 0 on [a, b] and 

(7.2) o(x) = x 

on the projection of N. (De la Vallée Poussin’s “majorante”’ for the function 
2 on the projection of N and 0 elsewhere will serve for ¢(z).) Since v + ¢ 
is summable, it is easy to show that there is a positive-valued monotonic in- 
creasing continuous function u(z) defined for 0 S z such that 


lim p(z)/z = 


and 
(7.3) A(x) = u(r(z) + (2)) 


is summable on [a, b]. Since uw is monotone and continuous, we see that A(z) 
is l.s.c. We define 


A(z) = [ d(x) dz, 


and make the transformation § = A(z). This is a.c. on [a, b], and since \ > 0 
it has an a.c. inverse x = A~'(£) (O S$ — S A(b)). Under this transformation A 
goes over into the set A,, consisting of those points (, y) such that (A~’(é), y) € A; 
likewise E goes into a set E, which is progressively distributed, by Lemma 9, 
and N goes into a set N, whose projection on the £-axis has measure 0. 

From (c) and (a) it follows that there is a number c > 0 such that g;(z, y, z, y) 
= g(x, y, 2, y) — cé is monotonic decreasing” in ¢. We now define a function 
9(é, y, =, y) as follows: On the set H, consisting of all (£, y, &, y) with (&, y) «Ai — Mi 
and — = O and all (£, y, &, y) with (&, y) « A; and y = 0, we set 


(7.4) 9(E, y, & ¥) = g(x, y, E/Az), y) — c&/X(z), 
wherein z = A-'(¢). On the set K consisting of all (£, y, &, y) with (£, y) «Ai; 
and | y | + 0 we set 
(7.5) (Ey, & y) = &. 

The function thus defined is l.s.c. Suppose (0 , yo, &, jo) € H + K and that 
(En, Yn, En, Yn) €H + K and tends to (&, yo, &, yo). In calculating lim inf 


2 Cf. SC, p. 613. . 
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G(En, Yn, En, Yn) We may disregard all n such that (&, yn, x, Yn) €K, for 
9 = for all such arguments. So we assume (f,, Yn, én, Jn) €H. Define 
x; = A'(&) (¢ = 0,1, 2, --- ). We consider two cases. 

Case 1. (&, yo, &, Ho) eK. Then (&, yo) €Ni, and v(x) + o(m) = &~. 
Hence lim (»(z,) + ¢(2,)) = ©, and 


(7.6) 0 S lim v(z,)/A(zn) S lim (v(2n) + O(2n))/A(2n) = 0. 
Therefore, ~,»(z,)/(2n) — 0, and by hypothesis (c) 
lim 9(&m, Yny Evy Yn) = lim {g(en, Yn, [Env(en)/M(Ln)]/v(an), Yn) — CEn/dLn)} 
= © — 0 = g(t, yo, bo, Ho). 
Case2. (&, 40, %,%) ¢€H. We first select a subsequence { p} of the integers 
n such that 
(7.7) lim 9(&>, Ye» >, Yo) = lim inf 9(Em, yn, En, Yn); 
and then we select a subsequence {r} of the p’s such that 
lim A(z,) = lim inf X(z,). 
Since g — cz is l.s.c. and is monotonic decreasing in Z, and X(z) is L.s.c., 
lim 9(f> 5 Yo» >» Yo) = lim OE, yr, & » Hr) 
= lim [9(z- , yr, &/M2z-), Yr) — c&-/d(2r)] 
= g(xo, yo, &/lim X(z-), Yo) — cé/lim d(z,) 
= g(xo, yo, &/d(x0), Yo) — cho/A(x0) 
= 9(&, yo, &, Ho). 
This, with (7.7), establishes our conclusion. 
If (& , yo) € Ar — E, and | yo | ¥ 0, we find 
(7.8) 9( , yo, 0, Yo) = &. 


For (& , yo, 0, Yo) ¢ K this is obvious from (7.5). For (& , yo, 0, yo) € H, in the 
statement of the z-transform condition we take z, = 2) = A~’(), yn = Yo, 
Yn = Yo for alln. Then (z,, yn) «A — N by the definition of H, and by the 
z-transform condition 


9(f , yo, 9, Yo) = g(Xo , yo, 0, Yo) = lim g(Xn, yn, 9, Yn) = 2, 


The function g(t, y, & #) satisfies condition (2.3c). For if (£, y) «Ai, 
then g = © except along the axis, where it is a linear function dé. Then for 
any (&, Yo) the linear function af + bay* = dé + nysy* will serve in (2.3c) 
if n is large enough. If (¢, y) «A; — Ni and X(A“‘(é)) ¥ @, then 9(&, y, &, 9) 
is merely the linear transform of the convex function g — cz, so it is convex and 
(2.3c) holds. If (¢, y) «A, — N, and (A “(é)) = @, then g(é y, & 9) = 
g(x, y, 0, ¥), which is convex in (é, 9). 
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Moreover, if (£, y) « £; , condition (2.6) holds. For then there is a linear 
function az + b.y* such that 
g(A-"(é), y, #, 9) > at + bay* for (%, y) ¥ (0, 0), 


by hypothesis (c) and Lemma 1. Then the linear function [— 1 + (a — ec) 
/Max)lé + bay® serves for g. For either (¢, y, &, 7) « H, and then 


9(E, y, & 9) = g(x, y, E/A(x), y) — c&/A(z) 
> (a — c)E/Nzx) + bay* for (E/A(z), y) ¥ (0, 9), 
whence 
gE, y, & 9) > [— 1 + (a — ©)/Aa)JE + bay* for (§ y) ¥ (0, 0); 
or else (£, y, &, y) « K, and 
oy, & y) = © > [— 14+ @ — 0)/A@)E + day’. 
Now let C: y = y(x) (x1 S x S 2) be an a.c. curve in A, and let 


r:y = n(é) 


y(A~*(€)), f = A(m) S & S A(x) = & 


be its transform. Then 


Tinl = I * 9&0, 1, ade 


1 


< [ g(A(z), n(A(x)), 1, 9(A(x)))- A(x) dx 


= [ g(A(z), y(x), 1, g(x) /A(x)) A(z) dx 


(7.9) 
= [ g(A(x), y(x), Mx), y(x)) dx 


1 


4 I ” tale, vl), 1, (2) — elas 


= I[y] — c(ze — 2). 


If C,: y = yn(x) (a, S x S b,) is a sequence of a.c. curves in A such that the 
numbers J[y,] are bounded, then by (7.9) for the transforms [,: y = 7,(£) the 
numbers J[n,] are bounded. By Lemmas 13 and 3, the curves T, have uni- 
formly bounded lengths. They therefore have a curve of accumulation To. 
By our semi-continuity theorem™ J[I')] < lim inf I[n,] < «, so by Lemma 12 Ty 
has an a.c. representation y = m(£). The transformation from A to A, is 
continuous both ways, so the curves C, have for their curve of accumulation the 
transform Cy of To. This transform is given by the equation Cy: y = yo(z) = 


23 SC, Theorem 3,1. The function @ satisfies conditions 2.2 of SC. 
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no(A(x)), and since the last function is an a.c. function of a monotonic a.c. 
function, it is a.e. 

In particular, if the curves C, form a minimizing sequence in the class K, , 
then the curve Cp is in K, , because K, is complete. So by the usual argument 
Co is a minimizing curve for I[y] on the class K, . 


8. The z-transform condition defined in the preceding section is defined with 
respect to the whole set A. We shall now study local criteria which will ensure 
that the z-transform condition is satisfied on A. 

Lemma 14. If A is bounded and closed, and if at all points (xo , yo) of A except 
at most those of a progressively distributed set Ey one of the two conditions holds: 

(i) g(to, yo, 0, y) = ~ for|y| # 0; 

(ii) there is a neighborhood U:| x — 19 | < €,| y — yo| < € such that g satisfies 
the z-transform condition on AU with the exception of a progressively distributed 
set E; 
then g satisfies the x-transform condition on A with the exception of a progressively 
distributed set. 

Let B be the subset of A on which (i) holds, and let C = A —- B— EB). To 
each (z, y) in C there is a neighborhood U as described in (ii). A denumerable 
collection of these neighborhoods covers C. Denote these neighborhoods by 
Ui:|2 — Fi) <e,)/y — Gi) < 6, @ = 1,2,---). For each 7 there is a set 
N; whose projection on the z-axis has measure 0, a progressively distributed 
set E; and a positive l.s.c. function v(x) summable over [%; — ¢€; , #; + €:] which 
serves in the definition of the z-transform condition on AU. Define 


E=)> E£,, N=DNi, 
0 1 


: fy+e; 
k; = 2 / | vi(x) dz, 


a) < if tS%—e or tr2i+ 6, 
| kivi(x) if Z—-e<czr~ cite, 


(2) = 14 »» v(x). 
Let a, b be numbers such that A lies between z = aandz = b. Then 
b ‘ ; 
[ vi (x)dz = 2", 
so that v(x) is summable on (a, 6). Also v(x) is Ls.c., being the sum of non- 
negative |.s.c. functions. The set E is progressively distributed by Lemma 6, 


and the projection of N on the z-axis has measure 0. 
Now let (zo, yo) be in A — E, and | y| ¥ 0, and let (tn, yn, Zn, Yn) be a 











150 E, J. MCSHANE 


sequence tending to (x , yo, 0, yo) and such that (z,, yx.) «A — N. We must 
prove 


(8.1) lim g(2n, Yn, Xn/v(In), Yn) = ©. 


Suppose first that (7 , yo) «C. Then (x, yo) « U; for some i. If we set 
Un = Fnvi(Ln)/v(2n), 
then since v(x) > k,»;(x) we see that 


0 < lim », S lim z,/k; = 0. 


For large n the point (z, , y,) « U; , and we have assumed 
(tr, yny€A—-NCA—WN, and (m%,y)e«AU; — EC AU; — £;. 
So by the definition of the z-transform condition 


lim g(2n, Yn, En/v(2n), Yn) = lim g(tn, Yn, Un/vilTn), Yn) = ©. 


Suppose next that (x, yo) « B. Then by the semi-continuity of g, and the 
relation z,/»(z,) — 0 we have 


lim inf g(xn , Yn ’ &,/v(rtn), Yn) = g(xo, Yo, 0, Yo) = 2 


Thus (8.1) holds in all cases, and the lemma is established. 

Lemma” 15. The function g satisfies the z-transform condition on a neighborhood 
of the point (xo , yo) of A if it satisfies the following condition (condition B). There 
exist three functions $(z), ¥(z), M(z) and three constants | > 0, a > 0, u such that 

(i) (2) is defined and summable in (0, 1), and ¢(z) > ~ asz—0; 

(ii) ¥(z) is defined and continuous” on (0, ~), is non-negative and monotonic 
increasing, and 


lim inf 2¢(z)¥(¢(z)) > 0; 


(iii) M(z) is defined forz = 0, and M(z) — ~ asz— ~; 

(iv) the inequality 
(8.2) S(z,y, 9) 2\y|M(\x — m|-|9|-¥g))) +4 
holds for all (x, y) « A ona neighborhood U of (xo , yo). 

To begin with, we may assume that $(z) is L.s.c., for if we define y(z) to be the 
lower limit function of ¢(z) (that is, the smaller of ¢(z) and lim inf $(2) as Z — 2), 


then y(z) is Ls.c. There is a k > 0 such that z¢(z) ¥(¢(z)) = k if z is small, by 
(iii). For such z, choose a sequence z, — z such that $(z,) — y(z); then 


zy(z) W(y(z)) = lim 2,¢(zn) W(O(z,)) = k. 


** Tonelli, op. cit. (footnote 2), p. 17. 
23 The assumption of continuity is not really needed. 
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So y would serve in place of ¢, and we therefore may suppose ¢ to be I.s.c. from 
the start. Likewise, since lim ¢o(z) = , by restricting z to a neighborhood 
[0, 2’] with l’ < l we can ensure ¢(z) > 1. Also, by shrinking U, we can obtain 
|2—20| <I’ forall (z,y) € U. 

Now in the definition of the z-transform condition take E empty and N 
consisting of the plane x = 2, and let v(x) = ¢(|z — 2). Consider any 
sequence (%,, Yn, Zn, Yn) With (22, Yn) € AU — N (that is, z, ¥ x) and 
z,—0,z, > 0. By our usual definition (1.2) of g and inequality (8.2) 


(8.3) (Ln Ynytny Yn) = En f(Tny Yn Yn/En) 

= | yn | M(| tn — 2o|-(| Yn |/en)-W(| Yn |/en)) + uw | tn]. 
Let (x, y)e AU — N, | y| ¥ 0, and take z, = 2, yn = y, fn = 1/N, Jn = Y 
for alln. Then by definition 

g(z, Y; 0, y) - lim Jn(Ln ’ Yn ’ Zn ’ Yn) 
2 lim | y |-M(| z — ao |-n-|y|-¥(r| 9 |). 

By (ii), ¥(n | y |) has a positive lower bound for large n, so by (iii) the limit on 
the right is », and so 
(8.4) g(x, y, 0, y) = ~ if (x, y)eAU — Nand |y| # 0. 


Now let (%, yo) « AU, | jo | ¥ O and let (tn, yn, Zn , Yn) be a sequence tending to 
(Z, yo, 0, Yo) and having (z,, yn) eAU — N (ie., z, # 2). We wish to show 


(8.5) lim g(2n, Yn, En/O(| Pn — Xo}|), Yn) = &. 


If @ + 2, this follows at once from (8.4) and the lower semi-continuity of g. 
If = 2, we observe that in the subsequence (if any) for which z,/¢(z,) = 0 
the relation (8.5) is obvious by (8.4). So we suppose z,/¢(z,) > 0. Also we 
disregard the terms (finite in number) for which z, > |g, |. Then by (8.3) 
and (ii) 


g(In, Yn, £n/O(| In oe Zo|), Yn) 
| on wil sm) 4 (|delvtles—ao))) 5 uLy 


| yn | Ds | _— Ae. 
| Yn| t(\2 To| : In ¢(| Zn — ol) 


IV 





Udn 
$(/2n — X|)* 


IV 


le ia (2 (2, ee r|))) + 


In the argument of M the factor | 9, |/z, tends to ©, and the other factor has a 
positive lower limit by (ii), so by (iii) the first term on the right tends to o. 
The second term tends to 0. This establishes (8.5). This completes the proof 
that g satisfies the z-transform condition on AU. 

Coro.titary. Condition (8) ts satisfied if is positive, continuous and monotonic 











152 E. J. MCSHANE 


° ° P =f ° ° ° 
decreasing in the strict sense on (0, 1), and z@ (z) is monotonic decreasing on 
(0, ~), and 


(8.6) Iz, yu, 9) =\y| M2 — x\/o'(\9))) +2 


for (x, y) « AU, where M satisfies (iii) of Lemma 15. 

Define ¥(z) = 1/z¢ ‘(z); then (ii) holds, and (iv) takes the form (8.6). 

This corollary enables us to set up a whole array of fairly simple tests; for 
we can take M(z) to be kz*(a@ > 0), or k log (1 + 2), or k log(log (z + e)) (k > 0), 
etc., and then choose a function ¢(¢) > 0, continuous and monotonic increasing 
on the interval 0 < ¢, and such that 1/e(¢) is summable from 0 to ©. Then if 


S(z,y, 9) 2\y9|M(\x — m\o(\y|)) for(z, y) « AU, 
the hypotheses of the corollary hold with ¢ ‘(z) = 1/¢(z). 


9. Extension to unbounded fields. In this section we shall use a function 
¢(z, y', ---, y") of class C’. For ease in printing, its partial derivatives with 
respect to xz, y', --- , y* shall be respectively denoted by ¢o , ¢1, --+ ,¢¢- 

We shall now prove” 

Lemma 16. Jf 

(a) A is a closed set lying between two hyperplanes x = —c and x = c, and Apo 
is a bounded closed subset of A; 

(b) $(z, y) ts of class C’ on A, and tends to ~ as|y|— ~, uniformly in z; 

(c) K,q is a class of absolutely continuous curves y = y(x) in A, each having 
at least one point in common with Ao ; 

(d) for all (x, y) in A — Ao and all y’ the function f(x, y, y) satisfies the condition 


(9.1) f(x, y, Y) =| bola, y) + dalx, yy" | ; 


then for every M the class of curves of K, with I[y] = M lies in a bounded subset of A. 
Let N be a lower bound for f(z, y, y). Then if we replace f by f — N and 
o(z, y) by o(2, y) — Nz, all hypotheses remain satisfied, and the new f is non- 
negative. So we may suppose f 2 0. 
Let m be an upper bound for ¢(z, y) on Ao. By (b), there exists an r such 
that 


(9.2) o(z,y) > M+m_ whenever (z, y) «A and|y|{|>r. 


We are at liberty to assume that |y! <r whenever (x, y) € Ao, since we can 
increase r if we will. 
Now consider a curve y = y(x) (a S x S 5) of the class K,. Let (xo, y(2o)) 


be a point of the curve. If (xo, y(vo)) € Ao, then | yo| < r. If not, either 


26 The lemma and its proof are essentially due to Cinquini, loc. cit. (footnote 4). 
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there is a greatest x; < 2 such that (2, y(z:)) € Ao, or else there is a least 
Z, > 2 for which this holds. Suppose the former, for definiteness. Then 


(9.3) satis [ f(z, y, y) dx = [ ” a, y, 9) ds % [O° tous, y) + ¢a(z, yy") dx 


= (2%, y(%o)) — O(a, y(x1)), 


so $(z0, y(to)) S M + m and | y(xm)| S r. Thus in either case (2, y(zo)) 
lies in the bounded set common to A and the cylinder | y| <r. This establishes 
the lemma. 

As a corollary, if the initial point of each curve of K lies in Ao , we can replace 
(9.1) by 


(9.4) S(x,y, Y) = do(z, y) + ba(z, y)y*. 


For then in (9.3) there surely is an x; S x such that (x; , y(z:)) « Ao. Likewise, 


if the final point of each curve of K is in A, then we can replace (9.1) by 
(9.5) S(z, y, 9) 2 —do(z, y) — baz, y)y". 


Also, we could require only that there exist a constant A such that (9.1) holds 
whenever | do + ¢ay* | = A; for then (9.1) holds with f replaced by f + A, and 
the class of curves of K with ffdz < M is contained in the class with f (f + h) dz 
< M + 2hc, which by Lemma 16 lies in a bounded subset of A. 

As an example, we can take ¢ = k log (1 + y*y*) (k > 0). Condition (9.1) 
then becomes 


S(z, y, y) = 2k + y*y*)* (yy), 
which is surely satisfied if 
f(z, y, 9) 2 2k | y\/\yl- 


We need only ask that this hold when | y | exceeds a constant h, for we can add 
to Ao the part of A in the cylinder | y | S A. 


10. From the preceding existence theorems we readily deduce an existence 
theorem for solutions of problems involving higher derivatives, 


(10.1) J= [1 u, wu’, ++, u”, 2,27, «+. 2, «++, ww’, -->, w”) dz = min. 
Let us change notation. We denote the arguments u, wu’, --- , uu“, z, 2’, «++, 
Zz... w, w’,---,w"™ by y’, y’, ---, y’, respectively. For certain values 
of i the symbol y‘ denotes an end of a sequence such as u, u’,---, u~” or 
w, w’,---,w"”. This collection of values of i we denote by A; the rest of the 
numbers 1, ---, p form the complementary class A’. To save repetition, the 


symbol 7 shall be used for integers in A and the symbol j for integers in A’. The 
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space determined by z and the y' (i € A) will be denoted by “(z, ys)-space”. Our 
problem is then that of minimizing in a certain class K of curves, the value of 


(10.2) Ily] = [s. y, y) az, 


subject to the conditions: 
(10.3) f is independent of the 9’; 


(10.4) y’(x) = y'(a) + [ y (x) dx (aszxsb, jed’). 


For such problems we shall establish 

Tueorem 5. If 

(a) A ts a bounded closed point-set in (x, y)-space; 

(b) f(z, y, ¥) satisfies conditions (2.1) and (10.3) on A; 

(c) there is a subset E of A, whose projection on (x, ys)-space is progressively 
distributed, such that 

(i) of (x, y) ¢ E, there is a linear function az + > b:y' such that 

ied 


g(z, y, t, 9) + at + Sodiy' > 0 if (z, y') ¥ (0, --- , 0); 

(ii) g satisfies the z-transform condition (with the condition | y| # 0 replaced by 
(y') = (0, --- ,0)) on A with the exception of E; 

(d) f(z, y, 0) is bounded on A; 

(e) K, is a complete class of a.c. curves lying in A; 
then among those curves of K, which satisfy (10.4) there exists a minimizing curve 
for I\y). 

To begin with we prove that the class D of curves satisfying (10.4) is complete. 
Suppose that the a.c. curves 

Cr: y = yx(x) (a Sz hk; k = 0,1, 2, ---) 

are such that C, «D (n = 1, 2, ---) and C, — Cy ; we must show Cpe D. If 
ad) = by this is trivial. If not, let a, 8 be numbers such that a9 < a < B < Bo. 
Since a, — a and b, — by, the interval (a, 8) is interior to (a, , b,) for almost 
alln. From (10.4) we deduce 


(10.5) n(x) = yn(a) + [ yw (r)dr  (aSaSB, jed’. 
Since C,, > Cy , the functions y/** converge uniformly to y,*', so that 

(10.6) yi(x) = yi(a) + [ ys (x) dx (aSz<B, jed’). 
The functions y are continuous, so we may let a — a and 8 — by and obtain 
equation (10.4) for y. 


The class K,D being complete, we could apply Theorem 4 and obtain our 
conclusion except for two difficulties. One is that g does not satisfy the z- 
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transform condition except in our altered form; there is a summable L.s.c. func- 
tion v(x) > 0 such that 


g(Xn > Yn, Z,/v(2n), Yn) — 


if (tn, yn) €A — N — (a0, yw) € A — E and #, > 0 and gy, — go, where the 
are not all 0. The second difficulty is that EZ is not necessarily progressively 
distributed. 

The first difficulty is easily remedied. If we define 


P(t, y 0) =Szwnd+ Dw -v¥, 


then for all curves satisfying (10.4) the integrals of F and of f are the same, 
since the added terms vanish identically along such curves. For the associated 
integrand G(z, y, 2, y) we find 


(10.7) Grn, Yas tn/V(tn)s Gn) 
= Guy Yay tn/V(tn), bn) + DY (Warn) /dem — Ya) 


Suppose now that (z,, yn) «A — N and (rn, Yn, Zn, Yn) > (Zo, Yo, 9, Ho), 
where (xo, yo) «A — Eand|%| #0. If the g are not all zero, the first term 
on the right tends to » by hypothesis, while the other terms are non-negative. 
If the y are all zero, some yi + 0. Thus in the corresponding term on the right 
we have , — y ¥ 0, lim inf »(z,) = v(x) > 0, ¢, > 0; so that term tends to ~, 
while the other terms are bounded below. In either case, the left member of 
(10.7) tends to «, and G satisfies the z-transform condition on A with the 
exception of EZ. 

Now let y = yn(z) (an S x S by) be a minimizing sequence for J[y]. Since 
| yn(x) | is uniformly bounded, by (10.4) the y},(z) satisfy a Lipschitz condition 
uniformly, and we can therefore select a subsequence (which we may suppose 
to be the whole sequence) such that the y}(x) converge to limit functions 
yo(x) (ao S$ x Sb). Let be the set of all points (z, y) such that a, S x < b, and 
y’ = y’,(z), j € A’, for some p of the set 0, 1, 2,---. ThenT is easily seen to 
be closed; and its projection on each of the planes (z, y’) is progressively 
distributed, being composed of a denumerable set of a.c. curves. The lower 
bound of I[y] on the class K,D is the same as its lower bound on the set K,Dr 
of those curves of K,D which lie in AT, because the minimizing sequence y = 
y.(x) lies in AT. The set ET has progressively distributed projections on the 
planes (z, y‘) and on the (z, ys)-space, so by Lemma 7 ET is progressively 
distributed. 

Now the point-set AI’, the class K,Dr and the integral {Fdz satisfy the hy- 
potheses of Theorem 4, so there is an a.c. curve y = y(z) (a S z S b) for which 
JFdz attains its lower bound in the class K.Dy. But then for y = y(z) the 
integral {Fdz also attains its lower bound in the class K.D. On this class 
JFdz is identical with I[y], so I[y] assumes its lower bound on the class K.D, 
as was to be proved. 
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If in f only first derivatives enter, Theorem 5 reduces exactly to Theorem 4. 

The extension to unbounded fields A can be made without difficulty by use 
of §9. In this connection there is one especially interesting case. If we return 
to the notation of (10.1), the class K, may consist of all a.c. curves u = u(x), --- , 
w = w(x) joining two fixed points (27, uw, --- , w,) and (re, Ue, --+ , We), the 
derivatives at those end-points being unrestricted. This is in fact a problem 
with variable end-points; and even if (z, u, --- , w) are restricted to lie in a 
bounded closed set B the range of (x, y) (in the notation of (10.2)) is unbounded,” 
for the values of wu’, --- , u~”, ete., are unbounded. However, if we impose 
the condition of §9 and also a condition” which will ensure that at least one set of 
arguments 


(x, oe adi 22+, W, w’, see, w'-”) 
of each admissible curve shall lie in a bounded set Ao, then the conclusion of 
Theorem 5 holds. 
UNIVERSITY OF VIRGINIA. 
27 Excepting the caseh =k = --- =1=1. 


28 Such a condition, for example, is the following: f(z, u, ---, u™, +--+, w, +++,w) 42 
uniformly in (2, u), trey w) as = {u? - ese (u@—)2 ees on w? — ees os (w-))2] — ©, 











TRANSFORMATIONS IN LINEAR TOPOLOGICAL SPACES 
By JoHn V. WEHAUSEN 


1. Introduction. In this paper some well known theorems for linear metric 
spaces whose proofs do not involve completeness are extended to linear topologi- 
cal spaces. The relation between bounded sets and linear continuous trans- 
formations is considered; and, in connection with this, metrizability conditions 
for linear topological spaces are obtained in terms of boundedness. A linear 
continuous functional on a linear topological space is shown to operate es- 
sentially on only a “part” of the space which can be normed. Finally the 
relation between completeness and category is considered and a theorem is 
proved which shows that two definitions of completeness which have been given 
do not imply that the space is of the second category. 


2. Topologies for linear spaces. In the postulates for a linear set [ef. 1, 
p. 26]' there is no notion of a topology. If a topology is imposed on a linear 
set in such a fashion that the postulated operations of addition of elements 
and multiplication of elements by real numbers are continuous in the topology, 
the linear set will be said to be a linear topological space [cf. 2, pp. 201-204]. 
The most important topologies of this type for linear sets have been metric 
topologies, viz., the F-metric [1, p. 35] and the norm [1, p. 53].?. As a matter 
of fact, it will be shown that the F-metric is the most general metric of this 
nature. 

However, two non-metric topologies have been given in the literature. Kol- 
mogoroff [3, p. 29] has simply postulated an operation of closure, M, for any 
set M satisfying the Riesz-Kuratowski axioms, viz., 

(1) if M is a single element, M = M, 

(2)M=M, _ 

(3) M+N=M+N, 
and then in addition required that x + y and az be continuous in the topology. 
He proves that such a space is a regular Hausdorff space. On the other hand, 
John von Neumann [4, p. 4] has defined a topology for a linear set L by means 
of a set of neighborhoods Ul = {U} satisfying the following axioms: 

(1) 6¢ U for every U ¢ U. 

(2) If U, V ¢ U, there exists W e U such that W C B(U, V). 

(3) If U e U, there exists V ¢ Ul such that V + VC U. 

(4) If U ¢ U, there exists V ¢ U such that aV C U for|a{| <1. 


Received November 9, 1937. 
1 Boldface numbers refer to the bibliography at the end of the paper. 
2 Other non-continuous metrics have been introduced by C. R. Adams [12, pp. 422, 423]. 
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(5) If re L, U e¢ U, there exists a such that z € al’. 
L is called a convex space if U satisfies in addition 

(6) U+ UC 2U for all U € U. 
The neighborhood system for any element is then obtained by translating the 
neighborhoods for @. It is proved by von Neumann that Axioms (1)-(5) give a 
regular Hausdorff space and that the operations of addition and multiplication 
are continuous [4, p. 6, Theorems 6 and 7]. This topology then satisfies Kolmo- 
goroff’s axioms. The converse is also true. As the neighborhood system for 
each element z of the space take the set of all open sets containing the element, 
denoting it by U(x). First it must be shown that the topology is “uniform” 
over the whole space, i.e., if ze LZ, then the translated neighborhood system 
U(@) + zx is equivalent to U(x). Let Uz € U(x) be arbitrary. Since @ + z = z, 
it follows from continuity of addition that there exist V» « U(@) and V, « U(z) 
such that Ve + V.C U,. Sincere Vz, Ve +2C U,. The definition of 
continuity in connection with the equation z + (—z) = @ gives the other 
half of the equivalence. Therefore the topology of Kolmogoroff is uniform. 
It then only remains to show that Axioms (1)-(5) are satisfied by 1(6). But (1) 
is satisfied by definition of 11(@) and (2) is a property of any Hausdorff space. 
Axiom (3) follows from continuity of addition as applied to @ + @ = @ and (4) 
from continuity of multiplication as applied to 0-6 = @. Consider now (5). 
Let z e L and U «¢ U(8) be arbitrary and suppose that z non-e nU, i.e., n-'z 
non-e U for every integer n. But since multiplication is continuous n™'z — 8, 
i.e., there exists n(U) such that, forn =n(U),n~2eU. This is a contradiction. 
The following theorem has thus been established. 

TuHEeoreEM 1. The topologies of Kolmogoroff and von Neumann are equivalent. 

Tychonoff [6, p. 768] has called a linear topological space satisfying Kolmo- 
goroff’s axioms “locally convex” if for every U, there exists a convex’ neigh- 
borhood V, such that V.C U,. It follows easily from the regularity of the 
space and a theorem of von Neumann (4, p. 10, Theorem 13] that the notions 
of “convex” and “locally convex” space are the same. One may therefore 
state the following corollary of the previous theorem. 

Corotiary. The convex topologies of von Neumann are equivalent to the 
locally convex topologies of Tychonoff. 


3. Preliminary definitions. If Z, and L2 are two linear topological spaces, 
the definitions of additive and homogeneous transformations on L, to Lz are 
unchanged. Continuity of transformations is defined as usual for neighbor- 
hood spaces. It is easily seen that an additive transformation which is con- 
tinuous at one point is everywhere continuous and is homogeneous, so that 
one need define continuity for such transformations only at the zero-element, 
6, ie., if U = {U} and B = {V} are the neighborhood systems in L, and L: 
respectively, then T(x) on L; to Lz is continuous if and only if for arbitrary 
V ¢ & there exists U ¢ U such that T(U) C V. 


3 A set M is convex if, whenever z, y e M, a, 8 = Oanda+8 =1, then az + By « M. 
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Mazur and Orlicz [7, p. 152] have used the following definition for a bounded 
set: R C L is bounded if for every sequence {z;} C R and every sequence of 
real numbers a; — 0, the sequence a;z;—> 6. On the other hand, von Neumann 
[4, p. 7, Definition 5] uses this definition: R C L is bounded if for every U ¢ U 
there exists a real number a such that R C aU. The following lemma is 
stated without proof. 

Lemma. The definitions of boundedness of Banach and of von Neumann are 
equivalent.> 


4. Relation between bounded sets and continuity of additive transformations. 
In normed linear spaces the equivalence of the class of additive transformations 
taking bounded sets into bounded sets and the class of additive continuous 
transformations is a well known theorem. This theorem has been extended 
by Mazur and Orlicz [7, p. 153] to F-spaces. Half of the equivalence may be 
easily proved for linear topological spaces also. 

THeorEeM 2. If T(x) is a linear continuous transformation on L, to Lz and 
if RC L, is bounded, then T(R) CK Lz is bounded. 

For let V ¢ & be arbitrary. Then by continuity of T(z) there exists U e U 
such that T(U) C V. Since R is bounded, there exists a such that R C aU. 
Hence, T(R) C T(aU) = aT(U) C aV, ie., T(R) is bounded since V was 
arbitrary. 

The converse of this theorem may be proved in the following restricted form. 

THeoreM 3. If L contains a bounded open set and if the additive transforma- 
tion T(x) takes bounded sets into bounded sets, T(x) is continuous. 

The proof will not be given since a somewhat more general theorem will be 
proved later. 


5. Two metrizability conditions. The requirement in the preceding theorem 
that there exist a bounded open set in the domain is a considerable restriction 
as the following theorem shows. 

THEOREM 4. A linear topological space is metrizable as an F-space if there 
exists a bounded open set in the space. 

Suppose G is a bounded open set. One may assume @ ¢ G for otherwise one 
would simply consider the set G. = G — z, where z « G, also a bounded open 
set. First note that for any real a the set aG is open. Next, that the set of 
open sets {n'G} is equivalent to U = {U}. For, since n’G is open, one can 
find for any n a neighborhood U(n) ¢ U such that U(n) C n“*G. On the other 
hand, let U ¢ Ul be arbitrary. Then, by Axiom 3 of von Neumann, there exists 
V e Usuch that 8V C U for|8| <1. Since G is bounded there exists a such 
that GC aV. Now select some integer n =| a@|so that | n“*a|<1. Then 


* The definition is used by Mazur and Orlicz for F-spaces. Kolmogoroff [3, p. 30] 
has used it for topological spaces. It is originally due to Banach. 

5 This lemma has been stated by D. H. Hyers, Bull. Amer. Math. Soc., vol. 43 (1937), 
p. 203, Abstract 228. 
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n'GCn'aV C U. This proves the equivalence. The space then satisfies 
the first denumerability axiom of Hausdorff. One may now use the result of 
Garrett Birkhoff [8, p. 428] that a Hausdorff group is metrizable if and only 
if it satisfies the first denumerability axiom. Since a linear space satisfying the 
axioms of von Neumann is a Hausdorff group with respect to addition, the 
result applies here also. To show that the metric is an F-metric one must show 
(1) p(x, y) = p(x — y, 0), (2) a, - 0, xe « L imply a,z — 8, (3) @ real, rz, — 6 
imply ax, — 6. (1) follows immediately from the fashion in which Birkhoff 
defines his metric. One may show (2) and (3) independently of metrizability 
considerations. In fact, (2) and (3) are immediate consequences of the con- 
tinuity of multiplication. This completes the proof.* 

The converse of this theorem is not true, i.e., there exist F-spaces in which 
no sphere is bounded. This is true, for example, of the spaces (S) and (s) 
[1, pp. 9, 10). 

In the last part of the proof of the preceding theorem the following theorem 
was also proved. 

TueoreM 5. A linear topological space is metrizable as an F-space if and 
only if it satisfies the first denumerability axiom.’ 

From this theorem and from Kolmogoroff’s axioms for a linear topological 
space the following corollary is easily obtained. 

Coro.uary. Any linear metric space in which the operations of multiplication 
and addition are continuous may be metrized with an equivalent F-metric. 

In case the space is convex, i.e., satisfies Axiom (6), one may prove the fol- 
lowing theorem. 

THEOREM 6. A necessary and sufficient condition that a convex linear topological 
space have an equivalent norm-metric is that it contain a bounded open set. 

If G is a bounded open set, one may assume as in the preceding theorem that 
6¢G. Following the notation of von Neumann, let 


= — E, E = D> an, aj = 0, Po ai= 1, neG 
i=1 i=1 
Lemma 1. If L is a convex space, the boundedness of G is both necessary and 
sufficient for the boundedness of Geony . 
This has been proved by von Neumann [4, p. 10, Theorem 14]. 
Lemma 2. If G is an open set, then also Geony 18 open. 


Let z = > a, 2, be any element of Goony Where 2, €G. Since G is open, there 
k=1 


exist neighborhoods U; such that z, + U, C G. From Axiom (2) one easily 


* An F-space is generally required to be also complete. This has not been done here. 
However, sequential completeness, a notion which will be defined later, is sufficient to 
obtain completeness in the metric sense. 

This theorem has been stated by D. H. Hyers, loc. cit. 
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deduces the existence of U ¢ U such that U C B(U;, --- , U,). Then x 
+UCGfork =1,---,n. Hence 


a(t) + U) + +++ + an(@n + U) = enti + +++ + Ontn + U + --- 
+ a,U Cc Gasae : 


Since aU + --- +a,U D(a, + --- + a,)U = U, one sees that az; + --- 
+ antn + U CS Geony , 1.€., Geony iS Open. 

It now follows from these two lemmas that Geony is a bounded, open, convex 
set. The following theorem of Kolmogoroff’s [3, p. 30] may now be applied 
to obtain the theorem to be proved: A topological linear space has an equivalent 
norm topology if and only if there exists a bounded open convex set in the space. 


6. Extension of Theorem 3. Theorem 4 shows that the conditions for which 
Theorem 3 has been stated are rather stringent since it allows for the domain 
of the transformation T(x) only a proper subclass of the class of F-spaces. 
This is too restrictive, for wherever the domain is any F-space and the range 
is any linear topological space, it is easy to obtain the converse of Theorem 2. 
The method of proof is the same as that used by Mazur and Orlicz [6, p. 153]. 

THeoreM 3’. If L; is an F-space and L, a linear topological space, an additive 
transformation T(x) is continuous if it takes bounded sets into bounded sets. 

Suppose z, — 8, i.e., | zn | = p(zn, 6) + 0. Then there exists a sequence 
of integers k, — © such that k,|2,|—-0. Since k,|tn| 2 | knan |, kntn — 0 
and therefore {k,z,} is bounded. Hence {7(k,2z,)} is bounded, so that 
(kn) 'T(kn2n) = T(a,) — 0. Now suppose there exists Vo « B such that for 
each sphere S, = E,{|xz| <n] there exists z, € S, such that 7T(z,) non-e Vo. 
Then | z, | — 0, ie., z, — 6. Hence 7(z,) — 6 so that there must exist m 
such that, for n = m, T(2,) € Vo. This is a contradiction. 


7. Strongly bounded transformations. An additive transformation T(z) will 
be called strongly bounded if for every U ¢ ll and V « & it is possible to find 
a such that T(U) C aV, ie., for each U e€ U, T(U) is a bounded set. The 
following theorem is then true. 

TuHEeoreM 7. An additive transformation T(x) which is strongly bounded is 
continuous. 

Let V ¢€ B be arbitrary; also U e U. By Axiom 3 there exists V; « B such 
thataV, CV for|a| <1. By hypothesis there exists 8 such that T(U) CBV;. 
Let k be any integer such that |k’8| <1. Then there exists U; ¢ U such that 
kU, CU. Hence T(kU;) C T(U) C BV;, or T(U;) C "BV; C JV, ie., 
T(x) is continuous. 

The converse of this theorem is true provided the neighborhoods in the 
domain are bounded sets. This would imply, however, that the domain is 
metrizable as an F-space in which spheres are bounded sets. 
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8. Linear transformations in convex spaces. In a convex space pseudo- 
norms have been defined by von Neumann [4, pp. 18, 19] as follows. Let 
|| x |\c equal the greatest lower bound of a > 0 such that xz ¢ aU and let || z/\r 


= max (jx |\¢, || — x{\c). He has shown that || z||v has the following prop- 
° ! ! ! | | 1d | 1! 

erties: || 2+ Yj|jv S || File + lly liv, |l ar |lc = | a]-|| z flo, || O |lv = 0, 

|| 2 \» is a continuous function of z. The pseudo-norm || z ||¢ lacks the norm 


property || x || = 0 if and only if z = 6. However, by use of pseudo-norms, 
one may obtain generalizations of several well known theorems for normed 
spaces. An existence theorem will be proved first. 

TueoreM 8. If L is a conver space, then for any x» ¢ L and any U «€ WU there 
exists a linear continuous functional F(x) defined on L with the property that 
F(x) = || 2 ||. 

Denote by K the linear set E,[ax), a real] and define on K the functional 
flax) = @ || % \\v. Then f(x) is obviously linear on K. Then, if we denote 
| 2 ev by p(2), it follows that p(x + y) S p(x) + ply), p(tz) = tp(ax) for 
t 2 O and p(x) 2 f(z) for x e K. One may now use a theorem of Banach’s 
on the extension of additive functionals [1, p. 27, Theorem 1] and assert that 
there exists a linear functional F(x) defined on all Z such that F(z) = f(z) 
for x e K and —|| z |\v S F(x) S || x \\v forall x. Since || z ||, is continuous 
at @, it follows that F(x) is also continuous at @ and hence, since it is additive, 
that it is continuous. 

By the use of pseudo-norms a bounded, additive transformation may be 
defined in a manner analogous to the definition in a normed space. An additive 
transformation T(x) on L, to Le, L; and Le, convex spaces, will be said to be 
bounded if to each V ¢ % correspond U ¢ U and a real number M(U, V) 2 0 
such that || T(x) ||y S M(U, V) |\ x |\v. Such a transformation obviously 
takes bounded sets into bounded sets. The following theorem connecting 
bounded and continuous additive transformations is proved. 

TuHeoreM 9. An additive transformation T(x) is continuous if and only if 
it is bounded. 

If T(x) is continuous, for each V e B one may find U ¢« such that T(U) CV, 
or, using pseudo-norms, such that || x ||y < 1 implies |! T(x) || < 1. Note 
that if || x ||y = 0, then || T(z) ||y = 0 for otherwise one could find a real a 
such that || T(ax) ||,» = | a@!-|| T(z) ||y > 1 even though || az ||, = 0. Sup- 
pose now that the required M(U, V) does not exist. Select a sequence of real 
positive integers M, — © and assume that to each n corresponds an z, such 
that || T(r.) |ivy > Ma || tn lly # 0. Let 

_ In 
Ye" Tale 
Then 


1 


= Mz | T(z.) \\vy > 1. 


\| Ty») |\v 








)- 
al 
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But || yn ||y = Mz’ 0, so that one can find mo such that, forn = no, || yn |lr < 1 
so that || T(yn) ||\y < 1, a contradiction for n = m. 

On the other hand, suppose T(x) is bounded. Then for arbitrary V « B 
one may find U « Uand M(U, V) 2 Osuch that |! T(z) ||y Ss M(U, V)-|\ x |I\c. 
Then M(U, V) |{z\\v < 1 or x e [M(U, V)]"U implies that T(x) « V. Since 
there exists U; C[M(U, V)]"U, it follows that T(U,) C V, ice., T(z) is con- 
tinuous. 

The following corollary is an immediate consequence. 

Corotiary. If L is convex and if F(x) is an additive functional defined on 
L, F(x) is continuous if and only if there exist U ¢ U and M(U) = 0 such that 
| F(x) | S$ M(U) || x |\c. 

In connection with this corollary the following theorem may be proved. 

THEOREM 10. Suppose a linear functional F(x) on a convex space L is con- 
tinuous if and only if for every U ¢€ U there exists M(U) = 0 such that | F(z) | 
< M(U)\|2\\v. Then any of the pseudo-norms || x \\y for U € Wis also a norm 
and the corresponding norm topology is not stronger’ than the given topology but 
is equivalent to it with respect to the determination of the class of linear and con- 
tinuous functionals. 

Since pseudo-norms have all the norm properties except || x ||y = 0 implies 
x = 6, only this need be shown. Suppose |! 2 |!y = 0 for some U e Ul. First 
note that there exists Up € U such that || 2 |!p, # 0 unless a = 6. Then, by 
Theorem 8, there exists a linear continuous functional F(x) such that Fo(zxo) 
= || 20 |\vy, = 0. On the other hand, since | F(x) | S M(U, F) || x \\v , F(ao) = 0 
for all linear continuous F. Hence Fo(2) = 0 which is a contradiction unless 
zo = 6. Therefore || z ||v = 0 if and only if z = @, i-e., || x |\y is a true norm. 
If one now fixes Uy € ll one may define the “spherical” neighborhoods in the 
corresponding norm topology, viz., Sa = £,[|| x |\vu, < a]. From the fact 
that for any @ there exists U; such that U; C aly it follows that any sphere 
S, contains a neighborhood of U1, i.e., the norm topology is not stronger than 
the given topology. From the hypothesis of the theorem any linear functional 
which is continuous in the neighborhood topology is continuous in the norm 
topology. On the other hand, since any linear functional which is continuous 
in the norm topology is bounded, i.e., there exists M = 0 such that | F(z) | 
< M || x|\\v, it follows from the corollary to Theorem 9 that F(x) is continuous 
in the neighborhood topology. 

The following theorems are generalizations of well known theorems for 
normed spaces [1, p. 55, Theorem 4; p. 57, Lemma; p. 58, Theorem 6]. The 
proofs will not be given since they are quite similar to those for the correspond- 
ing theorems in normed spaces. 

TueoreM 11. If f(x) is any functional defined on G, a subset of a convex 





8 One topology will be said to be not stronger than another if every limit point in the 
sense of the first is also a limit point in the sense of the second. 
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space L, there exists a linear continuous functional F(x) defined on all L such 
that 

(1) F(x) = f(z) for z «€ G, 

(2) | F(x) | S M || 2 \\e for given M = Oand U ¢€ Uif and only if for all finite 
sets {x,} GC Gand real numbers {a;} 


~ a f(z) <M.) pe a, Lj . 
i=1 | i=l J 
TueoreM 12. If G CL is a linear set, U € U any neighborhood, and yo ¢« L 
an element such that, for x ¢ G, || yo — x |\\v 2 d > O, there exists a linear con- 
tinuous functional F(x) defined on L such that 
(1) F(y) = 1, 
(2) F(G) = 0, 
(3) | F(z) | Sd“ }\ 2\\v. If d is the greatest lower bound of the values || yo 
—2\\v for x €G, then in (3) d~ is the smallest value M such that | F(x)| S$ M\\2\\v. 
TuHeoreM 13. If G CL is an arbitrary set and if yo « L, a necessary and suffi- 
cient condition that yo belong to the closed linear extension of G is that F(x) = 0 
for x «G imply F(yo) = 0 for all linear continuous F(z). 


9. On the domain of a linear continuous functional. In order to provide a 
motivation for and examples of the succeeding theorem the general form of the 
linear continuous functional on three F-spaces is given. 

Space (s). The general form of the linear continuous functional on (s) is 


F(x) = pm ¢ié:, where n and ¢, --- ,¢, depend on F and where x = (£1, &, ---) 
i=1 


[1, p. 50, Theorem 11]. 

Space (S). The most general linear functional on (S) is the zero-functional 
[1, p. 234]. 

Denote by (CF) the set of all continuous functions defined on [—*, ~] 
. : poe re -_> _@- | Pa 
with the following metric: p(x, y) = > stk’ where (z, y)n = max | 96 
— y(t) | [ef. 9, pp. 30, 31]. 

Space (CP). Every linear continuous functional on (CF) is of the form 


F(z) = [ x(t) dg(t), where a, 8 and g(t) depend on F and ¢(#) is of bounded 


variation in the interval [a, 8]. 

Since the proof of this involves no unusual procedure, it is not given here. 

In each of these examples the functional seems to operate essentially only 
on a “part” of each element of the space in such a manner that when a set of 
elements converges according to the F-metric, their corresponding “parts” 
converge according to a norm-metric. The precise meaning of this is given 
by the next theorem. Before stating this theorem a definition will be given. 

Derinition. A set X C L will be called a flat subspace if for arbitrary 
x eX, X — x forms a linear set. 
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THEOREM 14. Jf F(x) is a linear continuous functional on a linear topological 
space L, there corresponds to each x « La flat subspace X such that 

(1) af x, 22 € X, then F(2,) = F(x2) = F(X), 

(2) there exists a norm topology, || X |\r, for the set, Lr, of such subspaces 
such that if x e R, X ¢« Re , 

(3) of || X. — X |\p + 0, then F(X,) — F(X), 

(4) the linear continuous functionals on Ly determined by || X |\r are linear 
continuous functionals on L with F(x) = F(X) for x « X. 

Define X = E,[x = & + 2x’, where F(x) = F(%)]. Each x «€ L is obviously 
in some X. Letting 0 = E,{[F(x) = 0], we easily see that © is a linear set. 
Since X = 0 + @, it follows that X is a flat subspace. It also easily follows 
from the linearity of Z and of F that Ly is a linear set. 

(1) is an obvious consequence of the definition of X. 

Consider (2). A topology will now be defined for Ly. If R is a set in L, 
the set of elements in Ly corresponding to the elements of R will be denoted 
by Rr. The closure of a set Ry will be defined as follows: X « Ry if F(X) ¢ F(Rr). 
Although zx ¢ & does not imply that z is a sequential limit point of R, the topology 
in Ly will obviously be of a sequential type. This topology also satisfies Kolmo- 
goroff’s axioms for a linear topological space, the continuity of addition and 
multiplication following from the linearity and continuity of F(x). Now let 
S, = Ex{| F(X) | < aj. It then follows from the linearity of F(z) that S, 
is a bounded, open, and convex subset of Ly. The normability condition of 
Kolmogoroff used in the proof of Theorem 6 may now be applied to give an 
equivalent norm topology for L which will be denoted by || X ||r. Then, if 
ao ¢ R, it follows from continuity of F(x) that F(a) « F(R) and therefore 
F(X) € F(Rp), i.€., Xo € Ry . 

(3) follows immediately from the definition of || X ||r . 

In order to prove (4) let §> be the set of all linear continuous functionals 
on Ly, determined by || X ||r,. If F € §o, define F(z) = F(X) for x « X. 
Then, if x « R, Xo « Rr, by (2). By continuity of F(X), F(Xo) « F(Rp,) and 
hence F(x) € F(R), i.e., F(x) is continuous. 


10. Category of linear topological spaces. In the study of complete metric 
spaces one of the fundamental theorems as far as the theory of functions for 
such spaces is concerned is the one which states that every such space is of the 
second category. Since this property seems to be important in the proofs of 
many theorems, one should like a definition of completeness for topological 
linear spaces to give the same or a corresponding theorem. J. von Neumann 
has shown how the ordinary notion of “sequential”? completeness can be carried 
over into such spaces and, then, in order to avoid a certain difficulty in con- 
nection with it, proposes to call a topological linear space “topologically” 
complete if every closed and totally bounded set is compact [4, pp. 1-3]. The 
following theorem shows that for neither of these definitions the category 
theorem holds. 
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In order to state the theorem the weak neighborhood topology for a normed 
space L must be defined. For each finite set of linear continuous functionals, 
F,, .-- , F,, defined on L and for each 6 > 0, let the neighborhood 


U(F,,---,F,.;6) = E,f F(x) | <6,i=1,---,nJ. 


The set of all such neighborhoods will be denoted by U and defines the weak 
topology’ for L. These neighborhoods satisfy Axioms (1)-(6), i.e., the space is a 
convex linear topological space. The theorem is then the following. 

THEOREM 15. A normed space with its weak neighborhood topology for which 
there exists no finite total set of functionals is of the first category. 

The proof will be broken up into several lemmas. 

Lemma 1. If no neighborhood of a topological linear space L is bounded, every 
bounded set is non-dense. 

If a set M CL is bounded, then also its closure M is bounded [4, p. 9, The- 
orem 11]. Since no neighborhood is bounded, it would be impossible to find 
for any re Ma U ¢e Usuch that c + U CM, ie., M has a vacuous interior. 
But this is just the condition ig M be non-dense [10, p. 31, IT]. 

Lemma 2. The set S, = E all < n| is bounded. 

Consider arbitrary U(F;,, - - TF. ae Uu. Let m = max()! F; ||, ---, || Fe |)) 
and let a = 2mné". Then al’ (Fi, --- , Fe 36) = E,{| Pilz) | < ad = mn). 
Now suppose re S,. Then | Fi(x)| S IF. -\,a|| S mn < 2mn, ie., real. 
Therefore S, C al’(F), ---, Fy;6) and S, is bounded since U was arbitrary. 

Lema 3. If L does not p a a finite total set of functionals, then none of its 
weak neighborhoods are bounded. 

Consider arbitrary U(F;,---,F,.;6)eU. Let G = EF (x) = 0,71 = 1, ---,nJ. 
Since the set, Fi, --- , F,, cannot be total, G@ must contain other elements 
than 6. Then, since G is a linear set, one can find x) ¢G with || 2 || = 1. Also, 
by a theorem of Banach’s [1, p. 55, Theorem 3], there exists a linear continuous 
functional Fo(x) such that Fo(zo) = || to || = 1. Now consider the neighbor- 
hood U(Fo;1) = E,{| Fo(x) | < 1] and the sequence 2 , 2%, ---, kao, --- 
Since kro ¢ G, every element of the sequence is contained in U(F,, --- , Fx ; 6). 
However, since mU (Fy ; 1) = E.{) Fo(x) | < ml, one easily sees that, for k 2 m, 
kxyp non-e mlU’'(Fy; 1). It is then obvious that there exists no number a such 
that U(F,, --- , Pa 36) C al (Fo; 1), ie., U(Fi, --- , Px 3 6) which was arbi- 
trary is not bounded. 

From the three lemmas it follows that the set S, is non-dense. Then, since 
L = © S,,, it is of the first category in itself. 

n=1 


Not all “weak” normed spaces are sequentially complete, an important 


* Note that the weak neighborhood topology is not necessarily equivalent to the weak 
sequential topology for L (i.e., where 2; — x is defined as meaning F(2;) — F(z) for all 
linear continuous F). In fact, in Hilbert space there exist points which are limit points 
of sets without being sequential limit points [5, p. 380]. The two topologies are equivalent, 
however, as far as convergence of sequences is concerned. 
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example being the space (C) of all continuous functions defined on the interval 
[0, 1]. However, the spaces L, and l, for p 2 1 are sequentially complete in 
their weak topologies [1, pp. 140-143, §4]."° J. von Neumann [4, p. 17, The- 
orem 23] has shown that abstract Hilbert space with its weak neighborhood 
topology is also topologically complete. Therefore neither definition is suffi- 
cient to obtain the property that the space be of the second category. The 
additional remark should be made that none of the spaces L,,, l, or abstract 
Hilbert space have finite total sets of functionals defined on them. 

The extent of the restriction in the preceding theorem that the normed 
space have no finite total set of functionals is given by the following theorem. 

THEOREM 16. A normed space L has a finite total set of functionals defined 
on it of and only tf it is finite dimensional. 


Suppose F,, --- , F, is a total set of functionals for Z and assume that for 
k 
every k there exist z,, --- , 2 CL such that > az; = 0 implies a, = ae 
i=1 
= --- = a, = 0. Now consider the set of equations 
6; Fi(z) = 0 (j= 1,---,n), 
j=l 


where the 8; are to be the unknowns. Then, if m > n, it is obvious that the rank 

of the matrix of the coefficients, (F;(z;)), cannot exceed n. By a well known 

theorem on solutions of linear homogeneous equations, there exist at least 

m — n > O linearly independent solutions of the set of equations, i.e., there 
m m 

exists z = > 8,2; ~ @such that F(x 8,21) = Ofori = 1,---,n. But, 
j=1 


j7=1 
m 
by the totality of the F; , one must have > 8;2z; = @ which is a contradiction. 
j=1 
Therefore the space is at most n-dimensional. 
Suppose L is n-dimensional, i.e., there exist 2; , --- , Zn , linearly independent, 
such that to each x « L there corresponds a set of real numbers a, --- , an 


with the property that z = >> a;z;. Let G, be the linear manifold determined 
i=l 

by 21, -++ , Zit, Zia, +++ ,2n. Then there exists a linear continuous func- 

tional F;(x) such that F,(z;) = 1 and F(G,;) = 0 [1, p. 57, Lemma]. Then 


F,, ---, F, is a total set. For suppose that, for z = bz a;z;, F(z) = 0 


?7=1 
(i = 1,---,n). Then F(X a,2:) = Lia;Fi(z)) = a; = 0, ie., x = 0. 
j7=1 ?=1 
One may now obtain some additional information concerning the metrizability 
of the weak neighborhood topologies, viz., the following theorem. 


1° Since this is a sequential notion jit makes no difference that the “sequential” and 
“neighborhood”? weak topologies are not equivalent as long as the “‘sequential part’’ of 
the latter is equivalent to the former. 
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TuHeoreM 17. The weak neighborhood topology is metrizable as a norm-metric 
if and only if the space is finite dimensional. 

The non-metrizability of the infinite dimensional spaces follows from Lemma 3 
and Theorem 6. That the finite dimensional spaces may be normed follows 
from Tychonoff’s result [6, p. 769] that every finite dimensional linear topological 
space is homeomorphic to Euclidean space of the same dimension. 

The situation with regard to metrizability of weak neighborhood topologies 
is different from that in the weak sequential topologies, for it is well known that 
in the space 1, the weak sequential topology is equivalent to the norm topology 
[ef. 1, p. 139]. One easily concludes then that in the weak neighborhood 
topology for 1, there must exist points which are limit points without being 
sequential limit points." 

It is interesting to note that Hilbert space is also of the first category with 
its weak sequential topology. Let {¢,} be an orthonormal set. Then, since 
the Fourier coefficients (f, ¢,) — 0 for all f « 5, ¢, converges weakly to @ and 
3ren + f converges weakly to f. But, if S, = E,{||f|| < r], 3re, + f non-eS, 
if f e S, so that each element of S, is a limit point of a sequence not in S,, i.e., 
S, is non-dense. The rest of the proof follows as in Theorem 15. 


11. Linear transformations in weak normed spaces. In this section we 
return to the discussion of the relation between bounded sets and continuity 
of additive transformations. The theorem which will be proved has some in- 
terest in itself and also serves as an example to show that Theorem 3’ may 
hold even when the domain is not metrizable. 

TueoreM 18. If L, and Lz are two normed spaces with their weak neighbor- 
hood topologies, any additive transformation T(x) which takes bounded sets into 
bounded sets is continuous. 

If R C L, is bounded in the weak topology, there must exist for each linear 
continuous functional, F(x), on L; a number M(F, R) = O such that | F(R) | 
<= M(F, R), for otherwise for some F(x) on L,; there would exist x, « R and 
a, — 0 such that F(a,z,) does not converge to zero. First it will be shown 
that if || z, || - 0, then T(z,) — @ weakly. For if || xz, || — 0 there exist posi- 
tive integers k, — © such that || k,x, || = kp || 2, || +0. Since || kx, || > 0, 
k,2, — @ weakly and hence {k,z,} is weakly bounded. From the hypothesis 
it follows that {7(k,2x,)} is also weakly bounded. By the remark above there 
will exist for each linear continuous F an M(F) = 0 such that | F(T(kar,)) | 
< M(F) or, using additivity of F and T, such that | F(T(z,)) | S k,'M(F) > 0, 
i.e., T(x.) — @ weakly. Now, from the fact that || z, || + 0 implies T(z,) — @ 
weakly, one may show that || z, || — 0 implies || 7(z,) || — 0, ie., T(x) is 
continuous in the norm topologies. This will be proved by showing that there 


1 A direct construction of such a point has been given by Kéthe [11, p. 118]. Let 
R = E,{\\ x || 2 1). Then @ can obviously not be a sequential limit point of R, but, 
since L — R is bounded, 8(R, U’) is not vacuous for any U ¢« U. Hence @ is a limit point 
of R 
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exists M = 0 such that || T(x) || S M || 2 ||. Suppose there exists no such M. 


| 
‘ 


Then for each integer m there exists y» € LZ; such that || T(y») || 2 m* |! ym ||. 


Let 2, = —/". Then || 2m || — 0 and hence 7(z,,) — 6 weakly. However, 
m || Ym || 
1 ; ; 
T (zm) || = —— || T(ym) || > m, 
| Pen) || = IITs) I 


i.e., the set {7(z,)} is not of bounded norm. This is contradictory, for it is 
well known that a sequence can converge weakly to @ only if it is of bounded 
norm [1, p. 133, Theorem 1]. Hence the transformation T(z) must be a bounded 
transformation and therefore continuous in the norm topologies. But then 
T(x) must also be continuous in the weak neighborhood topologies. For if F 
is a linear continuous functional on Le , then F(T’) is a linear continuous func- 
tional on L,. Hence, if V(F;, --- , Fx ; 6) is an arbitrary neighborhood in J, , 
U(F\(T), --- , F»(T); 6) is a neighborhood in Z, and has the property that 
T(U) CV, ie., T(x) is continuous in the weak neighborhood topologies. 
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INTEGRAL FUNCTIONS BOUNDED ON SEQUENCES OF POINTS 
By Norman LEVINSON 
1. As an extension of results of V. Ganapathy Iyer we shall prove the following 
THeoreM. Let {d,} and {un} be two increasing sequences such that 
in — = Dy, in — o D,. 
no Ay n—© Un 


Let the indices of condensation’ of these sequences be zero. Let f(z) be an integral 
function such that 


(1.0) f(+An) = O(1), S(+tu,.) = O(1), 

and 

(1.1) fim "82! i < (DR + DD! 
jz) | 2 


Then f(z) is a constant. 

That the above theorem is a best possible result follows from trivial considera- 
tions (for example, f(z) = sin rD,z sinh rD,z). Iyer’ has proved that the above 
result holds under more stringent conditions; namely, with (1.1) replaced by 


(1.2) k < x min (Dy, D,), 


or else with (1.0) replaced by 


Met ties oe Ge eee 
ON 


n—2 n n—-2 Mn 


The method of proof used here is an extension of a method used in proving 
° . 3 
certain simpler theorems. 


2. The proof of our theorem will be given in two parts. Part 1 is the es- 
sential part. 


Received November 12, 1937. 

1 The term index of condensation is defined in Séries de Dirichlet, Vladimir Bernstein, 
Paris, 1933, p. 25. lim (Anzi — An) > O is sufficient for zero index of condensation. 

n--2o 

2,V. Ganapathy Iyer, On the order and type of integral functions bounded at a sequence 
of points, Annals of Mathematics, vol. 38 (1937), p. 311. 

2N. Levinson, On certain theorems of Pélya and Bernstein, Bulletin of the American 
Mathematical Society, vol. 42 (1936), p. 702. The method is an extension of that used 
in proving Theorem 2, p. 703. 
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Let 
A@=H(i-), B® =I (1+ 3) 
1 n 1 Ky 

Let 

(2.0) a=rD,, b = rD,, tana = ;: 

A(z) possesses the following well-known properties.’ For any e > 0 
1 AX» 

(2.1) A(+),) = O(e""), 

(2.2) A(re”) = O(e™"!sin?!*#7) 
1 — —ar|sin @|+er 


where in (2.3) @ is not an integral multiple of x. Similar results hold for B(z). 
Also there exists® an increasing sequence of positive numbers {R,} such that 
R,— ~ asn— o, and for any e > 0 


1 €Rn 1 
AR.eH = ), B(R, e*) 


Also no R, is nearer than a fixed amount to any X,, Or um . 
Proof of Theorem. Part1. In this part it is shown that for any « > 0 


(2.5) f(z) = Ofet!*'). 
For any y > 0 let 
f(z) _ 510. ») exp [(z — d.)(—b — ib? at+y)] 


(2.4) = O(e""*). 


A(z) Bz) “TO A’(Xn) BO\n) (2 — Xn) 
_ > f(—iun) exp [(z + iun)(—ia — a*/b + ty)] 





¥(z) = 
(2.6) 


B’ (in) A(—tun) (2 + inn) 


The series on the right converge by (2.1) and (2.3). For any e > 0 and small 
5 > 0, 





V(re'*”) = O(exp {—[(a* + b*)' cos 5 — k — Jr} 
(2.7) + exp {0 — y)r cos (a — 6) + ae sin (a — i} 


+ exp {(a — y)r sin (a — 6) — * cos (a — i) 


‘V. Bernstein, loc. cit., Note II, p. 267. 

5 Consider the single set {v,} made up of {A,} and {up}. Let Q(q, {vn}) be defined as 
in Bernstein, loc. cit., p. 271. Then the existence of {R,} follows from Note II, no. 4, 
p. 278. 
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If we use tan a = a/b, a simple calculation shows 


9 


—b cos (a — 6) + b sin (a — 6) = —(a° + byt sin 5, 


a 


9 


asin (a — 6) — 0s (a — 5) 


—(a* + B’)! ; sin 6. 
Thus (2.7) becomes 


(re) = O(exp {—[(a’ +B)! cos6 — k — lr} 
(2.8) + exp (yr — (a + B*)! r sin i} 


+ exp {yr — (a +)! er sin i} 
Let « = 3{(a’ +B)? — Kk]. Also let 
—s 23. (a b 
p = (a + b+)’ min (¢,2). 


Then we can choose 6 > 0 so small that {(a’ + b’)’cos 6 — k — €] > p sin 6. 
Thus (2.8) becomes 


W(re") = O(e-?"*™*), 


We now introduce a small « > 0 and take y = esiné. Then 


(2.9) v(re“) = Oe? -""""). 
Similarly 
(2.10) rr) ear 
By (2.4) and (2.6) for any e > 0, 
W(Rnre”) = O(e“*?*) (-r+a<6<a). 


Thus ¥(z) exp{—i(k + ze ‘“/sin 6} is bounded on the radii am z = a — 6 
and am z = —r +a + 6 by (2.9) and (2.10), and it is also uniformly bounded 
on the ares |z| = R,, —r+a+6S5 amzSa—6. Thus by the maximum 
modulus theorem it is bounded in the sector —r + a + 6 S amz S a — 6. 
It follows at once that ¥(z) is of exponential type in this sector. 

But by well-known results of Pragmén-Lindeléf,’ ¥(z) of exponential type 
in the sector, (2.9) and (2.10) give 


W(re*) = O(e°? rn) (-r tat+iS 6S a—5). 


6 For example, see Titchmarsh, Theory of Functions, Oxford, 1932, pp. 176-186. 
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There is no essential difference between the cases a > 6b, b > a. Let us 
assume a > b. Then p = (a + b’)'b/a and for z > 0 


¥(x) = O(exp {-[ + ae _ (| zx sin «}), 


Thus using (2.2), we see that 
A(z) B(x) W(x) = O(exp ile +e—(a + vy sin «| 7), 


Since [(a? + 0’) sin a)/a = 1, 

(2.11) A(z) B(z) ¥(x) = Oe"), 2>0. 
But 

f(z) = A(z) B(x) y(2) 


ee 2 SO.) A(z) exp [A,(b — y + ib’/a)] 
+ Ble) exp (6 — + is a oe GSN 








+ B(z) A(z) exp[—(a?/b — y)z — az] > f fe pelsplnle— 2 ON 


Thus by (2.2) and (2.11), f(z) = O(e*), x > 0. Similarly this holds for negative 
z. Thus 

f(z) = Ofe*"*'). 
But f(z) is of exponential type. If 


w= im Bw | 
|u| ly] 


’ 


then again by Pragmén-Lindeléf 


(2.12) f(z) = O(exp [er | sin @| + e)). 
But by a theorem of Bernstein,’ (2.12) and lim n/u, > 0 imply that 
c= jim 08 fet) | 
neo Kn 


Therefore by (1.0), c = 0 and by (2.12), (2.5) is true. 
This completes Part 1. Note that f(z) now satisfies condition (1.2) and 
therefore our theorem now follows from that of Lyer. We shall, however, give 


7N. Levinson, loc. cit., Theorem 2. This proof does not depend on Dirichlet series 
gap theorems as does Bernstein’s. Although the condition lim (Anat — An) > O is stated 


no 
in the hypothesis, the proof is unchanged with the less restrictive assumption that the 
index of condensation is zero. 
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a more direct proof of this result using (2.5). We use an interpolation formula 
that is also used by Lyer in his proof. 

Part 2. Here we complete the theorem. 

Let \_, = —A, and w_,» = —y,. Consider for any integer N > 0, 

N we , N 
H,(2) sos f (z) - > — f (An) ees a 
(2 13) A(z) B(2) —e A (An) B(a,) (z a An) 
. — — 
—< A(tun) B’(tun) (2 — tun) 

By (2.1), (2.3), and (2.5) the series converge. Clearly A(z)B(z)Hy(z) is an 
integral function of order one. Also A(z)B(z)Hy(z) vanishes at z = +),, 
z = +iu,, which are the zeros of A(z) and B(z) respectively. Thus Hy(z) 
itself is an integral function of order one. Also by (2.5) 


( 
Hy(+re"'*) = O (cx iL — (a + B’) |} + ") 
Since ¢ can be taken arbitrarily small, 


(2.14) Hy(+re*'*) = 0(1). 


Hence H(z) is bounded on four lines, am z = +a, am z = +(7 — a). And 
again by Pragmén-Lindeléf it follows that it is bounded in the entire 
plane, and thus a constant. But by (2.14) this constant must be zero. Thus 
(2.13) becomes 
. iF N X ) 
“(2) = A(e) B ( =. =e 
S*(2) = Ale) Ble) ( 2 A’(n) BO) (2 — a) 


+ > i fed —_). 
—2 B' (itn) A(iun) (2 — tun) 
By (1.0) there exists an M such that | f(+d,) | < M, | f(+iu,)| << M. By 


(2.15) there exists ac > 1, independent of N such that 


N | N (at 
if (+re***) | < cM* e* of 


(2.15) 


Thus 


| f(+re~**) | < cMe*t"®. 
Since N can be chosen arbitrarily large, it follows that 
| f(re***) | S cM. 


But this implies that f(z) is bounded in the entire plane, and is therefore a 
constant. 


3. There are many extensions of the theorem considered here. First there 
is the case of integral functions of order not one. Lyer obtains results for these 





OO me 


2D 
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which may be extended to best possible results by using the same method as 
is used in proving our theorem. 
It is also simple to remove the requirement that {A,} and {u,} be real. It 
is only necessary that 
lim (am A,) = 0, lim (am y,) = 0. 
no no 
There is an extension under quite general conditions to sequences not neces- 
sarily even, that is, where \_, = —A, need not hold. Here again all changes 
in the proof are quite obvious. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 








SOME GAP THEOREMS FOR POWER SERIES 
By R. P. Boas, Jr. 


1. Introduction. In this note we are concerned with the behavior of certain 
power series, 


(1.1) f(2) = > a2’ 


on the circle of convergence (which we suppose to be the unit circle). We 
consider, not the convergence of the series (1.1) for | z | = 1, but the convergence 
of a suitably chosen subsequence of its partial sums. It is to be expected that 
such a sequence may converge under hypotheses on f(z) lighter than those which 
ensure the convergence of the series itself; but the situation is complicated by the 
fact that the sequence, unlike the sequence of all the partial sums, may converge 
without converging to the “right” value. By way of illustration, we consider 


three examples. We write s, = 2 ay. 
k=0 


(i) an = (—1)", f(z) = 1/11 +2). Then s2,_, > 0, but f(z) ~ }asz— 1. 

(ii) ao = 1, dom = —Gam—) = 4m + 1 (m = 1,2, --- ); f(z) = 21 +2)" —- 
(1 —z)". Here se, — 1, but | f(z)| > @. 

(iii) @3n = G3ns2 = 1, Gang. = —2 (n = 0,1, 2, --- ); f(z) = (1 — 2)°/(1 — 2’). 
Then 83,1 — 0 and f(z) > 0. 

Apparently the only results in the literature concerning the convergence of 
subsequences of partial sums are those of A. Ostrowski. Ostrowski’s theorem’ 
states that if there are infinitely many sufficiently long gaps in the sequence 
{a,} (if, in fact, a, = 0 for n <n < n(1 + ©), where e > 0 and nm — ~), 
then regularity of f(z) on a closed are of | z | = 1 implies the uniform convergence 


nk 
of the sequence s,,(z) = >> a,z” to f(z) in a domain containing that are—in 
n=0 


particular, then, on the are. Our theorems resemble the result of Ostrowski in 
assuming the existence of gaps in the sequence {a,}; they assume less than the 
regularity of f(z) at points of the circle of convergence, but require restrictions 
on the rate of growth of the a,. Naturally, we obtain convergence of {s,,(z)} 
only for points of | z| = 1, not for exterior points. In one theorem (Theorem 2) 
we require f(z) to be of bounded variation on an are of |z| = 1; we obtain 
convergence of {s,,(z)} on the are under the assumption of smaller gaps than 
those necessary for Ostrowski’s theorem. This result extends a theorem of 
P. Fatou,’ which states that a, = o(1) implies convergence of (1.1) at every 


Received November 17, 1937. The author is a National Research Fellow. 
1 Dienes [2], p. 358. 
* Dienes [2], p. 467. 
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regular point, and the generalization given independently by P. Dienes* and 
W. H. Young,‘ in which the conclusion is convergence on every are of | z| = 1 
where f(z) is of bounded variation. In Theorems 3 and 4, on the other hand, 
we require merely that f(z) approaches a limit as z — 1 on the real axis, but we 
then need gaps larger than those of Ostrowski’s theorem. In Theorems 3 and 
4 we actually establish equiconvergence of the sequences {s,,} and {f(z;)}, 
where {2z;} is a particular set of points approaching unity, so that these theorems 
may be applied to give results of an Abelian as well as of a Tauberian character. 

We derive Theorem 2 from an extension of Riemann’s localization theorem 
for trigonometrical series; this extension seems to be of some independent 
interest. 


2. The localization theorem. We shall consider a pair of functions g(n) and 
d(n) of the real variable n, 0 < n < «; we require them to satisfy 

Conpitions A. ¢(n) > 0; ¢(n) fT ©; ¢(n) = O(n") (n > ~) for some q, 
0 <q < 1;¢(n) is an integer when n is. 

d(n) > 0; A(n) is non-decreasing; (n) = O(¢(4n)*) (n > ~), for some s > 0. 

Examples of functions satisfying Conditions A are: 

d(n) = 1, ¢g(n) any function becoming infinite with arbitrary slowness and 
sufficient regularity; 

A(n) = n*, a > 0; ¢(n) = [n’] for any 8 with 0 < B <1; 

d(n) = log (1 + n), o(n) = [A(n)*] for any a > 0. 

We shall also consider a function p(¢) defined in relation to an interval (a, b) 
(0 S a < b < 2x) in a manner which we specify in what we shall call 

ConpitTions B,,(a,b). a<a<B< b; p(t) = 1(a St S 8B); p(t) =Oo0n 
(0, a) and (b, 2m); p(t) of class C*"**(0, 2x) ;° p\” (a) = p(B) = O(n = 1,2, ---, 
2m + 2); p(t) periodic with period 2r. 

The existence of such a function p(t) is easily established. We write 


_ sin (n + $)t oe 
(2.1) D,(t) = “2sint (n = 0,1,2, ---) 


(D,(t) is the “Dirichlet kernel’’). 
Given a formal trigonometrical series 


(2.2) ) > c.e" (co = 0; c_, = é,n = 1,2,-- ), 


n=—20 


we define its partial sums s,(z) by 
k 
8,(x) = } 3» ce, 
n=—k 


3 Dienes [1], p. 37; [2], p. 471. 

4 Young [5], p. 365. 

5 [z] denotes the greatest integer < z. 

6 C*(a, b) denotes the class of functions with continuous derivatives of order k on (a, b). 
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We write, formally, 


(2.3) F,.(z) = (-i)” DS’ aqn-™e'™ (m = 1,2,---); 
F,,(x) is (2.2) formally integrated m times. If c, = O(n”) (n> @), F,,(z) is 
actually defined by the (absolutely convergent) series (2.3). 

TuHeorem 1. Let the sequence |c,} define the formal trigonometrical series (2.2). 
Let g(n) and X(n) satisfy Conditions A, let c, = O(A(n)) (n — &), and let there 
exist a sequence of positive integers n;, such that n, — «~, and forn, — ¢(nm) <n < 
rm + o(m), Cn = O(1) (n > &). If m is an integer greater than s and not less 
than qs + 2, of F,(x) is defined by (2.3), and if p(t) satisfies Conditions B,,(a, 6), 
then the sequence 


Nk a m 2 m 
(2.4) sce ———" [" po © dt — 2at 
n=—Nnk T 0 dt™ 


approaches zeroask — «, uniformly fora Sz S 8B. 

This theorem may be interpreted as stating that the behavior of the sequence 
{s,,(2)} at a point or in an interval depends only on the behavior of F,,(z) in a 
neighborhood of that point or interval. 

The proof of Theorem 1 is modelled on the proof of Riemann’s localization 
theorem. We follow the simplified presentation given by L. Neder.° 

We require two lemmas. 

Lemma 1. If o(t) is periodic of period 2r, and of class C"(—«, «), the 
Fourier coefficients ¢,, of a(t) satisfy 


(2.5) eis aie (n=+1,+2,---), 
where A = max | oa‘ (t)}. 
Ost<2r 
We have 
(2.6) oom tf emo at 
2r Jo 


Integrating by parts m times, we find 


a = [ e™a™(t)dt, lon) SAln{™. 
2rn™ Jo 

Lemma 2. Let the hypotheses of Theorem | be satisfied. Let a(t) be an integrable 

function of period 2x, having Fourier coefficients o,, defined by (2.6) and satisfying 


lo.| S$ Aln|~*" (n=+1,+2,---), 


(2.7) | 
| Go < A. 


7 The accent on the summation sign indicates the omission of the term for which n = 0. 
® Neder [4], pp. 117-124. 
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Then 


Jay = Mm ie F,,(x + the(t) ve n.tdt 0 (k— w), 
0 bs] 


uniformly for all x. If o(t) depends on x, the conclusion still holds on any set of 
points for which A can be chosen independent of x. 

Because m = qs + 2, F,,(x) is defined. To simplify the notation, we write 
N forn,. We have, with a = 0 or —7/2, 


_ 3N” [ F,,(x + t)a(t)(e'***** + co 8 dt. 
0 


We replace F,,(z + ¢) by its defining series, 


F,(z +t) = (-1)" © eke, 


k=—2 


integrate term by term, and obtain, using (2.7),” 


F 2r ; Qr ; 
= 4(-iN)” P akmjene [ e' k+N ‘o(t) aterm [ " seliee at}, 


[Je] SLM" DO" ee [IC ose | + lox) 
< AN” 3” |cn| O(N + ko + | N — BIO + 24 lew | 
k=l 
< 2AN” 2” lo | k"|N — kl" + 24 | ex| 
{N/2] —g(N) N-1 N+¢(N)-1 e-) 
= zan"( +. + a X) +24 lew! 
1 [N/2]+ N-—@(N)+1 N+1 N+@(N) 


Si + S: + S; + S; + Ss; + 2A (ew}. 


Since g(N) = o(N), we may (and shall) suppose that N — ¢(N) > [N/2]. 
We have, for some constants B > 0,C > 0, ¢,| < Br(n) < Cn™ (n = 1, 2, 
--); and, for N — g(N) <n < N + g{N), (en, < e(n), where lim e(n) = 


no 


Since m — qs = 2, we have 
[N/2] 


S: S$ 2ACN™ >> k*-"(N — ky 
k=1 


lA 


2ACN"(2/N)"*! > ke? 
k= 1 


o(1) (N > ~). 


* The double accent on the summation sign below indicates the omission of the term for 
which k = N 
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Since \(k) is non-decreasing, and m > s, 


N-—@(N) 
tap > RN -W™ 


So. S 
k=[N/2]+1 
<2 ABN) D> n™ 
n=¢(N) 
< 2”*'ABXN){¢(N) — 1} 
= o(1) 


Since N = O(N — ¢(N)) (N— &), 


N-1 


S;<2AN" > &k)k'(N-—k™ 


k=N—g(N)+1 


¢(N)-1 


2A{N/(N — ¢(N) + 1)}” » &(N — n)n™ 


IIA 


= o(1) 
Next we have 
N+@(N)-1 
S. & 24 e(k)(k — NY" 
k=N+1 
¢(N)-1 
= 24 Sn 
n=l 
= o(1) 
Finally, 
Ss < 2N" AB Ye MA)k-"(k a ure 
k=N+¢(N) 
< 2N"AB{N + ¢(N)}™ kk + N) 
k=e(N) 


2AB > k™ "NE +N). 


k= o(N) 


IIA 





(N > ~), 


(N—- oo), 


(N—- o), 


But ¢(N) is non-decreasing, and hence for k = ¢(N), ¢ (k) = N. Since d(n) 


is non-decreasing, we have 


(2.8) S; < 2AB > ke" x(k + o "(k)). 


k=o(N) 
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For sufficiently large k, since g < 1, 
k > ¢(k), 
¢ '(k) > k, 
k+¢ '(k) < 2¢"(k), 


Ak + ¢ '(k)) S (Bek) = Ofe(e"(k))"} = O(K"). 


Relation (2.8) now gives, for some D > 0, 


S;< 2ABD >> k™*" = o(1) 


k=¢(N) 


since m > s. This completes the proof of Lemma 2. 
We now prove Theorem 1. A simple computation shows that 


m Qn m 
say() = —" [" pe +) £ dae 
T 0 dt™ 
The difference (2.4) may then be written 
(— 1)” 2r d™ 
(2.9) ——— F(x + (1 — p(x + 0)  Dus(t) dt. 
T 0 t 
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(N—- o), 


Now, if we set A,(¢) = 3 sin nt ctn 3t, we have D,(t) = A,(t) + 3 cos nt. Hence 


we may write (2.9) as the sum of 


(2.10) et r F,.(x + (1 — p(x + 0) = An,(t) dt 
and 
(2.11) oe [ " Pale + (1 — ple +O) cos meta 


We set w(t) = 3 ctn 4t; w(t) is of class C” for t # 0 (mod 27), and we have 


A, (t) = w(t) sin nxt, 


a” ¥ m m (m—}j) ai Gi) 
(2.12) a A,,(t) = > (""). (t)(sin nt) 


m 

: -_ co 
= >> A;niw™ (t) ~ 
Sl 


Ss 
nt 
n ’ 


where the A; are constants independent of n; . 
We define functions o(t) (depending on x and p) by 


oft) =(l—p(xr+d)o”(t) (4+ 0;05 p< m), 


o(0) = 0. 
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Since p(t) satisfies Conditions B,,(a, b), each o(t) is of class C"™' for a < x S B; 
and | o'"*" (t) | has a finite upper bound independent of z, a < x < 8. By 
Lemma 1, then, the Fourier coefficients of o(¢) satisfy (2.7), with A independent 
ofz,aS2r<8. By Lemma2, 


Ja, = i F(x + bHe(b) ea n.tdt 0 (k > o) 
0 5 


and (2.11) is a constant multiple of J,, (with p = 0). Hence (2.9), which is the 
same as (2.4), also approaches zero as k — », uniformly fora S x S 8. 


uniformly for a S x S 8; by (2.12), the expression (2.10) has the same property; 


3. Application to power series. 
Tueorem 2. Let f(z) = >> a,z", lim |a,|"" = 1. Let y(n) and X(n) satisfy 


n=0 n—20 


Conditions A; let a, = O((n)) (n — &); and let there exist a sequence of integers 

n, such that n, — ~, and for n, —¢(nz) <n < nm + o(mz), an = O(1) (n> @&), 

If, fora < @ <b, lim f(re”) = g(@), and g(@) is a normalized” function, of bounded 
r—l 


Tk Fe 
variation on every (a, B) (a < a < B < D), then 8,,(0) = p> a,e’ converges to 


n=0 
g(0) (k — &); if f(re”) converges uniformly for a < 0 < B, so does 8,,(8). 

In particular, then, if f(re”) is regular for r = 1, a < @ < b, 8, (8) — fle"), 
uniformly fora S @ S 8B. 

The scope of Theorem 2 will perhaps be clearer if we give some examples of 
how the hypotheses of the theorem can be satisfied. Let us call g(n.) “the 
length of the gap at n,”’. If 

(i) a, = O(1) and the length of the gap at n, becomes infinite; or 

(ii) a, = O(n*) for some a > 0 (however large), and the length of the gap at 
n, increases as rapidly as ni, for some 8 > 0 (however small); or 

(iii) a, = O(log n), and the length of the gap at n, increases as rapidly as some 
positive power of log n, ; 
then s,,(@) approaches f(e”) on any are of |z| = 1 where f(z) is of bounded 
variation. 


Corottary. Let f(z) = >> a.z”*, lim | a; |"”* = 1. Let g(n) and Xn) satisfy 
k k 


r=) +o 
Conditions A; let a, = O(A(,)) (k @ &); let o(vx) = O(vrsr — 1%) (kK - @). Uf 
lim | a, | # 0, f(z) cannot be of bounded variation on any arc of |z| = i= 
k-2 
With the hypotheses of the corollary, the Fabry gap theorem” gives | z| = 1 


as a natural boundary (even without any restriction on the order of magnitude 
of the a). With the order of magnitude of the coefficients restricted, we 
obtain a more precise result. 


1 g(@) is normalized if g(@) = 4(g(@+) + g(@—)],a<@a<b. 

1 To apply Theorem 2 to f(z), we take ne = [4(vx + ve41)], and (if necessary) replace 
o(n) by a constant multiple of g(n). 

12 Dienes [2], p. 376. 
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To prove Theorem 2, we let 


(3.1) f(r, 9) = > cn r!”! en? (c_, = é,) 


be the real or imaginary part of f(re). There is no loss of generality from 
assuming that c = 0,andthat0 < a<b<2z. Let lim/f(r, 6) = h(@) on (a, b), 
r—l 

and let h(6) be extended outside (a, b) so that it is integrable on (0, 27) and peri- 
2x 

odie with period 27, with [ h(@)d@ = 0. Let the interval (a, 8) be given, and 
0 

choose a’,a <a’ <a. 

Since the series in (3.1) is uniformly convergent for any r,0 < r < 1, we may 
integrate it term by term, m times, where m 2 gs + 2 and m > s, obtaining 
for any 6 


oo 6 
(3.2) (—i)" do’ qn ri ei”? + P(r, 0) = mm f (9 — u)” “f(r, u) du, 
where P,,,_;(r, 6) is for each r a polynomial in 6 of degree S m — 1. 

The series in (3.2) is the real or imaginary part of the series 


(3.3) > an" 2"; 


n=1 


since, by our hypotheses on the a, , the series pB |a,|n ™ converges, it follows 


n=1 
by Abel’s theorem that the function (3.3) approaches a limit as | z | — 1, uni- 
formly for all 6; its real and imaginary parts have the same property. The 
series in (3.2) therefore approaches 


(3.4) (—a" YY nme”, 


n=—eo 


uniformly for all 6. 
For a’ < 6 Ss Bb’ (b > Bb’ > 8B), g(@) is a function of bounded variation and 


hence bounded. For 0 S r < 1, f(re“*’) and f(re”’) are bounded, uniformly 
with respect tor. Hence f(re”) is bounded in the sector 0 S$ r S$ 1,a’ S 6 <0’, 
its real and imaginary parts have the same property, and 


lim [5 u) du = f h(u) du, 


r—1 


boundedly for a’ < @ < b’. Integrating m — 1 times more, we find that 


lisa >———~. ! [ (@ — u)” “f(r, u) du = aon [ (@ — u)”™ *h(u) du, 


r—+1 (m — 1)! 


fora’ < @ <b’. It now follows from fas that lim P»_:(r, @) exists for a’ S 
r-—l 
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6 < b’ and is therefore a polynomial P,,_;(@) for a’ < @ S b’. We then have, 
fora’ S60’, 


F,,(0) = (—7)” > f c,n"e™” = —P,,_(6) +i Lal (@ — u)” *h(u) du. 
Let the Fourier series of h(@) be 

(3.5) = ne (yo = 0); 

let 


®,,(@) = (—i)” > yan "e'™; 


n=—o 


since term by term integration of (3.5) is legitimate, 


,,(0) = Qn—i(0) + ol (@ — u)”™ *h(u) du (a’ sé Dd’), 


(m 
where Q,,_:(@) is a polynomial of degree S m — 1. Therefore 
Gn(0) = Pn(0) — Pm(0) = Rna(9) (7 56s6’), 


where F,,_;(@) is a polynomial of degree < m — 1. 
The trigonometrical series 


> (Cn — yn)er™" 


n=—2 


satisfies the hypotheses of Theorem 1. If p(¢) satisfies Conditions B,,(a’, b’), 
we shall have, by Theorem 1, 


(3.6) im { > (cn — ynJe'™” — ea re Gn(t)p(t) & D,,,(t — 8) a} = 0 


km \n=—ng 


uniformly fora S @< 8. Weshall show that the limit of the integral in (3.6) is 
zero. 

We suppose, as we may, that p‘"’(a’) = p‘"’(b’) = 0 (n = 0, 1, --- ,m — 1); 
then G,,(d)p() is of class C”(a’, b’), and its derivatives of order S m — 1 vanish 
at a’ and at b’. We integrate the integral in (3.6) m times by parts, obtaining 


(3.7) [ Daslt — 8) < {Ga(do(t)} dt 


Since {G,,(é)p()}‘" is of class C’(a’, b’), the Dirichlet integral (3.7) converges 
ona’ S 6S b’ and uniformly on (a, 8) to {G,.(t)p(t)}‘"’; on (a, 8), p(t) = 1 and 
{G,,.(t)} 1" = 0, so that this limit is sero. 

Referring to (3.6), and using the fact that (3.5) converges to h(@), a’ < 6 <b’, 
we see that 


nk nk 
(3.8) lim : c,e = lim Zz. ye = h(0) (a 56s 8). 


km n=—nj5 kk n=—nj 
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The relation (3.8) holds uniformly if f(re") — g(@) uniformly, since h(@) is then 
continuous as well as of bounded variation. Since these results are true whether 
f(r, @) is the real or imaginary part of f(re”), we obtain our conclusion. 


4. Theorems with large gaps. In §3 we considered power series with strong 
restrictions on their behavior on the circle of convergence, and small gaps in the 
coefficients. We now consider power series subjected to weak restrictions on 
the circle of convergence, but with large gaps. 

Let (n) be a positive function of positive integers n, with lim \(n)"" < 1. 


We shall consider the class of power series 
(4.1) f(x) = Day 2" 
with 0 < x < 1, subject to 
lim | dn - = 1, 
and 
(4.2) a, = o(A(n)) (n— o), 


We shall call this class C(A(n)). 


k 
We write, given a function (4.1), s = at 


n=0 


THEOREM 3. For every class C(A(n)) there exists a positive function y(n) such 
that if f(x) belongs to C(d(n)) and if there is a sequence {n,} with lim n= © 
kw 


and with a, = 0 forn <n < nm + ¢(nx), then for a suitable sequence {x,}, with 
lim z, = 1, 


no 


(4.3) lim { f(z) — 8.) = 0. 


Thus, if f(z) approaches a limit s (k —  ) (in particular, if f(r) ~ sas x — 1); 
Sn, — 8; if 8, — 8, f(z.) — s (but f(x) does not necessarily approach s, as is 
easily shown by examples). 

TueoremM 4. For the class C(n™*) (r > 1), we may take x, = 1 — n;" and ¢(n) = 
[r°n” log n). 

If r < 1, C(n™”*) becomes the class of series with a, = o(n™'), for which 
Tauber’s theorem” gives a better result than Theorem 4 would. 


If nm + o(nx) = m41, 80 that (4.1) has the form >> a,,2"*, Theorem 4 fails to 
k=0 


contain the “‘high indices theorem” of Hardy and Littlewood; however, it 
gives, for the series to which it applies, more information than the high indices 
theorem does. 


13 Dienes [2], p. 465. 
14 Ingham [3]. 
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Theorem 4 could be sharpened somewhat at the expense of additional complica- 
tion in statement, but since it is by no means certain that even better results 
could not be obtained by more powerful methods, we leave the statement in the 
simpler form. 

To establish Theorem 3, we write 


2 Nk 
(4.4) fim)—s,= DO anae — Dial — a) = S — &. 
Then 
Mk ( nk 
(4.5) S:| S$ (1 — x) } n{a,| = ot — 2x) > nnn) (k — o), 
n=0 n=l 
Let w(n) be a positive function such that w(n) = 1, w(n) — ~ asn — ~, and 
w(n) = > pr(p) (mn = 1,2, ---). 
p=0 
Then, by (4.5), 
S. = of(1 — x)w(n)} (k > 2); 
S: = o(1) 
if xz, = 1 — 1/w(n;). 
We have 
Ss; = ys n‘a,nzp. 


n=nEere (ng) 


Let k be so large that | a, | < eA(n), n > nm , where « > O is arbitrary. Then 


Ro) 


Si| s _ nd(n)x; 
" Nk + o(n,) a ’ 
< ad e¥ (2) ‘ 
~ Me + o(nx) 
where 
v(x) = & nrX(n)2". 
n=1 


We have x = 1 — 1/w(n,); if then 
o(n) = ¥(1 — 1/e(n)), 


we have | S;| S «. This proves Theorem 3. 
=) ° . . —2 
To establish Theorem 4, we start again from (4.4); when A(n) = n™ “, we may 
take w(n) = n’; and if x = 1 — nm’, Ss = o(1) (k > ~). We now estimate S, 
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more precisely than before. Take k so that forn > m,|a,| < n”’, and write 
N=n,,2=2,. Then 


oo 
S:| < ghte(n- ny” 2g Non th 
n=N+¢(N) 


(4.6) e 
ro ¥ stn +N + g(N)}". 


n=0 


IIA 


Suppose first that r = 2. Thensinee N S ¢(N), we have 


2¢(N) x 
mer ( y+ 2, )z"in + 29(N)}"? = Si + SY. 
n= n=2¢(N) 
Then 
S; < 4” * o(N)? 2°? '(1 a z)", 
Ss! < gr-2 (9) b da z"n"”*: 
n=1 
since 
p (" vf 7 2" =(1—2) 
n=0 n 
and 
n? ~T(r -1)(" as 7 *) (n— &), 


we have 
SY < Ar?'(1 ee om, 
where A is a suitable constant. Writing ¢(V) = N’u(N), and remembering 
that 1 — z = N’’, we have (with a new A) 
|S, | < AN" “(1 ws NT)" 11 } u(N)"}. 

Under our hypotheses, u.(N) ~ r* log N (N > «); an elementary computation 
shows that 

(1 — NVy"*"Nn"-"y(N) = 0(1) (N > «); 
thus S,; = o(1) (k-— «) ifr 2 2. 

If 1 <r < 2, we have from (4.6) 


|S] <a DS x(n + 2N) 


n=0 


led il as | —_ x)" 


= a *n*(1 ii nope. 


lA 


IIA 
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It is easily verified that the last expression is o(1) if u4(N) 2 (2r — 1) log N 
for sufficiently large N; but u(N) ~ r° log N > (2r — 1) log N (since 1 < r < 2). 
This completes the proof. 
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ON ABSOLUTELY CONTINUOUS TRANSFORMATIONS IN THE PLANE 
By Trsor Rapé 
1. Introduction 


1.1. We shall be concerned with continuous transformations 7 given in 
the form 
T:2=2(u,v), y= y(u,»), 
where x(u, v), y(u, v) are continuous in the closed fundamental square So:0 S u 
£1,050 1. Wedo not assume that T is bi-unique. Let us use K to denote 
any finite system of closed squares s in So, without common interior points. 
Let § denote the image of s and | § | the measure’ of §. If there exists a finite 
constant M such that 
> |s|<M 
seK 
for every system K, then T is of bounded variation in the sense of Banach. If 
for every ¢ > 0 there exists an 7 = n(e) > O such that 


Dd |8| <e 


sek 


for every system K which satisfies the condition 


dX |s| < n(0, 


seK 


then T is absolutely continuous in the sense of Banach (Banach [2]). 


1.2. A real function f(u) of the real variable u, continuous in an interval 
a < u & b, gives rise to a one-dimensional continuous transformation z = f(u). 
The theory of the transformations 7, defined in §1.1, appears thus as a two- 
dimensional generalization of the theory of functions of a single variable which 
are of bounded variation and absolutely continuous, respectively. In the one- 
dimensional case, we know that if f(u) is of bounded variation, then f’(u) exists 
almost everywhere in the interval a < u S b and is summable there. Further- 
more, if f(u) is absolutely continuous, then we have the fundamental identities 


(1) [ rrau = 10) - 0, 


(2) [irea| au = W045 4, 8), 


Received November 29, 1937. 
1 If E is a measurable set, then | E | denotes the measure of E. 
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where V(f; a, b) denotes the total variation of f(u) ina S u S b. Banach 
himself and subsequently Schauder (Banach [2], Schauder [1]) obtained a 
number of important results concerned with the two-dimensional theorems 
which correspond to the one-dimensional theorems stated above. In the two- 
dimensional case, f’(u) and | f’(u) | are replaced by certain generalized Jacobians, 
while the right sides of (1) and (2) are replaced by what may be called the 
signed area and the absolute area of the image of the fundamental square Sp , 
these areas being defined as the integrals of certain multiplicity functions. One 
of the main results of Schauder was extended in an earlier paper of the author 
(Radé [2]). The present paper contains a number of further contributions to 


the theory. 


1.3. We now make a few general statements concerning its contents. The 
methods of Banach and Schauder are based essentially on geometrical ideas, 
and one of the main purposes of the present paper is to explore more fully the 
geometrical background of the theory. Our methods will depend upon the 
following geometrical tools in addition to those developed and used by Banach 
and Schauder. We shall take advantage of certain simple facts concerning 
the topological index (see Part 3) which were not considered in their work.’ 
Simultaneously with the image of the fundamental square Sp under the trans- 
formation T we shall consider the kernel of this image (see Part 6). The kernel 
represents, in a sense, the stable portion of the image. The idea of the kernel 
has been used already in an earlier paper of the author (Radé [1]) as a possibly 
useful substitute for certain very complicated geometrical conceptions developed 
by Geéeze in his work on the area of continuous surfaces.’ Finally, we shall 
utilize, in Part 10, the notion of total differentiability in a manner suggested by 
the investigations of Stepanoff on approximate differentiability (cf. Saks [1], 
Chapter 9). 


1.4. While the geometrical facts used by Banach and Schauder remain valid 
in n-dimensional Euclidean space, this is not always the case with those used 
in this paper, and the question of the validity of some of our results in spaces 
of higher dimension may lead to interesting problems. But in the two-dimen- 
sional case our methods yield new information concerning a variety of funda- 
mental questions and lead to a more complete theory, both in the way of more 
precise answers to problems partially solved previously and in the way of new 
problems which become accessible to discussion. On account of the number of 
definitions and topics it seems impractical to give at this time a detailed de- 
scription of the contents of this paper, and the reader is referred to §§3.2, 5.3, 
5.5, 5.6, 6.2, 6.8, 6.11, 7.8, 7.10, 7.11, 7.14, 8.6-8.9, 9.2, 10.13 for quick informa- 


2 See Kerékjarté [1] for the topological facts used in the sequel. 
3 See Radé [1] for references to the work of Gedécze. 
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tion concerning individual items which may be considered as new contributions 
to the Banach-Schauder theory. 


1.5. Two-dimensional generalizations of the identities (1), (2) were investi- 
gated by many authors. While the principal formulas of the various theories 
are very similar in appearance, they may differ considerably in their meaning 
according to the definitions adopted. All the quantities appearing in our 
theorems have a definite geometrical meaning, but this is not generally the 
case in other theories, and therefore a comparison of results would be possible 
only on the basis of an adequate discussion of the geometrical background of 
the various theories. Such a discussion may lead to interesting and difficult 
problems, particularly in connection with the work of Young [1], [2], Burkill [1], 
[2], and Caccioppoli [1]. We shall restrict ourselves, in the body of the paper, 
to references to previous results which are directly comparable to ours. 


1.6. While our approach throughout the paper will be essentially geometrical, 
we shall make extensive use of the modern theory of differentiation and integra- 
tion.’ As might be expected, it will happen at times that we shall find it 
convenient or necessary to modify slightly certain well-known results and 
methods of the general theory. This will be the case in Part 2, in connection 
with the theory of non-additive set-functions due to Banach, and in Part 10 
in connection with the work of Stepanoff on approximate differentiability. 
Our more or less detailed presentation of such modifications is not meant to 
imply any claims to originality, and we give some details only to keep within 
reasonable bounds the amount of work left to the reader. 


1.7. In view of the number of permanent notations which will be used, we 
give here a list of notations which the reader is requested to consult whenever 
in doubt about the meaning of a symbol. In the following list each symbol is 
given together with a reference to the section where its meaning is explained. 

Point-sets: K, §1.1; So, s, §2.2; O, C, §2.7; S,, Bo, Bo, §4.1; &, §4.11; 
T, 1, Ik, Ty, I*, 1*, b, 6, §5.1; Re, $6.2. 

Functions and functionals: Nz(z), N(z), §4.1; g.(z), §4.4; i(w), ns(z), n(z), 
§5.1; (2), v-(z), $5.6; x(z), §6.8; G(s), D(w), §7.1; J(w), §7.10; T(s), I’(w), 
§8.9; E(u, v; Uo, Vo), n(U, ¥; Uo, Vo), §10.2. 

Other symbols: D;, K,(O), K,(C), §2.7; D(s), §2.10; T, §4.1; p;, §4.3; 
| Ti, Tz ||, §6.1; BV, AC, §7.1; C({s;}; uo, vo), $10.4; C(T; wo, v0), $10.6; 
C(s; uo, % ; BE), $10.10. 

1.8. To simplify the formulas, we shall omit the symbols drdy and dudv 
in writing double integrals. Functions in the zy-plane will be assumed to be 


defined in the whole plane and equal to zero outside of a sufficiently large circle. 


4 See Saks [1] for information concerning the theory of functions of real variables. 
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The range of integration will be indicated only in case it is different from the 
whole plane. The Lebesgue integral is used throughout the paper. 


2. On functions of squares 


2.1. We shall state in this section certain results of Banach [1] concerned 
with real-valued functions of sets F(E), in a form convenient for our purposes. 
Some of the functions F(Z) which arise in geometrical applications are defined 
originally only for certain very simple figures (like a region bounded by a 
simple closed polygon), and the range of definition of F(Z) fails then to possess 
the closure properties required in the general theory developed by Banach’ 
(see Banach [1]). In such cases, it may be possible to extend the range of 
definition of F(Z), but one may desire to avoid the labor involved in the process 
of extension and the loss of simplicity in the geometrical interpretation. It 
may also happen, as in the present paper, that one needs only facts which 
depend solely upon the values of F(Z) on squares. It might therefore be of 
interest to observe that the definitions and results of Banach, as far as they 
are needed in the sequel, can be modified in such a way as to involve only the 
values of F(Z) on squares, the necessary modifications in the proofs being 
rather immediate. Accordingly, we shall consider functions of squares, and our 
references to Banach are to be interpreted in the sense that our statements are 
more or less obvious modifications of, but not necessarily equivalent to the 
corresponding statements of Banach. 


2.2. We assume that the function of squares F(s) is defined for all closed 
squares s in the fundamental square 


S:0s u sl, 0Osvesl. 


F(s) will be said to be of bounded variation if there exists a finite constant M 
such that 

Dd | F(s)| < M 

j=l 
for every system of closed squares without common interior points (Banach 


[1}). 


2.3. F(s) will be said to be absolutely continuous if there exists for every 
¢ > 0 an n(e) > 0 such that 


m 


Dd | F(s)| < « 


j=l 
for every system of squares, without common interior points, which satisfy 
the condition® 


D> 8;| S nfo) 


5 The function of squares ['(s) of §8.9 comes under this description. 
* Cf. footnote 1. 
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(Banach [1]). It follows immediately that the same inequality holds then also 
for infinite sequences of squares. This remark applies also to the inequality 
in §2.2. 


2.4. It is easily seen that F(s) may be absolutely continuous without being 
of bounded variation. If however F(s) is bounded, that is, if | F(s) | is less 
than a finite constant K independent of s, then absolute continuity implies 
that F(s) is of bounded variation.’ Indeed, consider the (¢) appearing in 
the definition of absolute continuity, and put 26 = n(e). Take a system 


8, +++ , 8m Of closed squares without common interior points, and assume first 
that |s;| < 6(j = 1, ---, m). Divide the system of squares into groups 
@, , --- , @, in such a way that in each group the sum of the areas is less than 


25. This can be done on account of our present assumption, and we have a 
grouping where the number k of groups is a minimum. In this extremal group- 
ing there is at most one group whose squares have a total area less than 4, since 
otherwise two of the groups could be thrown together. Hence 


m 


(k — 1)8 S D|s;| S$ |So| = 1, 


j=1 
and therefore 


1 
< : 
kSl+;. 


But the sum >> | F(s) |, extended over the squares of any one group, is < 1 
by the definition of 6. Hence 


o|— 


2d |F(s)| Sk S1+ 
= 
Assume, in the second place, that | s;| 26(j = 1,---,m). Then 


mé < D2 | 8;| S$ |So| <1, 


j=1 
and hence 
D | F(s)| $ mK < 4%. 
j=l 6 
Clearly, we have then for any system of closed squares s;, --- , 8m without 


common interior points, as a consequence of the preceding remarks, the in- 
equality 


— K+1 
Yl F@)| 14254, 
which shows that F(s) is of bounded variation. 


7 Cf. Saks [1], p. 93 for the corresponding one-dimensional theorem. 
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2.5. Since the boundedness of F(s) was used only to control large squares, 
it follows that if F(s) is absolutely continuous, then there exist two positive 
constants M and 64, such that we have for every system of squares 8; , --- , 8m 
without common interior points the inequality 


> | F(s) | < M, 


j=1 
provided that each square of the system has an area less than 6. 


2.6. Take a point (u, v) in So, and consider all possible sequences of closed 
squares s; such that (i) s; contains (u, v), (ii) s; is contained in So, and (iii) | s;| 
— 0. The least upper bound of lim sup F(s,)/| s; |, for all such sequences s;, 
is the upper derivative F’(u, v) of F(s) at (u, v). The lower derivative F’(u, v) 
is defined in a similar way. These derivatives may be equal to +. They 
are always measurable (Banach, [1]). If F’(u, v), F’(u, v) are finite and equal 
at a point (u, v), then their common value is denoted by F’(u, v) and is called 
the derivative of F(s) at (u, v). If F’(u, v) exists almost everywhere in So, 
then it is measurable there. 


2.7. We shall use O to denote a relatively open subset of So, that is, a set 
which is the product of Sp and of an open set. C will denote a closed subset 
of So. The subdivision of S) into 7? congruent squares will be denoted by 
D; , the class of those closed squares s of D; which are contained in O by K;(0O), 
and the class of those closed squares of D; which have some point in common 


with C by K,(C). 


2.8. With these notations we have the following theorem (Banach [1]). Jf 
F(s) is absolutely continuous and if F’(u, v) exists almost everywhere in So , then 
F’(u, v) ts summable and 


p Foz | [ F’(u, v) dudv, ; > Fo 72 | [ F'(u, v) dudv. 


aeK;(0) 8¢K;(C) 


2.9. Suppose F(s) satisfies the following conditions. 

(i) F(s) 2 0. 

(ii) If s; , --- , Sm are closed squares without common interior points, and if 
s is any closed square in Sp which contains s,, --- , 8m, then always 


> F(s;) S F(s). 

}— 

Then F'(u, v) exists almost everywhere and is summable in Sy. While this 
theorem is not explicitly stated by Banach, it follows immediately by his 
reasoning in Banach [1]. 
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2.10. Consider a closed square s in Sp. By a decomposition D(s) of s we 
Shall mean any finite or infinite sequence s,, --- , 8;, --- of closed squares 
with the following properties. (i) The squares of the sequence have no com- 
mon interior points. (ii) s = ) s; (j = 1,2, ---). If we use subdivisions of s 
into congruent squares, the following statement is easily proved. Given, in s, 


a finite system of closed squares s;, --- , 8m Without common interior points, 
and given an ¢« > 0, there exists a sequence Sm41, Sms2,--- Of closed squares 
with diameters less than ¢ such that s,, --- , 8m, Sm41, +++: is a decomposition 


of s. Ifthe given squares 8), ---, 8» constitute by themselves a decomposition, 
then the assertion is vacuously true. 


2.11. F(s) will be called normal if (i) F(s) is of bounded variation and (ii) 
we have F(s) Ss pe F(s;) for every decomposition s;, ---, 8;, --- of s (ef. 
Banach [1}). 


2.12. If F(s) is normal, then F'(u, v) exists almost everywhere and is summable 
in So (Banach [1]}). 


3. On the topological index’ 


3.1. It will be convenient to use complex numbers w = u + iv, z = x + ty 
in the sequel. Let there be given, on a Jordan curve C in the w-plane, a con- 
tinuous function z = f(w). If w describes C in the counter-clockwise sense, 
then z describes in the z-plane a directed closed continuous curve C, and if 2 
is a point not on C, then the change of the continuously varying argument of 
z — 2 = f(w) — zis of the form 2x, where np is an integer (positive, negative 
or zero). This integer mo is called the topological index of the point z with 
respect to C. 


3.2. Suppose f(w) is continuous in the closed region bounded by a Jordan 
curve C. Let wy be a point interior to C, and put z = f(wo). Assume that 
f(w) ¥ z in and on C, except at wo. Let C and mo have the same meaning 
as in §3.1. Then there exists a p > 0 such that for 0 < | z — z| < p the equation 
f(w) = z has at least | no | distinct roots in the interior of C. By simple transfor- 
mations, this statement can be reduced to the special case wo = 0, 2 = 0 con- 
sidered in Radé [2]. 


3.3. Consider again a function f(w), continuous in the closed region bounded 
by a Jordan curve C. Let € have the same meaning as in §3.1. Take in the 
z-plane a point z not on C, and denote by Mc(f(w) — zo) the maximum of 


8 Cf. footnote 2. The notion of the topological index can be extended to spaces of 
higher dimension. With the exception of the lemma of 3.2, the facts stated in this chap- 
ter are special cases of well-known n-dimensional theorems. See also for further refer- 
ences Hopf [1]. 
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| f(w) — 2 | on C. Assume that the topological index of 2) with respect to C 
is equal to zero. Then there exists a function h(w) with the following properties. 

(i) h(w) is continuous in the closed region bounded by C. 

(ii) A(w) = f(w) on C. , 

(iii) M(h(w) — 2) = Mec(f(w) — 2), where M(h(w) — 2) denotes the maximum 
of | h(w) — 2 | in the closed region bounded by C. 

(iv) h(w) # 2 in the closed region bounded by C. 

Proof. Since the topological index of z) with respect to C is equal to zero, 
we can write 


f(w) — 2% = | f(w) — 2% | (cos o(w) + isin g(w)), wont, 


where g(w) is single-valued, real and continuous on C. Since f(w) # z on C, 
the (real) logarithm of | f(w) — zo | is continuous on C. Let &(w), n(w) denote 
the solutions of the Dirichlet problem, in the closed region bounded by C, 
for the boundary conditions 


E(w) = log | flw) — 20 | bon c? 


nw) = o(w) 


Define, in the region bounded by C, 
h(w) = 2 + exp(é(w) + in(w)). 


Then A(w) is single-valued and continuous in and on C, and it is clearly different 
from 2 there. Obviously h(w) = f(w) on C. Finally we have 


| h(w) — 2 | = exp &(w). 


As £(w) is harmonic, it follows that | h(w) — 2 | takes on its maximum on the 
boundary, and as h(w) = f(w) on C, it is proved that 


M(h(w) — 2) = Me(f(w) — 2). 


3.4. For easier reference we state the following well-known theorem. Let ® 
be a closed bounded region in the w-plane, bounded by a finite number of 
Jordan curves C,, --- , Cm. Consider a function f(w) which is continuous 
and different from zero in R. Denote by V; the change on C; of the continu- 
ously varying argument of f(w), the curve C; being described in the positive 
direction relative to ® (that is, the exterior boundary curve is described in 
the counter-clockwise sense, while the interior boundary curves, if any, are 
described in the clockwise sense). Then V; + --- + Vm = 0. 


® The use of harmonic functions could be avoided here, but the proof would be a little 
longer. 
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4. The function” N;(z) 
4.1. Throughout this paper 7 will denote a continuous transformation given 
by equations 
T: x = z(u, v), y = y(u, v), 
where x(u, v), y(u, v) are continuous in the closed square 
S:0 su sl, 0svsl. 


We shall use also the complex notation w = u + w,z = x + ty. Then T is 
given by an equation 
T: 2 = f(w), 


where f(w) is continuous in Sy. The perimeter of So will be denoted by By. 
If w describes By in the counter-clockwise sense, then its image z describes a 
directed continuous curve which we shall denote by B). If E is a subset of 
So, and z a point in the z-plane, then Nzg(z) will denote the number of distinct 
models of z in E (that is, the number of distinct solutions of the equation z = f(w) 
in the set #). If the number of models is infinite, then we put Nze(z) = ~. 
To simplify the formulas, we shall write N(z) for Ns,(z). The set of points z 
for which N(z) = © will be denoted by S, . 


4.2. Take a set Q in Sy, and denote by Q its image in the z-plane. Take 
then a set E in the z-plane, and denote by E its complete model in Sp (that is, E 
is the set of all points w in Sp whose image is in E). We have then the obvious 
relation 

No(z) for z in E, 
nan * ‘0 for z not in E. 

4.3. We shall use the symbols O, C, D; , K;(O), K;(C) in the same sense as 
in §2.7. It will be convenient to use subdivisions D,, , where p; is the j-th 
positive prime. The following obvious remark will prove useful in the sequel. 
Given any point wp in the closed square Sy, there exists a 5 = 6(wo) > 0 such 
that for 7 > 6 the point w is comprised in exactly one closed square of the sub- 
division D,;. If wo is an interior point of So, then for 7 > 6 the point wo 
will be interior to some square of D,, . 


4.4. If s is a closed square in S), then g,(z) will denote the characteristic 
function” of its image in the z-plane. As the image of s is a closed set, g.(z) 
is measurable. The following four lemmas (§§4.5-4.8) are obvious conse- 
quences of the definitions and of the remarks in §4.3 concerning D,, . 


10 This function was introduced in Banach [2]. 
11 The characteristic function of a point-set is equal to one at points of the set and equal 


to zero otherwise. 
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4.5. For every relatively open set O in So we have 


(3) > g.(z) saa” No(z). 


se Kp,(0) 
4.6. For every closed set C in So we have 


> g.(z) jae’ Ne(z) for z not in S,. 


seKy(C 
j 


4.7. If EB, Ei, --- , Bj, «++ are sets in So such that 
b-T1B, D---DBD-, 


then 
Nz,(z) “ Ne(z) for z not in S,. 


4.8. lf BE, E,, --- , B;, --- are sets in Sp such that 


E=DE,, HC---C£#C---, 


j=1 


then Nzg(z) 7 Ne(z). 


4.9. We mention a few immediate consequences of the preceding remarks. 
For every j, the left side of (3) is a measurable function of z. Hence (3) shows 
that No(z) is a measurable function of z. In particular N(z) is measurable, 
and thus the set S, is also measurable. Similarly, it follows from §4.6 that 
N-(z) is measurable on the complement of S,. If S, happens to be of measure 
zero, then it follows that Ne(z) is also measurable for every closed set C in So. 


4.10. Take a measurable set E in Sy. Then we can represent E in the form 


E=ec+FP, T = 0, ie| = 0, r=DG, 
j=1 
where C,, --- , C;, --+ are closed sets such that C;} C --- CC; C---. By 


§4.8 we have then 
Nz(z) = Nz) + lim Ne;(z). 


j7s% 
Let @ be the image of e. Then N,(z) = 0 for z not in 2. Hence by the final 
remark in §4.9 it follows that if T carries sets of measure zero into sets of 
measure zero, and if the set S, is of measure zero, then Ne(z) is measurable 
for every measurable set E in Sp , and T carries measurable sets into measurable 
sets. The last assertion follows by the remark that the image of EZ is identical 
with the set where Ne(z) 2 1. 


4.11. If sis a closed square in So , then &, will denote the set of those points 
zo for which there exists a 6 = 6(z) > O such that 0 < | z — 2 | < 6 implies 
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N.(z) > N.(z). Then it is easily seen that &, is a denumerable set (Radé [2]). 
Note that the definition implies that each point of ©, has at most a finite number 
of models in s. 


5. Auxiliary functions defined in terms of the topological index 


5.1. The continuous transformation 7 being given as in §4.1, two points 
w,, We will be called relatives if they have the same image. The set of those 
interior points of So which have a neighborhood clear of relatives will be denoted 
by I. Consider a point wp of J. Take a Jordan curve Co in Sp which contains 
wy in its interior. If a point w describes Cy in the counter-clockwise sense, 
then its image z describes a directed closed continuous curve Cy. If the diam- 
eter of Co is small, then the image zp of wo will not be on Cy , and the topological 
index of zo with respect to Cy will be independent of the particular choice of Co 
by §3.4. This index depends therefore only upon w). We shall denote it by 
i(wy). Dropping the subscript zero, we define in this manner a function 7(w) 
on]. We put i(w) = 0 for win Sp — I. Then i(w) is defined for every point 
in So. This function 7(w) was introduced by Schauder [1]. For every integer 
k we define a set J;, as the subset of J where 7(w) = k. Note that J» is the set 
such that (i) 7(w) = 0, (ii) w is interior to So , and (iii) w has some neighborhood 
clear of relatives. Finally we denote by J* the set where | i(w) | > 1 and by 
1, I, I* the images of the sets J, J, , I*, respectively. The sets J, I,, I* are 
measurable for every continuous transformation 7 (Schauder [1]; for a some- 
what different proof see Radé [2]). 

Given a closed square s in So, we denote its perimeter by b. If a point 
describes b in the counter-clockwise sense, then its image in the z-plane de- 
scribes a directed closed continuous curve 6. We define a function n,(z) as 
follows. For z not on 6, n,(z) is equal to the topological index of z with respect 
to 6. For zon 6, we put n,(z) = 0. This function n,(z) is clearly measurable. 
To simplify the formulas, we shall write n(z) for ns,(z). 


5.2. Lemma. For|k| > 1 the set I; is denumerable. 
Proof. Consider the subdivisions D,, of So. For every closed square s of 
D,, , consider the set &, of §4.11, and put 


u(y &)=e 
j=1 se Dp; 

By §4.11 the set S is denumerable. Hence it is sufficient to show that 7, C S 
for|k| > 1. Take any point z in Z,,|k| > 1. Then zp has some model 
win I,. For 7 large enough, wo will be interior to a square 80 of D,,; (see §4.3) 
and s will contain no relative of wy. The topological index of z , with respect 
to the image of the perimeter of s , will then be equal to (wo) = k. By §3.2, 
we shall have then N,,(z) 2 |&| > 1 for z close to 2, while N,,(%) = 1. That 
is, zo is in the set &,, and hence in S. 
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5.3. Since I* = }°7,, |k| > 1, we have the corollary: The image of the set 
where i(w) is different from 0, +1, —1 is a denumerable set, for every continuous 
transformation T. 

As an immediate consequence, we have the 

Lemma (added February 27, 1938). The set I* is also denumerable. In other 
words, we have |i(w)| S 1, except possibly on a denumerable set. 

Proof. Suppose I* is not empty. By the preceding corollary, J* is a finite 
or infinite sequence of points 2, ---, z;,---. Denote by £; the set of the 
models of z; in J*. Then J* = >> E,, and it is sufficient to show that E; is 
denumerable. Let w; be any point of E;. As E; C I* CJ, the point w; has 
a neighborhood clear of relatives and hence clear of further points of E;, since 
all the points of E; are relatives of w;. Thus &; is an isolated and hence de- 
numerable set. 

We leave it to the reader to formulate the obvious implications of this lemma 
in connection with §§ 7.9, 7.10, 7.11, 8.6, 9.1. 


5.4. Suppose the point 2 is not in the set S + 7* + By. Then 2 has in 
So a finite number of models 


is *** 5 Me m = N(2), 


all of which are in the set J, but none of which is in the set J*. Hence all these 
models are in Jy) + J,; + 7-1, and thus 


(4) i(w;) + --- + (wm) = N2,,(z) — Ni, (2). 


Take, for h = 1, --- , m, a Jordan curve C, contained in Sp and containing 
w, in its interior. If the diameter of C, is small, then clearly (i) i(w,) is equal 
to the topological index of zo with respect to the image C, of C (ef. §5.1), (ii) the 
curves C;, --- , Cm are exterior to each other, and (iii) the closed region bounded 
by By, Ci, «-- , Cm contains no model of z. Hence, by §3.4, 


(5) i(w:) + +++ + (Wm) = n(z). 
From (4) and (5) we infer that 
(6) n(z) = Nz,,(z) — N1_,(2) for z not in S, + I* + Bo. 


5.5. It follows from (6) that 
(7) | n(z) | S Nz,,(2) + Ni_,(2) S N(z) for z not in S + I* + B. 


_~ 


But n(z) = 0 on B,, and N(z) = © on S,. Hence (7) holds on S + Bo. 
We have therefore the theorem: We have | n(z) | S N(z), except possibly on a 
denumerable set. In a somewhat different fashion this theorem was proved 
in Radé [2]. 
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5.6. Given a closed square s in So, the set where n,(z) # 0 is open. The 
characteristic function y,(z) of this set is therefore measurable. Consider now 
the subdivision D,, of So, and define 

viz)= DL (2). 
se Dp; 
We assert that 
< z T1_,(z 
(8) ¥;(z) = N;.,( ) “+ N:_,( ) | fer —" S. 4 T* 4 By. 
¥i(z) Fae? Nr, (2) + N:_,(2) | 

Proof. The assumptions imply that z has a finite number of models 
W,, *** , Wm, all of which are in the set Jo + J,, + J_,. Let s be a closed 
square of D,;. If there is some model of z on the perimeter of s, then n,.(z) = 0 
and hence y,(z) = 0. If there is no model of z on the perimeter of s, then by 
§3.4 and by the definition of i(w) we have n,(z) = p a i(w,), the summation being 
extended over those models w, of z which are interior to s. Hence, only those 
squares s of D,, can contribute to ¥,(z) which contain in their interior some 
model w, such that i(w,) # 0. The number of such models, under the assump- 
tions made concerning z, is equal to 


Nz, ,(2) + N1_,(2). 


As each contributing square of D,, contains at least one of these models in its 
interior, the inequality in formula (8) follows. 

Keeping z fixed, let us increase 7. By §4.3, for j exceeding a certain jo no 
square of D,, will contain more than one of the models w,, --- , wm of z and 
each of these models will be interior to a square of D,,;. Take j > jo and denote 
by s, that square of D,,; which contains w, (and no other model of z) in its 
interior (hk = 1, --- ,m). We have then, by the definition of 7(w), 


Ms,(z) = (wr). 


As w» is in the set Io + Iu, + I.1, it follows that n,,(z) and hence y,,(z) is 
different from zero if and only if w, isin J,, + IJ... That is, we have 


(9) Y yale) = Nil) + Nis. 


On the other hand, we have 


(10) D vz) = DL v(2). 
se Dp; h=1 
Indeed, a square s of D,; which is different from s;, --- , 8m contains no model 
of z and therefore n,(z) = 0 and hence y,(z) = 0 for such a square. (9) and 
(10) imply that 
¥;(z) > Nz, , (2) + N1_,(2) 


for large j, and the second relation (8) is also proved. 
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5.7. Take a closed square sin Sp and consider a decomposition D(s) : 8, ---, 
s; , «++ in the sense of §2.10. The perimeter b; of s; is carried by T into a 


directed closed continuous curve 6;. We assert that 


(11) y.(z) s kon ¥2;(z) for z not in S, + 1* + B+ 7 bj. 


Proof. The assumptions imply that z has a finite number of models 


W,, +--+ , Wm , each of which is interior to some square of the decomposition 
D(s). For simplicity, denote by o; , --- , o, those squares of D(s) which con- 
tain at least one model of z and by o; , --- , on squares obtained by slightly 
contracting 0; , --- , os, respectively. Then, by §3.4, 

(12) Me, (Z) = Mez(Z), «++ , Mey(Z) = Moz (2), 

and ‘ 

(13) n(z) = Mox(z) + --- + Moe(z). 

Suppose now first that y,(z) = 1. Then n,(z) # 0, and from (12) and (13) 
it follows that at least one of n,,(z), --- , me,(z) and hence at least one of 
Yo,(2), «++ , Yo,(2) is different from zero, and thus (11) is obvious. Suppose 


secondly that y,(z) = 0. Then (11) is again obvious, since y.,(z) 2 0. 


6. The kernel 


6.1. Given in Sp two continuous transformations 
T;: z = fi(w), Tz: z = fo(w), 


we define their distance || T; , Tz |! as the maximum of | f,(w) — fo(w) | in the 
closed square Sy. If 7;, T are continuous transformations given in Sp, such 
that || T, T; || — 0, then we shall say that T; converges to T. 


6.2. Given a continuous transformation T as in §4.1, we define, for every 
non-negative integer k, a set R, in the z-plane as follows. A point 2 belongs 
to R, if and only if there exists an e = e(k, 2) > 0, such that for every con- 
tinuous transformation 


T*: 2 = f*(w), win So, 
which satisfies the inequality || T, T* || < «, the point zp has at least k distinct 
models in So with respect to T*. The set & is then identical with the whole 
z-plane. Obviously, 8; D R2 D ---. We put 


The set &, may be called the kernel of order k of the image of Sy. Fork = 1, 
this concept was introduced by the author in a study of the area of continuous 
surfaces (Radé [1]) as a possible substitute for certain very complicated geo- 
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metrical concepts used by Geécze. Observe that some or all of the sets 
Ri, --- , Re, --- may be empty. 


6.3. The sets R, are measurable for every continuous transformation T. For 
k = 1, this was proved by Saks (see Radé [1]). For a general k the following 
simple reasoning may be used. For every positive integer m, define Rim 
as the set of all points z) for which the following assertion is true: The point 
zo has at least k models in So with respect to every continuous transformation 7T* 
which satisfies the inequality || 7, T* || < m™. Clearly 


and therefore it is sufficient to show that &,,, is measurable. Consider a 
point 2) which is not in Ry,m. Then we have a continuous transformation 7* 
such that 


(14) || T, T* || < m™, N*(z) < k, 
where N*(z) denotes the number of models of z with respect to T*. Put 
n= m — || T, T* ||. 
Then » > 0. Take any point z; such that | z — 2,| < ». Let 
T: 2 = f(w), T*: z = f*(w), win So, 


be the equations of 7, 7*, respectively, and define a continuous transformation 
T by the formula 


T: 2 =f*(w) +2 — 2. 
Denote by N(z) the number of models of z with respect to 7. Clearly 
(15) N(a) = N*(2), 


and 
1 


(16) || 7, TI) S| 7, T* | +1 7%, TI] < | 7, T* ll t+ =m. 


By (14), (15), (16) we have 
| 7T, Pll < mm", N(x) < k. 


Hence 2; is not a point of Ry,m. That is, for every point z of the complement 
of Rx,m there exists an 7 > 0 such that every point 2, , for which | z; — zo | < 9, 
is also a point of the complement of &;,,. In other words, the complement of 
Rim is open, and hence Rx, m is measurable. 


6.4. Take a point z such that zp is not in S, + T* + B,. Then the loca- 
tion of zo with respect to the sets &, can be discussed as follows. The assump- 
tions imply that 2) has a finite number of models, all of which are in Ip + I41 
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+I1_,. Denote by w,, --- , wy, those of the models which are in J,, + J.4, 
and by wei, --+ , Wm those which are in J,. Forj = 1, --- , k, take a small 
circular dise d; with center at w;. The perimeter c; of d; is carried by T into 
a directed closed continuous curve @;. The topological index of z with respect 
to é; is then equal to i(w;) = +1. If we take a second continuous trans- 
formation 


T*: z = f*(w), w in So, 


and if | 7, 7* | is sufficiently small, then the topological index of z) with respect 
to the image 2} of c; under 7* will be equal to the topological index of zo with 
respect to @;, and hence it will be also equal to +1. If we apply the theorem 
of §3.4 to the function f*(w) — 2 in the dise d; , then it follows that the point 
zo has at least one model in d; with respect to T*. That is, if || 7, T* || is 
sufficiently small, then z has at least k models with respect to T*, namely, 
at least one in each of the dises d;, --- ,d. Hence 2 is in ®,. 

On the other hand, we shall see presently that 2 is not in Ri41. To prove 
this, we shall exhibit for any given « > 0 a continuous transformation T* 
such that 

|| zs T* || <6 N* (zo) <k+1, 


where N*(z) is the number of models of z with respect to T*. Let d;,c;, 6; 
have the same meaning as before, except that this time we consider 7 = 
k+1,---,m. Again, for d; small, the topological index of z with respect to 
é; is equal to 7(w,) and hence equal to zero (j = k + 1, ---,m). Furthermore 
if d; is small, then the maximum of | f(w) — 2 | on the dise d; will be less than 
«/2. Hence, by §3.3, we have a function h,(w) with the following properties. 

(i) h;(w) is continuous on d; . 

(ii) hj(w) = f(w) on c;. 

(iii) The maximum of | h;(w) — z | on d; is less than ¢/2. 

(iv) h(w) ¥ 2 ond; . 
We define now a continuous transformation 


T*: 2 = f*(w), win So, 


as follows: f*(w) = h;(w) on d; (j = k + 1, --- , m) and f*(w) = f(w) other- 
wise in Sp. Then clearly || T, T* || < «¢, while the models of z with respect 
to T* are exactly the points w, , --- , we. Hence N*(z) < k + 1, and as « 
was arbitrary, this proves that z is not in Ry4:. 


6.5. The result of §6.4 may be stated as follows. Take a point z not in 
6,+2*+B. Put 
k = Nr,,(2) + Nr,(2). 


Then z is in &, , but not in Rey. 


6.6. Obviously, N(z) = k on &; . 
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6.7. In So, take a sequence of continuous transformations 7; such that 
T; + T. Denote by &;{” the set defined in the same way in terms of 7’; as 
R; was defined in terms of T. Suppose k is finite and take a point z in &,. 
Then z is also in &{” for sufficiently large j. The proof is obvious (ef. Radé [1] 


for the case k = 1). 


6.8. We define now a function «(z) as follows. «(z) = k in Ry — Res if k 
is finite, and x(z) = + in R,. The preceding sections imply then the fol- 
lowing facts concerning x(z). 


6.9. «(z) is measurable, by §6.3. 
6.10. x(z) S N(z) by §6.6. 


6.11. By §6.5 we have 
(17) x(z) = Nz,,(2) + Ni_,(z) for z not in S, + 7* + By. 


6.12. Given in Sp a sequence of continuous transformations 7; such that 
T ; — T, let x;(z) be defined in the same way in terms of 7; as «(z) was defined 
in terms of T. Then we have the relation 


x(z) S lim inf «;(z). 
37—e 
This follows immediately from §6.7. 


6.13. Combining §6.11 and §5.6 we obtain the relations 
Dd ylz) < «(z) 


_— for znot in S, + I* + Bo. 
> yz) Fae? «(z) 


6.14. From §5.4 and §6.11 we infer that 
| n(z) | = | Nx,,(2) — Ni, (2) | S Nr.,(2) + Nr.) = x2), 
for z not in S, + 7* + B. 
7. Questions of summability 


7.1. The continuous transformation T being given as in §4.1, take a closed 
square s in So, denote by g.(z) the characteristic function of the image of s, 


and put 
ae = | | oe 
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If the function of squares G(s) is of bounded variation, in the sense of §2.2, 
then we shall say that T is BV (of bounded variation in the sense of Banach). 
If G(s) is absolutely continuous, in the sense of §2.3, then we shall say that T 
is AC (absolutely continuous in the sense of Banach). Clearly, G(s) S G@(So); 
that is, G(s) is bounded. Hence, by §2.4, absolute continuity implies bounded 
variation in the present case. Obviously, G(s) possesses the property (ii) of 
§2.11. Hence, if 7 is BV, then G(s) is normal in the sense of §2.11. By 
§2.12, the derivative of G(s) exists then almost everywhere in S), and it is 
summable there. We shall denote the derivative of G(s) by D(w). 


7.2. If T is BV, then N(z) is summable (Banach [2]). Indeed, by §4.5 we 
have (special case O = Sp) 


(18) Dd 9.(z) qa N(2). 


seDp; 


Also, since T is BV, 


(19) [LCE @) = 5 oo <u, 

So \se Dp; ae Dp; 
where M is a finite constant independent of the subdivision used. By a well- 
known theorem of Fatou,” (18) and (19) imply the summability of N(z). As 
a corollary it follows that the set S, of §4.1 is of measure zero if T is BV 


(Banach [2)}). 


7.3. The following remark will prove useful. Take, in S), any system 


8, +++ , 8m Of closed squares without common interior points. Then 
(20) 2X 9.,(2) = 4N(2). 
pm 


Indeed, no model of z is contained in more than four of the closed squares 
Oy °° » Sm. 


7.4. Suppose 7 is such that the corresponding function N(z) is summable. 
Integration of (20) yields then 


G(s) <4 / / Ne), 


for every system of closed squares without common interior points. Hence T 
is BV. By §7.2 we have therefore the theorem: T is BV if and only if N(z) 
is summable (Banach [2]). 


12 See Saks [1], p. 29. 
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7.5. Assume T is BV. For every relatively open set O (see §2.7) we have 
by §4.5 and §7.3: 


(21) - 2 g.(z) Ga= No(z), 
and 
(22) D. gz) < 4N(z). 


As N(z) is summable, (22) implies by a well-known theorem of Lebesgue that 
term-wise integration of (21) is permissible. Hence 


(23) 2, = / J No(z). 


se Kp;(0) 


7.6. If C is a closed set in So, then it follows in a similar fashion, by §§4.6, 
7.2, 7.3, that 


> Ge sa2 | | New, 
ee Kp(C) 
if T is BV. 


7.7. Assume T is BV. Take a relatively open subset O of So. Define a 
function ¢;(w) as follows. If w is interior to a square s of K,,(O), then ¢;(w) 
= G(s)/|s|. Otherwise ¢;(w) = 0. Then ¢;(w) — D(w) almost everywhere 
on O and ¢;(w) — 0 almost everywhere on Sp — O. Also 


(24) If ¢i(w) = Po OO 


Hence, by the lemma of Fatou, 


/ [ D(w) = lim inf / [ ¢i(w), 


and thus by (23) and (24) 


[ [rs ff xo. 


Similarly it follows that we have for every closed set C in So: 


[ [rs | [ ree, 


if Tis BV. In particular, for O = S), we have 


{ [ows | [ xe. 
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7.8. THrorem. Suppose T is BV. Let E be a subset of Sy such that the 
image E of E is of measure zero. Then D(w) = 0 almost everywhere on E.”* 
Proof. Since N(z) is summable, we have for every positive integer j a 
5; > 0 such that, if a measurable set S in the z-plane satisfies the inequality 


| S| < 6;, then we have 
| Lxo <j. 


As E is of measure zero, we have an open set O; such that 
Ec 0,;, |0;| < 4;. 


Denote by 0; the complete model of O; (that is, the set of all points w whose 
image isin O,;). Then O; is clearly a relatively open subset of Sp, and EC O;. 


Hence, by §7.7, 
[ [2 < [ [ x. = If N(z) <j". 


Put 
2 = [J 0,. 
i=1 
Then 


[ [rms [ [ rm<r 


for every positive integer j7. Hence 


If D(w) = 0, 


and thus D(w) = 0 almost everywhere on © and a fortiori on the subset E of Q. 


7.9. By §5.3 it follows from §7.8 that if T is BV, then D(w) = 0 almost 
everywhere on the set 7* where | i(w) | > 1. Consider now the set S, — I. 
The perimeter Bo of So is of measure zero, and the image of (So — I) — Bo 
is comprised in the set S, which is of measure zero by §7.2. Hence, by §7.8, 
D(w) = 0 almost everywhere on S,) — J. Summing up, we have the 

Tueorem. If T is BV, then D(w) = 0 almost everywhere on the set Sy — (Io 
+J,,+I1.,). Hence 


I. ead | [2 . [ [2% +f [dw 


18 Schauder proved this theorem under the assumption that T is AC (Schauder [1)). 
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7.10. Assuming that T is BV, we put J(w) = i(w)D(w). This generalized 
Jacobian J(w) was introduced by Schauder [1]. As i(w) may be equal to 
any integer, it is interesting to note the 

Tueorem. [f T is BV, then | J(w) | S D(w) almost everywhere in So. 

Indeed, on the set where | J(w) | > D(w) we must have | i(w) | > 1 and 
D(w) ~ 0, and this set is of measure zero by §7.9. 


7.11. In order to secure the summability of J(w), Schauder [1] assumed that 
T is BV and that i(w) is bounded. The author [2] proved then that J(w) is 
summable if T is AC. As a consequence of §§7.10 and 7.1 we can state at 


present the 
Tueorem. [If T is BV, then J(w) is summable. 


7.12. If T is BV, then J(w) = 0 almost everywhere on the following sets: 
(i) on So — (Io + Iu, + J-1), since there D(w) = 0 almost everywhere by 
§7.9; (ii) on Jy , since there i(w) = 0. Thus the set where J(w) ¥ 0 is a subset 
of I, + I_,, if we disregard sets of measure zero. Hence we have the formulas 


[ f.ser= ff de - ff rv, 
J f.iseri= fof do + ff dow 


7.13. Let E be a measurable subset of So. A reasoning similar to that in 


§7.12 shows that 
[foe f= ff 
J fiscoi= ff ro+ ff ree 


where E, = 1,,E, E. = IE. 


7.14. Comparison of §§7.2 and 5.5 yields the theorem that if T is BV, then 
n(z) is summable. This fact was already proved in an earlier paper of the 
author (Radé [2]). 


7.15. Comparison of §§7.2 and 6.10 yields the theorem that if T is BV, then 
x(z) is summable. 
8. Integral identities 


8.1. Suppose the continuous transformation 7, given as in §4.1, is AC 
(see §7.1). Take in So a set e of measure zero. Denote by é the image of e. 
Given then any ¢e > 0, take in S) a relatively open set O such that e C O and 
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|| O || S n(e), where n(e) is the quantity appearing in the definition of absolute 
continuity (see §2.3). We can write 


0=D 5, 


j=1 
where s;, --- , 8;, -++ are closed squares without common interior points. 
If O, 5; are the images of O, s;, respectively, then it follows that 
x x 
Oi s Vlsl= LEG) s« 


since 


X |) = 101 S00. 


i= 


As @ is a subset of O and ¢ is arbitrary, it follows that 2 is of measure zero. As 
T is also BV by §7.1, the set S, of §4.1 is of measure zero by §7.2. Hence, 
by §4.10, we have the theorem: Jf T is AC, then sets of measure zero are carried 
into sets of measure zero, measurable sets are carried into measurable sets, and for 
every measurable set E in Sy the function Nx(z) is measurable (Banach [2]). 


8.2. Assuming that T is AC, we obtain from §§2.8, 7.5, 7.6 the formulas 


I — /] | “— | [> - i / Ne(2), 


where O is any relatively open subset and C any closed subset of Sy. The 
special case O = Sp is due to Banach [2] and both formulas are special cases of 
a theorem of Schauder which we shall derive presently from the preceding 
formulas. 


8.3. Suppose T is AC, and take any measurable set E in So. We can write 
B=ct+T=c+ 2G, 
where C; , C2, --- are closed sets and 
j}e| = 0, el = 0, (CCC ---- 


We have then 


i | Nil) = / / Nile) + / / Nr(e) = / / Nr(2), 


since N,(z) = 0 for z not in the image é of e, and @ is of measure zero by §8.1. 
Also, by §4.8, 


No,(z) 7 Nr(2), 
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[ [orf free 
If pw) [ [ new) = ff d00, 
and by §8.2 we have 
If pw) = ff Ne 


Combining these relations we obtain the 
Tueorem. If T is AC, then we have 


(25) | [20 = J [ x, 


for every measurable set E in So (Schauder [1]). 


and hence 


Obviously 


8.4. We have seen that if T is AC, then T is also BV and sets of measure 
zero are carried into sets of measure zero. Conversely, if T is BV and if sets 
of measure zero are carried into sets of measure zero, then T is AC (Banach [2], 
Schauder [1]). This statement is a special case of certain general results of 
Saks [2]. 


8.5. Since N,(z) = 0 for z not in the image E of E, the theorems of §§8.3 
and 7.8 imply that if T is AC, then the image E of a measurable set E is of 
measure zero if and only if D(w) = 0 almost everywhere on EZ. Schauder [1] 
contains a number of interesting applications of this fact. 


8.6. If T is AC, then the set S, + I* + By of §5.4 is of measure zero by 
§§7.2, 8.1, 5.3. Integration of formula (6) in §5.4 yields therefore 


[fro=f[ [ao - | fxn. 


By §§8.3 and 7.12 this gives the 
TueoreM. If T is AC, then 


(26) [ [1 = [ [m. 


Schauder [1] proved this formula under the assumption that i(w) is bounded. 
For the general case the formula was proved, in a less direct way, by the author 
(Radé [2}). 
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8.7. If T is AC, then integration of (17) in §6.11 yields 


[fo-[ [ros f fxn. 


and by §§8.3 and 7.12 we obtain the 
Tueorem. If T is AC, then 


(27) J fiscor = [ [on 


8.8. Consider now, in S), a sequence 7; of continuous transformations, 
such that 7; — T in the sense of §6.1. By §6.12 we have then 


x(z) S lim inf «;,(z), 
5 ede 


and therefore, by the lemma of Fatou, 


/ J x(z) S lim inf / / x;(z), 


provided only that the integrals involved exist. By §§6.10, 7.1, 7.2 this is 
certainly the case if the transformations involved are BV. If they are also AC, 
then §8.7 yields the 

Tueorem. If T; — T in So, and if all these transformations are AC, then 


(28) Jf -4e | tim int ff | cw). 


In this statement, J ;(w) has the same meaning with respect to T; as that of 
J(w) with respect to T. Formula (28) expresses the fact that the integral of 
| J(w) | over Sp is, in its dependence upon T’,, a lower semi-continuous functional. 


8.9. We shall derive presently a new geometrical interpretation for J(w) and 
| J(w) |. Assuming that 7 is AC, let us consider the function y,(z) of §5.6. 


We put 
I(s) = [ fro 


That is, ['(s) is the measure of the set where n,(z) + 0. From §3.4 it follows 
readily that this set is comprised in the image of s. Hence ['(s) S$ G(s). By 


1 While formula (25), for E = So, and formula (26) give geometrical interpretations for 
the integrals of D(w) and J(w), respectively, formula (27) gives such an interpretation 
for the integral of the absolute value of the generalized Jacobian. The geometrical mean- 
ing of this last integral was not considered by Banach and Schauder. Formula (27) may 
be considered as an expression for the area of the stable portion of the image of the fun- 
damental square Sp . 

18 The function of squares I'(s) has already been used in Radé [1]. 
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assumption G(s) is absolutely continuous, and therefore I'(s) is a fortiori abso- 
lutely continuous. As the set S, + J* + By is at present of measure zero, 
we obtain by integrating formula (11) of §5.7 the inequality 


T(s) < L r(s,) 


for every decomposition D(s):s; , s2, --- of every square s in Sy. Thus the 
function of squares I'(s) is normal in the sense of §2.11. By §2.12, its derivative 
I’(w) exists almost everywhere and is summable in Sy. By §2.8 (special case 
O = So) we have therefore 


} roe | [ T'’(w). 


se Dp; 


On the other hand, formulas (8) of §5.6 yield by integration the formula 


> I'(s) wf [ m0 + [ [ x. 


se Pj 


By §§8.3 and 7.12 we have 


IJ N;, ,(z) IJ N1_,(z) ii ( ) If. D(w) = J [isco |. 
Hence 
| [. ¢ ) | [ | (w) . 


Observe now that T is AC in every square s in Sp , and that I'’(w), J(w) depend 
only upon the local behavior of T. The preceding formula remains therefore 
valid if we replace So by any square sin Sy. That is, 


[ [r= [is 


for every square sin Sy. Hence 


(29) | J(w) | = I’(w) 
almost everywhere in So. We assert that we have also 
(30) J(w) = i(w)I’(w) 


almost everywhere in So. If J(w) = 0, then I'’(w) = 0 by (29), and (30) is 
true. If J(w) ¥ 0, then (cf. §7.12) w is in the set 7,, + J_, (if we disregard 
sets of measure zero), and therefore J(w) has the same sign as i(w) = +1. 
Thus (30) is obvious in this case also. 
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9. Transformation of double integrals 


9.1. Assuming that the continuous transformation 7, given as in §4.1, is AC, 
we shall discuss the range of validity of the formula of transformation 


(31) | [, aaconsw = ff mene, 


where H(z) is a measurable function. Schauder discussed (31) under the addi- 
tional assumption that 7(w) is bounded. Inspection of his work shows that 
he used this assumption only to secure the summability of J(w) and of n(z). 
Since we know that J(w) and n(z) are automatically summable as soon as T 
is BV (see §$7.11, 7.14), we are in a position to generalize the results of Schauder. 
Following his line of reasoning” we would obtain immediately the theorem 
that (31) holds whenever both integrals involved exist in the Lebesgue sense. 
We shall indicate briefly a different proof which leads to a more precise result. 
This proof is based upon the analogous formula 


(32) J [ 20 | sea) = ff tome, 


interesting in itself, which we shall establish simultaneously. 


9.2. We shall prove the following 
Turorem. If T is AC, and if H(z) is measurable and finite,” then the four 
functions 


(33) H(f(w)) | J(w)|, H(f(w))J(w), (2x2), Hn) 


are measurable. If any one of the first three functions is summable, then all four 
functions are summable, and the formulas (31) and (32) are both valid. 
Remark. The example 


IIA 
IIA 


ule 
lA 
lA 


u 


(fr; =uy=v for 0 
T 4 
( 


, 0 
,0 


IIA 
IIA 
IIA 
_ 


zr=l-—-u,y=v for}su 


shows that the existence, in the Lebesgue sense, of the right side of (31) does 
not imply generally the existence of the left side. 


9.3. We proceed to prove the various assertions of the preceding theorem. 
In the z-plane, consider a set of finite functions H ;(z), H(z) such that H ;(z)—H(z) 
almost everywhere. We assert that 


(34) H(f(w)) | Jw) | > H(f(w)) | Jw) |, Hi(f(w)) J (w) > H(f(w)) J (w) 


% In Schauder [1]. 
17 That is, H(z) = +x. The assumption of finiteness does not imply boundedness 
and is made only to ayoid trivial discussions. 
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almost everywhere in Sy. Indeed, denote by E the set on which the relation 
H(z) — H(z) does not hold. By assumption | EF | = 0. Let E be the com- 
plete model of E.” On So — E we have H (f(w)) > H(f(w)), and (34) is obvi- 
ously true on this set. By §7.8, we have D(w) = 0 and hence J(w) = 0 almost 
everywhere on E, and thus (34) holds almost everywhere in S). 

The same kind of reasoning shows that if we are given two finite functions 
H(z), H(z) such that H,(z) = H(z) almost everywhere in the 2z-plane, then 


we have also 
H,(f(w)) | J(w)| = Ha(f(w)) | Jw) |, Ai(f(w)) J (w) = H2(f(w)) J (w) 
almost everywhere in So .”° 


9.4. Suppose now that H(z) is finite and measurable in the z-plane. We 
have then a sequence H(z) of continuous functions such that H ;(z) — H(z) 
almost everywhere. The functions H ;(f(w)) being continuous, it follows by 
§§2.6, 5.1, 6.8, 9.3 that the functions (33) are measurable. 


9.5. Denote by C* the class of all those finite measurable functions H(z) 
for which the formula (32) holds. We shall show that C* contains certain 
simple functions, and we shall discuss then (32) by means of the following 
remarks. 


9.6. If Hi(z), --- , Hm(z) are in C*, and if a, --- , dm are constants, then 
a,H,(z) + --- + anH,,(z) is also in C*. The proof is obvious. 


9.7. Suppose H ,(z), H(z) are finite measurable functions, such that H ;(z) 
— H(z) almost everywhere. Suppose also that H ;(z) is in C* (j = 1, 2, ---). 
By §9.3 we have then 


(35) H (f(w)) | J(w) | > H(f(w)) | J(w) | 
almost everywhere in So , while by assumption 
(36) H ,(z)(z) > H(z)x(2) 


almost everywhere in the z-plane, and 


[ [mite | soo; = ff nro 


forj = 1, 2, --- . Hence H(z) will belong to C* whenever it is permissible to 
integrate term by term the relations (35) and (36). By well-known theorems 
on term-wise integration,” this will be clearly the case under the following 
circumstances (note that | J(w) | and «(z) are summable and non-negative). 

18 That is, E is the set of all those points w in Sp whose image is in EZ. 

19 It follows that if we change the values of a function H(z) on a set of measure zero, 
then the values of the integrands on the left sides of (31) and (32) are changed at most 


on a set of measure zero. 
20 Cf. Saks [1], Chapter 1. 
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Case (a). | H(z) | < M, where M is a finite constant independent of j. 

Case (b). H(z)«(z) and H(f(w)) | J(w) | are summable, and | H ;(z) | S | H(z) | 
almost everywhere. 

Case (c). H,(z) = 0, H,(z) 7 H(z) almost everywhere, and one of the 
functions H(f(w)) | J(w) |, H(z)«(z) is summable. 


9.8. Suppose now that H(z) is the characteristic function of a bounded 
open set O in the z-plane. Denote by O the complete model of O. Then O 
is clearly open relative to Sy, and H(f(w)) is the characteristic function of O. 
By §6.11 we have 

x(z) = Nz,,(z2) + Nr, (2) 


almost everywhere. By integration we obtain, with regard to §§4.2, 8.3, 7.13, 


[ [ exe - [ fro= i vie) + [ [ Ni_,(2) 
-/f Nor,, (2) +[fxue=[f vm+ ff rw 
=f [iseoi= ff arco | r00) 


That is, the characteristic functions of bounded open sets in the z-plane belong 
to the class C*. 


9.9. By §$§9.6, 9.8, 9.7(a) it follows that every bounded measurable function 
H(z) belongs to C*. 


9.10. By §$§9.9 and 9.7(b) it follows further that if H(z) is measurable and 
finite, and if H(f(w)) | J(w) | and H(z)«(z) are both summable, then H(z) belongs 
to C*. 


9.11. From §9.6(c) and §9.9 we infer that if H(z) is measurable, finite, and 
non-negative, and if one of the functions H(f(w)) | J(w) |, H(z)«(z) is summable, 
then H(z) is in C*. 

9.12. To discuss the general case, let us use the notations 

r’ = max(r, 0), r = min(r, 0), 


where r is a real number. If r is a function, then r’, r are called the positive 

part and the negative part of r, respectively. Consider then a finite measurable 

function H(z). As | J(w) | 2 0, x(z) 2 0, we have 
[H(f(w)) | J(w) FF = (A(f(w))FF | J(w) |, [A (@)w(2)]F = [A (2) (2). 


If we observe that a function is summable if and only if its positive part and 
its negative part are both summable, it follows immediately from §9.11 that 
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if H(z) is finite and measurable, and if one of the two functions H(f(w)) | J(w) |, 
H(z)x(z) is summable, then H(z) belongs to C*. Thus the assertions in §9.2 
concerning the formula (32) are proved. 


9.13. The formula (31) can be discussed in a similar fashion. Starting with 
the remark that 


n(z) = Nz1,,(z) — Ni_,(@) 


almost everywhere by §5.3, we can show by a reasoning similar to that in 
§9.8 that (31) holds if H(z) is the characteristic function of a bounded open 
set in the z-plane. From this we infer again (cf. the reasoning in §9.9) that 
(31) holds for every bounded measurable function H(z). 


9.14. From this it follows again (cf. $9.10) that if H(z) is finite and measur- 
able, and if H(f(w))J(w), H(z)x(z) are both summable, then (31) holds. 


9.15. From this point on, however, the argument used for (32) does not 
apply, since n(z), J(w) are not necessarily of constant sign. Assume, however, 
that H(z) is finite and measurable, and that H(f(w))J(w) is summable. Then 
| H(f(w)) |-| J(w) | is also summable, and by §9.12 this implies the summability 
of | H(z) | x(z). As | n(z) | S «(z) almost everywhere by §6.14, it follows that 
H(z)n(z) is also summable. Thus H(f(w))J(w) and H(z)n(z) are both sum- 
mable, and hence (31) holds by §9.14. This completes the proof of the the- 
orem of §9.2. 


10. Special transformations 


10.1. Given the continuous transformation T as in §4.1, let us assume that 
the partial derivatives 2, , %), Yu, Yo exist almost everywhere in So. We take 
an interior point (uo , v%) of Sp and we put™ 


(uo, %) = 2°, y(uo, %) = y’, ty(uo, Vo) = tu, t,(uo, Vo) = xe, 
Yu(o, %) = Yu, — Yo(Uo, M) = Yo, — LuYo — Tey. = A”. 
We shall consider the auxiliary transformation 
a fe= 2° + (u — wri + (v — wm) 2, 
y= y+ (u— wy. + (v — w)y>. 
10.2. Let us put, for (u, v) # (uo, 0), 


(u,v) — 2° — (u — wx’ — (v — v9) x) 








E(u, 0; Uo, Yo) = [Cu — UW)? + (v — »)?}3 , 
; _ ylu,v) — y —(u-— uo) ys. —(v—- voy? 
n(u, Vv; Uo, vo) = [(u a Uo)? af. (v a vo)*}! : 


21 (uo, vo) is a point of the set where 2, , 2), Yu, Yo exist. 
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If 


(37) E(u, Vv; Uo, Yo) — O, n(u, v3 Uo, ve) — O for (u, v) — (uo, v), 


s 


then x(u, v) and y(u, v) are termed totally differentiable at (uo , vo). Rademacher 
and subsequently a number of authors established various important geo- 
metrical results by methods based on the notion of total differentiability.” 
We shall state presently a few simple facts which played an important part 
in this line of work and which we shall apply then to the transformations studied 


in this paper. 


10.3. Suppose x(u, v) and y(u, v) are totally differentiable at (uo , vo). Take 
a sequence of closed squares s; such that s; C So, (wo, %) €8;,|8;| 70. The 
following facts are then readily established by comparing T with the auxiliary 
transformation 7*. 

(a) G(s;)/\ s; | — | A° | (see Rademacher [1]). 

(b) T'(s;)/| 8; | + | A’ | (see Radé [1]). 

(c) If A’ ¥ 0, then ns, (x", y’) = sgn A’ for large j (Rademacher [1], Schauder 
(1}).* 

These relations are fundamental in the study of many problems concerned 
with situations where x(u, v), y(u, v) are totally differentiable almost every- 
where in Sp. According to Rademacher [1], this condition is satisfied whenever 
x(u, v) and y(u, v) satisfy the Lipschitz condition. In this case it follows from 
the relations (a) and (c) in $10.3 that the generalized Jacobian of §7.10 is 
equal to the ordinary Jacobian A = x,y, — 2» y, almost everywhere in So (Rade- 
macher [1], Sechauder [1]). We shall obtain a generalization of this result by 
means of the following remarks. 


10.4. Let us say that a sequence {s;} of closed squares s; satisfies the con- 
dition C({s;}; uo, v%) if the following statements are true. 

(i) s; C So. 

(ii) (uo , Uo) € 8;. 

(iii) | s; | — 0. 

(iv) (uo, v) is not on the perimeter b; of s; . 

(v) We have 

max | £(u, v; wo, %) | > 0, max | n(u, v; uo, %) | > 0. 


(u,v) €b; (u,v) €b; 


10.5. Inspection of the very elementary proofs” of the relations (a), (b), 
(c) in $10.3 shows that in proving (b) and (c) we are using the assumptions (37) 
only for points (u, v) on the perimeters of the squares s;. It follows that the 


22 See Saks [1], Chapter 9 for references. 
23 If A° > 0, then sgn A®° = +1, and if A° < 0, then sgn A® = —1. 
2! Cf. the detailed presentation in Rado [1]. 
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relations (b) and (c) in §10.3 hold whenever the sequence {s;} satisfies the condition 
C({s;}; wo, v0) of §10.4. 


10.6. This remark suggests replacing total differentiability by a weaker 
condition which we shall call condition C(T; uo, v). We shall say that the 
continuous transformation T satisfies the condition C(T; uo, vo) if (i) tu, Zo, Yus Yo 
exist at (uo, v) and (ii) there exists some sequence {s;} which satisfies the 
condition C({s;}; wo , vo) of $10.4. 


10.7. The work of Rademacher on total differentiability was continued and 
generalized by Stepanoff who investigated approximate differentiability.” 
Stepanoff showed that approximate differentiability, almost everywhere, is a 
consequence of the existence, almost everywhere, of the approximate partial deriva- 
tives of the first order. If we assume the existence, almost everywhere, of the 
partial derivatives of the first order in the usual sense, then the reasoning which 
leads to the theorem of Stepanoff yields, after rather obvious modifications, 
the corollary that if x., Zo, Yu, Yo exist almost everywhere in So , then the con- 
tinuous transformation T of §4.1 satisfies the condition C(T; uo, vo) of §10.6 
at almost every point (uo , vo) of So. 


10.8. In view of the excellent presentation of the Rademacher-Stepanoff 
theory in Saks [1], Chapter 9, we restrict ourselves to a brief sketch of the proof. 
Assuming that 2,, 2», Yu, Yo exist almost everywhere in So, the reasoning in 
Saks [1], pp. 301-303 leads to the following first result. Given « > 0, r > 0, 
there exists a closed subset E of Sp and ao > 0 such that the following state- 
ments are true. 

(I) |S —-E|<e. 

(Il) We have | &(u, v; uo, %) | < 7, | n(u, vj; Ue, v0) | < 7 for all pairs of points 
(u,v), (uo, ¥o) for which (a) (uo, v0) € E, (b) (uo, v) € B, (ce) [Cu — uw) + (v — v)*}* 
< oa. 


10.9. The preceding condition (b) is unsymmetrical. If in the reasoning of 
Saks, loc. cit., we exchange u and »v, then it follows that in §10.8 the condition 
(b) can be replaced by the weaker condition (b*): At least one of the points 
(wo , v), (u, vo) is in E. 


10.10. We shall say that a closed square s satisfies the condition C(s; uo , vo ; £) 
if (i) (uo, v) is the center of s, (ii) (uo, uv) € E, (iii) the sides of s are parallel 
to the u- and v-axes, respectively. (iv) The points of intersection of the perim- 
eter of s with the lines u = up and v = wm are points of EZ. 

As almost every point of a measurable set E is a point of linear density both 
in the direction of the u-axis and in that of the v-axis (see Saks [1], p. 298, 


25 See Saks [1], Chapter 9. 
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Theorem 11.1), it follows immediately that for almost every point (uo, v) of 
a measurable set E there exists a sequence of closed squares s; such that | s; | - 0 
and s; satisfies the condition C(s;; wo , v0; E) Gj = 1, 2, ---). 


10.11. Suppose s satisfies the condition C(s; wo , v ; Z) of §10.10. Clearly, 
for every point (u, v) on the perimeter of s at least one of the points (uo, v), 
(u, %) isthenin E. Hence the result of §10.9 can be restated as follows. Given 
e > 0, r > 0, we have a closed subset E of Sp and a p > O such that 

(I) | S — E| < «, and 

(II) | E(u, v3 wo, vw) | < 7, | n(u, v3 we, vw) | < 7 for every point (u, v) on 
the perimeter of every square s which satisfies the condition C(s; uo, vo ; E) 
and also the condition | s | < p. 


10.12. Take now any 7 > 0. Choose a sequence e; > 0 such that « + e 
+... < 7 and a sequence 7; > 0 such that r;-+ 0. Denote by E; the subset 
of So which corresponds to the constants ¢;, 7; in the sense of §10.11, and put 
E = |] £; (j =1,2,---). Then | 8) — E| < », and if (wo, w) is a point of E, 
then obviously every sequence {s;}, such that | s; | — 0, satisfies the condition 
C({s8;}; wo, v) of $10.4 as soon as each s; satisfies the condition C(s;; uo , v0 ; E) 
of $10.10. By §10.10 it follows that the continuous transformation 7’ satisfies 
the condition C(7T; uo , v) of $10.6 at almost every point of Z. As|S)— E| <7 
and » > 0 was arbitrary, the statement at the end of $10.7 is proved. 


10.13. THrorem. [If the continuous transformation T, given as in §4.1, is AC, 
and if the partial derivatives x,, Xv», Yu, Yv exist almost everywhere in So , then 
the generalized Jacobian of §7.10 is equal to the ordinary Jacobian A = 2.Yo — TeYu 
almost everywhere in So . 

Proof. For almost every point (uo, %) of So the following conditions are 
satisfied. 

(a) A(uo , v) exists, by assumption. 

(b) J(uo , %) exists, by §§7.10 and 7.1. 

(c) If J(uo, m%) ¥ 0, then i(uo, vw) = +1 by §7.12, and hence sgn J (uo, 0) 
= i(Uo , Uo). 

(d) I'’(uo , v%) exists, by §8.9. 

(e) T’(uo, %) = | J (uo, v%) | by §8.9. 

(f) By §10.7 there exists a sequence {s;} of closed squares which satisfies 
the condition C({s;}; wo, v) of §10.4. For this sequence {s;} the following 
statements are true. 

(g) If J(uo, v) # 0 and if (2°, y°) is the image of (uo, v), then i(uo, v0) 
= n,,(z°, y’) for large j, by §5.1. 

(h) If A(uo , vm) ¥ 0, then Ny, (2", y’) = sgn A(uo , v) for large j, by §10.5. 

The proof of the theorem is now immediate. For a point (uo , v%) where the 
above conditions (a) to (h) hold, we have | J(uo , vo) | = I’ (uo, v0) = | A(uo, v%) | 
by $10.5 and by the conditions (d), (e), (f) above. Thus it is sufficient to show 











ON ABSOLUTELY CONTINUOUS TRANSFORMATIONS IN PLANE 221 


that J(uo, vo) and A(wo, v%) have the same sign whenever both are different 
from zero, and this follows directly from the conditions (c), (g), (h) above. 
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CROSS-SECTIONS OF CURVES IN 3-SPACE 


By HassLter WHITNEY 


1. Introduction. We consider in this paper “regular families of curves”, 
that is, families F of non-intersecting curves such that if two curves are suffi- 
ciently close at a point, then they remain close for a “finite time’’; see [3] (i.e., 
the third reference below), Theorem 7A. It was shown in [3] that a cross- 
section may always be found through an arbitrary point of the family. If the 
family fills a region of Euclidean 3-space E, it is natural to suspect that any 
cross-section contains a cross-section which is a 2-cell; our object here is to prove 
this fact. It follows (see [3], §20) that locally, a family of curves in E is equivalent 
to a family of straight lines. The proof is arranged so that a minimum of pre- 
liminary material is assumed. We use rather fully the methods in [1], [2], and 
the first half of [3], and a method of proof in [4]. 


2. Two types of homology. We relate the two types of homology used in [1] 
and [2], and give some simple properties of the second type. For a curve 
= simple closed curve) J in a closed set, J ~ 0 was defined in [2]. For J ina 
general set, say J ~ 0 if it is ~ 0 in some bounded closed subset. Call a chain 
of a subdivision from some fixed sequence of simplicial subdivisions (as in [1]) a 
polygonal chain. Say two curves are equivalent in a set G if, using fixed para- 
metrizations f)(@) and f,(@) for them, one can be deformed into the other in G, 
i.e., f:(0) (0 S t S 1) exists and is continuous. 
Lemma 1. If J and J’ are equivalent in G,-then J ~ 0 in G if and only if 
J’ ~ O0inG. 
This is easily seen, using [2], Lemma I, if we subdivide the @-circle and the 
t-segment, and consider triangles of the forms 


Sef ec ODS; (841), Sess CdSe; (Bisse; (8i+1)- 


Lemma 2. If J ~ 0 in A, and A is deformed into A’, leaving J fixed, then 
J~0inAd’. 

For if L — K, K a 1-cycle in J, we need merely consider the deformed L. 

Lemma 3. Let J be equivalent to a polygonal J’ in an open set G. Then 
J ~ 0 inG if and only if J’ bounds a polygonal chain in G. 

By Lemma 1, J ~ 0 if and only if J’ ~ 0. Suppose J’ bounds a polygonal 
chain. Then, using a fine enough subdivision and [2], Lemma I, we see that 


J’ ~ 0. Suppose J’ ~ 0; say J’ ~ 0 in the closed subset A of G. Set «€ = 


Received December 3, 1937; presented to the American Mathematical Society, October 
29, 1932. The theorem was first proved when the author was a National Research Fellow. 
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p(A, E — G), and take a simplicial subdivision of E of norm < «. Take 6 so 
that a 6-chain K as in [2], Lemma I, ise ~ O0in A. A simplicial approximation 
of this (abstract) chain gives a polygonal chain in G bounded by the polygonal J’. 

Lemma 4. Let B be a (finite) linear graph. Let each arc a; of B be divided into 
arcs of diameter < e, defining an e-chain K;. Let 6 be the minimum distance 
between any two such subarcs of B without common points. Then any (6, 1)-cycle on 
B is « ~ some linear combination of the K; . 

The proof of [2], Lemma I, applies almost without change. 

Lemma 5. Let Z and Z’ be closed sets with only the curve J in common. If 
J ~0inZ+Z’, then J ~ Oinone of Z, Z’. 

It is sufficient to show that for every ¢ > 0 there is a 1-cycle K in J as described 
in [2], Lemma I, which is e ~ 0 in one of Z, Z’. Take a sufficiently fine K in J, 
bounding ZL in Z -+ Z’. Pushing vertices near J onto J gives an L,; — K, such 
that L: = Iz + Lz, L2in Z, Lyin Z’. If Ly > Ky, Lz > Kz, then one of Ke, 
Ky is e~ Kin J (see [2], Lemma I; hence Ke ~ 0 in one of Z, Z’.. (Compare the 
proof of [2], Lemma M.) 


3. A local separation theorem. We shall prove two lemmas on how a portion 
of a cylinder separates a region. Let H denote a curved cylinder in E, given by 
(t, #), —2 StS 2, @onacircle. Let H,,.., denote that part of H with 4 = 
t< t;setH, =H... Let Hi,,:, and H7,,,,, denote those parts of H,,,., correspond- 
ing to two complementary ares of the 6-circle. 

Lemma 6. Let R be a spherical region, and let H have its ends H_z and Hz 
outside of R. Then arbitrarily near any point q of H-R there are points r; and re 
in different components of R — H. 

Choose coérdinates in H so that gis on Hy. Let L be a 1l-chain in R — Ho 
linking Hp (see [1], Theorem X‘). Say L = L_+ L,, L_-H_2 = 0, L4-Hos = 
0; we may choose L_ and L. so that each is bounded by a + 8, a pair of points. 
If a and b are in the same component of R — H, there is a polygonal chain M 
joining them. As R is spherical, we may choose N, — L_ + M in R; N, is in 
E — H... As Ho is a cell, we may choose N, ~ L_ + M in E — H's20 
({1], Theorem T'). As H_2-H 20 is an are, N; + Ne cannot link it; hence 
there is a chain N; > L_ + M in E — (Hy + H29)({1], Corollary W'). Simi- 
larly, using H”., we find a chain Ny — L_ + Min E — H_2». In the same 
manner,’ find N; > Ls. + M in E — Hos. Adding gives Ny + Ns > L in 
E — Hy, a contradiction. 

Lemma 7. Let R and R’ be concentric spherical regions, R’ CR. Let Hina 
lie in R, and let H_s,, + Hi2liein E — R’. Then of any three pointsin R’ — H, 
some two can be joined in R — H. If a cell is omitted from H -R’, or H is replaced 
by H.»2, then any two points can be joined. 

Take three points a, b, c in R’ — H, and suppose no two can be joined in R — H. 


1 Replace H_, and H's by H-, + H120 and Ho, respectively. 
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Say L; >b + cin R’ ; Ly isin E — (H_2,1 + Ais). Using H2, and H”;9in R 
as above, etc., we find chains 


L_—7~b+cinR — H_25, La7b+cnR — Hoo, 
b--a+cinR — H_29, lw mat+cinR — Hoo. 


Let E be the sphere formed by making all of E — R a single point. In EB, 
by [1], Corollary W", La- + Lay and Lyn + Ly, both link Hy. Hence (Theorem 
X‘) their sum L, does not. But 


Le = (La + Le) + (Lar + Los) = Le + Le; 
Le CR — Heo, Le CR — Ho2, Le a+b, 


and hence, applying [1], Corollary W', in E, a + b bounds in R — H, a contra- 
diction. 

To prove the last two statements, we need merely note that the part of H 
remaining may be built up by starting with H_, + H:2, and adding cells, each 
having one or two ares in common with the preceding set; for a 1-cycle cannot 
link a set of ares. 


4. The curve J. Let S be a cross-section through p. Follow the curve of 
the family F through p in both directions to the first points p’ and p’”’ on some 
sphere about p; joining p’ to p” by an are outside the sphere gives a curve J*. 
Take \ > 0 so that any arc’ of N,(p’p’’) has just one point in S (see [3], §§9 and 
16); assume A < 4p(p, p’) and < 4p(p, p’”’). The ares of N, may be oriented; 
for any gin S-N,, set q = g’(q, t) ((4], §15). We may choose the function 
u ([3], §3) so that p= p’, po = p’’. For any q in the set of points on Ny, 
let o(q) be the point of S on the are of N, through g. ¢ is continuous (compare 
[3], §18). 

Let R, be a spherical region about p in N,. Choose a concentric R: so that 
for any q in Rz, the are ¢¢(q) isin R,;. Choose a concentric R; so that (using a 
new wif necessary) ppp; C Re and psp; + pips C E — Rs. Choose a 
concentric R, so that the last two relations hold with p and p, replaced by any 
qg and gq in S-R,. Choose R; and Rez so that (Rs) C Ry, o(Rs) CRs. 

Take a 1-cycle A in R, linking J*; we may suppose it a polygonal curve. 
A’ = $(A) isin R;. We shall find a curve J in A’, J not ~ 0 in E — J*. 
Take 7 > 0 so small that any two points of A’ within 27 of each other may be 
joined by an are in A’ of diameter < p = p(A’, J*). Divide A into ares A, , 
Az, ---,A, so that their images $(A;), ¢(A2), --- are of diameter < 7; let 
zi = o(Ay,-A,). Let B; be an arc in A’ of diameter < p joining x; to Zi1. 
We may replace B; by ares from B, + --- + B;so that B = Bj + B,+--- + 
B’, is a linear graph (see [4], Appendix). We may define a deformation y 


2In [3], §16, (2), we assume the existence of an are go q; with a certain property; but 
it is easily seen that any arc, in particular p’p’’, may be used. 
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carrying A along ares of F into A’, and then along short line segments into B; 
all this is in FE — J*. 

Suppose that every simple closed curve of B were ~ 0in E — J*. Then there 
is a bounded closed set C in E — J* in which every simple closed curve of B is 
~ 0; we may include in C the set of points passed over by A in the deformation 
y. As A isnot ~ 0in E — J* (Lemma 3), there is an e > 0 such that for every 
6 > O there is a (6, 1)-cyele on A which is note ~ O0inC. We may easily choose 
¢:. &, & in turn so that the following is true. Take any (¢; , 1)-cyele K; on A. 
Using y (see the proof of Lemma 1), we find a (¢2, 1)-cycle Ke on B, with Ke f2 ~ 
K,inC. By Lemma 4, Ke is &) ~ Ki, a (f, 1)-cycle = a linear combination of 
the A; as described in the lemma. Express this cycle as a sum of circuits; each 
lies on a simple closed curve of B, and hence ise ~ 0 in C. Thus any such K; 
is ~ 0 in C, a contradiction. Therefore there is a curve J in B, J not ~ 0 in 
E — J*. 


5. The 2-cellQ. J isin S-R; and is not ~ 0in FE — J*. Joining the points 
of J to p by line segments gives a point set D in which J ~ 0; applying ¢ shows 
that J ~ 0 in S-R, (Lemma 2). Let P be the component of S-R,; — J which 
contains p. SetQ = P+ J,P’ = S-R; —Q. By Lemma 5, J ~ 0 in one of 
Q,P’+ J. AsJisnot~ 0in S — p, J ~ O0ing. 

For any point set A in S, let H;,,:,(A) denote all points q,, gin A,t; St S by; 
set H(A) = H_22(A). 

We show next that J is irreducibly ~ 0 in Q. If not, then there is a point 
gof Psothat J ~ O0inQ —q. Let a be an are in P joining p to q ({2], Lemma 
E). D = H(a) is a closed 2-cell. Set 


Jt = (J* — pop) + H(q) + H-2(a) + H2(a). 


J? is a curve containing only q in P; hence J ~ Oin E — Jf. Take a polygonal 
J; equivalent to J in EF — (D + J*); then J; bounds in E — dt (Lemma 3). 
As D is a cell, J; bounds in E — D ({1], Theorem T’). As D-JT is an are, no 
chain ean link it; hence J; bounds in E — (D + Jf) ({1], Corollary W'). Hence 
J ~0in E — (D + Jf) (Lemma 8) and hence in E — J*, a contradiction. 

As Q is a continuous curve (compare [2], top of p. 269), and is a cross-section 
through p (for the proof that J is irreducibly ~ 0 in Q shows that Q contains 
all points of S near p), there remains to show only that any are y in Q with just 
its ends a and b on J divides Q. 

If Q — y is connected, let y’ be an are in Q — y joining the two ares into which 
a and b divide J. Let a and 8 be ares of J about a and b not touching y’. Let 
A and B be cells of H(J) about a and b, such that ¢(A) and ¢(B) are subsets of 
a and 8. By Lemma 6, there are two points in Ry — H(J) which cannot be 
joined by an are in R; — H(J). By Lemma 7, any point of R; — H(J) can be 
joined to one of these by an are in R; — H(J); we may now write 


R; — HJ) =G+G@, 
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G containing p. Then two points of the same set can be joined in R, — H(J), 
and two points of different sets cannot be joined in R, — H(J). 

Also, if A is omitted, G and G’ may be joined; hence there is a point a’ of @’ 
arbitrarily close to a, and we may find an arc a’ joining a’ to A with only an end 
in H(J). Choose 6’ similarly, and let y’”’ join the ends of a’ and #’ in R, — H(J). 
Projecting a’ + 6’ + y” onto S, we find an are y* in S- R, with its two ends on 
«and 8. As the points of y* may be joined to a’ through ares of F and of a’ + 
B’ + y", and a’ is in G’ while p is in G, no point of y* may be joined to p in 
R, — H(J); hence y* has no points in P. Now y and y*, together with ares 
a* in a and §* in 8, give a curve J in S-R,, with only 7, = y + a* + B* in Q. 

Take q within y. By Lemma 6, there are points r; and r2 arbitrarily near q 
which cannot be joined in R, — H(J); ri = (rm) and rz = $(re) are in P. By 
Lemma 7, r; and rz can be joined in R: — H(y); applying ¢, we find an are 6 
joining them in S-R; — y,. By the choice of 7; and re, r; and rz cannot be 
joined in Q — y; ; hence 6 has points not inQ. As Pisacomponent of S-R, — J, 
6 has points in J. Run along 6 from ri and r; to the first points s; and sg in J. 
As 8; and 8 can be joined by an are in J + y’ — (a + 8), ry and r; can be joined 
in Q — y,. But this is a contradiction; hence Q — y is not connected. All 
the hypotheses of Theorem I of [2] are now satisfied; hence Q is a cross-section 
through p which is 2-cell. 
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TAUBERIAN THEOREMS FOR (C, 1) SUMMABILITY 
By R. P. Boas, Jr. 


Let > u, be an infinite series, with partial sums s, = uw + w+ --- + un. 
It is well known that the applicability of Cesaro summation to the series is 
limited in various ways. On the one hand, the u, cannot be too large if the 
series is to be summable at all;? on the other hand, it was shown by G. H. Hardy 
that if the u, are too small, the series cannot be summable without being con- 
vergent.’ The object of this note is to point out that in addition the Cesaro 
means of the series cannot approach a limit very rapidly unless the series is 
convergent. For simplicity, we restrict ourselves to (C, 1) summability; we 
write ¢, = n ‘(s; + so +--+ + 8,); then the given series is summable (C, 1) 
to sif limo, = s. Our theorem is 


TueoreM 1. If, asn— 0,0, — s = o(n ‘) (0 S € < 1) andu, < O(n“), 
then 8, > 8; if on — s = O(n‘) (0 < € S 1) and u, < o(n*"), thens, 8. 

For e = 0, we have the known one-sided generalization of Hardy’s theorem. 
The first part of Theorem 1 would be trivial for « = 1; the second part would be 
false for « = 0. 

The integral analogue of Theorem 1 is 

THEOREM 2. If g(t) is the derivative of its integral on every finite interval (0, x), 
and if,asxz— ~, 


[ (1 — x ‘t)g(t) dt — s = o(x™‘) (Os €e< 1) 


and g(x) < O(a"); or if 


[ (1 — x t)g(t) dt — s = O(x™*) (0<e< 1) 


and g(x) < o(x*"); then [ g(t)dt = s. 


. 4 
The case ¢ = 0 is known. 


Received January 12, 1938. The author is a National Research Fellow. 

1 All numbers in this note are real. 

2 If the series is summable (C, r) (r > —1), ua = o(n’) (n— ~). See, for example, 
E. W. Hobson, The Theory of Functions of a Real Variable and the Theory of Fourier’s Series, 
vol. 2, 1926, p. 77. 

3 See E. W. Hobson, op. cit., p. 81. 

‘See E. W. Hobson, op. cit., p. 388. 
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We say that a function g(x) belongs to the class K if g(r) > 0(0 S x < x) 
and if ¢(ex)/¢(2) is bounded, uniformly for 0 < x < ~ and} Sec <2. Theorem 
2 is an easy consequence of the known 

TueoreM 3.” If f(x) has a second derivative on (0, ~), and if o(x) and (zx) 
belong to K, then,asxr— =, 

(a) f = Of), f” < OY), and g = O(z*y) imply f’ = O[(ey)'); 

(b) f = o(y), f” < Of), and ¢ = O(2°y) imply f’ = ol(ev)']; 

(c) f = Of), f"” < oly), and ¢ = o(x°y) imply f’ = ol (ey)']. 

We shall derive Theorem 1 from the “discontinuous’’ analogue of Theorem 3. 
This is 

Tueorem 4. If {a,} is a sequence of numbers, and y(n) and ¥(n) belong to K, 
then,asn— ~, 

(a) a, = Oly), Ma, < Oly), and ¢ = O(n*y) imply Aa, = Ol(ev)']; 

(b) a, o(v), A’a, < Ov), and ¢ = O(n*y) imply Aa, ol(ev)']; 

(c) a, = O(v), A’a, < of), and ¢ = o(n*p) imply Aa, of (oy)']. 

Here Aa, = Gas, — G,, Aa, = Ans; — Aa, . 

If ¢(n) and ¥(n) both increase, or both decrease, instead of belonging to K, 
and if the sign “<” is then replaced by “=” in Theorem 4, the conditions 
¢ = O(n), ¢ = o(n’) can be eliminated, just as in the corresponding known 
theorems derived in the same way from Theorem 3. From the modified the- 
orems, as well as from the theorems as stated, more general results than Theo- 
rems | and 2 can easily be obtained. 

To derive Theorem 2 from Theorem 3, we take in Theorem 3 


f(x) = [ (x — t)g(t) dt — sz, 


g(x) = (14+ 2)", v(x) = (1 + 2). 
O(x~**) = o(1) or O(1) according 


Then g(r) and ¥(x) belong to K; x ¢(x)/¥(z) 


ase >Oore=0;f'(r) = | g(t)dt — s; f(x) = g(x); application of (b) or (ec) of 
0 


Theorem 3 gives 


5 R. P. Boas, Jr., Asymptotic relations for derivatives, this Journal, vol. 3 (1937), pp. 637- 
646; 638. The theorem is stated there for f(z) of class C?; inspection of the proof shows that 
it is unnecessary to assume that f’’(z) is continuous. The theorem goes back, in essentials, 
to G. H. Hardy and J. E. Littlewood, Contributions to the arithmetic theory of series, Pro- 
ceedings of the London Mathematical Society, (2), vol. 11 (1912-13), pp. 411-478; 424-425; 
and Tauberian theorems concerning power series and Dirichlet’s series whose coefficients are 
positive, Proceedings of the London Mathematical Society, (2), vol. 13 (1913-14), pp. 174- 
191; 188. 

6 Part (a) of Theorems 3 and 4 is not used in this note, but is included for symmetry. 
It can be used to establish the following companion to Theorem 1: if ¢, = O(n-*) (0S « < 1) 
and uy, < O(n"), then s, = O(1). 
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[ did = 2 = Ad), 


which is the conclusion of Theorem 2. 
Similarly, to derive Theorem 1 from Theorem 4, we take in Theorem 4 
a, = non — NS, 
o(n) = (1+), ¥(n) = (1 +n). 


Then Aa, = s, — s, A’a, = u, , and Theorem 1 follows. 
We now establish Theorem 4. In order to treat the three cases simulta- 
neously, we suppose, as we clearly may, that 


Ava, < d(n)¥(n), 
lan | < w(n)e(n), 


where \(n) and u(n) are non-increasing. 
We take n > 4andk < 4n. Since 


(2) Aan: — Aa, = Ava, < d(n)¥(n), 


(1) 


we have, replacing n successively by n — 1, n — 2,--- ,n — k + 1, and using 
(2) repeatedly, 
Aa, < Ada: + A(n — 1)¥(n — 1), 
Aa, < Adn-2 + A(n — 2)¥(n — 2) + A(m — 1)p(n — 1), 


Aa, < Aan. + Mn — k(n — k) + A(n —k + Iyp(n —k + 1) 
+ --- +X(n — 1)p(n — 1). 


Adding these inequalities, we obtain, since Aa, = @n41 — Gn , 
k 

(3) kAa, < Gy — Gn + D> (k —j + In — jy(n — 9). 
j= 


Similarly, using (2) with n replaced successively by n + 1,n + 2, --- ,n +h, 
we obtain 


Aa, > Aan41 = A(n)¥(n), 
Aa, > Adnig — A(n + 1)¥(n + 1) — A(n)Y(n), 


Aa, > Adnse — Mn +k — 1 ¥(n+k — 1) —A(n+ k(n + k) 
— +. = AMn)¥(n). 


Adding, we have 
k-1 


(4) kAa, > Qngks1 — Ong. — Dy (k — fan + dy(n + Jj). 


j=0 
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Now, | a, | < u(n)g(n), and, for some A, and for n < k < n, 

<A (j=0,1,2,---,&). 

Therefore (3) and (4) yield 


kAa, < Ag(n)[u(n) + u(n — k)] + Ay(n) 3 (k-—j+1)n— 9), 


kaa, > —Ag(n)[u(n + k + 1) + u(n + 1)] — Ap(n) a (k — j)Mn + 9). 


Since A(n) and »z(n) are non-increasing, we obtain, combining the last two 


inequalities, 
k-1 
k| Aa, | < 2A¢(n)u(}n) + Av(n)a(3n) Do (k — 9), 
7=0 
(5) | Aa, | < 2Ak o(n)u(4n) + Aky(n)a(4n). 


If we take k = k(n) = w(n)[y(n)/¥(n)}', where w(n) is a positive function such 
that k(n) < 4n, (5) becomes 
(6) | Aan | [o(n)¥(n)J* < 2Apu(4$n)o(n)* + Aw(n)A(3n). 

For (a), we may suppose \(n) and y(n) to be constants, and take for w(n) a 
bounded function, bounded from zero, such that k(n) is an integer less than 
3n; then (6) gives the conclusion. 

For (b), u(n) — 0, and we may suppose \(n) constant. If w(n) is chosen not 
greater than u(}n)' and so that k(n) < 4n, the right side of (6) approaches 
zero (n — &). 

For (c), we have [y(n)/¥(n)]? = a(n) = o(n); u(n) a constant; A(n) = o(1). 
It is then possible to choose w(n) so that w(n) — «, while w(n)na(n) — 0 and 
w(n)A(4n)'— 0. Then k(n) < 4n for large n, and the right side of (6) approaches 
zero. 
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THE INDEX THEOREM IN THE CALCULUS OF VARIATIONS 
By Marston Morse 


Introduction. The calculus of variations in the large is concerned with 
boundary problems in the large. Of these problems the simplest is that of 
finding extremals joining two points A and B on a regular m-manifold M. 
The theory’ obtains relations between the local characteristics of the solutions of 
the problem and the topological characteristics (connectivities, etc.) of the 
space of admissible curves. The case where A and B are not conjugate on any 
extremal solution is termed the non-degenerate case. This case is the general 
case in the sense that for A fixed the set of points B which are conjugate to A 
on at least one extremal issuing from A has a null m-dimensional measure on M. 
The unrestricted case can be treated as a limiting case of the non-degenerate 
case (M, p. 239). 

It appears that the most significant characteristic of an extremal solution g 
in the non-degenerate case is the number yu of conjugate points of A ong. This 
fact becomes most evident in terms of the “Index Theorem’. Recall that the 
“index” of a critical point (z) = (0) of a function J(z) of a finite number of 
variables (z) is the number of negative characteristic roots of the Hessian of 
J(z) at the point (z) = (0). As we shall see J(z) will represent the value of the 
integral J along a “canonical” broken extremal neighboring g with vertices 
determined by (z). The Index Theorem affirms that » equals the index of the 
critical point (0) of this function J(z). It is by means of this theorem that the 
topological characteristics of the neighborhood of g among admissible curves are 
determined. 

The Index Theorem was first established in the non-parametric case in 1929 
by Morse.’ It was established in the parametric case by a reduction to the 
non-parametric case (M, p. 138). Recently the author has discovered a new 
and simpler method of proving the theorem. This method can be applied 
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directly to the parametric case and will be presented in this paper. The lemmas 
involved moreover have been useful in making advances in the theory of the 
“index form’’ under general boundary conditions. 


1. The space and integral. We shall be concerned with a regular m-manifold 
M of class C™™' with r > 2. Such a manifold is a Hausdorff topological space 
with the following properties. If p is a point of M, there exists a neighborhood 
of p which is the homeomorph of a region N in a Euclidean space E of dimension 
m, with codrdinates (x) (termed preferred coérdinates), such that any two sets (x) 
and (z) of preferred coérdinates neighboring a point p on M are related by a non- 
singular transformation 


(1.1) 2’ = z'(z) (¢ = 1, ---,m) 


of class C’*'. Any system of coérdinates obtained from preferred coérdinates 
(x) by a non-singular transformation of the form (1.1) and of class C",0 < ns 
r + 1, will be termed a C" coérdinate system. 

In each preferred system (x) we suppose there is defined a function 


F(z’, ---,2",r',--+,7r") = F(z, r) 
of class C’ in (x, r) for (x) in the system (x) and for all sets (r) # (0). We 
suppose that F is an invariant. More precisely, if Q(z, ¢) replaces F in a pre- 
ferred system (z) and (x) and (z) are related as in (1.1), and if (r) in the system 
(x) is transformed as a contravariant tensor into (¢) in the system (z), then 


F(a, r) = Q(z, oc). 


We suppose that F(z, r) is positive homogeneous of order 1 in the variables (r). 
Recall that 


(1.2) | F,ipi(z, r) | = 0 (i,j = 1,---,m). 


We assume that the rank of the determinant (1.2) is m — 1. (Cf. M, pp. 


111-112). 
A subset of M locally representable in the form 


z= 2'(u,--+ , Up) (¢ = 1, ---,m) 


in terms of functions of class C", n > 0, with a functional matrix of rank p 
will be termed a regular m-manifold of class C" on M. A regular 1-manifold 
(or curve) on M of class C’ with a local parameter ¢ will be called an extremal 
if it satisfies the Euler equations 


(1.3) — F,i— Fa =0 (i =1,---,m) 
in each coérdinate system (x) in which it enters. Such an extremal can be 


shown to be a regular curve of class C’ in terms of a suitably chosen parameter. 
We shall suppose our extremals so represented. 
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Let g be a closed are of such an extremal. If y‘(t) is a regular representation of 
g in the system (x), then 


(1.4) Friiy'(Q) = 0, 


where the superscript 0 indicates that the arguments are y‘(t) and y‘(t). We 
assume that 


(1.5) F,;w'w > 0 


for every non-null set (w) independent of [y(d)]. 

Recall that any extremal are g lies in a C’ coérdinate system (x). (Cf. M, 
p. 108, Theorem 1.1.) We shall define the conjugate points of a point A on g. 
Suppose that ¢ = & at A. The extremals issuing from A with directions neigh- 
boring that of g can be represented in the system (x) in the form (M, p. 117), 


(1.6) z= x(t, u) (i = 1,---,m), 


where (u) is a set of n = m — 1 parameters u; and is constant on each extremal, 
and where ¢ is a parameter in terms of which the extremal (u) is regularly 
represented. We suppose that the set (uw) = (0) determines g and that on g, 
ti; S t S tk. A representation of this character exists in which the functions 
a'(t, u) and xj(t, uw) are of class C’' in terms of their arguments for (w) neigh- 
boring (uw) = (0) and ¢ on any interval (4 — e¢, t2 + e) for which e is positive and 
sufficiently small, while the Jacobian 


D(z', ---, 2") 
D(t, wi, +++, Un) 


on g neighboring = f&. In terms of any representation of this character we 
define the conjugate points of ¢ = t on g as the points ¢ on g at which A(t, &) = 0. 
The order of vanishing of A(t, &) at a conjugate point ¢ will be termed the order 
of that conjugate point. It is easy to show that the conjugate points and their 
orders are independent of the particular coédrdinate system (x) in which g lies 
and of representations of the character (1.6) in terms of which the conjugate 
points are defined. 


(1.7) A(t, to) = # 0, (u) = (0), 





2. The second variation. We suppose that F(z, #) > 0 along g. No gen- 
erality is lost in making this assumption. If this hypothesis were not satisfied 
by a given integrand G(z, <), we could set 


F(x, @) = G(x, #) + Fe'y'(O, 


and obtain a new integrand F which would be positive along g provided k were 
sufficiently large. Moreover the extremals and conjugate points corresponding 
to the two integrands would be the same, and F and G would satisfy the condition 
(1.5) together. 

With F > 0 along g we can represent any curve A on which (x) and (#) are 
sufficiently near similar elements on g in terms of a parameter ¢ which equals 
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the value of J along h. Such a parameter ¢ will be called the J-length along h. 
Along a curve on which tis the J-length F will be identically 1. We suppose g 
represented in terms of its J-length in the form 


(2.0) r= y(t) (4; StS bh). 
Recall that the second variation in the fixed end point problem corresponding 
to an extremal are g has the form 


(2.1) >< [290 sdf, 


where 
(2.2) 22(n, 4) = Feigin' ny’ + 2Foin' a + Fevia' 7, 


and that the Jacobi equations (written J. E.) have the form 


1 ; 
(2.3) Lin) = — 241 — Qi = 0 (i = 1,---,m). 
dt 
As is well known any two solutions u‘(t) and z‘(¢) of the J. FE. of class C* satisfy 
the integral | 
(2.4) u' Q(z, 2) — 2'Q,:(u, a) = constant. 


Recall also that the equations L(y) = 0 are not independent, in fact satisfy the 
relation (ef. M, p. 123) 


(2.5) ¥'(OLAn) = 0 


for all functions n‘(t) of class C*. Because of this we replace the system (2.3) 





by the system 


(2.6) Lin) = 0, < M(n) = 0, (¢=1,---,m), 
where 
(2.7) M(n) = Fein’ + Fran’. 


The operator M(n) is suggested as follows. If 2'(¢, ¢) is a family of extremals of 
class C° yielding g for e = 0, we have 


(2.8) 9 Piz(t, e), #(t,€)] = M(n), 
de 

where 

(2.9) n' = xi(t, 0). 


In particular if F = 1 on members of the family, the corresponding variations 
n' will satisfy the system (2.6). We term the system (2.6) the restricted Jacobi 
equations (written R. J. E.). 
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The R. J. Ie. are equivalent to the system 


(2.10)’ Lin) + uF = 0, 


| 
So 


(2.10)” £ M(n) = 


as a set of conditions on (»). For if we multiply the 7-th equation in (2.10)’ by 
y' and sum, it follows from (2.5) and the relation 


that « = 0. The functional determinant of the system (2.10) with respect to 
the variables 7° and yg is 
Pipi F,. j 07 70 *\2 0 
; = —Fi\(F,.7')) = —F; ¥ 0, 
F,i 0 


in accordance with M, p. 112. Hence the R. J. E. can be written in the form 


(2.11) i = H'(n, 4), 
where the functions H' are linear and homogeneous in the variables yn’, 9° with 
coefficients which are functions of ¢ of class C"™”. 
If p(t) is any function of class C’, 
(2.12) n = p(t)y'() 
is a solution of the J. E., (2.3). In fact for values of the constant e sufficiently 
near zero the functions 
(2.13) x = y'[t + ep(t)] 


represent g and hence satisfy the Euler equations. According to the theorem of 
Jacobi the partial derivatives of the right members of (2.13) with respect to e, 
evaluated for e = 0, afford a solution of the J. E. These partial derivatives 
reduce to the form (2.12), and our statement is proved. We term solutions of 
the J. E. of the form (2.12) tangential variations. We continue with the following 


lemma. 
Lemma 2.1. The only tangential variations which are solutions of the R. J. E. 


are of the form (a + bt)y' where a and b are constants. 
For functions n'(t) of the form (2.12), M(») takes the form 


(2.14) M(n) = Fripy' + olFrey’ + Fay’). 

But the factor in the bracket vanishes, as we see upon differentiating the identity 
Fly), y¥)] = 1 

with respect tot. Hence (2.14) takes the form 


M(n) = &, 


from which the lemma follows. 
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We return to the determinant A(t, &) of (1.7). We suppose now that the 
extremals of the family (1.6) have been so represented that ¢ is the J-length on 
each extremal. We then multiply the first column of A(¢, f) by t — t and 
denote the resulting determinant by D(t, &). We term D the conjugate point 
determinant. Each of its columns is a solution of the R. J. E. and vanishes at 
t = t. The columns of D are independent solutions of the R. J. E. since 
D # O fort near &. It follows from the form (2.11) of the R. J. E. that the 
columns of D form a base for solutions of the R. J. E. which vanish at t = t. 

We continue with the following theorem. 

THEOREM 2.1. A necessary and sufficient condition that a point t = a be 
conjugate to t = ty on g ts that there exist a solution of the R. J. E. which vanishes at 
t = th and t = a but which does not vanish identically. 

To prove the condition necessary we suppose that D(a, &) = 0 witha ¥ t. 
There will then exist a proper linear combination (n) of the columns of D(¢, to) 
which vanishes at t = a. We note that (7) = (0) at & but that (n) ¥ (0) since 
Dit, to) # 0. Hence the condition is necessary. 

To prove the condition sufficient we assume that (w) is a solution of the R. J. E. 
which vanishes at ¢ = & and t = a with (w) # (0). Since the columns of 
D(t, to) form a base for solutions of the R. J. E. which vanish at t = & , (w) is 
dependent on the columns of D. But (w) = (0) at aso that D(a, to) = 0, and 
the condition is proved sufficient. 

Understanding that the nullity v of a determinant equals its order minus its 
rank r we shall prove the following theorem. (Cf. M, p. 47, Theorem 3.1.) 

TueoreM 2.2. If 6(t) is a determinant whose columns are m independent 
solutions of the R. J. E. which vanish at t = ty , the order of vanishing of 0(t) at any 
point t = a equals the nullity v of 0(a). 

Let r be the rank of @(a) so that »y + r = m. Without loss of generality we 
can suppose that the rank of the first r columns of 6(a) is r, for this would result 
after a suitable reordering of the columns. We lose no generality if we also 
suppose that the rank of the last » columns of @(a) is zero, since this would 
result upon adding suitable linear combinations of the first r columns to the 
remaining columns. With this understood let 


u,(t) 
zi(t) a oe 


represent the first r and last v columns respectively of 0(4). Upon applying the 
integral form of the law of the mean to the elements in the last » columns of 
6(t), we find that 


(2.15) a(t) = (t — a) Bd), 

where B(é) is continuous in t and 

(2.16) Bla) = | ua) 2,(a) | (A= 1,---,r;k 
The theorem will follow from (2.15) if we show that B(a) # 0. 
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Suppose that B(a) = 0. I say first thatr > 0. Otherwise there would exist a 
proper linear combination 7'(t) of the columns of @(¢) such that y'(a) = 4'(a) = 0 
for each 7. It would follow that (») = (0) contrary to the hypothesis that the 
columns of @(¢) are independent. 

We suppose then that B(a) = O andr > 0. There will exist a proper linear 
combination (w) of the columns of B(a) with coefficients 


Cis *** Orn —Gh, +**, = Gy, 

such that (w) = (0). Moreover, the constants d, are not all null. Otherwise 
c,u,(a) = 0 (A = 1, 
for each 7, and the rank of @(a) would be less than r. 
We set 
u'(t) = ce, u,(0), z(t) = dy z(t), 

Then 
(2.17) u'(a) = 2'(a), z'(a) = 0, 
We note that 
(2.18) [u(a)| # [0]. 


Otherwise the relations (2.17) would imply that [z(é)] = [0], contrary to the 
hypothesis that the columns of @(¢) are independent. 

The relation (2.4) is satisfied by the solutions u'(é) and z'(¢) with its right 
member null. For u'(¢) and 2z'(é) vanish at ¢ = t) for each 7. Recalling that 


Qi(z, 2) = Frigid? + Peigiz? 
and making use of (2.17), we see that relation (2.4) reduces to the relation 
F°.,;u'(a)u’(a) = 0 
att =a. It follows from (1.5) that 
u'(a) = cy'(a) (c # 0;% = 1,---,m). 


This is impossible. For there would then exist a solution of the R. J. I. of the 
form 


(2.19) n'(t) = 2'(t) — c(t — a)y' 
with n'(¢) = 0 for each 7, since 
n'(a) = 7(a) = 0 } = 1,-+- ,m). 
But upon setting ¢ = t in (2.19) we find that 
(2.20) 0 = c(t — a)y'(to) (i 1, ---,m). 


Now t # a in the case r > 0, so that relations (2.20) are impossible, and the 
proof is complete. 
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The conjugate point determinant D(¢, to) satisfies the conditions on @(t). In 
particular its columns are independent since D(t, t&) 4 0 near t = tf. We 
accordingly have the following corollary of the theorem. 

Coro.uary 2.1. The conjugate points of t = ty on g are isolated and possess 
orders equal to the nullity of the conjugate point determinant D(t, ty) at the respective 
zeros t # ty of this determinant. 

The columns of D(¢, &) form a base for solutions of the R. J. E. which vanish 
at ¢ = &. The maximum number of independent solutions of the R. J. E. 
which vanish at ¢ = & and at a conjugate point ¢ = a of t = & will accordingly 
equal the nullity of D(a, t&). We thus have a second corollary of the theorem. 

Coro.iary 2.2. The maximum number of independent solutions of the R. J. E. 
which vanish at t = ty and at a conjugate point t = a of t = ty equals the order of the 
conjugate point t = a. 

The conjugate point determinant can be given a representation of the form 


Dit, to) = (t - to)" Bit, to), 


where B(t, t)) is continuous in its arguments for ¢ and t on the interval (¢; , é2). 
Moreover, 
B(to ’ to) = 0, 


as we have seen in connection with (2.15). It follows that the first conjugate 
point of ¢ = t) following t is bounded away from t ong. We shall make use of 
this fact in the next section. 


3. The Index Theorem. We continue with the extremal g represented in 
terms of its J-length as in (2.0). Let A and B be respectively the initial and 
final points of g. Let w be a positive lower bound of J-lengths on g between a 
point on g and the first following conjugate point. Let 


ly < ay <eee < Aya (do = ty 3 Apt 
be a set of values of ¢ such that 
(3.0) dy — As; <a (s=1,---,p+ 1). 


Let Ag, ---,A,s1 be the corresponding points on g. Let M, be a regular 
manifold of class C"' (ef. §1) which intersects g at A, ,q = 1, --- , p, but which 
is not tangent to g at A,. We suppose M, regularly represented neighboring 
A, in terms of parameters 


(3.1) ui } eee 1) 


in such a manner that the set (w,) = (0) determines A, ong. We shall term the 
manifolds M, a set of intermediate manifolds. 
It will be convenient to write the ensemble of the sets uj in the form 


. - n 1 
(3.2) 2 re )= (ut, vo DES oo 5 Mer oes, Up). 
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The ensemble (z) determines a set of points 
(3.3) P, es ae P, 


on the respective manifolds M, provided (z) is sufficiently near the set (z) = (0). 
For (z) sufficiently near (0) we can join the successive points 


(3.3)’ ‘Rien. 


by extremal ares forming a broken extremal E(z). The J-length of E(z) will be 
denoted by J(z) and will be a function of class C"' of its arguments for (z) 
sufficiently near (0). The Index Theorem can now be stated in full as follows. 

INDEX THEOREM. The point (z) = (0) is a critical point of J(z) with an index 
equal to the number of conjugate points of t = t, on g preceding t = tz. , and a nullity 
equal to the order of t = t, as a conjugate point of t = t, ong. 

It is understood that each conjugate point is to be counted a number of times 
equal to its order. Recall also that the nullity of a critical point is defined as the 
nullity of the Hessian of the function at the critical point. 

We shall represent the broken extremal E(z) in terms of a parameter ¢ which 
equals da) and a,,; respectively at the end points of g and which equals a, on the 
respective manifolds M,. We suppose ¢ chosen so that between any two suc- 
cessive vertices (3.3)’ the rate of change of ¢ with respect to the /-length is 
constant. We thereby obtain a representation of E(z) of the form 


(3.4) z’ = z'(t, 2) (4; sts 


where 2x‘(t, z) is continuous in its arguments for (z) sufficiently near (0) and of 
class C’' for t on the respective intervals (a; , ax41). For ¢ fixed the functions 
z'(t, z) are of class C’™ in (z) without exceptional values of ¢. 

A computation involving the usual differentiation and integration by parts 
discloses the fact that for (z) = (0), 


(3.5) ay ye [F oe a eee 
Z' k=0 


Since the contributions to the right members from the fixed end points are null 
and the contributions from the two extremal ares with end points on M, cancel, 
it appears that (z) = (0) is a critical point of J(z), as stated. 

We set 


(3.6) = ——__ gg (u,v = 1,---, pn), 


where the superscript 0 indicates evaluation for (z) = (0), and term Q(z) an 
index form corresponding to g. 
Let e be a parameter. For (z) fixed, 


(3.7) az’ = a'(t, ez) ] .++,m) 
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is a l-parameter family of broken extremals. We find that 
«-0 


d 
—.J(ez)) = Q(z), 
te 


( 


and infer the following. 
Tueorem 3.1. The index form Q(z) admits the representation 


(3.8) Q(z) = /  20(n,%) dt, 

with 

(3.9) n'(t) = ai(Oz" (u = 1,---, pn), 
whe re 


ax'(t, z (z)=(0) 


a bh 
~ 


(3.10) a,(t) = 


In order to make full use of this theorem we shall need certain properties of 
quadratic forms. To that end let 


q(x) = A,jLiT; (t, j = ¥ see ,m) 


be a symmetric quadratic form. Let r be the rank of | a;;|. The number 
m — ris termed the nullity of q and will be denoted by N(q). The index of 
q(x) is the number of negative characteristic roots belonging to | a;;| and will be 
denoted by I(q). Reeall that the characteristic roots will vary continuously 
with the coefficients a;;. The index J(q) is an integer, and, although not a 
continuous function of the coefficients a;;, is easily seen to be lower semi- 
continuous. 

Let , be an A-plane passing through the origin in the space (7). The A-plane 
z, can be represented in the form 


(3.11) ai = Diju; (jg = 1,---,h; i =1,---,m), 


where the matrix |, b;; || has the rank hk. Upon replacing the variables (x) in 
q(x) by the right members of (3.11), we obtain a form H(u) in the variables (w). 
We term H(u) a form defined by q(x) on m. We say that q(x) is negative 
definite or semi-definite on m, if H(u) is negative definite or semi-definite. 
With this understood we state the following lemma (M, p. 61, Lemma 7.1). 

LemMa 3.1. (a) A necessary and sufficient condition that the index of q(x) 
be at least h is that q(x) be negative definite on some h-plane x, through the origin. 
(b) A necessary and sufficient condition that the index plus the nullity of q(x) be at 
least p is that q(x) be negative semi-definite on some p-plane through the origin. 

Let A(w, «++ ,Y.) be a quadratic form in the n variables (y) defined by the 
relation 


A(y) = qm, --+, Yn, 0, ---, 0) (0<n Sm). 


Concerning A(y) we state the following lemma. 
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LemMa 3.2. (a) The index of the form q(x) is at least that of A(y). (b) If 


q(x) ts non-degenerate, 
(3.12) I(q) = 1(A) + N(A). 


The first statement in the lemma is a consequence of the first statement in 
Lemma 3.1 since A(y) is negative definite on some h-plane through the origin 
with h = I(A). To prove the relation (3.12) let p equal the right member of 
(3.12). According to Lemma 3.1 (b) there exists a p-plane through the origin 
on which A(y) is negative semi-definite. Upon identifying the space (y) with 
the subspace of the first n codrdinates x; , we see that g(x) is negative semi- 
definite on this p-plane. It follows from Lemma 3.1 (b) that 


I(q) + N(q) 2 p. 
But N(q) = 0 by hypothesis, and relation (3.12) follows. 


4. Proof of the Index Theorem. The second variation is evaluated in The- 
orem 3.1 along a family of curves given by (3.9). We regard the sets (z) as 
parameters in this family. On each interval 


(4.1) a% StS ay (kK = 0,---,p), 


it is seen that (3.9) defines a solution of the R. J. E. That the J. E. are satisfied 
follows from the fact that the functions z'(t, z) of (3.4) define extremal ares 
for t on (4.1). But on each such extremal arc \, F is identically constant by 
virtue of our choice of ¢. Hence the last condition in (2.6) is satisfied by the 
subares of (3.9) for which (4.1) holds. For (z) fixed, (3.9) thus defines a “broken” 
solution of the R. J. E. 

For q fixed the variables u} in the set (z) are parameters in our representation 
of M,. Let the partial derivative of z'(t, z) with respect to u’, be indicated by 
adding the subscripts j and gq. Note that the matrix (q fixed) 


(4.2) l|aig(ag,0)|| (=1,---,m;j =1,---,n) 
has the rank n since M, is regularly represented in terms of the parameters wu? . 
From the fact that M, is not tangent to g at its intersection with g it follows that 
(4.3) ly'(a) -tig(aq, 0) | ¥ 0, 


where the determinant in (4.3) is obtained from the matrix (4.2) by adjoining the 
column ¥‘(a,). 

We continue with the following lemma. 

Lemma 4.1. Linearly independent sets (z) determine linearly independent 
broken solutions of the R. J. E. in (3.9). 

If (z) # (0), there will be some q for which the set ui is not null. At the 
point ¢ = a, on the broken solution n‘(¢) determined by (z) in (3.9) the set 


n'(aq) = xiq(a,, O)ui (¢=1,---,m;j = 1, ---,n) 


is not null since the rank of the matrix (4.2) is n. The lemma follows directly. 
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We shall say that a broken solution of the family (3.9) is a special solution if 
corresponding to each corner ¢ = a, there is a constant ¢ such that 


fa, 


(4.4) Ai = 7) 


la- - cy'(a,) (i _ l, ‘ae ,m). 
lag 


Such corners will be called tangential corners. A broken solution of (3.9) whose 
subares are tangential solutions will have tangential corners as one sees readily. 
With this understood we state the following lemma. 

Lemma 4.2. A necessary and sufficient condition that a set (z) # (0) be a 
critical point of Q(z) is that (z) determine a special solution of the family (3.9). 

Let (z) be a critical point of Q(z). For q fixed we shall show that the n 
conditions 


(4.5) i= 0 (j =1,---,n) 


“gq 
imply that ¢ = a, is a tangential corner of the broken solution determined by 
(z). For the conditions (4.5) can be written more explicitly in the form (q not 
summed) 


~~ 
(4.6)’ Q | x (a,,0) = 0 (¢=1,---,m;j=1,---,n), 


aq 


as follows from (3.8). Furthermore 


+> 


a 


q P 
(4.6)” 2:|° ¥(a,) = 0. 


In fact the left member of (4.6)” takes the form 
(4.7) (¥' Frins)Aq’ (t = aq; tj = 1, nia oe m), 


and the parentheses in (4.7) are null. As a system of equations on the variables 
(4.8) Qe | (q fixed), 


the combined equations (4.6) have a determinant (4.3) which does not vanish. 
Hence the variables (4.8) are null, or written more explicitly 


(4.9) F°.,; Ay’ = 0 (t = a,;i,j7 = 1, ---,m). 
Relations of the form (4.4) follow. The condition of the lemma is accordingly 
necessary. 


Conversely, if (z) determines a special solution (y) in the family (3.9), then, 
for each g, equations (4.4), (4.9) and (4.6) are seen to hold. Hence (4.5) holds 
by virtue of its form (4.6)’. The set (z) defines a critical point of Q(z), and the 


proof is complete. 
If we recall that the broken solutions (7) in (3.9) are linearly independent if 
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and only if the sets (z) which determine them in (3.9) are linearly independent, 
we can infer from the preceding lemma that the nullity of Q(z) equals the 
number of linearly independent special solutions. We come then to the proof 
of the following theorem. 

THEOREM 4.1. The nullity of Q(z) equals the order of t = te. as a conjugate 


pointoft=t. 
Let gq be any one of the integers 1,---,p. We define a broken solution 
n,(t) as follows (q fixed): 
ng = (t — ay’, a <tSa, 
(4.10) na = k(t — agss)7’, a, StS ay, 
n, = 0, Qqu1 St S Appi, 


where k is a constant so chosen that the solution n} hereby defined is continuous 
att =a,. The choice of k is 
Ag — A 


(4.11) k = ——— <0. 


Qq — Aq+1 
The solution 7} has a tangential corner at = a,. For at t = a, we have 
Any = (k — 17’, 


and (k — 1) # 0 as follows from (4.11). 

To establish the theorem we begin by showing how each special broken 
solution 7‘ (t) which is determined in (3.9) by a critical point (z) of Q(z) determines 
an ordinary solution of the R. J. E. which vanishes at ¢; and %. In fact the 
broken solution 


(4.12) a = n'(t) — cqni(t) 


vanishes at ¢; and ¢, and becomes an ordinary solution if the constants ¢ , --- , 
Cp are successively chosen so that 4° has no corners at the points a,. Such a 
choice of the constants c, is possible since the choice of a constant c, so as to 
eliminate a corner at t = a, does not introduce a new corner for which ¢ < a,. 
Moreover (4) = (0) only if (n) = (0) in (4.12). For the non-vanishing of the 
determinants (4.3) and the condition (#) = (0) imply that (7) is null at each of 
the points t = a,. Hence (7) = (0) since no point ¢ = a, is conjugate to its 
successor tf = a,4;. Thus linearly independent special solutions (7) determine 
ordinary linearly independent solutions (4) vanishing at ¢, and t . 

Conversely, let (#) be an ordinary solution of the R. J. E. which vanishes at 
t, and tf. We seek a special solution (7) which with suitable constants c, 
satisfies (4.12). That is, we seek a set (z) and constants c, such that 


az'(t, 0) 
dz" 





(4.13) a(t) = 2 = ceni(t) (u = 1, tela pn). 
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We start with the point ¢ = a, and determine c, and the last n of the variables 
(z) so that (4.13) holds att = a,. This is possible since the determinant (4.3) 
does not vanish. We next determine c,_, and the n variables of the set (z) 
belonging to M,_, so that (4.13) holds when t = a,,. We continue with 
Cp-2, ete., until all the constants c, and the variables (z) have been determined. 
We note that the choice of c, and the subset of (z) belonging to M, will not affect 
the equations (4.13) at the points t = a, > a,. With (z) and the constants 
c, so chosen, (4.13) holds at each of the points ¢ = a,, and accordingly holds 
identically in ¢. 

Moreover, linearly independent solutions (4) determine linearly independent 
special broken solutions (»). To establish this it is sufficient to show that a 
null solution (») satisfies (4.12) with a solution (4) and constants c, only if 
(9) = (0). But when (#) and (n) are both without corners, the constants c, in 
(4.12) must be null. Hence (#) = (0) as stated. 

The theorem follows with the aid of Corollary 2.2. 

We continue with a proof of Theorem 4.2. 

TuHeoreM 4.2. The index of Q(z) equals the sum of the orders of the conjugate 
points of ton <t<k. 

It will be convenient to replace g by the subare g, on which ¢, S t S b, where 
t; <b S t. On gq we introduce the same number of intermediate vertices as 
previously with 


(4.13)’ a < +--+ < apy = D. 


With g replaced by gp we replace J(z) and Q(z) by J°(z) and Q’(z), respectively. 
The family of broken extremals z‘(t, z) will here be denoted by 2'(t, z, b). As b 
increases the functions z‘(t, z, b) will vary continuously and retain the differ- 
entiability properties of z'(t, z) at least as long as the differences a, — a,_; are 
less than the constant w of (3.0). 

We shall prove the theorem by proving the following statement. 

(a) The index of Q’(z) equals the sum of the orders of the conjugate points of t, on 
the interval th < t < b. 

We continue with a proof of four lemmas. 

Lemma A. Statement (a) is true when b lies between t, and the first conjugate 
point of t, on g. 

The Legendre condition (1.5) and the condition that b precede the first 
conjugate point of ¢; on g are sufficient for the segment ¢, S ¢t S 6b of g to afford a 
weak minimum to J. Hence 


J*(z) — J°(0) = 0 


when (z) is sufficiently near (0). Whence Q°(z) = 0. But Q’(z) is non-degen- 
erate by virtue of Theorem 4.1, so that Q’(z) > 0 when (z) ¥ (0). This estab- 
lishes Lemma A. 

Corresponding to any admissible set (4.13)’ we now denote a,,; by ap+2 
and b, and insert a new point a,,,; between a, and b. We add a new inter- 
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mediate manifold M,,; cutting g, at = a,i,. The set of parameters replacing 
(z) will be denoted by (¢). They will be n(p + 1) in number and will be chosen 
so that the first np components of (¢) form the set (z). The set (¢) will deter- 
mine a broken extremal &({) as previously. The broken extremal &(¢) will 
coincide with the broken extremal z'(t, z, b) for ; < t < a,. For the new 
construction the functions replacing J°(z) and Q°(z) will be denoted by J 2(¢) 
and Q* (¢), respectively. We continue with the following lemma. 

Lemma B. 1(Q”) = 1(Q%). 

We introduce a parameter e. The inequality 
(4.14) Ji (er) — J’(ez) 20 
holds for e sufficiently small and for the first pn components of (¢) given by (z). 
Regarded as a function ¢g(e), the left member of (4.14) has a minimum when 
e = 0. Hence 
(4.15) 90) = Sy ere(O)" % — Sinz(O)z*2” = 0, 

[u,v _ 1, soy np, T,s = 1, lg ,n(p + 1)}. 
The lemma follows from Lemma 3.1 (a). 

Statement (a) is true for b sufficiently near ¢, as we have seen in Lemma A. 
Let c be a constant such that t; < ¢ S t. Statement (a) will follow for all 
values of 6 for which t; < 6 S & once we have established the following lemmas. 

Lemma C. If (a) is true for b < c¢, it is true for b = c. 

Lemma D. [If (a) is true for b S c, it is true for b > cand sufficiently near (c). 

As b increases I(Q”) changes at most when b passes through a conjugate point 
a of t, and will then increase by at most the order v, of a as a conjugate point of 
t,. Hence for each value of c, 


(4.16) 1(Q) < Din (4 <a <c). 


To apply Lemma B we take a,12 = c and a,,; nearer c than any conjugate point 
of t;. We then have 


(4.17) 1(Q‘) 2 1(Q,) 2 1(Q”*"). 


The first inequality follows from Lemma B. The second follows upon putting 
the last n of the variables in Q{ equal to zero and applying Lemma 3.2 (a). 
But since we are assuming that statement (a) is true for b < c, we have 


1(Q?*') = Dw (t) <a <c). 
It follows from (4.17) that 
(4.18) 1(Q) = don (4 <a <c). 


Lemma C follows from (4.16) and (4.18). 
To establish Lemma D let b be a constant > c but nearer c than any conjugate 











246 MARSTON MORSE 


point of 4, possibly excepting c. We introduce the manifold M,,; cutting 
g@ at t = c, and note that 


(4.19) 1(Q’) = 1(Q,) = 1) + NQ). 
The first inequality follows from Lemma B. The second follows upon setting 
the last n of the variables in Q. equal to zero and applying Lemma 3.2 (b). 


But N(Q*) is the order of c as a conjugate point of t;. Hence (4.19) yields the 
result 


(4.20) 1(Q’) = Sova (4 <a <b). 
Lemma D follows upon comparing (4.20) with (4.16). 


The proof of the theorem is complete. The Index Theorem follows from 
Theorems 4.1 and 4.2. 

The index and nullity of Q(z) depend only on the conjugate points of t, on g 
and their orders, and are accordingly independent of the number, position and 
representation of the manifolds M,, provided these manifolds are admissibly 


distributed and represented. 


INSTITUTE FOR ADVANCED Srupy. 














STRUCTURES AND GROUP THEORY. II 
By OystTEIN ORE 


In this second paper on the application of the theory of structures to group 
theory one finds a further study of the decomposition theorems for groups. 
In the first chapter the completely reducible factorizations of a group are con- 
sidered. Some of the theorems on normal factorizations are direct translations 
of the results on general Dedekind structures, but various new structural 
properties have also been obtained. A fundamental concept is the normal 
cover, a characteristic subgroup already introduced and studied by Remak. 
The duality principle gives interesting connections between the upper and lower 
factorizations. The element covers define another chain of characteristic sub- 
groups, and the duality principle shows the correspondence between the ele- 
ment cover and the ¢-group of the group. 

In the second chapter the representation of a group as the union of sub- 
groups is considered. It is shown as in the case of the Jordan-Hélder theorem 
that the main theorem not only holds for normal decompositions, a case con- 
sidered by Kurosch, but also for mutually permutable or quasi-normal decom- 
positions. In the normal case necessary and sufficient conditions for unique 
decompositions are given. A necessary condition is that the anticenter, i.e., 
the quotient group with respect to the commutator group, be cyclic. The dual 
representations by means of cross-cuts are also considered. 

In the third chapter some properties of the distributive law are discussed. 
For finite groups all distributive pairs of subgroups are determined. It follows 
simply that the only finite groups in which the structure of all subgroups is 
distributive are the cyclic groups. Finally, a connection between distributive 
substructures and primitive elements is derived. 


Chapter 1. Factorizations of a group into completely reducible factors 


1. Minimal groups. In I, Chapter 1 we have introduced the concept of the 
product of two quotient groups.’ In terms of this product the ordinary theorem 
of Jordan-Hélder takes the form of a factorization theorem about groups 
factorable into prime factors. In the following we shall derive other decom- 
position theorems where the factors are not simple but have other characteristic 
properties. 

Let us suppose that the descending chain condition is satisfied for the normal 
subgroups of G. Then there exist minimal normal subgroups of G, i.e., normal 
subgroups of G which contain no other normal subgroups of G. Two minimal 
groups must be relatively prime when they are different. 


Received March 11, 1938. 
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THeoreM 1. If two different minimal groups are directly similar, they are 


Abelian. 
Proof. Let P and Q be the given minimal groups. In the conditions 


[P, Rk] = [Q,R], (P,R)=(Q,R)=E 


we may assume that the normal subgroup R of G is contained in [P, Q]. This 
is seen to imply that R is also a minimal group and hence we find 


[P,Q] = [P, R]} = [Q, R], (P,Q) = (P, R) = (Q, R) = £, 


and the theorem follows from I, Chapter 4, Theorem 2. 

TuHeoreM 2. Let P,, P2, Ps be minimal groups. If P; is directly similar to 
P, and P; to P;, then P, is directly similar to P3. 

Proof. We may assume that all the given groups are different. The con- 
ditions 


[Pi , Q:] = [P2, Q:] = [Pi , Pol, [P2, Q2] = [Ps , Qe] = [P2, Ps] 


imply 
[Pi , Qi , Qe] = [Ps , Qi , Qe]. 


Hence the theorem is proved when P,; and P; are not contained in [Q, , Qz]. 
In the remaining case 


(Qi , Qo] = [Pi, Ps] = (Pi, Pa] = [Ps, Pol. 


A minimal group P of G need not be simple. Let us suppose that the chains 
of normal subgroups in P are finite. There exists a minimal group R of P. 
All the conjugates of R in G are seen to be minimal groups of P. It is easily 
seen that one can represent P by a basis 


(1) P =([R,, Re, --- , Ril, 


where the R; are some of the conjugates of R and P in (1) is the direct union 
of these components. Here all R; are simple because a normal subgroup of R,; 
would be normal in P. 

If all the conjugates of R do not occur in the direct product (1), it is easily 
seen that a missing R; could replace some R; in (1). Then R; and R; would 
be Abelian because of Theorem 1, and since they are simple, all R; would be 
cyclic of the same prime order p. 

TuHroreM 3. Let the normal chains in a minimal group P of G be finite. If P 
is non-Abelian and contains a simple normal subgroup R, it is equal to the direct 
product of all the conjugates of RinG. When P is Abelian, it is the direct product 
of conjugate cyclic groups of prime order.’ 

? This theorem is due to R. Remak, Uber minimale invariante Untergruppen in der 
Theorie der endlichen Gruppen, Journal fiir Math., vol. 162(1930), pp. 1-16. For finite 
groups the results of the following §2 are also due to Remak. Similar considerations can 
be found in K. Shoda, Uber direktzerlegbare Gruppen, Journal of the Faculty of Science, 
Tokyo, Sect. 1, vol. 2(1929), pp. 51-72; Bemerkungen wber vollsténdig reduzible Gruppen, 
ibid., vol. 2(1929), pp. 203-209. 
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2. Normal covers. The union C of all minimal subgroups of G shall be 
called the normal cover of G. It may also be defined as the smallest normal 
subgroup with which every normal subgroup of G has a common subgroup. 

This second definition gives 

THEOREM 4. The normal cover is a characteristic subgroup of G. 

Let us now suppose that all normal chains in G are finite. Then there exists 
a basis representation of C as the direct product of certain of the minimal 
groups of G 


(2) C = [Pi, Po, --- , Prl. 


It is now obvious from Theorem 3 that we have 

THEeorEM 5. If the normal chains in the minimal groups of G are finite, the 
normal cover C of G is the direct product of simple groups. 

From the general theory of Dedekind structures’ follows 

THEOREM 6. Any two basis representations 


(3) C = [Pi,---, Pa] = (Q1, --- , Ql] 
of the normal cover contain the same number of minimal groups directly similar 
in pairs. 


One can also prove this theorem directly by showing that each basis element 
P; in one basis representation (3) can replace some suitably chosen Q; in the 
other. One also sees that any normal subgroup D of G which is contained in C 
has a basis representation 


D = [P,, Pz, --- , Pal, 
which can be completed into a basis for C 
C = [D, Pai, --- , Prd. 


All of these facts follow since the structure of normal subgroups of G contained 
in C is a completely reducible structure. 

Two minimal groups which are directly similar shall be said to belong to the 
same uniform system. Since the concept of direct similarity is transitive for 
minimal groups according to Theorem 2, all minimal groups fall into distinct 
uniform systems. The union of all minimal groups in such a system shall be 
called a maximal uniform component. It is then easy to prove 

THEOREM 7. The normal cover is representable uniquely as the direct union of 
its maximal uniform groups 

C = [U,,--- , Us. 


This representation may be obtained from any basis representation of C by joining 
the basis elements belonging to the same uniform system into one term. A non- 
Abelian minimal group is its own maximal uniform group. 


3 See O. Ore, On the foundation of abstract algebra. II, Annals of Math., vol. 37(1936), 
pp. 265-292. The results which are used in the following can be found in Chapter 3. 











250 OYSTEIN ORE 


3. Product representations. To insure uniform notation in the following we 
shall write every group as a quotient group with respect to the unit element. 
We write in particular 


G = G/E, M, = C/E, G = G, X M. 


Now the group @, = G/C has itself a normal cover © = C2/C,;. We shall 
call C, the second normal cover of G, and ©, the second normal cover quotient. 
Continuing, we find 

TuHeoreM 8. A group G in which the finite chain condition holds for normal 
subgroups has a unique factorization 


(4) G@=GxX---xXGQxG@ 


as the product of its successive normal cover quotients. 

We also easily see the truth of 

TuEeoreM 9. The successive covers C = C,, C2, --- are characteristic sub- 
groups of G. 

Let M and N be two normal subgroups of G such that M = N. We shall 
say that the quotient P( = M/N is completely reducible in G if 


M = [Qi,---, 


is the direct union of minimal groups 2; = Q;/N in G/N. From Theorem 3 
it follows that I is the direct product of simple groups, when descending 
normal chains are finite in all Q;. 

The general theory of structures now gives the following property of the 
factorization (4): 

TuHeoreM 10. Let $ be a normal subgroup of © and 


H= DX --- KX OX H 


some factorization of $ into completely reducible factors. If & has the factoriza- 
tion (4) into its cover quotients, for each i the quotient ©; K --- K G@ has the 
factor $; X --- X H. 

A consequence of this theorem is 

THEOREM 11. Any representation of a group © as the product of completely 
reducible factors contains at least as many factors as the cover factorization (4). 

This theorem shows that among the completely reducible factorizations of G 
the cover factorization is one of shortest length. This property, however, is 
not sufficient to characterize the cover factorization completely. 

Let H = § be a normal subgroup of © and let us call the union of all minimal 
groups of @ contained in § the first normal cover §, of $ with respect to G. 
The second normal cover is defined as the union of those normal subgroups 
of © which are minimal over §; and contained in §, etc. By repetition of 
this process one obtains a unique factorization 


(5) DS = Dn X--- X Hi 


of § as the product of its successive cover quotients with respect to G. 
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THEOREM 12. Let § be a normal subgroup of G. The cover factorization 
of S with respect to @ is the same as the cover factorization of in itself. 

Proof. Let us show first that §,; in (5) is the cover of . Let P be a minimal 
group of @ contained in § and R some minimal group of § contained in P. 
One sees as before that 


P=([R,,---, RJ 
is the direct product of some of the conjugates of Rin G. These conjugates 
R; = gikgi* 


are all normal and minimal in § since § is normal in @. Since P is the union 
of minimal groups of §, it is contained in the cover of §. Conversely, a 
minimal group R of $ must be contained in a minimal group P of @ because 
any normal subgroup of @ containing one of the conjugates of R must contain 
them all. 


This shows that §, in (5) is the cover of . When the same argument is 
applied to the successive factor groups 6/; and G/H; , the theorem follows. 
THEOREM 13. Let § be a normal subgroup of & and (4) and (5) their cover 
factorization. Then for each i 
Hi X +--+ KX Gi = (G, GX --- K G). 
Proof. The preceding proof shows that the theorem is true fori = 1. We 
shall prove the theorem by induction and hence we can assume 
Hin X--- X Gi = (G, Gu XK --- K G). 
Let us write 
GiuxX---xXG=RX GurX---X* Hi. 
We then find 
GixX---xX GX R= CX Gi, X--- XK Hi, 


and here ® must be relatively prime to §; and S,, X --- X 6, because other- 
wise §;, X --- X §; would not be the greatest common factor of § and 
€:. X --- X ©. From the last relation it is easily seen that 


(GC, R-'(GHr, X +++ XK H) RK“) aaa RHR. 
This relation gives in turn after multiplication with R K Gi. XK --- X Hi 
(G; X --- X G,[H, Ga K --- K GJ) = [Hi K --- K Hi, Ga X --- X Gi). 


By taking the cross-cut of this relation by § one obtains the desired result (6). 
It may be observed that Theorem 13 is a general structure theorem valid for 
all Dedekind structures. 
The number h of successive covers of @ in (4) may be called the normal 
height of G. One can also define the normal height hy with respect to G of 
any subgroup H as the smallest index 7 such that @; K --- X ©, contains H. 
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This height has the evaluation properties that the height of the union is equal 
to the maximal height of any of the components while the height of a cross-cut 
is at most equal to the minimal height among the groups of which one takes 
the cross-cut. Theorems 12 and 13 show that for a normal subgroup 
the height is independent of the group @ in which § is normal, and it is equal 
to the height of with respect to itself. 


4. Upper covers. Several results of interest may be obtained by considering 
the duals of the preceding theorems. We suppose as before that the ascending 
and descending chain condition is satisfied for normal subgroups in G. A 
maximal normal group M in G is one having the property that there are no 
normal subgroups between G and M. The corresponding quotient group 8 = 
G/M shall be called an upper (or left-hand) minimal factor of G@ = G/E. We 
obviously have 

THEOREM 14. An upper minimal factor is simple, and hence non-Abelian or 
cyclic of prime order. 

The left-hand union U of all minimal upper factors shall be called the upper 
cover quotient of G. If D is the cross-cut of all maximal groups of G, then 
D = G/D, and we shall call D the upper cover group of G. We can write D 
as the left-hand direct union of upper minimal factors 


D = (Bi, ---, Bele, 
or according to Theorem 6, Chapter 1, I as a direct right-hand union or product 
(7) D=[Q1,---, Qi), Qs = Q/D, 


where the quotient group Q, is similar to §;. 

We can define the second upper normal cover group D2 as the upper cover 
group of D = D, and the second upper cover quotient as D, = D,/D:, ete. 
By the definition of the second and following cover groups we have the choice 
of taking the maximal normal subgroups of D, or taking those normal sub- 
groups of G which are maximal in D,. It is, however, easily seen that both 
definitions lead to the same result. We find as before 

TuHeoreM 15. There exists a unique factorization of © by means of its suc- 
cessive upper cover quotients 


@ = Di X --- X Dr. 


We also easily obtain 

THEOREM 16. The upper cover groups of & are characteristic subgroups. 

We shall finally consider the relation between the upper and the preceding 
lower cover factorization. It follows from (7) that the upper cover factoriza- 
tion is completely reducible. According to Theorem 11 this implies that the 
upper factorization does not contain fewer factors than the lower. Since the 
dual argument is also valid we have 
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THEOREM 17. The upper and lower cover factorizations 
(8) ®G@=OX---XD=GX--- xX © 


contain the same number of factors. For each i the quotient ©; X --- KX © has 
the right-hand factor D; X --- XK Di, and Dy X --- XK D; has the left-hand factor 
G, xX --- X &. 

The last statement is a consequence of Theorem 10 and its dual. 

Let us call any other completely reducible factorization of @ with the same 
number h of factors as the cover factorizations (8) a shortest completely reducible 
factorization. It is then easily seen that one can characterize the cover fac- 
torizations in the set of all shortest factorizations in the following manner. 

THEOREM 18. Let the upper and lower cover factorizations of © be given by (8) 
and let 


G=DH.X---X 


be an arbitrary shortest completely reducible factorization. Then for each i the 
quotient $; X --- X §, is a right-hand factor of ©; X --- K © and has the 
right-hand factor D; X --- X D,; and dually H, X --- K H; is a left-hand factor 
of Dn X --- KX D,; and has the left-hand factor ©, XK --- KX G. 


5. Element covers. To conclude, let us mention a different type of covers. 
Let us consider all subgroups of G instead of only the normal subgroups as 
in the preceding. There exist in G subgroups F such that every subgroup of G 
different from the unit element EF has a subgroup (or an element) EZ in common 
with F. We can prove: the set of all such groups forms a structure. It is obvious 
that the union of two such groups F; and F; has the same property. To prove 
it for the cross-cut (F; , F2), let D be a subgroup having a subgroup D, in com- 
mon with F,. Then D, has a common subgroup D, with F,. Hence D, is a 
common subgroup of D and (F,, Fs»). 

If there exists a minimal group F, of G with the property that every sub- 
group has a common subgroup with F,, then F; shall be called the element 
cover of G. One easily sees the truth of 

THEOREM 19. The element cover is a characteristic subgroup of G. 

When the element cover exists, it contains the normal cover C; because the 
latter was defined as the normal group having a subgroup in common with 
every normal subgroup. The element cover of G must contain all (non-normal) 
minimal groups, i.e., all elements of prime order. Hence we have 

THEOREM 20. Let G be a group in which every element is of finite order. Then 
the element cover exists and is the group generated by all elements of prime order. 

As before, we may define the second element cover F:2 as the first element 
cover of G/F, and the second element cover quotient as © = F2/F;. 

The second element cover F2 is generated by all those elements fz of G whose 
order over F; is a prime 7; , i.e., f?* can be expressed by means of products of 
elements of prime order. When this process is continued, one finds 
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THEOREM 21. Every group is representable uniquely as the product of its suc- 
cessive element cover quotients. The successive element cover groups are char- 
acteristic subgroups. 

As usual one can construct the dual concepts. The dual or upper element 
cover must be defined as the cross-cut of all maximal subgroups of G. This is, 
however, exactly the definition of the well-known ¢-group of G. One can also 
define the ¢-group structurally in a different manner. We consider all repre- 
sentations of G as the union of subgroups 


G =[A,,---, Ai). 


All those subgroups A of G which are superfluous in any such representation 
are seen to form a structure. The union F of all such groups is the ¢-group 
of G. Let us suppose that there existed a maximal subgroup M of G not con- 
taining PF. Then one would have 


G = [F, M], 
and F would not be superfluous. This shows that F is contained in every 


maximal subgroup of G, so that ¢ 2 FP. Now let us consider an element d not 
contained in F. There exists a representation 
G = [{d}, K], 

where the cyclic group {d} cannot be omitted. Among the various K let us 
consider a maximal one. Then K is also a maximal group of G because the 
addition of any element to K would make {d} superfluous. Hence we have 
o = F. 

This property can be dualized to the element cover. We consider all repre- 
sentations of G as a left-hand union, i.e., all representations of the unit element E 
as the cross-cut of subgroups 


(9) (Ai,---,Ar) = E. 


Again, one sees that those subgroups which can be omitted in all such repre- 
sentations form a structure and that there exists a minimal group ¢ such that 
@ and any group containing ¢ can always be omitted. We can then show that 
this group is identical with the element cover group F;. Obviously, any 
group which can always be omitted must have the property that 


(¢, {c}) HE 


for any cyclic subgroup {c} of G. This implies that ¢ > F;. On the other 
hand, if 


(F,,A1,---,A,r) = E, 


one must also have the relation (9). 
This dualism raises a very interesting problem. The structure of the ¢-group 
is known to possess the simple property that it is the direct product of its 
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Sylow groups.‘ The question then arises whether it is possible to make any 
general statement about the structural properties of the dual group, namely, 
the quotient group G/F. 


Chapter 2. Decomposition theorems 
1. Components. Any representation of a group G as the union of subgroups 


(1) G = [Ai, Az, --- , An] 


shall be called a decomposition of G. The existence of a decomposition (1) 
indicates that G can be generated by the elements of the subgroups A;. We 
shall write 


(2) A; - [Ai italy » Ais ’ Au, —* , Aa], 


and call A; the complement of A; in the decomposition (1). 
We shail call (1) a permutable decomposition when each group A; is per- 
mutable with all other A;. It follows that A; is also permutable with its 


complement A;. In this case, every element g of G can be represented in 
the form 


(3) 9 = Q-Gg--- Gn, 


where a; belongs to A;. 
Now let D be a subgroup of G. The group 


(4) D; ” (A; ’ [D, A))) 


we shall call the component of Din A;. For permutable decompositions these 
components have various properties which we shall now indicate. 

Lemma 1. The component D; is permutable with all A; . 

This is a consequence of Lemma 3, Chapter 2, I. 

Lemma 2. The component D; is permutable with all other components D; . 

Since [D, Aj] > D;, this result follows by the same Lemma 3, Chapter 2, I. 

When the elements d of D are written in the form (3), all elements a; occurring 
in the product shall be called the representatives of D in A; in the decomposi- 
tion (1). We can then prove: 

Lemma 3. The component D; contains all representatives of D in A; . 

Proof. We write 

d= a;-d;. 


Hence any representative a; belongs both to A; and to [D, A,J. It is easily 
seen that D; cannot contain any proper subgroup which is permutable with 
A; and contains all representatives of D. Usually not every element of D; 
is a representative. We can prove however: 

Lemma 4. When D is permutable with A; , then D, is the set of all representa- 
tives of Din A;. 


‘Miller, Blichfeldt and Dickson, Theory and Application of Finite Groups, p. 72. 
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Proof. Since D is permutable with A;, all elements of [D, A,] are of the 
form d-d;, and all elements a; of D; satisfy a relation 


-—1 
ay = d-d;, d = Q;-a;y . 


Hence a; is a representative. 

Lemma 3 obviously implies 

Lemma 5. The group D is contained in the union of its components in the 
various A; : 


D < [D,, De, --- , Dal. 

We shall also need the following 

Lemma 6. Let C and D be two subgroups of G and C; and D; their components 
in A;. Then the union [C, D] has the component [C; , Dj] in A;. 

Proof. According to Lemma 1 the union [C;, Dj] is permutable with A, , 
and hence we find from Theorem 6, Chapter 2, I, 
(5) [B; ’ Ci) - (A; ’ [B; »C; ’ Aj). 
Now we find from the same theorem 

[A;, Bi] = (Ai, (Ai, (Ai, BD] = (Ai, BI, [Ai, Ad) = (Ai, BI, 
(A; ’ Ci) = (A; ’ Ci, 
and when this is substituted in (5), we obtain 
[B, C]; = (Ai, [B, C, Aid) = [Bi , Cd. 
Lemma 6 can of course be extended to an arbitrary number of groups and 


this leads to the following important result. 
Lemma 7. Let (1) be a permutable decomposition and 


(6) G = [B,,--- , Bal 
an arbitrary decomposition of G. When A;,; is the component of B; in A; we have 
(7) A; = [Aia, «++ , Aim). 


We shall prove finally 

Lemma 8. Let B and C be permutable and let both be permutable with A, . 
Then the components B; and C; are also permutable. 

Proof. The elements of B and C can be written in the form 


b= aa, ¢ = ai?.a, 
where a$” and a$° run through B; and C;, respectively. Since B and C are 
permutable, we have b-c = c,-b;, and one finds that the representatives of 


[B, C] may be written both in the form a{” a‘ and in the form a§° -a{™. 


2. Permutable and quasi-normal decompositions. We shall say that a de- 
composition (1) is a permutable decomposition into indecomposable parts when 
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no group A; can be further decomposed so that the resulting decomposition is 

permutable. In such a decomposition we suppose further that no term 4A, is 

superfluous, i.e., is contained in its complement A;. Finally, we say that two 

permutable decompositions (1) and (6) are mutually permutable when each A; 

is permutable with each B;. We can then prove as the main theorem 
THEOREM 1. Let 


(8) G = [A,,---, An] = [Bi,--- , Bul 


be two mutually permutable decompositions of a group G into indecomposable parts 
without superfluous terms. Then both decompositions have the same number of 
terms and any term in one decomposition may be replaced by a suitably chosen 
term in the other to give a new decomposition of the same kind. 

Proof. Under the given assumptions it follows that in (7) one of the A; 
must be equal to A;,;. Let us suppose that 


A; = Ain sis (Ai ’ [Bi ’ A))). 
This implies 
(9) G = [B,, Az, --- , Anl, 


and shows that A; can be replaced by B,. Possibly some term in (9) might be 
superfluous. Let us suppose for the moment that n S m. We continue the 
process and replace all A; by B;. Since no B; is superfluous in (8), we find 
that the first decomposition (8) must contain at least as many as the second 
and that no term in (9) can be superfluous. Hence n = m, and the theorem 
is proved. 

In a similar manner, we can prove a decomposition theorem for a group into 
quasi-normal components. 

THEOREM 2. Let there exist two representations without superfluous terms 


G= [A1,---,An] = [Bi,--- , Bul 


of a group G as the union of quasi-normal subgroups. Each A; and B; shall be 
quasi-normally indecomposable, i.¢., A; is not representable as the union of two 
proper quasi-normal subgroups of A;. Then both decompositions contain the 
same number of terms and any term in one decomposition may be replaced by a 
suitably chosen term in the other to give a new decomposition of the same kind. 

Proof. Since the union of two quasi-normal subgroups is again quasi- 
normal, we have that [A; , B;] is quasi-normalinG. From Theorem 15, Chapter 
2, 1 it follows that A;,; in (7) is quasi-normal in A;. Hence we conclude as be- 
fore that one A;,; must be equal to A; and we can assume that 


G = [By ’ Aj]. 


From this point on the proof is analogous to the preceding. 


3. Normal decompositions. We shall next turn to the representation of 
groups as the union of normal subgroups. We shall say that a normal sub- 
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group A of G is indecomposable with respect to G when it is not the union of 
two proper subgroups both normal in G. We then find as before’ 
THEOREM 3. Let 


(10) G = [A,,---, An] = (Bi, --- , Bal 


be two decompositions without superfluous terms, where the normal subgroups Aj; 
and B; are indecomposable with respect to G. Both decompositions then contain 
the same number of terms and any term in one decomposition can be replaced by 
some suitably chosen term of the other. 

The proof is based on Lemma 7 as before. In this case, all A;,; are normal 
subgroups of G. Let us mention without proof that one has the stronger re- 
placement theorem: 

THEOREM 4. Any term A; in (10) can be interchanged with some B; such that 


G = [Ai, Bi] = [B;, Al. 


If we say that the first decomposition (10) is reduced when no group A; can 
be replaced by a proper subgroup also normal in G, we can state 

TueoreM 5. The decompositions of Theorem 3 are reduced. 

Proof. If one had for A; < A; 


[A:, AJ = (Aj, Ad, 
one would obtain from the Dedekind law 
A; = [Ai ’ (A; ’ A))], 


and A; would not be indecomposable with respect to G. 

Let us now study somewhat further the normal subgroups of G which are 
indecomposable with respect to G. When we assume that the ascending chain 
condition holds for the normal subgroups of G, we find the following criterion: 

TuHeoreM 6. The necessary and sufficient condition that a normal subgroup 
A of G be indecomposable with respect to G is that A contain a single maximal 
subgroup normal in G. 

Let this maximal normal subgroup be M. Since A is minimal over M in the 
group G/M, it follows from Chapter 1 that the quotient group $8 = A/M is the 
direct product of simple groups. We shall say that the indecomposable group A 
belongs to the quotient group . We prove further 

TuHEeorEM 7. Any indecomposable group A; which occurs in a normal decom- 
position (10) of G belongs to a simple quotient group f; . 

Proof. One establishes immediately the isomorphism 


$i = Ai/M; = G/(M;, Aj, 


and one finds that [M;, A,] is maximal in G. Hence the quotient groups are 
simple. 


5 See A. Kurosch, Durchschnittsdarstellungen mit irreduziblen Komponenten in Ringen 
und in sogenannten Dualgruppen, Matematiéeski Sbornik, vol. 42(1935), pp. 613-616. 
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This theorem leads to the division of the indecomposable groups in the 
tecompositions of G into two classes. This distinction is very useful in the 
sequel. We say that an indecomposable group A is of Abelian type, when its 
quotient group $8 = A/M is cyclic of prime order. Otherwise, A is said to be 
of non-Abelian type. 


4. Relations between decompositions and upper covers.” From now on let 
us suppose that all chains of normal subgroups in G have a finite length. Then 
there always exists a decomposition 


(11) G = [A1,---, An] 


into normal indecomposable subgroups A;. Since each A, is indecomposable, 
it contains a unique normal subgroup M; of G maximal in A;, and according 
to our terminology A; belongs to the simple group 


(12) $i = Ai/M;. 

The groups 

(13) C; = [M;, Ad 

are maximal normal subgroups of G and the quotient group 
(14) Q; = G/c; 


is isomorphic to %;. These quotients ©; are minimal left-hand factors of 
@ = G/E. Their left-hand union is 


(15) © = [Qi1,---, Qak = G/C, 
where C is the cross-cut of all C;. A repeated application of the Dedekind 
relation shows that 

C = (Ci, ---,Cn) = [(M,--- , Mal. 


The quotient (15) is completely reducible. It can also be written as a right- 
hand union of simple groups 


c= [Ri , «++ , Ral, 
where 
R; = N,/C, Ni = (Mi, --- , Min, Ai, Misr, --+ , Mal, 


and &; is similar to B;. It is also easily seen that the O; or R; form a basis 


for C. 
We shall now show that € is the upper cover quotient of G. If this were 
not true, there would exist a left-hand factor 2 = G/P of G which was rela- 


6 Compare the structure theorems in O. Ore, On the foundation of abstract algebra. II, 
Chapter 5. 
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tively prime to ©. We may assume that P is maximal in G. Since it does 
not contain C, there is at least one M; not contained in P. Since P is maximal 


G = [P, M], 
and this implies by the Dedekind relation 
A; = [Mi, (P, Ai)]. 


This is, however, contrary to the assumption that A;is indecomposable. Hence 
we have 

TueoreM 8. Let G be a group in which all chains of normal subgroups are 
finite. There exist normal decompositions of G into groups indecomposable in G 


(16) G = [A1,---, Aal- 


Any such decomposition without superfluous terms contains the same number of 
groups as a basis representation 


(17) € = (M., ---, Ral 


of the upper cover factor of G and each A; belongs to a simple quotient group $f; 


similar to RK; . 
This theorem shows that the properties of the normal decompositions are 


mainly determined by the upper cover. 

It is also easily verified by means of an extension of the preceding argument 
that any indecomposable A; occurring in a decomposition (16) not only is 
indecomposable in G but must also be indecomposable in itself, i.e., it is not 
equal to the union of two proper normal subgroups of itself. 


5. Unique decompositions. We shall now consider the conditions for the 
uniqueness of the normal decompositions. We prove first 

THEOREM 9. Ina normal decomposition of a group into indecomposable groups 
those terms which are of non-Abelian type are unique. 

The proof of this theorem depends on the following 

Lemma 9. Let A, B and C be normal subgroups of G such that 


[A, C] = [B, C]. 
We write 
De = (A, B), D; = (A, C), D, = (B,C). 
Then we have the isomorphism 
4 = A/[Dc, Ds) ~ B/[Dc, Da] = B, 


and both quotient groups are Abelian. 
Proof. One finds easily 


% _ [A, Da\/[Da ’ Ds ’ De] = Y, 
B: = [B, Dsl/[Da, Ds, De] = B. 
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Furthermore, let 
©: = [C, Del/[Da , Ds , Del. 
Then one finds 
(%, Gi] = (B., Gl, (%, 3) = (Qh, G) = (Ba, G) =G, 


where © is a unit group. This last relation proves our lemma according to 
Theorem 2, Chapter 4, I. 

With the same notation one also has 

Lemma 10. Jf 


[A, C] = [B, C] = [A, B}, 


then 
W>B2> & 
are Abelian groups and 
[%, Gi) = (B., G) = (Mh, Bil, (%, G) = (B., G) = (MH, Bi) = G. 
To prove Theorem 9, let us recall that we have already shown that in a 


decomposition (10) any group A; can be replaced by some B;. Let us suppose 
that A; is of non-Abelian type and 


[Ai ’ A] = [B,, Ajj. 


Since A; cannot have any Abelian quotient group, we conclude from Lemma 9 
that 


A, = ((Ai ’ B,), (Ai ’ A))], 


and since A, is indecomposable, this implies B; = A;. 

Obviously, groups A; of Abelian type can only occur when the commutator 
group K of G is a proper subgroup, i.e., when G has an anticenter G/K different 
from the unit group. Hence we can state 

THEOREM 10. In a group without anticenter the decomposition into normal 
indecomposable groups is unique when it exists. 

When G has an anticenter, the question of uniqueness is more difficult. 
Let us assume that the finite chain condition is satisfied. We can then prove 

THEOREM 11. When the decomposition of G is unique, the anticenter of G 
is cyclic. 

Proof. When the anticenter is not cyclic, the upper cover quotient of G 
must contain two different cyclic groups of the same prime order p. Hence 
there exists in (16) two indecomposable groups A; and A; belonging to cyclic 
groups 

fi = Ai/M,, $2. = Ar/M2. 
If we write C = [M,, Mz], then 


(18) [Ai, Ae]/C = (Si, Se], Si = (Ar, M2J/C, Se. = [A2, Mi)/C, 
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and S, and S» are similar to $B, and $2. Since the quotient group (18) is 
Abelian of type (p, p), there exists a third cyclic group S = M/C such that M 
is normal in G and 


[S., Se] = [S: ’ S] —= (Se, Si), (Si ’ Se) - (S2, S) _ (Se, S), 


or 
[A; ’ A] = [M, A\| = [M, Aj]. 

Here M does not contain A; or Az. By replacing M by a proper subgroup 
one obtains, therefore, two different indecomposable representations of [A; , Ag]. 

In the remaining case, where the anticenter of G is cyclic, the decomposi- 
tion may be unique or not. In order to state a general theorem let us intro- 
duce the following definition: two normal subgroups A and B are said to be 
directly semi-similar in G when there exists a third normal subgroup C not con- 
taining A or B such that 


[A, C] = [B, C]. 


We shall prove 

THEOREM 12. The necessary and sufficient condition that a decomposition (16) 
be unique is that no A; be directly semi-similar to any normal subgroup A; of G 
contained in any other A; . 

Proof. To prove the necessity, let us suppose that A; and Aj are directly 


semi-similar 

[A:, C] = [4;, Cl. 
Here C does not contain A; , but we can suppose that it is contained in [A; , Aj]. 
Hence 

[A;, Aj] = [C, Aj. 
After C is replaced by a proper subgroup this gives a new decomposition for G. 

To prove the sufficiency, we suppose that some A;, for example A; , can be 

replaced by some indecomposable B satisfying 

[Ai, A\] = [B, A\]. 
As before, the group A; belongs to the group A:i/M, = §, of prime order p. 
Let us form the quotient group 

G/M, -” [B., Ae , bee , Wn) = [B, Ye , ioe » An]; 
where 
B= [B,, M;)/M,, A; = [A;, Mi]/M, . 

Since 8 cannot contain $,, one of the M;, for example %, must contain a 


normal cyclic factor B, = $,. It is easily seen that PB: may be written in 
the form 


PB: = (42, Mil/M., 




















STRUCTURES AND GROUP THEORY. II 263 


where A} is a subgroup of A2. Since 
[B,, M] = [P2, Me, Mm = M/M,, 
where M is not divisible by B, or B3, it follows after multiplication by M, 
[A1, Mi] = [Az , Mil, 
and A, and Ag are directly semi-similar. 
From Theorem 12 it follows, for example, that the decomposition is unique 
if (i) the anticenter is cyclic and (ii) when A; belongs to the cyclic group of order p, 


no other A; contains a cyclic group of order p in its principal series with respect 
to G. Various other special conditions may be derived from Theorem 12. 


6. The dual theory. Direct decompositions. According to the general 
principle of duality which we have stated there must exist a theory dual to the 
preceding decomposition theory. Let us indicate briefly how this theory may 
be formulated. 


A left-hand decomposition of a group G is a representation 
(19) @ = G/E = (A, Bh: 
of @ as the left-hand union of two quotients 
UY = G/A, B= G/B. 
The relation (19) means, however, 
(A, B) = £, 


so that a left-hand decomposition of G is equivalent to the representation of 
the unit element E of G as the cross-cut of two relatively prime groups. One 
finds that G is indecomposable if and only if any two (normal) subgroups of G 
have a common subgroup. When the finite chain condition is satisfied for 
normal subgroups in G, this means that G shall have only one minimal normal 
subgroup.’ 

The representation of G as the left-hand union of left-hand indecomposable 
factors 


@ = (Mh, ---, Ah, W;, = G/Ax 
is equivalent to a representation 
(20) (Ai,---,An) = EZ, 


where A; cannot be represented as the cross-cut of larger normal subgroups 
of G. One finds that when two such representations (20) exist both repre- 
sentations must have the same number of terms, the terms may be suitably 


7 Considerations of this nature can be found in the following papers by R. Remak, 
Uber die Darstellung der endlichen Gruppen als Untergruppen direkter Produkte, Journal 
fiir Math., vol. 163(1930), pp. 1-44; Uber die erzeugenden invarianten Untergruppen der sub- 
direkten Darstellungen endlicher Gruppen, ibid., vol. 164(1931), pp. 197-242. 











264 OYSTEIN ORE 


interchanged, and corresponding groups of the two representations have similar 
minimal normal subgroups. The representation is unique when G@ has no 
normal Abelian subgroups. When G has a (lower) cover, the number of terms 
in (20) is equal to the number of basis elements P; of the cover and each A; 
contains a normal subgroup similar to P; . 

In conclusion, one should also mention the properties of the direct decom- 
positions. A very simple proof for the Schmidt-Remak theorem for groups in 
which the normal chains are finite can be obtained by a direct translation of 
the structure proof. This proof can also be extended to the case of certain 
infinite chains by the methods of a second paper on direct decomposition in 
Dedekind structures. For groups, however, these methods add very little to 
the general results obtained by Fitting’ and Koffnek’ and hence we shall omit 
a further discussion. Let us only mention the close connection of their method 
with the one applied in the second paper on direct decompositions in structures. 
In principle this method seems to go back to Krull.” 


Chapter 3. Structural properties 


1. Distributive pairs of subgroups. The general characterization of groups 
by means of their structural properties is an important problem of considerable 
difficulty. In the following we shall consider only certain questions connected 
with the distributive law in groups. 

Let A and B be two subgroups of G. A subgroup T of [A, B] shall be said 
to be distributed in [A, B] when there exists a representation 


(1) T = [Ay ’ Bi], 


where A, is a subgroup of A and B, a subgroup of B. Besides (1) there must 
then also exist a representation 


(2) T = [(A, T), (B, T)}. 


This definition shows that if two subgroups 7, and T; of [A, B] are distributed, 
their union [7; , 72] has the same property. 
The distributive relation for three subgroups 


(3) (C, [A, B}) = [(C, A), (C, B)] 


expresses that (C, [A, B]) is a distributed subgroup of [A, B]. The preceding 
remarks show that the study of the validity of the distributive relation (3) is 
equivalent to the study of the distributed subgroups of [A, B]. We shall say 


’See for example H. Fitting, Uber die direkten Produktzerlegungen einer Gruppe in 
direkt unzerlegbare Faktoren, Math. Zeitschrift, vol. 39(1935), pp. 16-40; or H. Zassenhaus, 
Lehrbuch der Gruppentheorie, pp. 78-82. 

* V. Kofinek, Sur la décomposition d’un groupe en produit direct de sousgroupes, Casopis 
pro Péstovini matematiky a fysiky, vol. 66(1937), pp. 261-286. 

10 W. Krull, Uber verallgemeinerte endliche Abelsche Gruppen, Math. Zeitschrift, vol. 
23(1925), pp. 161-196. A similar method can be developed for arbitrary Dedekind struc- 
tures: see O. Ore, Direct decompositions, this Journal, vol. 2(1936), pp. 581-596. 
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that the two groups A and B are distributive or form a distributive pair when 
the relation (3) holds for all C. This is equivalent to saying that every sub- 
group of [A, B] is distributed. 

We shall now consider the conditions for two groups A and B to be distrib- 
utive. Let c be any element of [A, B] not contained in A and B. Since the 
cyclic group {c} must be representable in the form (2) when A and B are 
distributive, we must have relations 


(4) c™4 = a, c"® = b, 


where a is in A and bin B. The minimal exponents n, and ng for which (4) 
holds shall be called the orders of ¢ with respect to A and B. According to (2) 
the cyclic groups {a} and {b} must generate {c}. Since @ and b are powers 
of c, they are commutative and there must exist a representation 


(5) c=a’-b’. 


This fact establishes, first, that every element in [A, B] has the form c = a;-b,, 
where a; belongs to A and b; to B. Hence we have proved 
TueoreM 1. Ff A and B form a distributive pair, the two groups are per- 


mutable. 
The relation (5) implies, secondly, the existence of integers z and y such that 


rng + y-ne = 1, 


and n, and nz, are relatively prime. 

THEOREM 2. The necessary and sufficient condition that A and B form a 
distributive pair is that any element c in [A, B] but not in A or B have finite orders 
n, and ng with respect to A and B such that (n4 , ng) = 1. 

We have already shown that this condition is necessary. Conversely, if it 
is satisfied, every cyclic subgroup of [A, B] is distributed and since every group 
is the union of its cyclic groups the theorem follows in general by a preceding 
remark. 

It may happen that a distributive pair A, B contains subgroups A,, B; 
such that 


[A, B) _ [Ai ’ B,), 


and such that A; and B, still is a distributive pair. We shall say that A; and 
B, have been obtained by reduction from A and B. Conversely, if A and B 
is a distributive pair, the groups [A, Dz] and [B, D,] form a distributive pair 
when D, is any subgroup of B and D, any subgroup of A. This last pair shall 
be said to have been obtained by extension from A and B. We shall now 
show how a distributive pair may be obtained by extension from a particularly 
simple pair. 

We first prove the following lemma: 

Those elements a in A for which bab™ is contained in A for any b form a normal 
subgroup of |A, B], when A and B are permutable groups. 
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It is obvious that the d@ form a group A for which 


bAb' =A 
for any b. To show that 


for any a, let us write a’ = ada‘. Then 
ba’b™' = bab™'- bab (bab™) ™’. 


Here bab"' = 4, is contained in A. Furthermore, since A and B are per- 
mutable we can write 
bab™ = a,-b;, 
and we find 
ba’b-* = (ayb;)-G-(ayb))* = ay-Ge- ay". 
Hence a belongs to A. 

From now on we shall suppose that A and B are finite groups. We consider 
an element a in A which does not belong to A or to the cross-cut D = (A, B). 
Then there exist elements b such that bab™' does not belong to A or B. This 
implies according to Theorem 2 that there exist two relatively prime exponents 
ny and n§” such that 

a3 ni), 4 
(6) ba"4 b =a, ba" Bb = bh. 

The last relation (6) shows that n{ = nz is the order of a with respect to D. 
The exponent n{” in the first relation (6) will usually depend on b. But since B 
is finite there exists a least common multiple m, of all n~, and m, and nz are 
relatively prime. It is obvious that a”4 belongs to A and furthermore one 
can find integers z and y such that 


This shows that 
A = [A, D], 


and A and D form a distributive pair. - 
This result implies that the distributive pair A, B can be reduced to A, B. 


A similar reduction on B gives 
[A, B] = [A, Bl, 


where A, B is a distributive pair and A and B are normal in [A, B]. 

When A and B are normal in [A, B], the condition for distributivity is easily 
described. The orders of any element c = a-b with respect to A and B are 
seen to be equal to the orders n{” and n{ of b and a with respect to D. This 


shows that all orders of the elements of A with respect to D are relatively prime 
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to those of the elements of B with respect to D. This is only the case when the 
orders of the two quotient groups A/D and B/D are relatively prime. 

We sum up the preceding results in 

THeoreM 3. Let A and B be finite normal subgroups of [A, B]. The necessary 
and sufficient condition that A and B be distributive is that the orders of the quo- 
tient groups A/(A, B) and B/(A, B) be relatively prime. Any distributive pair 
A, and B, in a finite group can be obtained by extension from a normal pair. 


2. Distributive group structures. Let us now consider the problem of find- 
ing all groups in which the structure of all subgroups is distributive. The 
result is 

THEOREM 4. The necessary and sufficient condition that the structure of all 
subgroups of a group G be distributive is that G be Abelian and have the property 
that any finite subset of elements generate a cyclic group. 

Proof. In this theorem we make no assumption of finiteness. We show 
first that the subgroup M = {a, b} generated by two elements is cyclic when 
all subgroups are distributive. Let us suppose first that bab™’ is not contained 
in {a}. Then it follows as before that there exist relatively prime powers 
n and m such that 


(7) ba" = a™, a” = §™, 
This gives a representation 
a=a -a”", an + my = 1, 


which shows that bab™ must be a power of a. Similarly, one finds that aba™’ 
is a power of b. This means that {a} and {b} must be normal subgroups of M. 
Furthermore, since {a} and {b} are distributive, we can assume that the expo- 
nents m and m, in (7) are relatively prime. Now one must have a relation 


(8) a-b = b-a-d, 
where d is some element in the cross-cut of {a} and {b}. Since d is a power of 
both a and b, it is permutable with both elements. From (8) one obtains by 
induction 
a-b' = b'.a-d’', = a’-b = b-a’-d’, 
and for t = m, and j = m this implies 
qd” = qd™ = Il, 


ord =1. Thusaand bare permutable. Furthermore, it is not difficult to see 
that one can choose the generating elements of A and B so that M is the cyclic 
group generated by ab. 

The converse is easily proved. Let A and B be subgroups of G and a and b 
an element of each. Since the group {a, 6} is cyclic, it follows that the orders 
of a and b over the common subgroup of {a} and {b} must be finite and relatively 
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prime. Hence the conditions of Theorem 2 are satisfied and A and B are 
distributive. 

For finite groups Theorem 4 says simply 

Tueorem 5. The only finite groups in which the structure of all subgroups is 
distributive are the cyclic groups. 

For the infinite groups with distributive structure we have found a special 
class of Abelian groups which are identical with the ideal cyclic groups intro- 
duced by Priifer. 


3. Primitive elements. Let G be a given group and let = be any substruc- 
ture of the structure of all subgroups of G, i.e., when the set = contains the 
two subgroups A and B, it also contains [A, B] and (A, B). We shall say that 
an element a of a group A belonging to = is a primitive element of A in 2, when 
a belongs to A, but not to any subgroup of A contained in >. 

We shall say that a group A is indecomposable in =, when it is not the union 
of two proper subgroups both contained in =. If we suppose that all ascending 
chains in © are finite, we find as before, in the normal case, that the necessary 
and sufficient condition for A to be indecomposable is that it contain but a 
single maximal subgroup B contained in =. This makes it obvious that a 
group A which is indecomposable in = must contain primitive elements with 
respect to Z, since any element of A not contained in B must be primitive. 

We shall now prove the following 

Tueorem 6. Let = be a substructure of the structure of all subgroups of a 
given group G. We suppose that > satisfies the Dedekind axiom and that all 
chains are finite. Then any subgroup A in = whose representation as the union 
of indecomposable groups in 


(9) A = [A1,---, Ar] 
is unique must contain primitive elements with respect to >. 


Proof. Let B; be the maximal group of A; with respect to =. Furthermore, 
let us write 


A; = [Ai, --- , Ava, Aisi, «++ 5 Arl- 
It then follows from the Dedekind axiom that the groups 
M; = [B;, Ai 
are maximal subgroups of A in =. We shall show further that the uniqueness 


of the decomposition (9) implies that the groups M; are the only maximal 


groups. 
Let us denote by K some maximal group of A in Y. Since K does not con- 
tain all A,, let us suppose that it does not contain A,. We shall show that 


K = M,. Since 


A = [A; ’ K], 
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it follows that if K has the decomposition 
K = ([K,,---,K;,] 


into indecomposable groups in 2, then all A; (¢ 2 2) must occur among the K;. 
This means that K must contain A;. It must also contain B, because otherwise 


A = [K, B,] 
would give a new decomposition of A. 


The existence of primitive elements in A now follows simply. Since A; is 
not contained in M; , let a; be an element of A; not in M;. Then the product 


Y = Q+++ An 


is a primitive element because it cannot be contained in any maximal group M;. 

From Theorem 6 we deduce 

THEOREM 7. Let = be a distributive substructure of finite length in the structure 
of all subgroups of a group G. Then every group belonging to = contains primitive 
elements with respect to >. 

The proof follows from the observation that in a distributive structure any 
decomposition must be unique. 


YALE UNIVERSITY. 











SUMMABILITY OF CONJUGATE FOURIER SERIES 
By A. H. Smiru 


1. Introduction. We assume that the function f(z) is integrable in the sense 
of Lebesgue over (0, 2x) and satisfies the periodicity condition f(z + 27) = f(z); 
then the series 


(1) > (a, sin vz — b, cos vz), 


v= 
where a, , b, are the Fourier coefficients, is defined to be the conjugate Fourier 
series generated by f(z). Let us also define, whenever the limits on the right 
side exist, 


(2) g(x) = lim — if © dt, 
and 
(3) G(s) = tim — 1 [ "HO 
70 wT Ja t 
where 
(4) V)=fx<#+)-fxe@-); WH= [ ¥(u) du. 


Paley’ has proved that the series (1) is summable by Cesdro means of order 
a for a > 1 to g(x), whenever g(x) exists. From two lemmas due to Prasad” 
it is easily shown that the existence of G(x) is equivalent to the existence of 
g(x) with the added condition that W(t) = o(t) ast — 0. Prasad generalized 
Paley’s result by proving that whenever G(x) exists the series (1) is summable 
by Cesaro means of order a for a > 1 to G(x), provided that either 


(i) V(t) = O(t) ast > 0, or 
(ii) [ wo at = o(f) ast — 0. 


Received September 13, 1937. 

1R. E. A. C. Paley, On the Cesdro summability of Fourier series and allied series, Pro- 
ceedings of the Cambridge Philosophical Society, vol. 26(1930), pp. 173-203. 

2 B. N. Prasad, Contribution a l'étude de la série conjuguée d’une série de Fourier, Journal 
de Mathématiques Pures et Appliqutes, (9), vol. 11(1932), pp. 5ee-S58 (Lemmas 1 and 2). 


Prasad shows that whenever lim v(t)t" dt exists, then lim [ v(t)t- dt exists, but when 
10 J, a0 J, 
the latter exists the necessary and sufficient condition for the existence of the former is 
that v(t) = o(t) ast 0." 
270 
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The purpose of this paper is to derive more exact information concerning 
the summability of the series (1) under the hypothesis just stated. We use 
the summation method of Bosanquet-Linfoot,’ which is weaker than Cesaro’s. 
Our results are given in Theorems 1 and 2. In §4 we give an example of a 
function W(t) which satisfies the conditions: 


(i) V(t) = OW ast > 0; 
(ii) [Sele = o(t) ast > 0; 


(iii) G(x) exists. 


However, V(t) = o(t) as t — 0 is not satisfied, and hence g(x) does not exist. 


2. Definitions and lemmas. The following functions will be used through- 
out the paper: 





(5) Hi,a.s(1 — u) = Bu‘(1 — u)*™ —— ; ), 
l—u 
where B = (log cy’, for k = > 1, 
Qkas(t)\ _ cos tu 
6) ie = fi Hix.a,3(1 — u) it nb ds 
7 ra.a(n, t) cos vt 
@) Xa.a(N, >} = ah Ho,a.8(1 — »/M) en) ae 


The functions A{*}(n, t) and X$°3(n, t) denote the k-th derivatives with respect 
to t of Aw,a(n, t) and X_,9(n, t), respectively. It is readily seen that d{*}(n, 2) 
and X{3(n, t) can be expressed in terms of either Qz,a,3(nt) or Qz,«,3(nt). 

We have need also of the following lemmas, the first two of which are stated 
without proof.* 

Lemma l. Fork 2 0,a = 1, 8 = 0, the functions Qk,a,3(t) and Qx,a,3(t) are 
bounded in (0, ©), and for large values of t, 


- oe te 1 
Qr.2a(t) + Qrast) = Sar + ae + o(As) + O( ao log? ), 


where Cxs2 is a constant. 





3 L. S. Bosanquet and E. H. Linfoot, Generalized means and the summability of Fourier 
series, Quarterly Journal of Mathematics, (2), vol. 2(1931), pp. 207-229. The series ta, 
is said to be summable (a, 8) vo S, where either a > 0, or a = 0, 8 2 0, if 


> [ 2c — v/n)« ow; = x a. | S asn— 


ven 
for C sufficiently large, where B = (log C)*. They have shown that it is equivalent to say 
“for every C > 1’’. (Theorem 3.2.) 
4 Lemma 1 is Lemma 2.1 and the proof of Lemma 2 is analogous to that of Lemma 2.2 
of the following paper: A. H. Smith, On the summability of derived series of the Fourier- 
Lebesgue type, Quarterly Journal of Mathematics, (2), vol. 4(1933), pp. 93-106. 
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Lemma 2. The function \%°3(n, t) is bounded in (0, ~) for fixed n, where 
k 20,a@ 21,8 2 0; and for large values of t, where k = 0, and 8B = 0, 


—1)*k! 
( ak. + O(n?*t-“** log (nt) (a=k+1+46,0 <5 <2), 


(—1)*k! 


[ tht 


ASB(n, 2) 


+ O(n*t-**”) (a =>k +3). 
Lemma 3. The function X4,3(n, t) can be expressed as follows: 


Xa,a(n, t) a ¢=2 


Bi B 
mt nt Xa-1,a(M, t) np baat (M, t). 


Proof. From (7) 
1 
Xa.a(n, t) = yl Ho,«,3(1 — u) sin unt du. 
0 


The lemma is obtained upon integration by parts. 
Lemma 4. For B > 1 the function Qo1,3(t) is of bounded variation over (0, ~). 
Proof. It is easily seen that 


Qira(t) = —Qir.e(0). 


Therefore, by Lemma 1, Q$')s(t) is bounded over (0, ~) and is O(t* log™ t) for 
large values of t. Hence 


[ * 1 QSR<(t) | dt 


exists for 8 > 1 and thus the lemma is proved. 

Lemma 5. For 8 > 1 the function tQ,,,3(t) is of bounded variation over any 
fixed interval. 

Proof. As in Lemma 4 we show that Q,,1,s(¢) is of bounded variation over 
(0, ©)for8 > 1. The lemma then follows. 

Lemma 6. The expression 


-/ ¥(t)A2,(n, t) dt 


is the [n]-th® mean of order (a, 8), for a = 1, 8 = 0, of the conjugate Fourier series . 
The proof of this lemma is similar to that of one in an earlier paper.® 


5 Where [n] denotes the largest integer S n. 

* A. H. Smith, On the summability of derived conjugate series of the Fourier-Lebesgue type, 
Bulletin of the American Mathematical Society, vol. 40(1934), pp. 406-412. In particular 
see Lemma 4, p. 409 and §5, p. 412. Note that the condition “that f(z) be finite’ of Lemma 
4 is needed only in the case of the derived conjugate series. 
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3. Summability theorems. We now proceed to develop our main results. 
From Lemma 6 we obtain 


- [ ” YWiea(n, t) dt = —[¥()ies(n, OI + [ * WORB(n, #) dt. 


The integrated term vanishes at the lower limit; it also vanishes at the upper 
limit, since W(t) is periodic and for large values of ¢ (Lemma 2) 


Xee(n, t) = = + O(n t log nt). 


Thus the [n]-th mean of order (1, 8), for 8 = 0, of the conjugate Fourier series 
can be expressed as 


(8) l= [ ; W(O)X4/3 (n, t) dt. 


TueoreM 1. If the function f(x) is integrable in the sense of Lebesgue and 
has period 2x, the conjugate series is summable (a, 8) for a = 1, 8B > 1 to G(z) 
provided that 

(i) G(x) exists; 

(ii) W(t) = Of) ast > 0. 

Proof. Assume that at the point z the conditions of the theorem are satisfied ; 
let K denote a positive numerical constant. Choose A so that 


(9) W(t) < Kt for0 StS A; 
then choose n so that nA > e and define, where 6 > 0, 


end-1 
he [ HORN(n, t) at, 
0 
A 
(10) hb = [ - W(t)A2'3 (n, t) dt, 
I; =| W(t)AL3 (n, t) dt. 
A 





We proceed to investigate J,. Since by Lemma 3 


’ 1 , rAa(n,t) MB(n, 0, Brrsuiln,t) BAL Bia(n, 0) 
(1) ioe: hae 1,8\%, _ “18 ’ 1,8+1\/%, aa 1,8+1\"b, 
Aza (n, t) = wet — ne i - 





we divide J, into the respective integrals I, , Ji2, lis, tsandls. Because 
of the existence of G(x) the integral 


end-1 
ha= -1[ 20 at = o(1) asn—> ©, 
0 


Tv 
Investigating J;.2 , we substitute 
Ar.a(n, t) = nQo,1,8(nt) 
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((6) and (7)) and obtain 


hs = + ¥()(4) ° Qasld dt. 


By Lemma 4, Qo.1,s(t), for 8 > 1, can be replaced by P(t) — N(t), where P(t) 
and N(t) are positive monotone decreasing bounded functions. Now 


1 [™_ (/t\ft\? 1 f§. /t\(t\? ‘ 
v P(t) dt = P(0) Vv{- dt, 0s: <en, 
nm jo n nm n jo n n 


P(O)o(1) = o(1) asn— ©, 


since G(x) exists. Thus J;2 = o(1)asn— «,for8> 1. Similarly I,4 = o(1) 
asn— ©, for 8 > 0. Consider next J;,. Divide the interval (0, en*") into 
(0, In“) and (In™, en*'), where we choose | so that log’ * 1 < ¢ fora preassigned 
¢, then n so that In’ < en’. Since 


(11) Ais (n, t) _ n'Q:.1,3(nt), 


it follows that 


in! l 9 
v(t) (1) a. 1 t t oo 
[ - Ais (n, t)dt = ‘/ W (‘)(‘) tQ;.1,3(t) dt. 


Because, for 8 > 1, tQ:,,s(t) is of bounded variation over any fixed interval, 
it may be replaced by P(t) — N(t), where P(t) and N(t) are positive monotone 
decreasing bounded functions of t. Moreover, 


: [ ¥ (A) P(t) dt = P(0)o(1) = o(1) asn—> ©, forp > 1, 
0 n n 


n 


Il 


since G(x) exists. The argument may be repeated for N(é). From condition 
(ii) of the theorem and (11) 


Ma Ais (n, t) dt = o( Q1.1.s(t) at). 


If we substitute, from Lemma 1, Q,.,s(t)= O(t ‘log *t) and integrate, this 
integral becomes arbitrarily small with ¢ for 8 > 1 on account of the choice of l. 
Thus we have shown that J,3; = o(1) asn— «. The integral J; may be 
treated in a like manner. Hence we have shown that for B > 1 


(12) I, = o(1) asn— %, 


We next investigate I,. By Lemma 2 


1 1 
(n, t) = + o(; —) 
Set I: = In, + In, where 


a |CO - * |¥@!| 
Io. = 3 = Io = o(f..., Plog? nt H ° 


a 


(13) Aa, 











SUMMABILITY OF CONJUGATE FOURIER SERIES 275 


Now by condition (ii) of the theorem 


» 1 
ha=0([ roraiit) = 0) asn— ,forB> 1. 
Thus 
(14) I, > Tea asn— ©, 


Finally consider J;. Using (3), we set J; = J3. + Is.2, where J3, and J3.2 
are defined similarly to J; and I22. Now choose g so that 2g — 1)r S A 
< 2q7; then, since V(t) is periodic, K being a constant, 


Qe 1 1 = 1 
lIs2| 3 K| [ | ¥@ \dt aaa + (2x)? > siete | 


Thus J;2—> 0asn— «,for8 > 0. Hence under these conditions 
(15) Is > Isa. 
Combining (10), (12), (14) and (15), we have, for B > 1, 


lim 1 = tim — 1 [” ¥O ay = tim -} [ ¥O ay, 
en?-t E fy 


n—-o2 n—-2 Tv 2-0 us 


provided the latter limit exists. This completes the proof of the theorem. 
THEOREM 2. If the function f(x) is integrable in the sense of Lebesgue and 
has period 2x, the conjugate series is summable (a, 8) for a = 1, B > 1 to G(z) 
provided that 
(i) G(x) exists; 
t 
(ii) [ ee a = o(t) ast 0. 


Proof. Assuming that at the point z the conditions of the theorem are 
satisfied, choose ¢, then A so that 


t 
x)= [Ola <a for0 St<A. 
0 


Divide the interval (0, ~) into (0, en’), (en, A) and (A, ~). Set J = 
J, + J2+ J3, where J; , Jz , J; are defined in a manner analogous to J, , Iz , 3. 
It can be shown, as in the case of J, , that J, ~ 0 asn— ~, for 8B > Wy 

Next consider Jz. Using (13), we set Je = Jo. + J22, where 


_ 1 f* wo -o([* 1x@l ) 
Jo. = tf = &; Jo2 — o(f., # Tog? nt . 


7 The only change except for the upper limit is in the case of J; and J;5, which are 
treated as the first integral of J;.3 . 
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. vO. Fat = (Pol 
en-? t tlog® nt t log? nt_len-1 


(16) 
. I _, xE* log” nt dt + B [ _, XDE* log”? netdt. 


When n — the integrated term vanishes at the upper limit for 8 > 1 and 
at the lower limit on account of condition (ii) of the theorem. But 


A A 
[ ac x(t)t* log nt dt| < « [ _ €* log” nt dt, 


and for 8 > 1, this term is arbitrarily small with e. Since the second integral 
on the right of (16) can be treated likewise, it follows that, for 8 > 1, J2— Jaa 


asn— ©. 
The integral J; is similar to J;. Hence the theorem has been demonstrated. 








4. Prasad gave the following example® 


[1 1 1 5 
v(t) = X sin'{n'(t— 2)s}, getaats (n = 1, 2, ---), 


0 elsewhere, 


and showed that the function defined had these properties: 
(i) V(t) = Of) ast 0; 
(ii) G(x) exists; 
(iii) W(t) = o(t) as t > 0 is not satisfied. 
Hence the integral g(x) does not exist. 
We wish to show that 


(17) [ ela = ow mine 


4 


Now for (m + eee <t86 oe, 
[last 5 | 22s LiPe> . = 
0 t =, n? aun on 





Thus 


7 [wo | dt << ——~ 7 ze vd for n sufficiently large. 
(m+ 1) ~ 
Hence condition (17) is satisfied. 
Purpve UNIVERSITY. 


8 B. N. Prasad, loc. cit., Chapter 4, §6. 








A DETERMINATION OF THE AUTOMORPHISMS OF CERTAIN 
ALGEBRAIC FIELDS 


By Caro.uine A. LESTER 


1. Introduction. The problem of determining all equations with rational 
coefficients having a given Galois group has been solved only in a few cases. 
All normal cubic and quartic equations having a prescribed group have been 
explicitly determined [8]' as equations whose coefficients are rational in certain 
parameters. The possibility of so expressing all equations of higher degree 
having a prescribed group was discussed by E. Noether [7]. Less explicit deter- 
minations of normal equations of degrees five [5] and eight [4] have been made. 

The companion problem of determining explicitly the automorphisms of a 
given normal field in terms of the coefficients of the defining equation has met 
with less success. It has been solved for the cyclic cubic [9]. Generating auto- 
morphisms for cyclic quartic and octic fields were found by Albert [1] and for 
cyclic quintic fields by Hull [5], but not explicitly in terms of the coefficients. 

In the present paper, all automorphisms are explicitly obtained by purely 
algebraic methods for the cyclic cubic, quartic, and sextic, the quartic with the 
four-group, the sextic with the symmetric group, and the octics with the Abelian 
groups of types (2, 2, 2) and (2, 4). The determination of the parametric 
representations of the most general equations defining these fields was an integral 
part of the determination of the automorphisms, and while for n = 3 and n = 4 
these results merely confirm known facts, the purely rational method of their 
attainment should not be without interest. 

The computation in the cases n = 6 and n = 8 was brought within practicable 
limits by a free use of matric theory; in particular, of a theorem of Williamson 
[10]. This was used with particular success in the concluding section to obtain 
from the results of Albert a one-parameter family of cyclic octics over the ra- 
tional field together with their automorphisms. 

The writer is indebted to Professor C. C. MacDuffee, under whose direction 
this investigation was carried out. 


2. Cyclic cubics. If the reduced cubic 
(1) f(z) = 2° + pr+q=0 
is normal over the rational field F, it has the roots 
a, a’ = 6,(a), a’ = h(a), 


Received October 7, 1937; presented to the American Mathematical Society, October 30, 


1937. 
1 The numbers in brackets refer to the bibliography at the end. 
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where 6; and @ are polynomials of degrees S 2. In F(a), 
f(z) = (x — a)(z* + a + p+ a’) = 0. 


Then 6,(a) = aa’ + ba + cis a zero of the second factor. Upon substituting 
6, for x in this factor and reducing modulo f(a), we obtain a polynomial, quad- 
ratic in a, which must vanish identically. This gives 


b+ b+ 1+ 2ac — ap = 0, 
(2) 2be + c — a’q — 2abp — ap = 0, 
c + p — 2abg — aq = 0. 


The eliminant of this system is the determinant of the coefficients of 1, p, gq. 
Thus 


(3) a’(2b” + 2b + ac + 1)(2b° + 2b + ac + 2) = 0. 


If a = 0, then b° + b + 1 = 0, so that b is not rational, and this case does not 
lead to a normal cubic over the rational field. 
In case 2b° + 2b + ac + 1 = Oanda = 0, we find from (2), 


p = — (3b°+3b+41)/a, gq = (2b + 1)(0 + d)/a’, 
whence 
a’f(z) = (ax — b)(ax — b — 1)(ax + 2b + 1) = 0. 


This case also leads to no normal cubic. 
Now suppose 2b” + 2b + ac +2=0,a +0. Then 


(4) (2b + 1)? = — 2ac — 3 
and from (2) 
(5) p = 3c/2a, q = — c(2b + 1)/2a° 
so that 
(6) 2a°f(x) = 2a°x’ + 3acr — c(2b + 1) = 0. 
From (5), 

c = 2ap/3, 3aq = — p(2b + 1). 


Square this last relation and use (4), obtaining 
9a°q’ = — p’(2ac + 3). 
But 2ac + 3 = (4a*p + 9)/3, so that 
9p’ = a’(— 4p* — 27q°) = a’d, 
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where d is the discriminant of (1). Then 


_ , 3p x _ ¥9q-d 
(7) a= +7 = +7 dct: ae 


Hence the roots of (1) can be written [9] 


a 4 2 
Qa, 6;(a) = a a = = 4p ’ 





@) 6pa’? + (9¢ — d! 4p? 
Ale) = Se + ee en 





These are rational functions of a if and only if d is a square in F. Hence (1) 
is cyclic if and only if it is irreducible and its discriminant is a rational square, 
a well-known result. 

The birational transformation y = 2az puts (6) into the form 


y + Gacy — 4ac(2b + 1) = 0. 
Set ac = e. We have 
THEOREM 1. If the equation 
(9) f(z) = 2° + Gex — 4e(2b + 1) = 0, 


where e and b assume all rational values such that (2b + 1)° = — 2e — 3, is irre- 
ducible, it is cyclic and defines all cyclic cubic fields. 
By (8), the automorphisms of (9) are 


(10) a, 0,(a) = 4a* + ba + 2e, O(a) = —4a® — (b + l)a — 2. 
It is readily verified that they generate the cyclic group of order 3. 
3. Normal quartics. A normal equation of degree 4 is either cyclic or has 


the 4-group as its Galois group. In either case the group is imprimitive, and 
the quartic can be put [11] into the form 


(11) f(z) = x + pr? +9 =0, 


where p and q are rational. If f(a) = 0, then f(—a) = 0 and, since the auto- 
morphisms form an Abelian group, every automorphism 6(a@) must be an odd 
function of a. 

The conjugates of a can be written 
(12) a, a’ = 0(a) = aa’ + ba, a’ = —a, a!” = —@(a), 
where a and b are rational. Write 


f(z) = (x — a)(x + a)(x*? + p + a’) = 0. 
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Then (a) is a zero of the last factor. Set « = aa’® + ba and reduce modulo 
f(z). We obtain a linear polynomial in a’ which must vanish identically, i.e., 
(13) b? — 2abp + a’p® — aq +1 = 0, 2abq — a’ pq — p = 0. 


Ifa = 0,b° + 1 = 0, so that b is not rational. Hence we may assume a # 0. 
Eliminate b from (13) and obtain 


a'(p*q? — 4q°) — 2a°(p'q — 2q°) + p* = 0. 

Formal solution gives 
a= +p(p'q—47)', a= +9 
Case I, a = +p(p’'q — 4q°)*. If pq — 4q° = 0, either q = 0 or p’ = 4g, 


and in either case (11) is reducible. If a is to be rational, p’qg — 4¢° is a rational 
square ~ 0. In that case, (12) gives 


3 2 
, -2 ” mr 
(14) a, af = a) = PE eg a, a” = - Ha). 


It is easily verified that these functions give a representation of the cyclic group 
of order 4. 

Case Il, a = +q°. We must have qa rational square. The two cases are 
mutually exclusive, for if p’g — 49° and q are both squares, p’ — 4q is a square 
and (11) is reducible. Now (12) becomes 





” nr 


(15) a’ = Oa) = (a + pag’, a” =-a, al” = —O(a). 


These functions represent the 4-group. 

Hence we have the known result [3]: the irreducible quartic (11) is cyclic 
if and only if p’q — 49° is a rational square, and is normal with the 4-group as its 
Galois group if and only if q is a rational square. All normal quartic fields are 
thus defined. 


4. Cyclic quartics. From (14), 


g = - . 2 o: be’ (p* brit 29)" 
pq — 4q°’ 





whence 


p = 30+ (o— 8) _ #b-2+0d(b'-8)! 


2a 2a* 





For p and q to be rational, b” — 8 must be a perfect square. Let b = (2k” + 1)/k, 
k = [b+ ( — 8)']/4. Then 
_ 4ki +1 4ki + 1 , _ 2(k2 + 1) _ki+1 


a? 6S OF, eee ok 
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The two sets of values for p and q yield the same result upon substituting kz = 
1/2k,. Hence (11) becomes 


4k? +1 


4° +1, = 
“= * 2 


f(x) = x + 


Letting y = akz, we have 
y' + ak(4k’ + 1)y’ + a@k*(4k + 1) = 0. 


The expression pq — 4q° = a‘k’(4k’ + 1)’ is now automatically a rational 


square. 
TueorEeM 2. The equation’ 
(16) az + ak(4k’ + 1)2° + a’k‘(4k + 1) = 0, 


where a and k take on all rational values, is cyclic if it is irreducible, and all cycli¢ 
quartic fields are so obtained. 
The automorphisms (12) become 
a’ + ak(2k’ + 1)a ‘i 


(17) a, a’ = Wa) = ak . a’ = —a, al” = —@a). 





Garver [3] developed the cyclic quartic equation 
f(x) = x* — 21 + e&)a* + e'g*(1 + e*) = 0. 


If we substitute —2g = ak and e = 2k, this is identical with (16). 
Albert [1] states that every cyclic quartic field F(x) over F is generated by a 
quantity z satisfying 


x = v(u — 7), w=r=l+e 


with the generating automorphism z’ = (1 + u)z/e. This representation of 
the cyclic quartic will also be proved equivalent to (16). 

If F is the rational field, and if @ is a root of an irreducible equation with co- 
efficients in the algebraic subfield F(8) of F(a), Williamson [10] has given a 
practicable method for finding an equation with coefficients in F satisfied by a. 
Let @ satisfy the irreducible equation a(x) = 0 of degree m with coefficients in 
F(8) and let 8 satisfy the irreducible equation b(z) = 0 of degree n with coeffi- 
cients in F. Let A be the companion matrix of a(z) = 0 with elements in F(8), 
and let B be the companion matrix of b(z) = 0 with rational coefficients. Let 
C be the mn X mn matrix obtained by replacing 8 by B in every element of A. 
Then | C — XJ | = 0 has rational coefficients and is satisfied by a. 

This theorem is directly applicable to show that Albert’s representation is 
equivalent to (16). The characteristic equation of B, u’ = 7, defines a quad- 
ratic subfield F(u) of the desired quartic field F(a); f(z) = 0, which defines 


2 See [3]. 
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F(a), is quadratic over this subfield and is expressed as 2° = v(u — 7), a poly- 
nomial with coefficients in F(u). When in the matrix 








| 0 1 
ip | 
v(u-—r) O 
u is replaced by its matric equivalent 
0 1 
B= 
; 0 : 


the new 4 X 4 matrix has for its characteristic equation f(x) = 0, a quartic 
equation with coefficients in F which is cyclic over F(u), and, since F(u) is cyclic 
over F, the roots of f(x) = 0 will form a cyclic group of order 4. Thus 

0 0 1 0 

0 0 01 
—vT v 0 Oj’ 

vr =—vr 0 Of 


and |C — xl | = f(x) = x* + Qv(1 + e*)a* + v'e*(1 + e*) = 0, an equation 
which is equivalent to (16). 


5. Normal quartics with the 4-group. From (15), 


a=+4, b= +5, p=2, q=5. 
Then (11) becomes 
fe) =a + 2st +h ao, a # 0, 
which can be transformed by z = ay into 
y + aby’ + a’ = 0. 
TuHroreM 3. The equation® 
(18) z+ abr’? + a’ = 0, 


where a and b take on all rational values, is normal with the 4-group as its auto- 
morphism group provided it is irreducible; all normal quartic fields with the 4-group 
are thus obtained. 
The automorphisms (12) are 
a + aba 


(19) a, a’ = Oa) = - . . a” = —a, a’”’ = —@a). 


3 See [3). 
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A second derivation of (18) will be given by a method which can be extended 
to equations of higher degree. Since the 4-group is the direct product of two 
quadratic subgroups, the normal field with the 4-group is the direct product 


of two quadratic subfields. 

Let fi(xz) = 2° + ax + b = 0, with a and b in F, be irreducible in F and let 
A be a matrix having fi(z) = 0 as its characteristic equation. Let fe(y) = 
y’ + ¢, with c rational, be irreducible in F and let B be a matrix having fo(y) = 0 
as its characteristic equation. Then we may take 


0 1 
: B=|". al: 


Now form the direct product of the matrices A X B = C, that is, 


0 0O 0 1 
0 0 -—-b —a 
0 -e O 0 
ch ca QO 0 | 


0 1 
—b -a 


‘| 








The characteristic equation of C is 
(20) |\C — rxI| = 4+ c(@’ — 2b)’ + Be’ = 0, 


which is another representation of all quartics with the 4-group. 
This in fact gives the same totality of equations as z* + efx’ + f° = 0 for 
we may let f = be, e = (a” — 2b)/b,a =f,b=f'/(2+e),c = (2+e)/f. No 


denominator is zero if (20) is irreducible. 


6. Cyclic sextics.‘ Consider a normal equation of degree 6 which is either 
cyclic or has the symmetric group of order 6 as its Galois group. In either 
case the group is imprimitive and the sextic can be put [11] into the form 


(21) f(z) = 2° + pat + qr? +r=0 


with p, g, and r rational. 

Since the cyclic group of order 6 is the direct product of two cyclic subgroups 
of orders two and three, respectively, the cyclic field of degree 6 is the direct 
product of two cyclic subfields of degrees two and three. From Theorem 1, (9) 
defines a cyclic cubic field if (2b + 1)? = —2e — 3. Let A be a matrix which 
has as its characteristic equation f,(xz) = 2° + 6er — 4e(2b + 1) = 0, e-g., 














0 1 0O 
A= 0 0 Ii. 
4e(2b +1) —6e 0 


‘ See [2]. 
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Let fo(y) = y* — d = 0, with d rational but not a square, define a quadratic field 
and let B be a matrix which has fo(y) = 0 as its characteristic equation, e.g., 




















0 1 
B= la 0 ; 
The direct product A X B of the matrices is C, where 
0 0 0 1 00 
0 0 d 0 oO 0 
C= 0 0 0 0 O01 
7 0 0 0 0 do 
0 4e(2b + 1) 0 —6be 0 0 
4ed(2b + 1) 0 —ted 0 O 0 
The characteristic equation of C is given below as (22). 
THEOREM 4. The equation 
(22) f(s) = ° + 12edr* + 36c7d*r’ + 16e7d*(2e + 3) = 0, 
where d is any rational number not a square and (2b + 1)° = —2e — 3, is cyclic 


if it is irreducible, and all cyclic sextic fields are so obtained. 

The automorphism group of (22) is the direct product of the automorphism 
groups of its subfields. From (10) and the automorphisms 8 and p’ = —8 
of fe(y) = 0 we form the 6 products 


aB, a’'p’ = —}a’B — ba — 2¢f, ap’ = ha’B + (b + l)aB + 2e8, 
ap’ = —af, a’B = —a’p’, a”"B = —a’’p’. 
Let y = af be one root of (22). Since y’ = da’ andy’ = a's’ = —6bedaB + 4edB, 
we have 


_ ¥ + bedy din vy + 6edy’ 
Jed(2b + 1)’ ded?(2b + 1) 


The denominators of 8 and a’8 can not be zero if (22) is normal. Hence the 
automorphisms of (22) are 


B 


_y¥° + 10edy* + 8ed"(2e — b — 2)y 








y vy =6(y) = Sed*(2b + 1) , 
(23) \ wtih a vy’ + 10edy* + 8ed*(2e + b — 1)y 
ae Sed(2b + 1) , 
y"=-y, vy =—Hly), vy" = —62(y). 


The set (23) forms the cyclic group of order 6. 


7. Normal sextics with the symmetric group. The cubic equation f,(z) = 2° 
+ px + q = 0 is not normal in the rational field F when the discriminant d 
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is not a square, but fe(y) = y* — d = 0 defines a quadratic field in which f,(z) = 0 
is normal. The 6 products of the roots (8) and the roots 8 and p’ = —8 of 
fe(y) = 0 are the rational functions of a and 8 


aB, a’B = 3(6pa° — Iga — a8 + 4p’), 
(24) a’B = }(—6pa’ + 9ga — a8 — 4p’), ap’ = —af, 

a’ B’ = —a’B, a’’B’ = =" , 
and are the 6 roots of an equation f(z, y) = 0, where the z and y are determined 
by fi(x) = 0 and fo(y) = 0, respectively. If we let A be a matrix which has 
the characteristic equation f,(z) = 0 and B a matrix with the characteristic 
equation fo(y) = 0, by a theorem of Stéphanos [6] the characteristic roots of the 
direct product A X B = C are the products a8 of a characteristic root of 
A and one of B. If the direct product is formed, the characteristic equation 
of C becomes 


(25) |C — xT | = f(s) = »° + Qpdrn‘ + p’d’r’ — (d® = 0. 
Let y = aB be one root of (25). Then since y° = da’ and y= —d’ pa? 
— qda, a = 7 /d, a = —(y‘ + pdy’)/qd’. Neither q nor d can be zero if 


(25) is to be irreducible. The conjugates of y become from (24) 
97‘ + 15pdy’ —_ dy + 4p d° 








Y) 7’ = a’'B = O(y) = oa , 
4 2 2 2 72 
OO Of odsowy) ~ - tee ee 
2d? 
7" = —aB = —y, 7’ = —4(y), vy" = —62(y). 


Hence (25) is a normal equation in F. The set (26) represents the Galois 
group of (25). It can be verified that (26) represents the symmetric group of 
order 6. 

THEOREM 5. The equation 


(25) SO) = d° + 2pdn‘ + p’d’r’ — qd’ = 0, 


where p and q take on all rational values such that d = —4p* — 27q° is not a 
square, is normal with the symmetric group of order 6 as its automorphism group 
provided it is irreducible; all normal sezxtic fields with the symmetric group are so 
obtained. 


8. Normal octics with the group G(2, 2, 2). A normal Abelian equation of 
degree 8 has either the group G(2, 2, 2) with no cyclic subgroup of order greater 
than 2, the group G(4, 2) with a cyclic subgroup of order 4, or is cyclic. Each 
of these groups is imprimitive and the equation can be put [11] into the form 


(27) f(x) = 2° + pa’ + qr? + re? +8 =0, 


where p, q, r and s are rational. 











286 CAROLINE A. LESTER 


Since the group G(2, 2, 2) is the direct product of the 4-group and a group 
of order 2, the normal field with this group as its automorphism group is the 
direct product of a normal quartic field with the 4-group and a quadratic field. 

Let fi(z) = 2‘ + abs’ + a’ = 0, an equation which from Theorem 3 defines 
a normal quartic field with the 4-group if it is irreducible, and let A be a matrix 
which has f,(z) = 0 as its characteristic equation. Let fo(y) = y° + dy +e = 0 
be irreducible in F, thus defining a quadratic field, and let B be a matrix which 
has fe(y) = 0 as its characteristic equation. Form the direct product A X B = C 
as in the preceding paragraphs. Then the characteristic equation of C is given 
below as (28). 

TuHeoreM 6. The equation 


(28) f(r) = »° + abpr® + a’(b’e? + p> — 2e*)r* + a’be’pr® + a’e* = 0, 


where p = d’ — 2e and a, b, d, e range over all rational numbers, is normal with 
the Galois group G(2, 2, 2) provided it is irreducible; all normal octic fields with 
the group G(2, 2, 2) are thus obtained. 

The Galois group of (28) is the direct product of (19) and the Galois group 
of fe(y) = 0 consisting of 8 and 6’ = —d — 8. Since (28) is a normal equation, 
every element of its Galois group is a rational polynomial in one root y. By 
steps entirely similar to those used in §7 we find the automorphisms of (28) 
to be 


py’ + ab(p — e*)y° +a’ p(p’ — e*)y’ + a°be(p* — b’e” + &*)y 











Y 7, = A(y) = a®e*(p? — b?e*) 
" = O(y) = y' + abpy’ + a’(b’e? + p” — 2e*)y* + a’ be’ py 
(29) ll ad a’ e ’ 
” = 67) = by’ + ap(b” — 1)y° + a®be?(b? — 1)y* + a’ p(b’e? — p+ &*)y 
Y 3 a e(b?e? — p?) . 
y= -y, = Oly), y= tly), 7 = — (7). 


No denominator can be zero if (28) is normal and p = d’ — 2e. The set (29) 
forms the group G(2, 2, 2). 


9. Normal octics with the group @(4, 2). Since the group G(4, 2) is the 
direct product of the cyclic group of order 4 and a group of order 2, we can 
construct the normal field with the automorphism group G(4, 2) by steps similar 
to those used in the preceding case. 

Let fi(z) = 2° + ak(4k’ + 1a” + a®k*(4k? + 1) = 0, an equation which by 
Theorem 2 is cyclic if it is irreducible, and let A be a matrix which has f;(z) = 0 
as its characteristic equation. Then let fo(y) = y*° + dy + e = 0 be irreducible 
in F and let B be a matrix having f(y) = 0 as its characteristic equation. Again, 
the direct product A X B = C is formed and the characteristic equation of C 
is given below as (30). 
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THEOREM 7. The equation 
(30) f(s) = ° + akrpr® + ak’ s[re® + k(p? — 2e*)Ja* + a®k’e’p7° 
+ a'e‘k®’r’ = 0, 


where p = d° — 2e, r = 4k’ + 1 and a, d, e, k take on all rational values such 
that neither d° — 4e nor 4k° + 1 is a square, is normal with the Galois group 
G(4, 2) provided it is irreducible; all normal octic fields with the group G(4, 2) 
are so obtained. 

The Galois group of (30) is the direct product of (17) and the automorphisms 
of fo(y) = 0 and can be represented as functions of one root of (30). The 
automorphisms are 


(31) % V=Aly), vy" =Oly), vy’ = Oy), 
y=-y, v=—hrly),  w=—A(y), vi = —A(y), 
where 
—ke~* $0; = y' + ak(3k* + 1)py’ + a®e?k’r(3K* + 1)7’ 
+ a®k’ pr[re* — k*(p” — e*)]y, 
e602 = py’ + akr(p’ — ey’ + a’ k*rp(p" — e*)y’ 
+ a°k*e* r[k? p°(2k* + 1) — re*(k’ + 1], 
kp03 = [p'k* — e*(2k* + 1)]y' + akplk’r(p* — e*) — e°(3k* + 1)(2k* + 1)hy* 
+ ra*k’[e'(r + 2k*) — k*p'(p’ — 2e*)| y° — a’ pk’ e*r[re(k* + 1) 
— k(2k* + 1)(0° — e’)Iy, 
=d@-—-2% +r=4F4+1, g=akter(k'p’ — re’). 
The coefficients of the 6’s can not be zero if (30) is normal. The set (31) forms 


the group G(4, 2). 


10. Cyclic octics. In his paper on cyclic fields of degree 8, Albert [1] states 


the theorem: 
Every cyclic field F(x) of degree 8 over F is generated by a number z satisfying 


x =a, x’ = Bz, 
with 


- as -- — [vewds — v(u — 7); + (5:48; — veu)yol, 


and 


B= 2 er = ey 4 ow 
T e 
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where ys = v(u — 1), Ww =r = 14 ein F, 6; = & + &u, B, = & + &u, with 
£&, &, &, & in F such that v + O in F and 6, ¥ 0, 6, ¥ 0; and if 
h=&— kr = BiB; 
in F, then 
6; = vu —7 +r eu). 


Since here we are interested in cyclic fields of degree 8 over the rational 
field F, it is necessary to find rational solutions for 6, and 8; and construct an 
equation which fulfills the conditions of the theorem. 

By definition 6; = & + &u, so that ti + Qkigeu + rt = v(u — +r + Neu). 
We must find rational solutions for the three relations 


—wr=iitrt, vwl+d%e)=%h, A= &— Er. 


Since e is rational, r > 0 and hence v < 0. We can assume that v has no 


square factor except 1. If, in particular, vy = —1, then & = 0 and & = 1 
satisfy the first relation. The second relation becomes 1 + \e = 0, so that 
\ = —e and is rational. If we let e = b’, the third relation has the solutions 
& = —& = 1/b. Thus 8, = (1 — u)/b and 4, = u, and to every rational b 


there will correspond a cyclic field of degree 8. This field will be generated by 
an x satisfying 


r=a= 7rb'4+ (1 — Wyub' + [7 — 8 4+ (1 — Dulyd™. 


Let A be a matrix which has 2° = a for its characteristic equation, e.g., 














4 0 1 
A=l, ol: 
Since ys = + — wu is the characteristic equation of the matrix B, where 
0 1 
B= 
r—u 0}l’ 














by Williamson’s theorem [10] we can replace yo in A by B and obtain 





0 0 1 0O 
0 0 0 Ii 
2 2 2 
hog r+(1—-Dd)u 7r-—-0+(1-D)u o ol. 
b b 
rb — bu ctO-Ee 2 
b 











But + = 1 + b* = w’ is the characteristic equation of the matrix 


0 iL 


C= 
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If in A we replace u by the matrix C, we have A expressed as an 8 X 8 matrix 
with the characteristic equation given below as (32). 
THeEorREM 8. The equation 


(32) f(x) = b’x® — 4brx® + (6° + 8b? + 1)rx* — (b° + 3b" + 4)brz‘ + Br = 0, 


where r = 1 + b‘ and b is rational, is cyclic if it is irreducible. 
When 8; = (1 — u)/b and 6, = u, 8 = (1 — u — y)/b and the automorphisms 
of (32) are 
a@, a’ = Ba, a” = B’Ba = [-B + u + (8 — 1)wb” — upd la, 
a’”’ = B’B’Ba = [—-b + yobd ‘Ja, ai¥ = B’"'B''B'Ba = —a, 
” a” 


. . 
av = —a’, avi= —q”, avii= —q’", 


The automorphisms form a cyclic group of order 8. They can be expressed 
explicitly as polynomials in a with rational coefficients. These polynomials are 


7 5 3 
a’ = aya + dna + ana + aya, 
7 5 3 
a’ = dpa + dna + dpa + dea, 


(33) OS oe 7 5 3 
a” = 3a + A3a + d3a + Aga, 


: ‘ ; - ss 
a'¥Y = —a, avy = -a, a’ = —a’, av" = —a’’, , 


where 
Aa, = —b°(1 — b° — 3b* + 40° — DB’), 
Aa, = b°(6 — 410° + 68b* — 69b° + 63b° — 26"), 
Aay, = 14 — 54d” + 179b* + 312b° + 430b° — 482b"° + 3596" — 2286" + 89d", 
bAay, = —8 + 25d” — 84b‘ + 161b° — 282b° + 3476” — 303b” + 2566" 
— 125b" + 456" — 26b”, 
Aay = b°(1 — 5b* + 5b), 
Aaz = —b‘(2 — 42b° + 65b* — 546° + 53b° — 9b” — 8b”), 
Aaz = —b(15 — 69b° + 250b* — 450b° + 647b° — 7456” + 557b” —363b" 
+ 144b”), 
6 — 870° + 283b° — 518b° + 805b° — 953b”° + 887b” — 773" 
+ 5006 — 2746 + 141b” — 246”, 


Adg 


Aa; = b°(1 — Bb — bt + 20° — 5B’), 

Aa; = b'(—5 + 150° — 23b* + 24b° — 19b° + 8b”), 

Aass = —14 + 500° — 101b° + 144b° — 158b° + 1406" — 896” + 46b"* — 17", 

bAa; = 8 — 246” + 74b* — 129b° + 146b° — 1246 + 66b” — 250" — 20" 
we) p® + 8b”, 

with 

A = 1 — 26b° + 54d‘ — 48b° + 190° + 246” — 516” + 46d — 180”. 
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AN AFFINE INVARIANT OF CONVEX REGIONS 
By O.utin B. ApDER 


1. Introduction. Let R denote a closed and bounded three-dimensional 
convex region. Let D be the greatest diameter (Durchmesser), and let A be 
the smallest diameter (Dicke) of R.' We speak of convex regions as belonging 
to different classes, a single class consisting of those regions which can be de- 
rived from one another by affine transformations. 

The problem treated in this paper is that of finding the maximum for all 
classes C of the minimum values of D/A for all regions | belonging to C; i.e., 
to find max min D/A. This problem has been solved originally by F. Behrend* 


c ice 
and subsequently by F. John* for the two-dimensional case. They find 


max min D/A = +/2, and the class of parallelograms is the only class which 
c icc 
attains this maximum. In the three-dimensional case, we find that the constant 


is ~/3, and that, of convex regions having a center, there are two classes which 
attain this maximum, namely, the parallelepipeds and the octahedrons.* If 
we measure similarity of a region to a sphere by the value D/A, our result states 
how similar to a sphere a convex region can be made by an affine transformation. 


2. A necessary condition for minimal] regions. Let us call a region 1; of the 
class C for which D/A is a minimum a minimal region of the class. We first 
derive a necessary condition that the convex region |, shall be a minimal region. 

We suppose that the convex region R has a center, i.e., R is symmetrical 
with respect to some point. We will consider later convex regions without 
center, a modification which presents no difficulty. In the present case, D/A = 1 


only for spheres, and we note that min min D/A = 1 is attained only by the 
c tcc 


class of ellipsoids. This is a trivial result. 

Take the center of R as the origin of a rectangular system of coérdinates. 
The distance from the center to any point on the boundary of R we shall call 
a radius, r, of R. Then, 3D = max r, and }A = min r. We apply to the 


Received October 15, 1937. 

1 A diameter of R is the distance apart of two parallel planes of support. For definitions, 
see Bonnesen-Fenchel, Theorie der konvexen Kérper, Ergebnisse der Mathematik, vol. 3, 
No. 1, Berlin, 1934, p. 37 ff. 

2 F. Behrend, Uber einige Affininvarianten konvexer Bereiche, Math. Annalen, vol. 113, 
pp. 713-747. 

3F. John, Moments of inertia of convex regions, this Journal, vol. 2(1936), pp. 447-452. 

‘ A proof that the constant in question is $ }4/30 is given by John, loc. cit. The meth- 
ods used in the present paper are more closely related to those of Behrend. 
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boundary points z; of R the affine transformation with non-vanishing de- 
terminant 


a, = 2+ 4,2; (i,j = 1, 2,3), 
7 


where ¢ assumes sufficiently small positive values. Any radius, r(x), of the 
region then becomes a radius, r(x’), of the transformed region 


2 
Ha") = nt = De + 2eayae) + O€) = | 1+ 602) + a2), 
where O(e) stands for a quantity whose value remains smaller than a fixed 
constant multiplied by ¢. Q(z) stands for the quadratic form ps Q;;2;2;. 


2 
Let us assume that R is a minimal region, so that the value of D/A is not 
reduced by any affine transformation. Let r(y) be the length of a radius of R 
which is transformed into a greatest radius of R’ of length 3D’, and let r(z) 
be the length of a radius which is transformed into the length }A’. Then 
yi, 2; (¢ = 1, 2, 3) are the coérdinates of the end points of the radii of R of 
lengths r(y) and r(z), respectively. We now have 


(1) _ = r(y)[1 + 2Q(y)/r*(y)] + Oe) D? 
a? ~ F@)[I + 2Q@)/7@)] + O) = AF 


We know that 2r(y) < D and 2r(z) 2 A, since D and A are, respectively, 
the greatest and smallest diameters of R. Hence, 


PD* [1 + 2«Q(y)/r(y)] + OF) S 
$A*[1 + 2eQ(z)/r*(z)] + OC) ~ = 5 

















and 
[1 + 2Q(y)/r*(y)] + OFC) , 
[L + 2Q(z)/r2(z)] + O(2) ~ 
or 
€Q(y) e()(z) 2 
rly) = rea) + OC). 
Since O(e) = Oe, where | 6 | S c, a constant, we have 
Qy) . Qz) 
a Fly) = A@) 


The coefficients a;; in Q(y) and Q(z) are fixed and independent of «. D’ and 
A’ depend on ¢, and so must their originals of length 2r(y) and 2r(z), which 
have the coérdinates y; and z;. Let g; and 2; be the coérdinates of the end 
points of the greatest and smallest diameters, respectively, in the region R. 
y; and z; depend on «. A suitable subsequence of these will converge toward 9; 
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and 2; , respectively, for « approaching zero. By (1), we have in the limit as « 
approaches zero 


ro) . 
r?(2) 2 = 


Since r(g) and r(2) are radii of R, only the equality sign may hold, and 2r(g) = 
and 2r(Z) = A. Equation (2) becomes in the limit 


Qi) . Q2) 

rg) ~ r°(2) 
for every quadratic form Q. The codrdinates g;, 2; of the end points of the 
radii may be written, respectively, as r(g) cosa; and r(Z) cos 8;. Hence, we 
say that at least for some D and some A 


Q(cos a) 2 Q(cos 8), 


where the a’s are the angles associated with D and the @’s are the angles asso- 
ciated with A. To simplify the notation, let cos a = y and cos 8 = z. Given 
a quadratic form Q and a constant c, there cannot be a distribution of the D’s 
and A’s in space such that 

Q(y) = ¢ for all greatest diameters, 

Q(z) > c for all smallest diameters. 
The equality sign is taken in the first equation, although it may as well be 
taken in the second, but may not be taken in both equations. These conditions 
are equivalent to the conditions 


Aly) < 0, Q(z) > 0, 


where the coefficients a;; in the new quadratic are still regarded as arbitrary. 
The locus of Q,; = 0 is a quadratic cone in space. This leads us to the following 
theorem which we shall refer to as the condition of non-separation: 

THEOREM 1. In a convex region which is minimal with respect to D/A under 
affine transformations, there can be no quadratic cone with vertex at the center of 
the region and having all the greatest (smallest) diameters interior to the region it 
bounds or on its surface and having all the smallest (greatest) diameters exterior 
to this region. 


3. Number of D’s and A’s. Let y’ (s = 1, --- , s’) be, for each s, codrdi- 
nates associated with different D’s, s ranging over their number, and let 2‘ 
(t = 1, ---,t’) be, for each t, codrdinates associated with different A’s, ¢ ranging 
over their number. The codrdinates y* and z‘ can now be regarded as fixed 
by these diameters, which we know to be not separated by any quadratic cone. 
We say, then, that the inequalities 


—Qly) = ->d ayyiy; > 90 forall s, 
4.2 


(3) 
Q(z) = > ayz;z; > 0 for allt 
i 
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must be incompatible for all different fixed y’ and z‘, which are arbitrary except 
for the condition of non-separation, and for every quadratic form Q. That is, 
these inequalities must have no solution in the six quantities a;; regarded as 
the variables. We now make use of the theorem: 


The system >. uxax > 0 (i = 1, ---,n) has a solution if and only if the origin 
k=1 


is exterior to the convex figure associated with the representative points, i.e., the n 
points (ua, --- , Uim) located in m-space. 

(We note that n may be infinite.) In order that the system (3) have no 
solution, then, we require that the origin be in the interior or on the boundary 
of the convex figure associated with the representative points, which are —yjy} 
and zz; , or s’ + ¢’ points in a six-space. It is then possible to choose a subset 
of the representative points consisting of at most 7 points, such that the origin 
lies in the interior or on the boundary of the simplex with these points as 
vertices.” Thus, one may choose a subsystem of no more than 7 of the equa- 
tions (3) which are incompatible; the corresponding greatest or smallest di- 
ameters then form a system of no more than 7 diameters already satisfying the 
non-separation condition. In what follows we restrict ourselves to the consideration 
of this system of diameters. We then have s’ + t’ < 7." 


4. Considerations in a projective plane. If we regard the traces of the end 
points of the s’ D’s and the ?¢’ A’s in a projective plane, we may say that no 
conic separates these traces. It follows from s’ + ¢t’ S 7, that either s’ < 3 
or  S 3; we shall restrict ourselves to s’ S 3, i.e., the case of no more than 
3 D’s, since the dual case, t/ S 3, can be easily reduced to the other one as 
shown in §5. There must be more than one greatest diameter, for this one 
would be separable from the smallest diameters by some sufficiently small 
circle about it as a center. If there are just two D’s, we have three cases to 
consider. (a) If no A lies on the line between the two D’s, then a sufficiently 
narrow ellipse having the two D’s at the end points of its major axis will separate 
the D’s and A’s. (b) If no A lies on the line extending outward from the two 
D’s, then a sufficiently narrow hyperbola, having the two D’s as its vertices 
and this line as its axis, will separate the D’s and A’s. (c) If a A lies on each 
of the line segments mentioned in (a) and (b), we then have in the three- 
dimensional region a plane through the center which contains two D’s separated 


5 R. W. Stokes, A geometric theory of solution of linear inequalities, Transactions of the 
American Mathematical Society, vol. 33(1931), p. 804. 

6 “Every point of the convex extension of a closed bounded set lies in the interior or on 
the boundary of a simplex, the vertices of which belong to the set.’’ (Cf. Bonnesen-Fen- 
chel, p. 9.) 

7 In general one may expect s’ + t’ = 7, since for s’ + ¢’ S 6 the representative points 
lie in a five-flat which would have to contain the origin; this requirement would be equiva- 
lent to a quadratic or linear condition imposed on y* and z‘, which is probably not satisfied 
in general. We shall prove incidentally that D/A < \/2 for s’ + t’ < 5. An example of 
a minimal region having actually only 2 greatest diameters was constructed by the author. . 
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by at least two A’s, in the sense of F. Behrend. It is clear that such a region 
satisfies the condition of non-separation and is, therefore, a minimal region, 
if the sufficiency of this condition, which is proved later, is admitted. For 
this case, F. Behrend has shown that D/A S 1/2. 

If the region R has three D’s which are coplanar, we conclude in the same 
manner as in the preceding paragraph that D/A S +/2 for a minimal region. 

It remains to consider only the case where there are three D’s not in the 
same plane and four or fewer A’s, satisfying the non-separation condition. It 
must be true of every conic passing through the traces of the D’s that it cannot 
leave all the A’s on one side. Let any conic through the D’s be 


ary + aexrz + asyz = 0. 
The condition of non-separation is, then, that the system of inequalities 
ry: + are; + asyzi > 0 @@ =1,---,#) 


must not hold for the coérdinates (zx; , y; , zi) of the traces of the ¢’ A’s, and for 
any a, a@,43. That is, for fixed (z;, yi, 2:), there must exist non-negative 
numbers, A; , at least one of the \’s being positive, such that 


Dd Alaris + aries + asyzi) = 0 


for all a; , a2, a3.° The coefficients of the a’s must, therefore, vanish: 
(4) >> AY: = 0, ps AZ: = 0, Zz AY zi = 0. 


5. Considerations in three dimensions. Without restriction of generality for 
our considerations we may suppose three non-coplanar D’s to be two units in 
length. The convex extension in three-dimensional space of these diameters 
is an octahedron. The end points of the A’s must all extend to or through the 
faces of this octahedron. It is to be proved that the sphere of radius }+/3 
does not contain all the end points of the A’s as interior points. 

We consider oblique space coérdinates with origin at the center of the convex 
region and the three axes coinciding with the three D’s. The general form for 
the equation of a sphere with center at the origin is 


A(z? + y? + 2) + Day + Exz + Fyz = 1, 


and the sphere having as its intercepts on the three axes (34/3, 0, 0), (0, 34/3, 0), 
(0, 0, 44/3) has the equation 


3(2° + y? + 2°) + Day + Exz + Fyz = 1. 


8 W. B. Carver, Systems of linear inequalities, Annals of Mathematics, vol. 23(1921-22), 
p. 217. This follows easily from the fact that the origin lies in the interior of the convex 
extension of the representative points, as the origin can then be represented as the center 
of mass of non-negative masses in these points. 
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Again, let the codrdinates of the end points of the A’s be (z;, yi, 2;). Assuming 
these points are all interior to the sphere gives a proof by contradiction. It is 
assumed, then, that 


3(z3 + yi + 23) + Dryi + Exes + Fyzi < 1. 
The equations of the eight planes through the end points of the D’s are 
trey+2=1. 


The A’s must extend to or through these planes, so that for every (2; , yi, 2:) 
there are some of the above planes such that 


tayt+y¥2+2; 21, 


or (+ a; + ys; +2)” = 1, for all (x;, y:, z,). If now these equations are sub- 
tracted from those relating to the sphere, we get 


3(7? + yi +2) — (Aa ys + 2)” + Days + Exizs + Fyzi < 0, 


where i = 1, --- , t’ ranges over all the A’s. Multiply these equations suc- 
cessively by \; and add. By the set of equations (4), there results 


DY ds (3(z? + y? + 2) — (Ai ty +2)" < 0, 


at least one of the \’s being positive and none negative. Schwarz’ inequality 
gives the relation 


87 +y4+2) —-(4r4y+2) 20. 


From the contradiction, we conclude that the sphere of radius 44/3 does not 
contain all the end points of the A’s as interior points. Their end points must 
either be on this sphere or extend beyond it, and, consequently, D/A < +/3. 

We conclude that in a minimal region with center containing three greatest 
diameters and any number of A’s equal to or less than four, the value of 
D/A Ss V3. In particular, we conclude that in a minimal region with center 
containing just three D’s and four A’s, the value of D/A < +/3. The process 
of polar reciprocation with respect to the unit sphere enables us to make the 
same statement for a minimal region containing just four D’s and three A’s. 
If we cause the center of the convex region to coincide with the center of the 
sphere, it is clear that the relative direction of the D’s and A’s in R’, the polar 
reciprocal figure, will be preserved, and consequently, the condition of non- 
separation will still hold. Moreover, with every greatest (smallest) diameter 
of R there will be associated a smallest (greatest) diameter of R’. Also, the 
ratio of D/A will be preserved. 

We conclude finally that for convex regions having a center, max min D/A 


c tcc 
< V3. 


6. Convex regions without center. In a convex region without center the 
greatest and smallest diameters do not necessarily go through one point, and 
there is no point with respect to which the region is symmetric. The geometric 
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processes we have used, therefore, become meaningless, for example, the defi- 
nition of radius no longer holds, there being no central point. By the process of 
central symmetrization’ (Zentralsymmetrisierung), however, a region without 
center may always be converted into a region with center, and, moreover, the 
magnitude of D and A is not changed. The transformed region, R’, consists 
of the points (z’, y’, 2’) of the form 


, 


zv=}(m-—m), y =3y—y), 2 = Ha — &), 


where (x1 , y1 , 21), (Ze, Y2 , 22) range independently over the points of R. This 
is clearly an affine-covariant construction, i.e., if an affine transformation carries 
R into R, , we have 


(Ri)’ = (BR), 


where the primes denote the process of central symmetrization. Hence, with 
any class C of convex regions there is associated by the process of central sym- 
metrization a class C’, each of whose members has a center and has the same 


value for D and A as class C. It follows that the relation max min D/A < +/3 
c tcc 


holds for any convex region. 

TuHEoREM 2. If lis any closed and bounded convex region in three-dimensional 
space and C is the class of convex regions equivalent under affine transformations, 
then max min D/A Ss +3. 


c icc 
We are next led to inquire for what class or classes of convex regions the 


equality sign in the expression of Theorem 2 holds. From analogy with the 


case in two dimensions, we should guess that max min D/A = +/3, for the class 
c icc 


of parallelepipeds, and the value of D/A for the cube is, in fact, +/3 as one 
readily verifies. We note that the cube has four D’s and three A’s. This 
observation leads us to remark that the matter of the number of D’s and A’s 
throughout our discussion is dual in the sense that where we have counted D’s 
we could just as well have counted A’s. This fact is implicit in the process of 
polar reciprocation with respect to the unit sphere applied to any convex region 
having a center. (See §5.) We can conclude that besides the cube there also 
exists a minimal region having four A’s and three D’s and with D/A = +/3. 
In this case the region is a regular octahedron, this being the polar reciprocal 
figure to the cube. It is not difficult to prove by elementary methods that a 
minimal region with just three D’s having D/A = +/3 is necessarily the regular 
octahedron. 

THEOREM 3. For regions having a center the equality sign of Theorem 2 holds 
only for the two classes, the parallelepipeds and the octahedrons. 


7. Sufficiency of the condition of non-separation. Let EF, be an ellipsoid 
which is circumscribed about the region 1, and let E, be an ellipsoid which is 
inscribed in 1, where EZ; and E, are homothetic with common center at the 


® Bonnesen-Fenchel, loc. cit., p. 73. 
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center of 1. We denote the affine invariant volume ratio of this ellipsoid-pair 
by V(£,, £2). Following F. Behrend, we call an ellipsoid-pair whose ratio 
is less than or equal to the ratio of all other ellipsoid-pairs of the class C a 
minimal ellipsotd-patr. 

Associated with any region | having a center is a minimum circumscribed 
sphere, Sp(l), of diameter D, and a maximum inscribed sphere, S,(l), of diameter 
A, the center of both spheres being at the center of l. It is evident that the 
ratio of this sphere-pair for any region | of the class C can not be less than the 
ratio for 1, , the minimal region of the class, i.e., V(Sp(l), Ss()) 2 V(So(h), 
Sa(l)). We now prove 

TueoreM 4. A region | with center is a minimal region with respect to D/A 
if and only if the sphere-pair associated with it is a minimal ellipsoid-pair. 

Proof. Let us apply to J an affine transformation which carries / into l’ and 
carries any ellipsoid-pair of | into a pair of spheres of l’ (not necessarily the 
sphere-pair). If V(£}), V(E3) are, respectively, the volumes of these spheres, 
we know, of course, that V(Ei) 2 V(So(l’)) and V(E:) < V(S,(I’)), where 
V(Sp(l’)), V(Sa(U’)) are the volumes of the sphere-pair of l’. Hence 


V(E,, Ex) = V(Ei, E:) = V(Sp(U’), Sa(l’)) = V(Sp(h), Sa(h)), 


where l’ may or may not be a minimal region |,. It follows that the sphere- 
pair of a minimal region is a minimal ellipsoid-pair. The converse is also true. 
If we have a region l’ for which the sphere-pair is a minimum, then 
3/77 3 
Bary = VSolt, Sal) $ VES, S40) = Zee 

for all l of the class C; i.e., l’ is a minimal region. 

Tueorem 5. If a region | satisfies the condition of non-separation, the corre- 
sponding sphere-pair is a minimal ellipsoid-pair. 

If we prove this, then, by Theorem 4, the converse of Theorem 1 is true; 
that is, every region satisfying the non-separation condition is a minimal region. 

Proof. We assume that the region l satisfies the condition of non-separation. 
Let E, and E; be any ellipsoid-pair not both coincident with Sp , Ss , respectively, 
the sphere-pair of 1. Theorem 5 is represented by the inequality 


(5) V(So, Ss) S V(Ei, E:). 


If EZ; and E; are a pair of spheres, this is certainly true. Suppose that 2, and 
E, are not spheres. We can assume that £, intersects the sphere Sp in two 
conic sections viewed projectively from 0, the common center of the ellipsoid- 
pair and of 1. (See the figure.) Both of these sections are symmetric with 
respect to O; i.e., the point O is the vertex of a cone determined by either of 
these sections. Let AB and CD represent these conic sections. The figure 
represents a cross-section view. Let the corresponding intersections of the 
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cone on the sphere Sy be A’B’ and C’D’. Let E be an ellipsoid similar to E, 
and passing through the latter sections. 














We now show that Z, must coincide with or be interior to E. For suppose 
this were not the case and that F, is exterior to ZH. Any diameter of the convex 
region, which passes through O and is in the shaded region or on the surface of 
the cone, must extend beyond £ and is greater than A. Therefore, the A’s 
are restricted to the exterior of the region defined by the cone. Also, this 
exterior (unshaded) region can contain no D’s, since any D cannot extend 
beyond £, and in this region £, lies closer to O than Sp. Therefore, the D’s 
are restricted to the interior of the cone or its surface. The condition of non- 
separation fails to be satisfied, and E, is not exterior to Z. Since V(E,, EZ) = 
V(Sp, Ss), the relation of equation (5) follows, and the proof of Theorem 5 
is complete. 

The author desires to acknowledge indebtedness to Dr. Fritz John under 
whose direction this work was done. 
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THE ULTRAHYPERBOLIC DIFFERENTIAL EQUATION WITH 
FOUR INDEPENDENT VARIABLES 


By Fritz Joun 


The properties of a linear homogeneous partial differential equation of the 
second order 


au du 
1 &£ i“_ = 
@) 2, du san, + 2 bigs + eu = 0 
for a function u(z,, --- , 2.) are known to depend largely on the index of the 


quadratic form Q(t) = >> auéit.’ If by a suitable real linear transformation 
i,k 


Q can be brought into the form +( + --- + &), ite., if Q is definite, (1) is 
called an elliptic equation. If Q can be transformed into +(& + --- + 8. — 
£°.), the equation is called normal hyperbolic. Elliptic and normal hyperbolic 
equations constitute the two types which have been studied more extensively, 
besides the case of a parabolic equation for which det (ax) = 0. Equations 
which are neither elliptic, nor parabolic, nor normal hyperbolic, i.e., equations 
for which the corresponding quadratic form Q can be written in the form £} + & 
+... + &».-— &_, — &, have scarcely been treated, at least not without 
restriction to solutions which are analytic in all or some of the variables. For 
such equations the notation ultrahyperbolic has been introduced by R. Courant. 

Ultrahyperbolic equations occur only if the number of independent variables 
is at least 4. The simplest example is the equation 


au vu au au 
az} ax3 ax; Ox; 


(2) 


which forms the subject of the present paper. Obviously every ultrahyperbolic 
, au 
equation p> dix ax, Ot: 

The theory of ultrahyperbolic equations with constant coefficients has been 
made accessible recently by the discovery by L. Asgeirsson of a functional 
equation for the solutions of any second order differential equation with con- 
stant coefficients of any type whatsoever.” For our equation (2) this functional 
equation takes the form 


= 0 with constant coefficients can be transformed into (2). 





Received November 13, 1937. 

' Cf. Hadamard, Lectures on Cauchy’s Problem, Book I, Chapter IT. 

2 Cf. Asgeirsson, Uber eine Mittelwertseigenschaft von Lésungen homogener linearer par- 
tieller Differentialgleichungen 2. Ordnung mit konstanten Koeffizienten, Mathematische 
Annalen, vol. 113(1936), pp. 321-346. An exposition of Asgeirsson’s results and further 
applications can be found in the second volume of Courant-Hilbert, Methoden der Mathe- 
matischen Physik. Cf. also H. Poritsky, Generalizations of the Gauss law of the spherical 
mean, Transactions of the American Mathematical Society, vol. 43(1938), p. 215. 


300 

















ULTRAHYPERBOLIC DIFFERENTIAL EQUATION 301 


[ u(a + rcos ¢,b + rsin ¢, c, d) dy 
0 


(3) Qe 
- | u(a, b,c + r cos gy, d + rsin g) dg 
0 


and is valid for all a, b, c, d and r > 0, if u(x, , 22 , 3 , 24) is a twice continuously 
differentiable solution of (2) in the region 


[(z1 — a)* + (x2 — b)*} + [(@s — ©)? + (se — @)'P Sr. 


A more general identity is obtained by Asgeirsson from (3) by applying an 
arbitrary linear transformation which leaves the form §{ + & — & — & and 
with it the equation (2) invariant. 

In the case of an ultrahyperbolic equation with constant coefficients, it is in 
general impossible to prescribe the values of a solution on an (n — 1)-dimen- 
sional manifold. It is proved, e.g., in Courant-Hilbert (loc. cit.), that the 
values of a solution u of (2) on every non-characteristic (n — 1)-dimensional 
plane region are not independent of one another “im Kleinen”’ and can be con- 
tinued only in a unique manner, similarly to analytic functions.’ There is 
still the possibility of prescribing the values of u on a characteristic manifold; 
it will be shown here for the special equation (2) that this is indeed possible 
for certain characteristic manifolds. 

It is the purpose of the present paper to determine the general solution of (2). 
For this purpose we interpret the independent variables 2; , x2 , 23 , 24 in a suit- 
able manner as coérdinates of a straight line in 3-dimensional ryz-space. u be- 
comes a function of straight lines. Asgeirsson’s relation (3) then takes the 
following simple form: Jf the line function u is a solution of (2), then for every 
hyperboloid H of revolution and of one sheet the mean values of u for the two families 
of generating lines of H are equal. We call a line function u with the latter 
property harmonic. If uis twice continuously differentiable, harmonic character 
of u is equivalent to equation (2). The notion of harmonic line function thus 
represents a generalization of the differential equation (2) to continuous func- 
tions, which are not necessarily differentiable. It is more convenient to deter- 
mine the most general harmonic line function, thus avoiding the difficulties 
inherent in a differentiability proof. 

It is easily seen that the line integrals of a (sufficiently regular) point function 
f(z, y, z) or the line mean values of a continuous plane function form a harmonic 
line function. We shall prove that, on the other hand, the most general har- 
monic line function u (satisfying certain conditions at infinity) can be repre- 
sented and is uniquely determined by an arbitrary plane function in 3-space. 
If certain further regularity conditions are satisfied, u can also be represented 


3 In spite of this, the solutions are not necessarily analytic functions. Incidentally 
we meet with the same behavior in the case of solutions of normal hyperbolic equations 
on a time-like manifold. Cf. the author’s discussion of the solutions of Darboux’s equation 
on a time-like manifold, Mathematische Annalen, vol. 111, p. 549 et seq. 
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as the line integral of a point function f(z, y, z). With the help of the first 
representation (which involves fewer assumptions for u), we can solve certain 
characteristic boundary value problems for equation (2) by reducing these 
problems to the problem solved by J. Radon, namely, the problem of determin- 
ing a function in the plane from its line integrals. One can prescribe u on certain 
characteristic 3-dimensional manifolds in 2;22x%3;2y-space in such a way that a 
solution taking these prescribed values exists and is uniquely determined.‘ 


1. Interpretation of u as a line function. A line in 3-dimensional space may 
be determined either by two of its points — = (&, &, &), » = (m, m2, 3) OF 
by its Pliicker coérdinates, which we write as follows: 


Pi = &203 — &sm2, n=hi-m, 
(4) P2 = ism — fins, = fn = 2 — Oe, 
Ps = fim — &m, Gs = & — ms. 
Every ratio p;: pe: ps3: 4:42:43 determines uniquely a line, provided the condition 
(5) Pit: + Pode + Prts = 0 
is satisfied. We shall write | ¢| for pm ¢? and make use of the summation con- 


vention. We assume besides in this section that all functions are twice con- 
tinuously differentiable in the domains concerned. 

THEOREM 1.1. Let u(x; , 22, 23 , Xs) be a solution of (2) and let the function v 
be defined by 


v(&, n) _ v(&:, £2, gs, m1, M2, 73) 


(6) D [= (2) ] u(@te —Aa—" fp—H Ate) 

i \Qs q ’ q3 : qs” q3 F 
where the p; and q; denote the expressions given by (4). Then v is a function of the 
straight line through & and » alone and satisfies the equations 


(7) ( @ piece & ) o(é, n) i? 
BE: Om dE Ani / |E — | 
¢ An equation equivalent to (2) has been treated by G. Hamel in his dissertation (Gét- 
tingen, 1901) in connection with the problem of finding all geometries in which the straight 
lines are the shortest ones (Mathematische Annalen, vol. 57, p. 231 et seq.). There the 
general solution is determined by certain boundary conditions, but only under the assump- 
tion that it is analytic in 2 of its arguments and the results are only proved for a sufficiently 
small neighborhood. Results similar to those of Hamel for more general differential equa- 
tions have been obtained recently by E. W. Titt, but are still unpublished. Cf. the ab- 
stract in the Bull. Am. Math. Soc., vol. 42(1936), p. 32. 
5 For the elementary properties of line coérdinates cf. F. Klein, Héhere Geometrie, §20 
et seq. The deeper connection between the ultrahyperbolic differential equation (2) and 
the theory of straight lines in space is given by the identity (5). 
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for alli, k = 1, 2,3. (There are essentially 3 such equations.) If on the other 
hand v(é, n) depends on the straight line through & and 7 alone and satisfies the 
equations (7), then v can be represented in the form (6) with the help of a solution 
u of (2). 

Proof. If v is defined by (6), it obviously depends only on the line through 
fand 7. Equation (7) can be easily verified for 7 = 1, k = 2; from that it can 
be derived for any 7, k in the following way. The fact that v is a line function 
implies that for every 3 


(8) o(vé + (1 — B)n, n) = v(&, dn + (1 — B)E) = vfE, 9). 
Thus also 


v(dt + (1 — 9)n, 0) _ 1 vo, ) 
l—g+(L-—#9)n—n| BlE—a] 


On differentiating with respect to # and putting ¢ = 1, we obtain 


e— ni) <2 o(é, n) + o(é, n) 2 


a lE—a| |—E—al 
If we differentiate with respect to 7 , it follows that 


ee ee a ae! ) v(é, n) a 
[ ™) dE: Ome EE Z| fee -0 


If we add to this equation the one obtained by interchanging ~ and n, we get 


a ae ) o(€, n) 
—s ake atin) [E—a1~° 
fork = 1,2,3. Hence all relations (7) follow if (7) is already verified for 7 = 1, 
k = 2. (Here it is essential that 7 and k are restricted to the values 1, 2, 3.) 

If on the other hand v is a line function satisfying (7), v can be repre- 
sented in the form (6) with the help of some function uw, since v depends only on 
Pi: P2:91:92:qs (the ratio to p3 is determined by (5)). It follows for & = 0, 
% = 1 that 


v(é, &, 0, M1, 12, 1) 
[(é: — m)? + (& — m2)? + 1}! 


=ui-&&t+mait&m&—-math—m, -ht+iet+m); 


from this relation (2) can be easily derived by using (7) fori = 1,k = 2. This 
completes the proof of the theorem. 

On the basis of Theorem 1.1 we can replace the equation (2) for a function 
u(x , X2 , 3 , 24) by the system of equations (7) for a line function v(£, 7), which 
differs only by a simple factor from u. The line with the Pliicker coérdinates 
Pi, D2, -** , Q3 in ryz-space corresponds to the point with coérdinates 




















2a -— aa En aieed, 


@ naBt?, 2-2-8, 428-8, 2. -—2te 
qs q3 qs q3 
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iN 2;%2r32y-space. Conversely, we have, using (5), 
(10) pit pe:psiquzqeiqs = 3(—22 — x4):3 (a1 + 23):3(—2] — 23 + 25 + 23) 
23(—a2 + 24):3(a, — as): 1. 


But the following facts are to be observed. The assumption that v is defined 
and twice continuously differentiable also for the lines parallel to the zy-plane 
(qs = 0), imposes certain conditions on the behavior of u at infinity. On the 
other hand, if the lines are given by two points £ and 7, v will be undetermined 
for § = », but will have a limit, if 7 approaches ¢ from a definite direction; this 
latter singularity is of course only due to the special representation of the lines. 
Besides we agree always to choose the positive value for the square root in (6). 
THEOREM 1.2. The equations (7) are invariant under simultaneous similarity 
transformations of — and n. More generally, if the line function v(€, ) satisfies 
(7), then for arbitrary ax , b; with det (ax) # 0, the line function w defined by 


x (é; = nm)” 
p lain (& = mI 


satisfies (7). (If the linear transformation defined by the a and b is orthogonal, 
w reduces to v(aint + b:, aun + b,).) 
Proof. That w is again a function of the lines through £ and 7 alone is obvi- 
ous. Moreover, if we write for the moment 
o(, n) 


o(é, n) = =e —9l’ 


v( drs &, + b,, CraNs + b,) 





w(E, n) = 


it follows from (7) that 


a a’ ) 
(sea — aarp, 6”) =O. 
Then also 


2 2 2 2 
( C7) J ) w(t, n) ( CF) 7) ) eons + b,, Ors Ns + b,) 


Atom  dtedm) [E—n|  \OkOm dE dni 
ee ere 
0&, Ons 0&, Ons 
= ride : C gk Ari _#e 
an, a, On, 


2. Asgeirsson’s theorem in terms of line functions. We now apply the rela- 
tion (3) of Asgeirsson to equation (2) in the simplest case a = b = c = d = 0, 
assuming that u is a twice continuously differentiable solution of (2) for 


(zi + 23) + (a3 + 23)’ sr. 
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Translating this formula for u into one for v with the help of (6), we obtain 








Bi , —reosg+rsing —recosg—rsin 

vag —}$r cos g, —$r sin ¢, 0, 5 . % ? 1)de 
aie . —reosg —rsing rceosg —rsin 

‘—_i % —}rcos g, —}r sin ¢, 0, 5 , 5 r.3 de. 


The lines forming the arguments of v in these two integrals for varying ¢ are 
respectively the two families of generating lines of the hyperboloid Ho of revolu- 
tion of one sheet 


(11) o+y = (14+), ' 


and dg can be interpreted as the differential of the angle POQ, where O is the 
center of Hy , P the point of intersection of a generating line with the equatorial 
plane (i.e., the plane perpendicular to the axis of revolution through O), and Q 
some fixed point in that plane. We shall prove below that the region 


(xi + 23) + (i + 23d' sr 


corresponds to the lines in the interior of Hy. Thus, if v is a twice continuously 
differentiable line function satisfying (7) for all lines in the interior and on the 
boundary of the hyperboloid H» , then the mean values of v over the two families 
of generating lines of Ho are equal. 

As every hyperboloid of revolution of one sheet is similar to some hyperboloid 
of the form (11), we have according to Theorem 1.2 

THEOREM 2.1. If the line function v is a twice continuously differentiable solu- 
tion of (7) for all lines in the interior and on the boundary of a hyperboloid of revo- 
lution of one sheet H, then the mean values of v over the two families of generating 
lines of H are equal (the variable of integration ¢ is chosen as above). 

If we apply to Ho an arbitrary affine transformation we obtain a mean value 
theorem involving the generating lines of an arbitrary hyperboloid of one sheet 
(not necessarily of revolution). 

THEOREM 2.2. If the line function v is a twice continuously differentiable 
solution of (7) for all lines in the interior and on the boundary of a hyperboloid 
of one sheet H, then the mean values of v cos y are the same for both families of 
generating lines of H. Here y denotes the angle the argument line of v makes 
with the principal non-intersecting axis of H; the variable of integration ¢ is the 
same as before. (For a hyperboloid of revolution y = const.) 

We pass over the elementary calculations leading to a proof of Theorem 2.2 
along the lines indicated above, as no use will be made of this theorem in the 
following paragraphs. 

We still have to prove that the lines in the interior of the hyperboloid (11) 
in ryz-space correspond to the points with (zj + zi)) + (23 + zi)? <r. For 
this purpose we notice that the condition that two lines with line coérdinates 
(pr cee? ** 9 qs) and (pi, Pe, ; qs) intersect is 


Prqi + pegs + pags + UPi + Gap: + gaps = 0 
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(ef. Klein, loc. cit., p. 84). Then, by using (9), the condition that two points 
, , , . . 

(a, , Zo, 3 , Ts) and (x1, eo, Xz, Ty) iM 2, Xe X324-space correspond to two intersect- 

ing lines in ryz-space may be written: 


Q(x — 2’) = (a — 21)’ + (a2 — 22)’ — (as — 25)° — (ti — 24)* = 0. 


We call two points in 2)22x%32y-space for which this relation holds ‘“‘incident”’. 
The line joining two incident points is a characteristic of the differential equa- 
tion (2). 

The lines not intersecting the hyperboloid (11) are those not intersecting 
any of the generating lines.of one of the families of Hy. One of these families 
is représented by the circle a+23 = r, 23 = 2% = Oor 


(12) 2, = rcos¢, te = rsin ¢, %3 = x, = 0. 


The lines not intersecting H» correspond to points which are incident with no 
point of the form (12), i.e., points for which the equation 


(x, — rcos ¢) + (x2 — r sin g)° —z-—2zi=0 
has no real solutions g. This is the case if either 
l(a +a)’ — Gita) >r oor) (ei + 23) 4+ (5 4+ 2d)! <r. 


The point sets corresponding to these two cases have no common points. Hence 
it is the second case that corresponds to the non-intersecting lines in the interior 
of Hy , e.g., the z-axis, which is an interior line, corresponds to 7; = 22 = 23 = 
z, = 0 and satisfies the second inequality. The points satisfying the first in- 
equality must thus correspond to the lines exterior to Ho . 

It can be shown that Theorem 2.2 contains Asgeirsson’s theorem for equation 
(2) in its most general form, obtained by applying to (3) an arbitrary linear 
transformation which leaves x} + x3 — 23} — 2; invariant. For this purpose 
one has to find the configuration of the points in 2,r2732;-space corresponding to 
the generating lines of an arbitrary hyperboloid H of one sheet. If we start 
with the definition of a hyperboloid as the locus of the lines intersecting 3 given 
lines, it is easy to prove that the two families of generating lines of H correspond 
to a pair of “conjugate conics” in 2,72732,-space, i.e., a pair of conics which can 
be generated as follows. Take any point z’ and consider the characteristic cone 
Q(z — x°) = 0 with vertex 2°. Take a pair of 2-dimensional planes 7 and 72 
through x” which are conjugate to this cone. A pair of conjugate conics is ob- 
tained by cutting 7, and 72 with the two surfaces Q(z — x”) = c and Q(z — 2°) 
= —c, respectively, c being an arbitrary constant. If H contains lines parallel 
to the ry-plane, then the corresponding conjugate conics are hyperbolas, other- 
wise ellipses. 

Our Theorem 2.2 states that the integrals of a solution of (2) over a pair of 
conjugate conics are equal if a certain variable of integration is used. This 
statement is equivalent to the theorem of Asgeirsson in the most general form 
if the conics are ellipses. The case of conjugate hyperbolas, on the other hand, 
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is new; it depends of course on the special conditions for u at infinity, which cor- 
respond to the assumption that v is still regular for lines parallel to the zy- 
plane. This integral formula for conjugate hyperbolas could not be derived 
like the case of conjugate ellipses by linear transformations in 2; 22232\-space 
from the theorem in its special form (3) involving conjugate circles, as, of course, 
circles could not be transformed into hyperbolas by an affine transformation. 
Indeed the affine transformations of ryz-space do not induce linear transfor- 
mations of 2,22%32,-space, but linear transformations on the expressions p,, pe, 
Ps, %, 9%, 9s given by (10), which leave the relation (5) invariant. 

A 2-dimensional plane z is called characteristic, if it is conjugate to itself. 
In this case for every x and x’ on + 


Q(z — 2°) = 0; 


thus x is contained in some characteristic cone. A family of parallel lines in 
ryz-space, i.e., those lines for which the ratio 9;:q2:q3 is constant, corresponds 
to a characteristic two-dimensional plane of a special kind; in this case 


%4 — 2 = const. = ¢, 2X1; — 23 = const. = d. 


Thus, the lines parallel to a given line correspond to a characteristic 2-flat which 
is parallel to the 2-flat 2, — zz. = 0,2, — 23; = 0. 


3. Harmonic line functions. 

DerinitTion. A function v = v(l) of the lines l of zyz-space is called harmonic 
if v is continuous and if for every hyperboloid of revolution H of one sheet, 
which is such that v is defined for all lines in the interior and on the boundary 
of H, the mean values of v over the two families of generating lines of H are 
equal. (As variable of integration ¢ naturally the polar angle in the equatorial 
plane is to be taken.) 

Theorem 2.1 may now be stated thus: 

THEOREM 3.1. A line function v which is twice continuously differentiable and 
satisfies equations (7) is harmonic. 

THEOREM 3.2. Every harmonic line function which is twice continuously differ- 
entiable satisfies the equations (7). 

Proof. Consider v for the lines neighboring any given linel. Without restric- 
tion of generality we may assume that / is the z-axis, as our properties are in- 
variant under orthogonal transformations. Then v satisfies the mean value 
theorem for all hyperboloids of revolution about the z-axis of sufficiently small 
radius. Hence the corresponding function u satisfies the mean value theorem 
(3) for a = b = c = d = O and sufficiently small r. From this it follows, 
according to Asgeirsson, that u satisfies (2) at the origin and consequently v 
satisfies (7) at z.° 

Theorems 3.1 and 3.2 permit us to consider harmonic character of a line 


6 Cf. Asgeirsson, loc. cit., p. 336. 
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function v as a generalization of the differential equations (7) to line functions, 
which are only continuous. (As was pointed out by Asgeirsson, loc. cit., the 
mean value property (3) for u or the equivalent harmonic character of v alone 
would not be sufficient to assure that the functions are twice continuously 
differentiable. This is in contrast to the analogous case of potential functions, 
where the mean value theorem alone already implies analyticity of the function.) 
We shall determine the general harmonic line function rather than the general 
solution of (7), thus avoiding the difficulties inherent in a differentiability proof. 
Two classes of harmonic line functions will be constructed in the next two 
theorems, and we shall prove later that they furnish us the most general har- 
monic line functions, subject to certain regularity conditions. 

THEOREM 3.3. Let f(x, y, z) be a continuous point function for which there exists 
a monotonic function h(r) such that 


| f(z, y, 2) | S h((z* + y* + 2)') 


and for which [ h(r)dr converges. Then the integrals of f over the straight lines of 


0 
xyz-space form a harmonic line function. 
Proof. Without restriction of generality we consider the hyperboloid Ho: 
2 +y =r (1 + 2), which has the generating lines 
xr = r(cosg + tsin ¢), y = r(sin g ¥ t cos ¢), z= ft. 
Let v = v(¢) denote the line integral of f over the line with parameter g. Then’ 
if ds = (r*° + 1)'dt is the element of length of are on the line, 


2s 2r +2 
[ v(y) dy = I de f(z, y; z) ds 
0 0 


Qe +20 
(r? + »' f / f(z, y, 2) dtdg 


s 24 f(z, y, (2 + y — 7’) 
=(1+r) | fe @+yr-Pi dz dy 





irrespective of which of the two families of generating lines of Ho is used. The 
improper integrals are uniformly convergent. This proves the theorem. 

Remark. A more general theorem similar to Theorem 2.2 involving the 
generating lines of any hyperboloid of one sheet could be derived as well. 

THEOREM 3.4. Let p be a fixed positive number and F be an arbitrary continuous 
function of the planes in xyz-space. If v(l) denotes the mean value of F over the 
planes tangent to the cylinder of radius p with azis l, then v(l) is a harmonic line 
function. 

Proof. It is again sufficient to prove that the mean values of v over the two 
families of generating lines of the hyperboloid Ho 


ey =r(1 +2) 
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are equal. We use (é, 7, ¢) as coérdinates of the plane §z + ny + f2 = 1 
The equation of H, in plane coérdinates is then 
P+ =r (1 +s). 
The generating lines are given in plane coérdinates by 
t=r‘(ecosg + tsing), n =r ‘(sin g ¥ t cos ¢), f= 


(upper sign for one family, lower for the other family). For varying ¢ and 
fixed yg, we obtain all planes through the generating line J, with parameter ¢. 
A plane parallel to the plane with parameters ¢, ¢ is given by 


t=o'r'(cose +tsing), n=0o r ‘(sing ¥t cos ¢), t=o't; 


the distance of this plane from the parallel plane through I, is (¢ — 1)r(1 + @ + 
rt). If this distance is to be equal to p, we have to choose ¢ = 1 + pr? 
(1 + ¢ + 7°#)'. For the angle # between the plane (g, t) and the plane (¢, 0) 
csd = (1404 re). Thus 

p 
rcos 3 





t= (1+7°)' tana, o=1 


Hence the mean value of the plane function F(é, 7, ¢) over the cylinder of radius 
p about the generating line /, is given by 


2r Qn 
v(l,) = aS [ F(é, n, () dd = 1 [ r(= g +tsin e sin g * tcos¢ 4) ds 
2r 0 Qn 0 


or or 








me: -_ cos ¢ cos } + (1 + 7’)? sin gsind 
2 Jo cos 3 + pr- . 





sin gcos 8 F (1+ 7°)? cosgsin’ (1+ 7°)? sin *) do 
cos 8 + pr > cos 3 + pr : 


Let y = ¥(#8) be defined by 
cos y = (1 + r’ cos” 8) 4(1 + r) cos 8, sin y = + (1 +r’ cos® 0)? sin 3. 


(The definition of y depends on the choice of the family of generating lines.) 
Then 


v(l,) = 5 [ “F(a + r* cos’ #)(1 + 1’) cos (y — y), 





», (i+r) Sin 2) aa, 


2 2 4 2\-4 _: 
(1 + r cos’ 8)*(1 + 7°) sin (y — con 0 + prt 
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Consequently the mean value of v(l) over a family of generating lines of Ho is in 
easily understood notation 


1 Qn 1 Qe 2s 1 2x 2s 
x | v(l,) de _ ap | ao [ F(¢, 8) dy = sep | ao | F(e+ ¥(8), d)de 


Qe 2r 
= ts [ wo [ F(a +r’ cos’ 8)*(1 + r*)* cos ¢, 
(2m)? 0 0 


(1 + r* cos’ 9)*(1 + 7°) sin ¢; 





and this expression now is the same, irrespective for which family of generating 
lines of Ho it is formed. 


4. The plane integrals of a harmonic line function. We now turn to the 
consideration of the integral of a harmonic line function v over a family of 
parallel lines in a plane. We shall prove that, under suitable conditions on the 
behavior of v for the lines far away from the origin, this integral is the same for 
every family of parallel lines in the same plane. This will be proved as a limit- 
ing case of Theorem 2.1, which is obtained by letting a hyperboloid degenerate 
into a plane, its generating lines going over into 2 families of parallels in that 
plane. 

DeriniT1I0n. A line function v(l) may be called regular at infinity if there 


exists a monotonic function A(A) for which h(A)dA converges and which is 


0 
such that for every line | for which v is defined | v(l) | S h(A), if A is the distance 
of | from the origin. 

TueoreM 4.1. Let v(l) be a harmonic line function which is regular at infinity 
and defined and continuous for all lines in 3-space. Then the integrals of v over 
two families of parallels in the same plane are equal (if the distance of a line from 
a fixed point in that plane is taken as variable of integration). 

Proof. We apply Theorem 2.1 to the generating lines of the hyperboloid of 


revolution Ay. , 
2 2 
(e—r)' +9 = (:) +(r-2), 
c c 


which are given in parametric representation by 


A(1 — cos ¢) + At(+ sin ¢ + cos ¢), 


zx 


y = —Asin¢g + A(sin ¢ + Cos ¢g), 


z = het 
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(the upper sign for one family of generating lines of H, the lower for the other 
family). Thus for a harmonic function v the two integrals 


+r 
I, = [ v(A(1 — cos ¢), —A sin g, 0, A(1 + sin ¢), F A cos ¢, Ac) dy 


7 


have the same values, whether the upper or lower sign is chosen. 
Using the fact that v(é, ») is dependent only on the line through the points 
£ and n, we have (cf. formula (8)) 


v(, An) = v(&, An + (1 — AX')(E — An) = O(€, 9 + N'A — 18). 


Accordingly we may write I, 


+r 
[ v(A(1 — cos g), —A sin ¢g, 0, 1 + sin g + (A — 1)(1 — cos ¢), 


7" 


+ cos g — (A — 1) sin g, c) deg 
+ + 
. [ (0, —ro, 0; 1, = 1 — dp, dp + [ (v(ls) — v(h)) de, 


where J, is the line through the points 
(A(1 — cos ¢), —A sin ¢, 0), 
(1 + sin g + (A — 1)(1 — cos ¢), = cos g — (A — 1) sing, c) 
and I, is the line through 
(0, —dg¢g, 0), (1, = 1 — dg, ¢). 


The distance d between |; and |, is less than or equal to the distance between any 
point of 1; and any point of . Thus 

d = [(1 — cos ¢)* + My — sin ¢)"}) S Ade’, 
where A is independent of \ and g. For the angle y between 1; and lz we have 

. — 2 =e 2 ae 4 < 

sin y = x7 |sin ¢+c(l —cos¢)]’ Ss Al¢|}. 
Finally the distance of 1; from the origin is 
" (1 + sin g — cos ¢)? + 2c*(1 — cos aT 

2+¢ 


2c*(1 — cos 2] 
ae 2 Brl\e| 


A 





IV 


and that of I. 





1+¢]! 
as = ro[ +4] > Bl yl, 


where B is independent of \ and ¢. 
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That v is uniformly continuous for all lines follows from the continuity of »v 
and the fact that lim v = 0; thus for every ¢ there is a 6 = 4(€) such that 


Aa--ax 

| o(h) — v(h)| S « 

ford < éand | siny | < 6, and hence ford + | siny| < 6. 
Since [ h(A)dA converges, there is an M such that 
#0 
[ h( BA) dA < «. 
M 

Let \ be such that 


AM + AM M 


Then | v(l;) — v() | < «eM for d + | siny| < (AM + AM”), and hence 
for |¢|< Myr". Therefore 


nf" totu) — etude] +|a f totu) — eadlag 


s 








| d [ To(ls) — v()) dg 
—M/r 
+ I, [ [(h) — v(h)] dg 


—M/» 





2M" eM + I 2H(BA| el)de| +[n f 2h(Br| ¢|) de 


lA 


° 


lA 


mr C) 
2e + 4 / h(Be) dg S 2 + | h( Be) de S 6«. 


M M 


Thus 
lim a | (v(l,) “= v(l2)) dg = 0. 
lo 


r 


Consequently 


+r 
lim AJ, = lim A / v(0, —A¢g, 0, 1, 1 — Ay, c) de 
Ao A200 —* 


+ 
= lim [ v(0, —¢, 0, 1, #1 — ¢, c)de 


A 0 7 


+00 
_ [ o(0, —¢, 0, 1, +1 —~ c) de. 
The improper integrals exist, as the argument line has the distance A = g(1 + cy 
(2 + c’)* > 4y from the origin, and hence | v| < h(3¢). If we put z = —¢, 
we finally obtain the identity 


+20 ° +90 
[ o(0, z, 0,1, —1 + 2, c)dzr = i v(0, z, 0, 1, +1 + 2, c) dz 


a —o 
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foreveryc > 0. This formula may be interpreted as stating that the integrals 
of v over a pair of families of parallel lines, which include an angle w = are cos 
c’(2 + c’)" and lie in the same plane x = ze’, are equal if the distance of a line 
from a point of the plane is taken as variable of integration. As our assump- 
tions for v are invariant under orthogonal transformations and c is arbitrary, 
this holds for any two families of parallel lines in one and the same arbitrary 
plane. 

If v satisfies the assumptions of Theorem 4.1, then, for every plane z of zyz- 
space, a value F(x) is uniquely determined, namely, the value of the integral 
of v over any family of parallels in x. We call F(x) the plane integral of v. F(x) 
is already uniquely determined for a plane 7 if v is given for some family of 
parallels in z. 

THEOREM 4.2. F(x) is continuous and lim F(x) = 0, if p is the distance of x 


pon 
from the origin. 
Proof. Let m, and m: be two planes; F(a) and F(m2) can be expressed as 
integrals of v over the families of lines parallel to the intersection Jp of x; and 7:2. 


Let M be such that // h(A)dA < ¢; let 5 be such that | v(l,) — v(h) | < «M™, 
M 


if 1, and are two parallels of distance < 6. If then zz is so near to m that 
parallels in 7; and m2 , having the same distance from lb and a distance A < M 
from the origin, have a distance < 6 from one another, then | F(1;) — F(z) | 
< 4e, and this proves the first part of our statement. Moreover, obviously, 
if p is the distance of x from the origin, 


| F(r)| < 2 | h((p* + 2*)') dz = 2 [mo + 2°)') dx + 2 | h((p* + 2°)*) dx 


M oo 
< 2 | h(p) dx + 2 | h(x) dz S 4e, 
0 M 


oe 


if M = M(e) is chosen in such a way that [ h(x)dx < eand pis so large that 


M 
h(p) < «M™. 

THEeoreM 4.3. If v is a harmonic line function which is regular at infinity, 
then v is uniquely determined by F(x). More exactly, v(lo) is uniquely determined 
if F(x) is known for all planes x parallel to ly . 

Proof. Let the lines parallel to be determined by their points of inter- 
section P with some fixed plane m perpendicular to ). We define a function 
w(P) for all points P in 2 by w(P) = v(l), where | is the parallel through P to h ; 
and a function ¢(p) for all lines p of m by ¢(p) = F(x), where x is the plane 
parallel to through p. Then ¢(p) is the integral of w(P) over the line p. Be- 


sides, there exists a monotonic function h(r) for which h(r)dr converges and 


U 
such that for a point P of mo of distance r from the origin | w(P) | < A(r) (the 
origin shall be the point of intersection of lb and 7). We also know from Theo- 
rem 4.2, that ¢(p) is uniformly continuous. 
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Theorem 4.3 will be proved if we can show that w(0) is uniquely determined 
by ¢(p), i.e., that the point function w in the plane 7 is uniquely determined 
by its line integrals. This was proved by J. Radon (also generalizations to 
higher dimensions).’ We reproduce here Radon’s simple method in a form 
adapted to our assumptions. 

Let the line p in » be determined by its distance r from O and the polar angle 
g of its normal. Then ¢(p) = ¢(r, ¢). Let the mean value of ¢ over the lines 
of distance r from the origin be 


no) = t | 66, ede 


(n(r) is the mean value of F on the cylinder of radius r about lb). _»(r) obviously 
depends only on the mean values M(p) of w on the circles of radius p about the 
origin : 


n(r) = 2 i ; pM (p)(p? — 1°) *dp. 


Let 0 <zas a. Then 


ah We -[ ef pM (p)(o =e — [ a5 M(p) dp 
-[ a [ uww 


+1 [moi -! ten 4 +! 1 [Mae 
Now 


Be MO) — (ate dp +} [ M(p) do| 
< we M(p) dp +if M(p)do| s af h(p) dp, 


lim tf M(p) dp = M(0) = w(0) = v(h), 


20 2 


ss (?-—2) 1 
[aos 


zt x 
= [Mee ~ 9) = do + [7 Mo=(C - 7°! - 1) de 


lA 


[. M(pz)((1 — p*)' — 1) do| < —h(0) [7 ((1 — p’)'— 1)dp— 0 





7 Berichte Verh. Sachs. Akad. Wiss., vol. 69, pp. 262-277; discussions of this problem 
can also be found in a paper by Mader, Mathematische Zeitschrift, vol. 26, pp. 646-652, 
and in a paper by the author, Mathematische Annalen, vol. 109, p. 513 et seq. 
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forz—0. Also 


st ei 
i M(o2)((1 — p~*)' — 1)dp = M@V2) | (1 — p*)' — 1)dp 


+ M(0) [ ” (1 =p)! — 1) dp = w(0)(1 — 4x) 


forz— 0. Consequently we obtain for z — 0, a — the required solution in 
the form 

(13) oh) = w(0) = —! | we) = WO) a, 

0 


TT 


5. Harmonic line functions determined by given data. With the help of the 
last theorem we can easily find subsets S of straight lines with the property 
that the values of a harmonic line function v for the lines of S determine the 
values of v for a larger set uniquely. 

Let S be a set of straight lines / in space with the property that with every 
l of S all parallels to 1 belong to S. Then S can be uniquely described by the 
set = of points of intersection of the lines of S with the plane at infinity z,,. 
We write S = S;z. 

DeFINiTION. Let = be a set of points in the projective plane. Let = consist 
of all points P with the property that every line through P contains points of 2. 
We shall call = the linear extension of >. 

Examples. The linear extension of a straight line is the whole projective 
plane. The linear extension of a conic is its interior and boundary. 

THEOREM 5.1. Let the harmonic line function v be defined for all lines and be 
regular at infinity. Let v be given for all lines of a set S = Sz. Thenvis uniquely 
determined for all lines of Sz, where 3 is the linear extension of >. 

Proof. Let l be a line of Ss and P its point at infinity. Every line of x, 
through P contains points of 2, i.e., every plane parallel to / contains a family 
of parallel lines belonging to S, for which v is known. Thus the plane integral 
F(x) of v is known for every plane parallel to 1. From this v(l) is uniquely 
determined according to Theorem 4.3 (and can actually be found with the help 
of Radon’s formula (13)). 

The notion of linear extension of a set = in a projective plane is of course 
closely connected with the notion of convex extension (“hull’’). Let 2 be a 
closed set. A convex extension® of = is obtained by choosing a line not con- 
taining points of = as line at infinity and taking the intersection of all half- 
planes containing = in the remaining affine plane. It is easily proved that 

(a) the linear extension 5 of = is the intersection of all convex extensions of = 
obtained by taking an arbitrary line exterior to = as line at infinity; 

(b) if = is a connected set, all convex extensions of = are identical and equal 
to the linear extension 5; 

(c) = contains the convex extensions of every connected subset of >. 


8 I use the term “‘convex extension’’ introduced by Dines (cf. Bull. Am. Math. Soc., 
vol. 42, p. 354) instead of ‘“‘convex hull’’. 
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Special cases of Theorem 5.1 corresponding to the two examples of linear 
extensions given above are the following two statements. 

v is uniquely determined for all straight lines, if given for all lines parallel to a 
given plane. 

v is uniquely determined for all straight lines intersecting z,, in a point in- 
terior to a fixed conic (“time-like lines’’), if given for all lines intersecting z,, 
in points of the conie (“characteristic lines’). 

One may interpret these results in terms of equation (2). A family of parallel 
lines in 3-space corresponds according to p. 307 to a characteristic 2-flat 2, -— 22 = 
const., 4; — x3 = const. The set S of lines corresponds to a 3-dimensicnal 
manifold consisting of a family of 2-flats, which are parallel to the 2-flat rz, — 22 
= 0, 2, — x; = 0; Theorem 5.1 then states that a solution of (2), if given for the 
points of such a 3-dimensional manifold, is uniquely determined for a (in general) 
larger set of such 2-flats. Taking, for example, for S the set of lines parallel 
to the plane z = 0, we find that u is uniquely determined everywhere if given 
on the characteristic 3-flat zr. — 2, = 0, provided u has a certain regular behavior 
at infinity. 

TuHeoreM 5.2. Let F(x) be a function of the planes x, defined for all x, which 
is such that 


(a) F is bounded, 


(b) F is continuous, 


9 


(c) ; exists and is bounded for all x. 
p 


(Here p denotes the distance of x from some fixed plane parallel tox.) Then the line 
function v(l) defined by Radon’s formula (12) (for ly and correspondingly for all 1) 
is harmonic. (It is not asserted that v is also regular at infinity. Thus F may pos- 
sibly not be the plane integral of v.) 

Proof. For fixed r the line function »(r) = n(r, J) is the mean value of the 
plane function F(r) over the cylinders of radius r about the line 1. Thus 7 is 
according to Theorem 3.4 for fixed r a harmonic function of l. If we can show 


that n(r) and r“[n(r) — n(0)] are uniformly bounded, [ r*[n(r) — n(0)]dr will 
0 


converge uniformly in / and therefore represent a harmonic line function as well. 
Now it is evident that every upper bound for F will be an upper bound for 7. 
In order to prove that 3[{n(r) — 7(0)] is bounded, we determine the planes 
parallel to 1 by their distance p from 1 and the angle ¢ their normal includes 
with a fixed line perpendicular to 1 and define F for negative p by F(p, ¢) = 
F(—p,¢ +7). (Note that our assumptions on F are invariant under rotation 
and translation.) Then 


n(p) = | FO, 6)de = i | Fo, 0) + Fp, olde, 


n(p) — (0) __ 1 [ F(p, ¢) — 2F(0, ¢) + F(—p, ¢) dee 
P 4 Jo Pp? : 
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the last expression is uniformly bounded since 


F(p, ¢) — 2F (0, ¢) + F(—p, °) 
p 
Remark. It is obvious from the proof of Theorem 5.2 that assumption (c) 


can be replaced by the following weaker condition: 
(c’) There exists a constant A > 0 such that for |k| < A 


F(p + k) — 2F(p) + F(p — k) 
k2 








a | 


< max —|. 
Op 





is uniformly bounded for all planes z. 

THEOREM 5.3. Let > be a closed point set in ,,. Let the line function i(l) 
be defined for the lines of the set Sy which intersect r,, in a point of =. Let i be 
continuous in S:. Let there exist a monotonic function h(r) such that h(r)dr 

0 
exists and such that 

(a) | (1) | < h(r) for a line l of Sz of distance r from the origin, 

(b) | HL) — 26(1) + H(L) | S h(r)p’, if lL and bk; are the two parallels of 1 of 
distance p from lin any plane through l, where | p| < A. 

(c) Let the integrals of over any 2 families of parallels of Sz in the same plane 
be equal. 

Then there is a harmonic line function v(l) defined for all l such that, for l in Sz, 
v(l) = o(). 

Proof. Let F(x) denote the integral of 0(l) over a family of parallel lines 
belonging to Sz in the plane w. According to assumptions (a) and (c) F(z) is 
uniquely defined for the planes containing a point of =. We shall first prove 
that F(x) is continuous. We say that a sequence of planes 7, m2, --- con- 
verges towards a plane 7, if the directions of the x, and their distance from the 
origin converge towards those of x. Let f, denote a family of parallels in z, 
belonging to Sy ; let P, be their point at infinity. There is a subset of our 
sequence for which P, converges towards a limit point P. As P, C = and = 
is closed, P C 2; also P C a, since lim 7, = wr. Let f C Sz denote the family 


vo 


of parallels through P in x. It is easily seen that one may establish a 1-1 cor- 
respondence between the lines / of f and the lines J, of f, such that lim l, = 1, and 


that a pair of parallels in f, corresponds to a pair of parallels in f with the same 
distance. As F(x,) is the integral of o(l,) over the lines l, of f, and F(x) the 
integral of 0(l) over the lines | of f and as these improper integrals of } converge 
uniformly and @ is continuous, it follows (by a similar argument as in the proof 
of Theorem 4.2) that lim F(x,) = F(x) for a suitable subsequence of the x, and 


therefore for every sequence converging towards 7. 

We now prove that F(x) satisfies condition (c’) of Theorem 5.2. This con- 
dition concerns only the behavior of F for a family of parallel planes x, where 
p denotes, for example, the distance of x from the origin. Let P be a point of = 
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contained in 7; let a line 1 through P be given by its distance xz from a plane 
through the origin parallel to x and its distance y from a plane through P per- 
+2 


pendicular to 7; we have o(l) = i(z, y). Then F(p) = / 0(p, y)dy and 


| F(p + k) — 2F(p) + F(p — k) | 





[ (o(p + k, y) — 20(p, y) + 0(p — k, y)) dy 


oo 


+00 x 
se [KG + dy s 28 [hoa 
—7. 0 

We thus have defined a plane function F(x) satisfying conditions (a), (b), (e’) 
of Theorem 5.2 for all planes x containing a point of >. We can extend this 
definition to all planes. This extension is not uniquely determined; we shall 
give here one definite construction, which leads to the required results. 

For this purpose we represent a plane x by its pole P with respect to the unit 
sphere. The points P corresponding to planes containing a point of = form a 
point set G, which consists of all points lying on a certain closed set of planes 
through the origin. F(m) becomes a function ¢(P) defined for the points of G. 
¢(P) will again be bounded and continuous (also at the origin, as F(a) tends 
towards 0, if the distance of x from the origin tends towards infinity). G con- 
tains with every point P the whole line determined by P and the origin. If 
P, P’, P’” are 3 points on the same line through the origin having distances p’, 
(p + k)", (p — k)™, respectively, from the origin, then 


7 | 9(P") — 26(P) + 9(P”) | 


is uniformly bounded in G. If 2, y, z denote rectangular coérdinates of P, 
this expression may be written 


1 (( Pe Te = 
ke ptk’pt+k'p+k 





) = 2602, 2) 


(14) 
Pp Pp 


Pp 
+0(525552505%39)). 


Our task is to extend the definition of ¢(P) to all points P, preserving the 
boundedness, continuity, and the boundedness of the expression (14). The 
complementary set I of G will consist of a certain number (finite or infinite) 
of connected subsets [T;. Every I; is an open convex cone with vertex 0, i.e., 
every 2 points P and Q in I; can be joined by a straight line segment in I; ; for 
otherwise the segment PQ would contain a point of G and P and Q would then 
be separated by a whole plane belonging to G. We now distinguish 2 cases: 
(1) all points of > lie on a straight line, (2) = contains three non-collinear points. 
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We start with the second case. In that case G will consist of a number of planes 
through the origin, not all having one and the same line in common. Then 
there is a plane 2; through O having no point in common with I; or its boundary 
except the origin. Every plane z parallel to z; intersects I’; in a plane, open, 
finite, convex region y, on the boundary of which ¢ is defined and continuous. 
We define ¢(P) in the interior of y as the potential function taking the prescribed 
values on the boundary. According to the maximum principle of potential 
functions’ ¢(P) will then be bounded in I’; and continuous in y. 

Let now P, P’, P” be three points in I’; on the same ray through O with dis- 
tances p', (p + k)", (p — k)™, respectively, from O. Let us introduce a 
Cartesian coérdinate system 2, y, z with m; as zy-plane. Let a be the distance 
of P from x;. Then z = a,z = p(p +k) a, z = p(p — k) ‘a are the three 
planes parallel to x; through P, P’, P’’, respectively. 


o(z, y, 2) (5255 Pp, ie) o(— Pp, Pa) 
»*/) p+k 'o+k 'o+k ? p—k yo —k 'p—k 
are then 3 potential functions in z, y defined in the same region y in which the 
plane z = a intersects [;. Thus the expression (14) is a potential function as 
well and assumes the maximum of its absolute value on the boundary of 7, i.e., 
in a point of G. As this expression is bounded in G, the same bound applies 
in the interior of y, i.e., in the point P. 

In the remaining case that G consists of a number of planes all containing the 
same line through O, let IT’; be a connected subset of I and z and z’ the 2 planes 
bounding [;. On every straight line segment in I; which is perpendicular to 
the plane bisecting the angle between m and 7’ we define ¢ as a linear function 
taking the prescribed values in the points of intersection with z and x’. It is 
easily seen that our conditions on ¢ are again satisfied. 

We now have a function F satisfying the assumptions (a), (b), (¢’) of Theorem 
5.2 defined for all planes. (The proof of the continuity of ¢ in T can be carried 
out along the same lines as that of the boundedness of (14).) If we define a 
line function v(l) with the help of Radon’s formula (13), v() will be a harmonic 
line function defined for alll. If 1 belongs to Sz, then v(l) = i(l). For, for the 
planes parallel to 1, F(a) is defined as the plane integral of 0 over lines parallel to 1 
and according to the proof of formula (13), this formula expresses the value of a 
line function at a particular line by its plane integrals over the planes parallel 
to the given line, provided the line function is continuous and regular at infinity. 

Remark. Theorem 5.3 shows that a harmonic line function which is regular 
at infinity and satisfies the “Lipschitz condition” (b) can be continued over the 
whole space, provided (c) is also satisfied. Assumption (c) appears justified 
in view of Theorem 4.1, although its necessity is not proved, as the extended line 
function » may not be regular at infinity. A proof of the regularity of v at 
infinity would involve an estimation of Radon’s expression (13), which is not 











® The term “harmonic”’ function is not used in order to avoid confusion with harmonic 
line functions. 
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easy to perform.” The assumption (c) does not represent a restriction “im 
Kleinen” for 3, as long as the point set = has the property of being intersected 
by every line of z,, in only a finite number of points. 


6. Harmonic line functions as line integrals of a point function. Let , denote 
a line through the origin O. Let the lines / parallel to , be determined by their 
distances £, 7 from two arbitrary fixed planes through lb , which are perpendicular 
to one another. A line function v(l) may then be written v(£, 7, bo). 

TuHeoreM 6. Let the harmonic line function v(l) be defined for alll. Let v have 
continuous first and second derivatives with respect to — and yn. Let v, vg, v_ be 
O((e? + n°) **) and ve, Ven » Vpn be O((E® + 9°) *) uniformly in ly, where a is a 
positive number. (These assumptions are independent of the coérdinate system.) 
Then v(l) may be represented as the integral of a point function f(x, y, z) over the 
line l. 

Proof. Let F(x) denote the integral of v over the plane xr. We write F(7) = 
F(p, 3, ¢), where p is the distance of x from the origin, # the angle of the normal 
of x with the z-axis, and ¢ the angle of the line of intersection of x and the ry- 
plane with the y-axis. Let F be defined for negative p by 


(15) F(—p, 8, ¢) - F(p, == v, ¢ + T). 


We can easily prove that uniformly in 8 and ¢ 


(1) lim p F(p, d, ¢) _ 0, 
(2) F,(p, dv, ¢) = O(p*), 
(3) F 9p, dv, ¢) = O(p*), 


and that F,, exists and is continuous. 

(1) is an immediate consequence of the regular behavior of v at infinity (cf. 
Theorem 4.2). In order to prove (2) and (3) observe that in forming the de- 
rivatives F, and F, the angle ¢ is fixed and the planes z are parallel to a fixed 
line 1, in the zy-plane. The plane integral F(x) for the planes parallel to J, 
ean be expressed with the help of the values of v(l) for the lines parallel to 1, 
alone. Let the lines parallel to 1, be referred to a én-coérdinate system, where 
the y-axis is parallel to the z-axis. Then 


+00 


F(p, 8, ¢) = / vo(p sin # — s cos 3, p cos ¥ + 8 sin #, l,) ds. 


1° In the next paragraph we shall encounter a similar difficulty. The proof of Theorem 6 
would be very short if we could make use of the inverse of Radon’s theorem, namely, that 
for a prescribed line function ¢(p) in the plane, the point function w given by (12) has ¢ as 
line integral; but it is not even evident that the line integrals of w are convergent. Radon 
gives (loc. cit.) a set of conditions under which the inverse of his theorem holds, but they 
involve regularity conditions for the derivatives of the line function up to the third order, 
and the proof is complicated. 
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The derivatives of F with respect to p and # can be immediately expressed as 
integrals of the derivatives of v with respect to £ and 7 and (2) and (3) can be 
verified from our assumptions on v. 

Let now f(x, y, z) denote the mean value of —(2r)'F,, over the planes 
through the point (x, y, z). The function f is defined by F and therefore by v 
alone, since the value of F,, is independent of the coérdinate system." We want 
to prove that v(l) is the integral of f over the line 1. As our assumptions are 
independent of the particular coérdinate system, it is sufficient to prove this 
for the case that 1 is the z-axis. Using assumption (15), we have 


(16) f(0, 0,2) = -1 i F,,(z cos 8, 3, ¢) sin ddd dg, 


+a +a 2r © 
[ f(0, 0, z) dz = -4 “| de [ dd F,,(z cos 3, 3, ¢) sin 3 
= 0 0 








- veh sin odd F(a cos 8, 3, ¢) — F,(—acos 8, 8, ¢) 
cos 3 
co af sin 9 do (2020089, 3m, ¢) — F,(—a cos, 3x, ¢) 
cos 3 





itr of sin 0 dé F(a cos 8, 3, ¢) — F,(+a cos d, 47, 9) 


cos 3 


F,(—a cos 8, 3, ¢) — F,(—acos d, 4x, ¢) 
cos 3 





1 : 
+ 5 |, “de [sin 9 do 
=A+B+C 


(in easily understood notation). Here, using (3) and the theorem of mean 
value, we get 


B 


-af° ae | dd F ,s(a cos 8, 0, ¢) = —8 ine 


sd 
1 1 
o(f ie [” - ama) ? 0(4), 


where 3 S @ < 3x. Similarly it follows that C = O(a“). By the substitution 
o = cos 8 we obtain : 


Qn +1 = = 
ao tf de [ F (ae, 37, ¢) F,( ao, 3, ¢) de 
82? Jo ol o 


Qn +1 = a ‘ 
-3[ de | F(ac, $x, ¢) + F(—aza, 4x, ¢) — 2F(0, 3x, ¢) a 
= 


ac? 


A 











47? a 


11 The expression for f is chosen in accordance with Radon’s solution of the problem of 
determining a point function f in space by its plane integrals. Cf. Radon, loc. cit. 


1 [ F(a, 3m, ¢) + F(—a, 3m, ¢) Sm 2F(0, }T, ®) dy 
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22 


If n(c) is defined by n(c) = (2x) F(o, 4x, ¢)dy, we have n(c) = n(—o), 
0 


lim n(c)o"* = 0 and 


oe 





| 


aie - nag) + n(—ae) — 2n(0) 1 (a) — n(0) 


4a Ju aoc" T a 
_ | [ n(o) — n(0) 5 1 n(a) — n(0) 
wT Jo o TT a 


and correspondingly 


f(0, 0, z)dz = lim A = _! [ ue) — 1) 4. 
0 


a2 us o 


As n(¢) is the mean value of F over the cylinder of radius ¢ about the z-axis, 
the second term in the last equation represents according to (13) the value of 
v for the z-axis. Thus our proof is finished. 

We conclude with the remark that the function f(z, y, z) constructed here 
satisfies the assumptions of Theorem 3.3. Indeed we may derive from (16) 
and (2) and (3) by “partial integration” 


Qr = os 
H(0, 0,2) = — 3, | Fy —2) 7, 9) — Fole, 0, @) a 
Tv 0 Zz 


2 7 
1 [ de | Foz = b, 3, ¢) dd = Ole). 
0 0 








8x 


UNIVERSITY OF KENTUCKY. 


12 In the sense in which the expression is used by M. Brendel, Mathematische Annalen, 
vol. 55, p. 248, and N. J. Hatzidakis, ibid., vol. 57, p. 134. 











A COTANGENT ANALOGUE OF CONTINUED FRACTIONS 
By D. H. LEHMER 


The continued iteration of a rational function f(z, y) of two variables provides 
an algorithm for the expression of a real number as a sequence of rational 
numbers. Thus the function 


(1) S(ai , f(x2 , f(as , ice ))) 


becomes an infinite series for f(z, y) = x + y and an infinite product for f(z, y) = 
zy. For f(z, y) = x + 1/y we obtain the regular continued fraction 


ip wiemstneaa ee . on 
~ + 1 | Xe | ts 
Ig+-:-:- 


By far the most frequently used function is f(z, y) = x + y/c, which gives 
the “power series” 
z. coe 
Ce ee 
a + —————. = n+ —+S+--., 
c ¢ 6 
where the z’s are the coefficients, used when c = 10 for the decimal representa- 
tion of real numbers.’ The algorithm associated with f(z, y) = z(1 — y) has 
been discussed by T. A. Pierce.’ 
This paper is concerned with the case of 


S(z, y) = (zy + 1)/(y — 2) = cot (are cot x — are cot y), 
so that (1) becomes the function 
cot (are cot z; — arc cot x2 + arc cot 73 — ---). 


This function, despite its aspect, is no more transcendental than a regular 
continued fraction and both functions have many properties in common. 
Furthermore, in order to obtain sequences of rational approximations to a real 
number, we specialize the z’s to be integers, as in the continued fraction, and 
consider therefore expressions of the form 


(2) cot p> (—1)’ are cot n,, 


Received November 24, 1937. 

1 This use of the function z + y/c is at least 4000 years old. See Amer. Jour. of Semitic 
Languages and Literature, vol. 36(1920), No. 4. The Babylonians used c = 60. 

? Amer. Math. Monthly, vol. 36(1929), pp. 523-525. 
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where the n, are integers. This expression will be called a “continued co- 
tangent’’, and we shall use the adjective “finite’’ or “‘infinite’’ according as the 
series in (2) terminates or not. Although finite and infinite sums of are co- 
tangents of integers have been considered many times, no systematic treatment 
of such sums appears to have been given. 


Definition of a regular continued cotangent. The continued cotangent (2) 
will be said to be regular if 

(a) n, is an integer’ = 0 for vy = 0. 

(b) If (2) is finite and if n, is the last n, then 


(3) me > Nina + m1 + 1. 
In all other cases 
(4) — n?_, + n+ 1. 


The principal value of are cotangent n, is understood. In fact, since n, is 
non-negative, 
0 < are cot n, S }r. 


The inequalities (3) and (4) seem at first sight unnatural. They are, however, 
the analogues of the inequalities 


(3’) @ > 1, 
(4’) q 21 
for the incomplete quotients of the continued fraction 
1 
qo + — ly +: ~2 
rr | Qa 
which terminates with --- + a or is infinite. The reason for insisting on 
| Yk 


the stronger inequality (3) in the case of a finite continued cotangent is the 
same as the reason for (3’) in the continued fraction: to insure for every rational 
number a unique expansion. As a matter of fact, if (4) held for n, but not 
(3), so that 


(5) Mm = ait mart, 
then the last two terms of (2) could be replaced by a single term, since 
are cot ny, — are cot (ni; + m1 + 1) = are cot (m1 + 1), 
just as in continued fractions we write 
1 
mn i os | de =e 


3 As in continued fractions we might allow no to be negative. However, this extra 
generality is non-essential for our purposes. 
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Hence (3) may as well be assumed. It is perhaps worth noting that this con- 
traction of the last two terms cannot be repeated in the continued cotangent 
any more than in continued fractions. In fact we would need to have as a 
counterpart of (5) 


Mea + 1 = nig + m2 + 1. 
This violates (4). 


THEOREM 1. Every infinite regular continued cotangent converges. 
Proof. We need merely to note that 


(6) are cot mo — are cot m, + arc cot nz — -- 


form an alternating series of terms monotonically decreasing in absolute value 
in view of (4). Since (6) converges to a positive quantity, the cotangent of (6) 
exists, and this proves the theorem. In fact, it is easy to see that (6) converges 
not only absolutely but with tremendous rapidity, more rapidly, indeed, than 
the series 


. ee eS eee 


1 1 1 1 
2*+47* 16 * 356 + 65536 5 


in view of (4) and the inequality 


are cot n, < z. 

ny, 

This rapidity of convergence is a feature of the continued cotangent not enjoyed 

by the continued fraction. The least rapidly converging continued fraction may 
be said to be 


V5-1_ Oe | 


whereas the least rapidly converging continued cotangent is 


& = cot (are cot 0 — arc cot 1 + are cot 3 — are cot 13 + are cot 183 


8 
” — arc cot 33673 + are cot 1133904603 — ---), 


in which 
Nw = ne +n, +1. 


Uniqueness theorem. Theorem 1 guarantees that every continued cotangent 
represents a real positive number. Before treating the inverse problem of 
finding the continued cotangent expansion of a given number, we prove the 
following uniqueness theorem. 

THEOREM 2. Two regular continued cotangents can be equal only if they are 
identically equal. 
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Proof. Let 
(9) cot >. (—1)’ are cot n, = cot >. (—1)’ are cot m, 


v=0 v=0 


be two equal regular continued cotangents, and suppose, if possible, that 
n, = m, does not hold for ally. Then there exists a first instance, » = r, where 
n, ~ m, while n, = m, forvy < rifr #0. Then from (9) we have 
(10) > (—1)* are cot ns, = >. (—1)* are cot m,., = S. 

A=0 


A=0 


Since n, + m,, at least one of these sums contains two or more terms. Let 
this sum be the left one, so that 


PN 
S = >> (—1)* are cot n,42 = are cot n, — are cot Nat 
A=0 


(11) 


are cot (n + — +1) = are cot (n, + 1). 


In fact, the first = sign reads = only if are cot n,4; is the last term of the left 


member of (10). In this case, however, (3) applies, so that 


2 
Ni >n+n+i1, or 22. 2 F 
Npyt — Ny 
Therefore the second 2 sign in (11) reads > in case the first reads =. That is, 
(12) S > are cot (n, + 1). 


But since the left member of (10) contains at least two terms, 
(13) S < are cot n,. 


We may now show that the right member of (10) contains two or more terms; 
otherwise we could write from (10), (12) and (13) 


are cot (n, + 1) < S = are cot m, < are cot n,. 


That is, n, + 1 > m, > n,. But this is impossible, since these letters are 
integers. We conclude, therefore, that both members of (10) contain two or 
more terms. Hence not only is S < are cot m,, so that 


(14) m, <n, + 1, 


but also, since the reasoning used to establish (12) may be now applied to the 
m’s, S > are cot (m, + 1). Combining this with (13), we have n, < m, + 1. 
Finally in view of (14) we may write n, — 1 < m, <n,+ 1. But this con- 
tradicts m, ~ n,. Hence the theorem is proved. 


‘ This is the first place that this part of the definition of the regular continued cotangent 
is used. 
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Arc cotangent algorithm. We now describe an algorithm, analogous to that 
of Euclid, for generating from a given real positive number its regular con- 
tinued cotangent expansion. 

Let x be the given positive number. We define two sets of numbers z, 
and n, (v = 0, 1, 2, ---) called respectively the »-th complete and incomplete 
cotangent of z as follows.’ 





Hy = z, m = [xo], 
x 1 
a = 2et ° m = (al, 
Zo — No 
15 xn 1 
( ) t= an ’ m= [xe], 
mi nh 
zn, + 1 -™ 
Dy = t,—N, ’ no = ol 


This algorithm is to be continued as long as 2,,; exists, that is, as long as z, 
is not an integer n, = [z,]. We next prove 

THEOREM 3. The continued cotangent 
(16) cot >. (—1)’ are cot n,, 

v=0 

where the sum extends over all the incomplete cotangents n, of x, is regular. 

Proof. Obviously (a) is satisfied. To show that (b) is satisfied we set 
xz, = n, + €«,, Where 0 < «, <1. Then (15) becomes 


ne+1 


€y 





(17) Iona = +n, >ni+n,+1. 


Hence 
[241] = ty =n? +n, + 1, 
so that (4) is satisfied fory = k — 1. For v = k — 1 we have from (17) 
te = ™% > niart+ mat 1, 
which is (3). Hence the theorem is true. 
TuHeoreM 4. If mo, , 2, --- are generated by x, then 
u—l 
(18) > (—1) are cot n, = are cot x — (—1)“ are cot z,. 
v=0 
Remark. This theorem justifies the name “complete cotangent” for z,. 


Proof. Since 


“ zn,+1 
= 
v+ t—n,’ 


5 Here, as usual, [z] means the greatest integer < z. 
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we have 
(—1)” are cot n, = (—1)” (are cot 2,4; + are cot z,). 
Setting vy = 0, 1, 2, --- , wu — 1 and adding, we get the theorem. 
THEOREM 5. 
(19) t= cot >. (—1)” are cot n,, 


v=0 


where the sum extends over all incomplete cotangents n, generated by x. 

Proof. In case there exists only a finite number of n’s, the last being n; , 
we may set » = k in (18) and transpose the term (—1)‘ are cot z,. Taking the 
cotangent of both sides we obtain (19). 

In case an infinite number of n’s are generated by x we can write in view of 


(18) and (4), 


u-l 
lim >> (—1)” are cot n, = are cot z — lim (—1)* are cot z, = are cot z. 


peo v=( peo 


Hence in this case also 


r= p> (—1)’ are cot n,. 

TuHeoreM 6. Every positive number has a unique regular continued cotangent 
expansion. 

Proof. The existence of such an expansion follows from the are cotangent 
algorithm and Theorem 5, while the uniqueness is provided by Theorem 2. 

TueoreM 7. The number z is rational or irrational according as its continued 
cotangent expansion (19) is finite or not. 

Proof. If (19) is finite, it follows from the addition theorem of the cotangent 
function that z is rational. This may be seen otherwise. In fact, if z were 
irrational, so also would be 2, t2,--- . Hence there could not exist a k for 
which z; is an integer to terminate the algorithm. 

If (19) is infinite, then z is irrational. In fact, suppose that z = p/q, where 
p and q are integers. It follows that z, = p,/q, is also rational for every »v. 
From (15) 


Prot _ PrTr + Gy _ Pe™ + 


— ’ 


Qr4+i » = Ny dr ry 
where, since n, = [z,] = [p,/q,], the denominator r, is the remainder on division 
of p, by q, , so that r, < q,. Since we may suppose that the fraction p,+41/q,41 
is in its lowest terms, we have the inequality 


Trl = 





Qr+i > T, < qd 


for every v. But this implies the existence of an infinite sequence q , G2, --- of 
strictly decreasing positive integers, and this is absurd. Hence z is irrational. 
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If x is a rational number p/q, the successive numerators p, and the denomi- 
nators q, of z, can be found as in the greatest common divisor process as follows: 


P=ng+n (05m <q), PMm+d=pn, 
Pi = MQ + (0 S @ <q), Pima + UH = Pe, 
P2 = N2g2 + Qs (0 S qs < q@), Pome + G2 = Ps, 


Pe = MQ + 4 (0 r-* Qa < q), Pry + Qe = Poti, 


Pr = NkQe - 
In general, p, will not be prime to q,. In fact, any factor which they may have 
in common will be a common factor of p,,; and q,4; and hence of all further 
p’s and q’s. For example, for x = 65/37, we find the following values of p,, q,, 
n, , and the greatest common divisor 6, of p, and q, . 





v 0 1 2 3 
Py 65 102 334 6030 
qd» 37 28 18 10 
Ny 1 3 18 603 
6, 1 2 2 10 


Hence 65/37 = cot (are cot 1 — are cot 3 + are cot 18 — are cot 603). 


Convergents. Let m, mm, m,--- be the incomplete cotangents generated 
by z. Then the curtate expansion of » terms 


wl 
o,(x) = cot >, (—1)’ are cot n, 
v=0 


is called the u-th convergent of z. It is clearly a rational number depending 
only on » and z. The following expression relates x, o,(z), and the complete 
cotangent z, by (18): 


(20) o,(z) = cot (are cot x — (—1)* are cot z,) = tees 
THEOREM 8. [If the integers A, and B, are defined by 

Ay = 1, A, = Ayn, — (—1)’B,, 

Bo = 0, Byus = Byn, + (—1)’A,, 

then the u-th complete cotangent is given by 


— (cy 4a + Be 
(22) Ty = ( 1) A, — B,z’ 


(21) 


and the u-th convergent o,(x) is given by 
(23) o,(z) = A,/B,. 
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Proof. Formula (22) is easily established by induction. In fact (22) holds 
for u = 0, since Ap = 1, By) = 0,29 = x. If it is true for» = v, we may write by 
(15) and (21) 


re, = LDU. 2 + Bn, + A, — Bix 
+t (174A, + B,) — (A, — B,z) 
== (-1 v+l (A,n, tea ad (—1)’B,)z + Byn, + (—1)’A, 
A,n, — (—1)’B, — (Bn, + (—1)’A,)z 
AyirtB 
ia 1 v+l 42 +1 v+1 
= ) Assi = Byyix’ 








so that the induction is complete. Having established (22), we see that (23) 
follows from (20). In fact, 


_ jA,e + Bz (A,r +B, sas 
oz) = (Mee + Bas 4h i-a. r} = 4,/By. 


The numbers A, and B, are, of course, the analogues of the numerator and 
denominator of the u-th convergent of the regular continued fraction. How- 
ever, the recurrence formulas (21) are of a different nature, A, or B, depending 
not on the preceding A’s or B’s, but on the preceding A and B. This fact 
allows one to give an explicit formula for A, and B, in terms of the first u 


incomplete cotangents mo, m1, --- , My1- 
Ap = 1, Bo = 0, 
A, = ™, B, = 1, 
Az = nom + I, Bz = mj — %, 


Non, — NN + MM + 1, 


Az; = Nonm + M — m+ Mm, B; 
Ag = monyngns + Non; + Ne + NyNs + NeNg — NyNs — Non, + 1, 
By = nonyns — nongns + nyngns — NoNyNe + NM + Ns — NM — Ne. 


II 


The general formula for the A, and the B, is given by 
THEOREM 9. 


A, + iB, = (m+ t)(m, — t)(nm2 + 1)(n3 — i) +++ (mya + (—1)""t) 


24 uot 
-" = I (n, + (—1)"2) (? = —1). 


In other words, if S, denotes the sum of the products of (—1)'n; taken v at a time, 
then for » > 0 


oe 1)™!4, 


S, — S,2 + Sy — woe 


(—1)"™'B, = S.1- S3+ S,4--:-- 
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Proof. Formula (24) is easily established by induction, if we use (21). It 
also follows readily from 


1 
,u = — log ——.. 
are cot u F og 


THEOREM 10. 
A, B, 


u—l 
= (-]1 “ ? 2 2 os Postn 2 : 
Ay+i Buss ( ) (A, + B,) ( 1) IT (n a 1) 


(25) 








Proof. The first equality follows at once from (21) while the second equality 
is obtained by taking the squares of the absolute values of both sides of (24). 
THEOREM 11. 
1B, 


(26) A,A,ii + By Byy = me 
w+* +l wPu+l — Sng Mess 


u—l 
= n,(Aj + Bi) = n, I] (ni + 1). 
v=0 





Proof. The theorem follows at once from (21) and (25). 
For example, the values of A, , B, for z = 65/37 are given in the following 
table. 





v 0 1 2 3 4 
ny 1 3 18 603 

A, 1 1 4 70 42250 
B, 0 1 2 40 24050 


Here we find that A,/B,; = 65/37 and that A, and B, have the common factor 
650 = (n> + 1)(n3 + 1). 
As a second example, we give the elements for x = 6954069/2559142. 





v 0 1 2 3 4 
Pr 6954069 16467280 133574025 9886258850 
q 2559142 1835785 1781000 1780025 
Ny 2 8 74 5554 
A, 1 2 17 1252 6954069 
B, 0 1 6 461 2559142 


In this example A, and B, have no common factor. It is clear from (25) that 
any factor common to A, and B, will divide (ni + 1)(nj + 1) --- (nr, + 1), 
and this factor will also be common to (A,4: , B,41) by (21) and hence to all the 
further pairs (A, B). 

THEOREM 12. The convergents o,(x) approach x with errors which are alter- 
nately positive and negative, but whose absolute values tend steadily to zero and are 
less than 


(xo, + 1) tang,, 


where ¢, is the smaller of [x] and 3”. 
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Proof. By definition of ¢, , 
(27) are cot = are cot o, + (—1)” {are cot n, — are cot nui + ---}. 
Since are cot u is a decreasing function of u, we have 
(28) (—1)'""@ — o) 20, 
which implies the first statement of the theorem. Moreover, by (27) and (4), 
| are cot x — arc cot o,| < are cot n, < n>) <n, <--- < — <a. 
Hence if mp = [z] > 1, we may write 
| are cot x — are*cot o,| < [xz]. 
If no = [zx] S 1, then, by (4), m 21,2. 23. Therefore in this case 
| are cot x — are cot ¢,| <3’. 
Hence in either case 
| are cot x — are cot a,| < ¢,, 


and the final statement of the theorem follows by taking the tangent of both 
sides of this inequality. It remains to show that the absolute value of the error 
tends steadily to zero. Denoting this absolute value by A, , we have by (28) 
and (20) 


(29) a, = |2—4,| = (-D@— 0) = 
To show that A, is greater than A,,; , it suffices to show that 
(30) (1 + 2°)(Ar4 — Ay") = 241 — 2, + (—1)'2e 
is positive. From (15) and (4) 
Dru. > n,2, + 1, n, 23 (v = 2). 


Hence 2,4, — 2, > 2, — 2-1. It follows from (30) that 
(1 + 2°)(A¢: — A") > 2p — 2 — 2z. 


To show that the right member is positive we separate two cases. If z > 1, 
then nm 2 3,22 > 324, + 1,2, > me +1 22+1. Hence in this case 


— 4 —- A> Ar+1)+1-—-2%=3>0. 


Ifz<i,ltzr’=68>1. Thenz, =68,n =8—e€(0 <e<1),m= 
e '[6(6 — «-) + 1]. Therefore 


ta — 2, — 2x = (8 + 1)(5 — 2e)/de. 
If 5 > 2, this is positive. If 1 < 6 < 2sothat n, = 6 — « = 1, we have 
te — 2 — 2x = (& + 1)(1 — ©)/de > 0. 


This completes the proof of the theorem. 
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The expression of a regular continued cotangent as an irregular continued 
fraction. The partial cotangents n, of a number z may be used to represent 
zx by an irregular continued fraction of special type as the following theorem 
shows. 

THEOREM 13. If mm, m,--- are the partial cotangents generated by a real 
positive number x, then 
(31) som> Sth, Sth, StH, ... 


| 
| — N |e — m4 | Ng — Ne 


Proof. Let ¢, be the fractional part of z, so that z, = n, + ¢,. Substituting 
for z,4; and z, in (15) and solving for «, , we obtain 
ni+1 


Ny — Ny + €r41 





& = 


Setting vy = 0, 1, 2, -- - in succession, we see that (31) follows from x = no + &. 
It is clear also that the numbers A,,, and B,,; are the numerator and denomi- 
nator of the z-th convergent of (31). 


Regular continued fraction for §. The number é defined by (8) may be 
expressed as a regular continued fraction as follows. Let m,m, m2,--- be 
the partial cotangents of £ so that 


(32) Not — nm =n +i. 
We define integers a, by 

a = 1, a, = 1, a. = 2, a3; = 5, a, = 34, as = 985 
and in general 
(33) Qu = (nn + Ma + lar (v 21), 
so that 
(34) Quan = (Mm + Ma + 1)(M2 + Ms + I(M4+ m5+4+1)---, 


where the last factor is nm, + mo + 1 = 2 or nm + m + 1 = 5 according as » is 
even or odd. Then it is true that 


(35) Or410, = Nyy. — % = 2 +1. 
This fact is true for y = 0, since ng + 1 = 1, while aoa; = 1. If it is true for 


v = k — 1, it may be shown true for »v = k as follows: 


a 
Aka, = Fae GnGp-1 = (me + Nea + 1)(me — Mea) 
k-1 


2 2 2 
M+ Me — Ma — Ma = m% + 1. 
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This establishes (35). Returning to (31) and using (32) and (35), we obtain 





E= 04 Wal 4 mael , aras| 
| AQ, | @1 Qe | deg 
= t+ tly ty Ale... 
© ete te, a, a 
: i}, 1 1 
“i th tie +(e tse * joss 
a 1 |, 1 | 
(1151138 * [1116929202845 +" 


The successive convergents C,/D, to — are 


1 1 3 16 547 538811 620245817465 
1’ 2’ 5’ 27’ 923’ 909182’ 1046593950039" *""" 








In decimals we have 


.59263 27182 01636 19710 40786 04995 70146 90842 


75407 19716 10710 99562 60815 82473 51869 72201 .---. 


An investigation into the nature of the number ¢. The writer has been un- 
able to discover any simple connection between £ and other known constants. 
As to the nature of &, it is neither rational nor the root of a quadratic equation 
with rational coefficients, since its continued fraction is neither finite nor peri- 
odic. In what follows we show that £ is not a root of a cubic equation with 
rational coefficients. We begin with 

THeoreM 14. Let a, and D, be the v-th partial quotient and the denominator 
of the v-th convergent of the continued fraction (36). Then a, > D, forv S 4. 

Remark. For v = 1, 2,3, we have a, = D,. 

Proof. The theorem is true for y = 4 since a, = 34, and Dy = 27. If the 
theorem is true for 4 < »v < k, we may prove it true for »y = k by showing that 
a;_2(a, — D,) is positive. Using the fundamental recursion formula 


(37) Dasa = a,D, + Dy 
fory = k—1,k — 2,k — 3 we have 
Dy-2 — Pes 


aes 


(38)  ay’2(ax — Dy) = ays {as — (ay144-2 + 1) Dye — Qe 


If in (38) we introduce the hypothesis of the induction D,_: S ay_2, we get 


(39) ays(ax — Dy) = agay ts — (ay—1ax-2 + 1) — ay-razs. 
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By (33) and (35) we may write (39) in the form 
ay_2(ax — Dy) = mea + mee + 1 — (mea — me_2 + 1) — (mea + meg + 1) 


2 
= N22 — Ne-3 — l= nk-3 > 0. 


Hence the induction is complete. 
THEOREM 15. The number & does not satisfy a cubic equation with rational 


coefficients. 
Proof. By Theorem 14 and the familiar inequality 


C, ‘= 1 1 
E < a <D.Dma DAD.a, + Dea) ~ De 








it follows that the Diophantine inequality 


1 
Sy 


has infinitely many solutions in integers (x, y). Now if & satisfied a cubic equa- 
tion with rational coefficients, the cubic would be irreducible, since & is neither 
rational nor a root of a quadratic equation. By a theorem of Siegel® the in- 
equality (40) would in this case have only a finite number of solutions in integers 
(x, y), contrary to fact. 

To show that this type of argument cannot be used further to prove that & 
is not an algebraic number of degree > 3, we give 

THEOREM 16. If ¢€ > 0 and if c is a positive constant, no matter how large, the 
Diophantine inequality 





(40) le- : 


c 
< ye 
has only a finite number of solutions (zx, y). 


We first prove two other theorems. 
THEOREM 17. For every k the sequence 





(41) e-2 


Di Dise Desa 


? ’ ’ 
Qe Ak+e A+ 








tends to a limit. 
Proof. Since 





Dy+2Nn -_ D. - >> {Bose 7. Desens} 


Ax+2r Ak+20+1) 


n42N ay rd=0 


6 See Landau, Vorlesungen tiber Zahlentheorie, vol. 3, 1927, pp. 37-65. 
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it is sufficient to show that this series tends to a limit as N — «. To examine 
its general term we replace k + 2d by » for simplicity. Now 


Dys2 = Dyas yss + D, on D,a,Qy41 + Dy 0441 + D, = Dini + 2) + Dy14y41 








Qy+2 Ay+2 Ay+2 ay+2 Qy+2 
D, a 9 Dy 7.2 
= — — (n, + 2) + -—- (m4 + 2). 
Gy Av+2 Qy+42 


Hence the general term of the above series may be written 


D, _ Be 0 P(1 — © G+ 2) — Det St (nds + 1). 
a, Qy+2 a, v+2 Gy-1 Ay42 


By Theorem 14 it is sufficient to show that as v runs over all numbers of the 
same parity as k the two infinite series 


r( -— (nt +2), > SH aha + 


Ay+2 v+2 








converge. The first of these may be written 


E(1- sett) - > 2n, <2D+, 


Ni +n, + 1 Ni +n, + 1 


a rapidly convergent series. As for the second series we have 


2 
ay Nui + 1 Qy1 1 
< < —, 
p> a (My41 + ny + 1)? »» a > a, 








which also converges with rapidity. This completes the proof. 
The two sequences 


a2 5 ... and > S . . 
a, a3 Gs a, ay a 
tend to different limits. In fact we find 
Ds = .7898114735158, Ds = .9370558376, 
ag as 
Ds = .7898114728192, D; = .9370280114. 
ag a7 


These two limits we denote by Ry and R;. That is, 
Ro = lim D,,/a2,, = .78981147 ---, 


vo 


Ry 


lim Doys1/ 2.41 = .93702801 oe 


vo 
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It can be proved without difficulty that the two sequences above are both 























strictly decreasing except for the fact that = = , We are now in a position 
1 3 
to prove 
THEOREM 18. If » — o, then 
3 Co, 3 on Corsi 
Ds, g D» Ro and Days gE ) — Rk. 
Proof. Since 
& = lim C,/D,, 
we may write 
—_ Cc, C41 = Cc. Crs2 = Cy4a 
"ER, EB he Ee 
Using the fundamental relation 
C.D — C,iD, = (—1)"", 
we obtain 
C D; D} D: 
42 Blt — <1|°* = - = — me 
( ) é D, Dyas Dyas Drie + Dya2Dy+s 








The first term on the right may be shown to tend to Rp or R, as follows: 


As v tends to infinity through integers of the same parity, D,_,/D? tends rapidly 
to zero, while a,/D, tends to Ro’ or Ry’ according as the value of v is even or odd 
by Theorem 17. 

Each of the other terms of (42) tends to zero as vy — © since for \ > 0 


gm. » 2. &~.) 





Dysa Dis Di (D,a,)” a a, 


Dysr Dyas 


by Theorem 14. Hence the theorem is proved. 

Theorem 16 now follows from Theorem 18 and from the fact that the con- 
vergents C,/D, are the fractions of best approximation to &. 

We conclude with a theorem concerning the above-mentioned limits Ro 
and R, . 

THEOREM 19. 

1 
RR, — 1+ 

For the proof of this theorem we need the following result of interest in itself. 
TuHEorREM 20. If C,/D, is the v-th convergent of (36), then 


CLC y41 + D,D, +1 = Nr+1- 
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Proof. Let A,s, and B,,; be the numerator and denominator of the (v + 1)-st 
convergent o,,; of the continued cotangent (8) defining £, or, what is the same, 
the numerator and denominator of the »-th convergent of the continued frac- 
tion (31). From the theory of irregular continued fractions we have in view 
of (32) the following recursion formulas for the A’s and the B’s: 


(43) Avg = (ny + 1)(A, + Av), 
(44) Bysa = (nea + 1)(B, + Bx). 
We now prove that 

(45) Avy: = Cya,a,10,2 +++ dH, 
(46) Biiy = D,a,a,10,-2 +++ &%. 


In fact, (45) is true for »y = 0, since A; = mo = 0 and Cy = 0. If (45) is true for 
y < » we may prove it for y = uw as follows. By (43) and the hypothesis of 
induction 


Ager = (maa + 1)(Cy-rdysdy-e --+ do + Cy-2dy-2 +++ a) 
= (mea + L)dy-2dy-s +--+ Go(Cy-1dy-1 + Cy) = QyGy14,-2 +++ ao C, 
by (35). (46) is established in the same way. By Theorem 11 
(47) Ant Avse + BrirBrye = moyi(ns + 1)(nia + 1) --- (nd + 1), 
while by (45) and (46) 
AysAne + BraBre = (C.Cr41 + DDy41)(Q.410,)(a,0,-1) «++ (aido)ao 
= (C041 + D-Diys)(ns + 1)(ne-a + 1) ++ (nm + Dano. 


If we compare this with (47), the theorem is seen to follow from a = 1. In 
the same way Theorem 10 yields 
THEOREM 21. 
G + D; = Gy+1- 


Theorem 19 is now a simple consequence of Theorem 20. In fact, we have 
by definition of Ro and R, 


2 jo D, Dyas C, Cu ) 
Ro RE + 1) = lim (2 — + — + i} 





yoo \G, yi 
_ £C,C D,D , n 

= lim ( 2" + D»Drst) ae cote wm fh. 
ye Ny+1 — Ny yo Nyy, — Ny 


Regular continued cotangents of familiar constants. The converse problem 
of discovering a law enjoyed by the partial cotangents of the regular continued 
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cotangent expansion of a familiar constant appears to be even more difficult 
than in continued fractions. There are no periodic regular continued cotangents 
in view of (4). In fact, a periodic continued cotangent would not converge. 
Hence equation (22) cannot be used as in continued fractions to study the roots 
of a quadratic equation with rational coefficients. Furthermore, it is prac- 
tically impossible to find more than 6 or 8 partial cotangents of a given irra- 
tional number. By Theorem 12, ten terms of the continued cotangent expan- 
sion of a number z between 10 and 11 would give z correctly to more than 1000 
decimal places, 20 terms would give more than a million digits. This dependence 
of the continued cotangent expansion upon the “size” of x is brought out more 
sharply by the fact that two numbers 2, and z2 which merely differ by an in- 
teger may have widely different continued cotangent expansions while their con- 
tinued fraction expansions are essentially the same. Thus, for example, 13/25 = 
cot (are cot 0 — are cot 1 + are cot 3 — are cot 44), while 5 + (13/25) = cot 
(are cot 5 — are cot 55). 

The writer has been unable to discover any combination of familiar constants 
whose regular continued cotangent expansion is in any way predictable; that is, 
we have found nothing comparable with 





3-e_ 1] 1 | 1 | 1 | 
s-1 "fe * fe “a? *eeet 


or with the irregular continued cotangent 


2+ +/2 = cot (are cot 3 + are cot 17 + are cot 99 + arc cot 577 + ---) 


whose partial cotangents satisfy the difference equation n,,, = 6n, — ny. 
The continued cotangents for +/2, + and e begin as follows: 


4/2 = cot (are cot 1 — are cot 5 + are cot 36 — arc cot 3406 
+ are cot 14694817 — arc cot 727050997716715 + --- ), 


cot (are cot 3 — are cot 73 + arc cot 8599 — arc cot 400091364 + --- ), 


4 
ll 


cot (are cot 2 — are cot 8 + arc cot 75 — arc cot 8949 
+ are cot 11964723 .-- ). 


* 
Il 


Although this paper is concerned with developing the general properties of 
regular continued cotangents, the reader cannot have failed to notice that many 
of the theorems have number-theoretic implications. The applications of the 
above theory to Diophantine analysis will be given in another paper. 

An interesting generalization of the regular continued cotangent is an ex- 
pansion of the form 
(48) cot >. ¢, are cot n,, 


v=0 
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in which c, are +1 and the n, satisfy certain inequalities. This is called a “‘semi- 
regular” continued cotangent and has many properties in common with the 
semi-regular continued fraction 


| 
ee! + jis sie 
1 | qe 


A discussion of semi-regular continued cotangents will appear later. However, 
if the coefficients c, of (48) are unrestricted, the analogy with continued fractions 
breaks down. 


LenicH UNIVERSITY. 











CHANGE OF DIMENSION IN SEQUENCE TRANSFORMATIONS 


By Hucu J. HAMILTON 


In’ H, were derived conditions on the 2n-dimensional matrix of complex 
numbers || @m,mg---mnkyky---k, || (m arbitrary) necessary and sufficient for the 
transforming of all n-dimensional sequences {s;,x,....:,} Of class U into n-dimen- 
sional sequences {¢@m,m,...m,{ Of class V, by means of the relation 


Fmymg---m_ = Am mg: +-makyko+++ky Skykq---kny 
ky ke ++ n=l 
for each U and each V of a set of 16 classes of sequences of complex numbers. 
It is the purpose of this note to point out that no use is made, in the course 
of the proofs in H, , of equality between the dimension of the s-sequence and 
that of the o-sequence, and consequently that the results, if properly interpreted, 
are quite valid for (mn + 1)-dimensional matrices || @m,mg-.-mjkjk,---k, || @SSO- 
ciated with transformations of the type 
Omym2g---m, = Amymg--+mykyke--+ky Skykg-++kny 
ky ke,*** Kn=l 

where / and n are independently arbitrary. 

The only alterations which need to be made in H, to permit this interpretation 
follow. 
Page 29. 

Line 1. Replace “n-tuple” by “multiple’’. 

Line 4. Replace n by l. 

Line 5. Replace ‘another such, homologous to m”’, by “an ordered set of 
n positive, integral variables’’. 

Line 16. Replace m’, m’ by k’, k’. 

Line 18. Replace “The corresponding”’ by “‘A single’’. 
Page 30. 

Line 15. Before x(m), insert “l = n, and”’; and before “then’”’, insert “y being 
the homologue in m of « in k’’. 

Line 23. Before ‘“‘under’’, insert ‘and 1 = n’’. 

Line 26. Before “‘under’’, insert “andl = n’’. 
Page 31. 

Line 19. Before “and’’, insert “‘in all, 1 = n’’. 


Received November 29, 1937; presented to the American Mathematical Society, April 


16, 1938. 
1In this note H,; will denote the paper, Transformations of multiple sequences, by 


Hamilton, this Journal, vol. 2(1936), pp. 29-60. 
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Page 33. 

Line 14. Replace n(2” — 2) by n(2' — 2). 

As an application of this interpretation, consider the problem of stating con- 
ditions on the 3-dimensional matrix || a,;; || , necessary and sufficient that the 


simple sequence {¢,} with o, = > is a,;;8;; be defined for each vy and converge 

i,j=l 

to lim s,; whenever the double sequence {s,;} is (A) boundedly convergent, (B) 
‘je 


convergent. These can be read off (pp. 59-60 of H;) as: 


(A) (1) 2 J arij| <A ( = 1,2, +++); 
12= 
(2) lim 20 an; = 1; 
» ij=l 
lim 2, |axy| = 0 (j = 1,2, ), 
(3) - 
lim >> |a,;| = 0 (¢ = 1,2, ---). 
v j=l 
(B) (1) and (2) same as (1) and (2) under (A), respectively; 
(3) ay; = 0 fori > C; (» = 1,2,--- ;7 = 1,2,---), 
; ai; = 0 forj > C; (»=1,2,---;4=1,2,..-); 
(4) lim a,;; = 0 (@t,j = 1,2,---). 


Fraleigh’ has derived conditions on the matrix || @,,; || [a,;; = 0 for max (i,j) > »] 
necessary and sufficient that lim ¢, = wv, where s;; = uv; (t, 7 = 1, 2, --- ), 


whenever lim u; = u and lim v; = vexist. Here {s;;} is a regularly convergent 
, , 


7 

sequence, though of a special type, which is sometimes termed “factorable”’. 

Now referring in H, as here revised to the conditions necessary and sufficient 
for the general transformation RC — BC regularly (pp. 59-60), with 1 = 1 
and n = 2, as well as to the derivations of these conditions (which for ds; , d; , 
and d: involve only factorable sequences), it will be found that the necessity of 
all of Fraleigh’s conditions, excepting those difficult ones involving boundedness, 
and the sufficiency of the set in Fraleigh’s Theorem III’ are implicitly derived 
in H, under the present interpretation. 


Pomona COLLEGE. 


?P. A. Fraleigh, Regular bilinear transformations of sequences, American Journal of 
Mathematics, vol. 53(1931), pp. 697-709. 
* Fraleigh, loc. cit., p. 703. 











A GENERALIZATION OF MULTIPLE SEQUENCE TRANSFORMATIONS 
By Huau J. HamMitton 


1. Introduction and statement of purpose. It is the purpose of the present 
paper’ to extend the definitions of the classes of complex multiple sequences 
{ Sec), 4(2),...,4@)} considered in H, so that they may have meaning for complex 
functionals f of | variables x”, x, .-- , 2°”, where, for vy = 1,2, --- ,l, 2” is 
the general element of an aggregate ©” of considerable generality, interpretable, 
in particular, either as the positive integers or as the points of a Euclidean 
space; and to derive, by means of the results of H,,2, conditions on the n-dimen- 
sional matrix || fic1),4(2), ... , x) || of complex functionals of the 1 variables 
zr”, 2®,...,2°, necessary and sufficient for the various sequence class-to- 
functional class transformations under the relation 


( (2) () 
F(x od prre,d ) 


x 
a) ,.(2) (1) 
= a Se) ,42),..., eo (X 9% 5 ct ye )8u1),4(2),... Rim) 
1 


hOL) B02) ee ee 
analogous to the sequence class-to-sequence class transformations considered 
in Hi.2 ° 
In order to clarify ideas, consider the solution of the problem: to find condi- 
tions on the linear matrix of complex functionals || f; || necessary and sufficient 


that F(t) = py fi(t)s; exist finite for each ¢ in (0, ©) and converge to 0 as ¢ tends 
i=l 


to infinity, whenever {s;} is a null sequence of complex numbers. 
Denote by S the class of non-negative, real sequences {t;} for which lim 
i 
t;= «©. Nowlim F(t) = Oif and only if lim F(¢;) = O foreach {t;} « S. Hence 
to 7 
the desired conditions are simply that 


oo 


(a) Dd |fdt;) | < B({t;}) for each j (each {t;} S); 


i=1 


(8) lim fi(t;) = 0 for each 7 (each {t;} € S), 


as follows from well-known theorems of the Silverman-Toeplitz type (or from 
H; 2); or, more elegantly, that 


Received November 29, 1937; presented to the American Mathematical Society, April 16, 
1938. 

1 This paper assumes familiarity with the contents of the preceding note, Change of 
dimension in sequence transformations; hence also with the paper therein cited as H,. 
The paper H; , as revised in the note, will be referred to as Hi,2 . 
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> | f(t) | < @ for all ¢ in (0, ~), 
i=1 
(a) ‘ 
> | fit) | < B for all t > A; 
i=1 
(8) lim f(t) = 0 for each 7. 


tx 


Here | = n = 1, &” is the set of non-negative real numbers, and the class of 
complex functionals f defined over &“ for which lim f(t) = 0 would be called 
t—2 


null-convergent. The statement and solution of this problem are a very particu- 
lar specialization of the results of this paper. They have been displayed at this 
time and thus independently with the desire to make somewhat apparent at the 
outset the significance of the general problem, and to suggest reasons for the 
plan of approach used in its treatment. 

In §2 are given definitions of most of the concepts and symbols which are 
to be used; §3 provides alternative definitions of certain classes of functionals 
introduced in §2; a list of conditions on the functionals fxc1), 4¢2), ..., x) is made 
in §4; §§5 and 6 contain tabulations of sets of conditions necessary and sufficient 
for the various transformations; in §7 a few applications are indicated. 


2. Symbolism and definitions. The letters m,m', m’, 1’, k, k', k’, k’, k*, x, x, 
etc. and notations involving them, will have the meanings assigned to them in 
H, 2, n and / being independently arbitrary, but fixed, positive integers. Other 
symbols are to have the following meanings (each definition involving v to apply, 
unless otherwise stated, for v = 1, 2,---,]): ©”, an infinite aggregate of 
elements of any sort; x’, the general element of €”;.z, the general ordered 
Ltuple (x, 2, ... , 2“); &, the aggregate of x; z' and 2’, the generic ordered, 
proper, conjugate subsets of x; y”’, y, y', and y’, a fixed element or set, of type 
x”, x, x’, and 2’, respectively; x{”, 2;, x}, and 3, the i-th in an infinite sequence 
of such elements or sets, respectively; z:m, the general set of form (20%v, 222), 

-, 2h0»), where m”, m®, ..- , m“” are the elements of m, in this order; z':m! 
and z°:m’ have analogous meanings. 

Ss” is the general sequence {z{"}; S, the general l-tuple sequence of form 
{2:m}; S' and S’, the general multiple sequences of form {2z':m'} and {2z*:m’}, 
respectively; &2, &2, and 3, the classes of all sequences S, S', and S’, respec- 
tively; {@{”}, an arbitrary, but fixed, infinite sequence of non-null sets for 
which €” = &}” D &” D.--- and I] &:” is null; hk”, the functional over €” 

b= 
for which h(x”) is the greatest integer j such that x” ¢ G{”; g”, an arbitrary, 
but fixed, real functional over €”’ for which h(x”) > M implies that g(x”) 
> N(M), where lim N(M) = , and for which g”(z”) > N implies that 
MoO 


h’’(2’) > M(N), where lim M(N) = ~; g(x), the ordered set of numbers 
N-ox 
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gg? (2), g(z”), -- 9°); g a") and g°(2° ), the ordered sets defined 
analogously with respect to z' and 2’, respectively; g'(z') > D, g(x) > «, ete., 

the set of properties corresponding, for each separate g(x’) involved; &: , Ri; 
and &;, the classes of all sequences S, S’, and ©", respectively, for which lim 


m—*oO 


g(x:m) = ~, lim g'(x':m') = «, and lim g*(2*:m’) = , respectively. 
m*-—-2 m2 


The S associated with a particular {z;} is that S for which S” is the sequence 
{ai}; the S' [or S*] associated with a particular {x}} [or {z7}], that S' [or S*] for 
which S””’ is the sequence {z{"} for each v involved; {s,}, the general n-tuple 
sequence of complex numbers; s, lim s, When this limit exists; f, the general 


complex functional over G; || f; || , the n-tuple matrix of general complex func- 
tionals over €; F, the complex functional over & defined by F(z) = >> fi(x)sx, 
k=1 


whenever this symbol has meaning. 

It is hoped that such a consistency has been observed in defining these sym- 
bols as to facilitate keeping in mind their meanings. Certainly, use of the cus- 
tomary multiple sub- and superscripts would have both lengthened the paper 
greatly and hidden the essential simplicity of the proofs. 

When, in any /- or n-tuple represented by a single letter, certain of the elements 
are to be considered as having special properties, this fact will be indicated 
in parentheses (or brackets, etc.), and subsequently parentheses (or brackets, 
etc.) will enclose the letter involved. Thus, “with (z' = y') and (k* = p’), 

jim ps Fu((2)) = L,s(y')”. A convention so established will last through- 
g*(z*) +0 
out, and only through, the paragraph in which it is set up. 

Except when, by the nature of the situation, doing so would be obviously 
absurd, all relations involving subsets of k or of x are to be understood to imply 
the set of such relations for all possible choices of the subsets with respect to 
position and dimension. 

Now the terms abbreviated by the symbols e, ub, c, urc, re, en, uren, ren, 
urern, reurn, rern; b, be, burc, ben, buren, and burern are, with their meanings 
for n-tuple sequences, indicated on pp. 30-31 of H,. The symbols bre, bren, 
breurn, and brern abbreviate, respectively, bounded regularly convergent, bounded 
regularly convergent null, bounded regularly convergent ultimately row null, and 
bounded regularly convergent row null, and these terms indicate their own mean- 
ings. (As pointed out on p. 33 of H, , each re multiple sequence is b; hence the 
terms bre, bren, breurn, and brern are equivalent to, respectively, simply re, 
ren, reurn, and rern, when applied to sequences. However, as will appear, this 
convenient property does not carry over to f in general, and it is for this reason 
that the four additional terms are introduced.) 

The extended definitions of the twenty-one terms will now be given. With 
respect to the sequences of sets {G{”}, any complex functional f over € will be 
said to be: e, if defined for all x; ub, if there exists a number Q such that f(z) 
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is bounded for all’ g(x) > Q;¢, if lim f(x) = o (read “principal limit’’) exists 
g(z)--2 
and is finite; ure, if c and if there exists a number Q such that lim f(z) = o(z’) 


g' (2!) 0 
a(x’) 


(read “row limit”) exists and is finite for all g’(z*) > Q;rc,if lim f(z) 
a 


1(zl) +0 
exists and is finite for all x°; en, uren, and ren, if, respectively, c, urc, and re, 
with o = 0; urern and reurn if, respectively, ure and re with o(z*) = 0 for all 
g’(x*) greater than some number Q; rern, if re with o(z’) = 0 for all 2°; b, if f(z) 
is bounded over ©; be, burc, bre, ben, burcn, bren, burern, breurn, and brern, if 
both b and, respectively, c, urc, and soon. The notations Z, UB, etc., will 
denote the classes of functionals f which are e, ub, ete., respectively. 

That these definitions constitute a true generalization of those made for 
sequences in H, is seen by taking, for »v = 1, 2, --- , 1, €” to be the aggregate 
of the positive integers, €{” the set of integers not less than j (j = 1, 2, --- ), 
and g”’(«”’) = 2” foreach «”. Throughout this paper, classification of multi- 
ple sequences will be assumed to be made with respect to €” and Gf” as thus 
defined. 


3. Equivalent definitions of the several classes of functionals. That f be of 
any class U of the set above which does not explicitly involve boundedness is 
equivalent to the condition that the sequence {f(x:m)} be of class U for each 
SeR,. That the first condition implies the second is in each case obvious. 
That the second implies the first will now be proved for three typical cases. 

Tureorem. If {f(x:m)} «FE for each Se 8&,, then f ¢ E. 

Proof. Each z is an element of some Se &;. 

Tueorem. If {f(x:m)} « UB for each Se R,, then f « UB. 

Proof. By denial of the conclusion, there exists a sequence {2z;} for which 
lim g(z,;) = © and {f(z,)} is unbounded. The associated S belongs to &,, 


but {f(a:m)} & UB? 
Tueorem. If {f(x:m)} « URC for cach Se 8, , then f e URC. 
Proof. By denial of the conclusion, there exist a sequence {z{} and a set of 
sequences {,z;} for which lim g'(zj) = » and lim g(z3) = @ (§ =1,2,---), 
t ? 


and, with (z' = 2; and z* = ,z}), for i = 1, 2, ---, lim f((z)) does not exist. 


2 
Let the sequence {2z?} be so constructed of elements of the sequences {x} that 
lim g°(x?) = © and, with [z' = zj and 2” = zj], fori = 1, 2, --- , lim f({z]) fails 
i 


? 

to exist. Now the sequences S' and ©’ associated with {z}} and {2;}, respec- 
tively, belong to Rj and Sj, respectively, so that their union, S, belongs to &. 
But {f(z:m)} ¢& URC. 

That f « B is equivalent to the condition that {f(z:m)} « B for each Se R2. 
This is clear. 

? That the definitions about to be given are equivalent for each fixed functional g” 
(v = 1, 2, --- , l) satisfying the conditions imposed above will be obvious. 

3 The notation ¢’ means “‘is not an element of.” 
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Now, given any &, for the matrix of numbers || f;(x:m) || NS* the sequence 
{|F(a:m)} be of a particular one of the classes, say V, whenever {s,} is of a 
particular one, say U, are provided by Hi... [Take a,x. = f,(x:m).] Hence, 
in view of the above established equivalences, for || f, || NS F « V whenever 
{s,} « U is that the set of conditions for the corresponding sequence class-to- 
sequence class transformation given in H,,2 apply to || f,(z:m) || for each S e R; 
in case boundedness is not explicitly demanded in V, and apply to || f,(x:m) || 
for each © e R. in case V = B. Examination of the theorems in Hj,» reveals 
that each of the conditions listed on pp. 35-37 of Hi is one of some set of con- 
ditions’ NS U — V, where V does not explicitly involve boundedness, and 
that the conditions (c;) and (cz) alone appear in sets of NS U — B, for each 
U and V of the 16 classes of sequences. The next section, then, will be devoted 
to simplification of the conditions that each of the conditions on pp. 35-37 of 
H, 2, separately, hold for || f.(x:m) || for each S € &; , and that (c;) and (es), 
separately, hold for || f,(x:m) || for each S € Re. 


4. Reduction of conditions. A condition on || f; || which is equivalent to the 
application of any particular condition from the set on pp. 35-37 of H;.2 to 
|| fx(a:m) || for each S € &; will be labeled by the capital of the letter labeling 
the condition in H;.. The conditions which are equivalent to the application 
of conditions (c;) and (cz) of Hy.» to || fx(x:m) || for each S € Kz will be labeled 
(C,) and (Cs), respectively. The conditions are listed first, and justifications 
will follow. 

E conditions. 


(Ai) D | fla) | < @ (all z). 
k=1 
(As) Let «x, \ be any two single elements of k, and k* those remaining. Then 
fx(z) = Ofor x > C,(x) (k = 1, 2, --- ;alla;« = 1,2,---). 
UB conditions. 


co) 


(B,) »» \fx(a) | < A for g(x) > B. 
(B,) Let x, \ be any two single elements of k, and k’ those remaining. Then 
fr(z) = O for g(x), > C, (kh = 1,2, --- ;xe = 1,2,---). 

Quasi-B conditions. 


D | f(x) | < @ (all x), 


k=1 


4 NS will abbreviate condition(s) necessary and sufficient that. Throughout the paper 
it will be demanded of every transformation that F e E. 

5 U — V [or U, W, --- — V] means each element of class U [or U + W + --- J be trans- 
formed into some element of class V. 

6 Quasi-B conditions, in contradistinction to B conditions (C;) and (C,) below. 
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(C)) > fi(x)| < A for g(x) > B, 
Dd |fe(x) | < A(z’) for g'(z') > B(2’) (all x’). 
k=1 
(Cs) Let «, \ be any two single elements of k, and k* those remaining. Then 
f(z) = Ofor > C,(z) (all x), | 
Si(x) = 0 for g(x), A > C,, Ty ae: eee ee Sere! 8 


f(x) = 0 for g'(z'), \ > C.(2’) (all x”) 


C conditions. 


(D,) 


(Ds) 


(Ds) 


(Ds) 


lim fi(x) = ay (k = 1, 2, ---). 
g(2z)--* 
lim > Sic(x) = Lys (k' = 1,2, ---) 


g(z)—2 k=] 


lim > fe(x) = J. 


g(z)-2 k=1 


ia bl . . . . 2 
Chere exist numbers a, such that, if « is any single element of k, and k 


those remaining, then 


(Ds) 


lim >> |f(x) — a, | =0 (« = 1,2, ---). 


g(z) 72 k=] 


There exist numbers a; such that 


lim > \fx(z) — a, | = 0. 


g(z) 72 k=1 


CN conditions. 


(D,) 
(Ds) 
(Ds) 
(D,) 
(Ds) 


(D,), with a, = 0 (kK = 1,2,---), 
(De), with Ly = 0 (ki = 1,2,---). 
(D3), with L = 0. 

(D,), with a, = 0 (kK = 1,2,---) 
(Ds), with a, = 0 (k = 1,2,---) 


URC conditions. 


(E,) 


(Ez) 


those 


lim fx(x) = a,(z") for g'(z') > D (k = 1,2, +--+). 


g?(z?) 


‘ 3 32 ° ° ° 
Let « be any single element of k*, and k” (which may in this case be null) 
remaining. Then 


4 


lim fi(z) = Lys(z') forg'(z') > E, (k? =1,2,--- 5« =1,2,---). 
1 


g2 (22) 0 kha 
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(E2) 


(Es) 


(Ef) There exist numbers a,(zx') such that, if « is any single element of k, and 


g2(z2) 0 


lim > f(z) = Iys(z') forg'(z') > E (k* 


g2 (22) ktm] 


lim 


k* those remaining, then 


(Es) There exist numbers a,(z') such that, if « is any single element of k, and 


lim 
g?(2?) «© kim] 


k* those remaining, then 


lim 
g2(22) 0 k4=1 


ca 


> fila) = L(2') for g'(2') > F. 


(Es) There exist numbers a;,(z’) such that 


lim 
g2(z2) 00 k=1 


URCRN conditions. 
(E,), with a,(z') = 0 for g'(2') > D 


(E,) 
(Ez) 
(F:) 
(Es) 


(E%) 


(E,) 
(Es) 


RC conditions. 


(Fi) 


(F2) 


(Fs) 


(Ez), with L,s(z") 


(Ez), with Lys(z') 
(E;), with L(z’) 
(Ef), with a,(z') 


(E,), with a,(z’) 
(Es), with a,(z') 


= 0 for g'(z') > E, 
(k* = 1, 2,.-- 


0 for g'(z') > E 
0 for g'(z') > F. 
0 for g'(z') > G, 


(k* - 1, 2, » 


0 for g'(z') > G 
0 for g'(z') > A 


lim f,(z) = a,(2') for all 2’ 


g? (22) 2 


lim >> fy(x) = Lys(2') for all 2’ 


g2(z2) 00 kfm 


lim > fila) = L(z') for all z’. 


g2(z2) + k=1 


I 
a 
. 
to 
s 


DX |fe(x) — ax(z') | = 0 for g'(z') > G, (« = 1,2, ---). 


D |fel(z) — a,(z')| = Oforg'(z') >G@ («x =1,2,---). 


DX | fe(x) — ax(z")| = 0 for g'(z') > H. 


(k = 1,2,--. 


;« =1,2,---). 


(* = 1,2,. 
;« = 1,2, 
(k = 1, 2, 
(k = 1, 2,- 
(k = 1, 2, 
(k* = 1,2, -- 
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(F,) There exist numbers a;(z') such that, if x is any single element of k, and 
k* those remaining, then 


lim 20 [fi(x) — ax(z')| = Oforallz’ (« = 1,2, ---). 
g? (22) kia] 
(F;) There exist numbers a,(z') such that 
lim > \fx(x) — a,(z') | = 0 for all 2’. 


g? (22) k=l 


RCRN conditions. 


(F)) (F;), with a,(z') = 0 for all 2’ (k = 1,2,.--) 

(F2) (Fz), with Lys(z') = 0 for all z' (k’ = 1,2,...) 

(F;) (F;), with L(z') = 0 for all 2’. 

(F.) (F,), with a,(z') = 0 for all z' (k = 1,2,---). 

(Fs) (Fs), with a,(z') = 0 for all 2’ (k = 1,2,---). 
B conditions. 

(C,) } \fi(z)| <A (all zx). 


(C.) Let x, \ be any two single elements of k, and k* those remaining. Then 
f(x) = Oforr» > C, (* = 1,2,.-- ;allz;« = 1,2,---). 


That each of these conditions implies the corresponding condition in H,» 
[with any = fe(aim)] for each S eR, , uw having its proper value, is obvious, 
excepting perhaps (C,) and (C2). Proofs of the fact for these two follow. 

Tueorem. [f || f; |, satisfies (C,), then || f.(a:m) || satisfies (c;) for each S € R; . 

Proof. Let Se. Define B(R) = 1 + max [R, B(x*:m’)] over g°(x*:m’) < 
R for all possible dimensions and positions of x” with respect to 2; B; = B(B;-1) 


for i = 2, 3,--- ,l; B, = B; A = max A(z2*:m’) over g*(x*:m’) < B,; for all 
possible dimensions and positions of z* with respect to z; A = 1 + max > | fe 
(x:m) | over g(z:m) S B,. Let now z:m be an arbitrary element of Se. If 
g(x:m) > B, then > Si(aim)| < A. If g(x:m) S B,, then » | fx(x:m) | 


< A. Inthe remaining case, there exist an i (2 S 7 S 1) and conjugate subsets 
hoot io . 2 
z':m' and x°:m’* of x:m for which g'(z':m') > B,; and g*(z*:m’) < B;.. Hence 


» | faim) | < A. 


Tueorem. If | f; || satisfies (C2), then || f.(x:m) || satisfies (c2) for each S € R: . 
Proof. Let S« &,, fix upon particular positions for x, 4, and let the value 
of « be fixed. Define C,(R) = 1 + max [R, C,(2*:m’)] over g°(z":m’) < R for 
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all possible dimensions and positions of z° with respect to x; Cx C.(Cx,s-1) 
fori = 2, 3, bs Ca = C. Cy = max C,(2" :m°) over g°(x* 2m’) S Cya-1 for 
all possible usndions and positions of z* with respect to z; C, = max C,(x:m) 
over g(z:m) S Ca.» Let now x:m be an arbitrary element of © S. Ifg(x:m) > 
C,, then f,(z) = Oford > C, (kh = 1,2,---). Ifg(a:m) S Cx, then f(z) = 
Oford > C, (kh = 1,2, ---). Inthe remaining case, there exist an i (2 < i < 1) 
and conjugate subsets 2':m’ and 2°:m’ of x:m for which g'(a':m') > C,; and 
g°(x°:m*) S Cxi-1. Hence fi(xz:m) = Oford > C, (k” = 1, 2, --- ). 

Conversely, given any particular condition from pp. 35-37 of H;,2, its appli- 
cation to || @mz ||, Where dmx = f,(a:m), for each S ¢ &; implies the correspond- 
ing condition on || f; || from the present set [excluding (C,) and (C2)]; and the 
application of (c:) [or (¢2)] from Hy» to || fi(x:m) || for each S € KR, implies 
(C,) [or (C2), respectively]. Certain typical proofs will now be given. 

Tueorem. [If || fi(x:m) || satisfies (a,) for each S € R1, then || fi, || satisfies (A:). 

Proof. Each z is an element of some © ¢ &; . 

TueoreM. [If || f.(x:m) || satisfies (bi) for each S € KR, then || fi || satisfies 
(B,). 

Proof. By denial of the conclusion, there exists a sequence {z;} for which 


lA f 


lim g(z;) = © and >> | f(x) } is unbounded. The associated S belongs to 
; k= 


R, , but || f.(x:m) || does not satisfy (b;). 
TueoreM. [If || fx(x:m) || satisfies (c:) for each S € R; , then || fy || satisfies (C). 
Proof. It suffices to treat the third part only. By denial of the conclusion 
for this part, there exist y* and a sequence {2{} for which lim g'(z}) = @ and, 


with (z' = x; and 2” = y’), the sequence iz | f((x)) , is unbounded. Now the 
k=1 


sequence S' associated with {xj} belongs to &{, and y’ is an element of some 
Se Ri. Hence Se R;, but || f,(x:m) || does not satisfy (ce). 

TuEeoreM. [f || fi(x:m) || satisfies (di) for each Se R,, then || fi, || satisfies 
(D)). 

Proof. By denial of the conclusion, there exist k and a sequence {xi} for 
which lim g(zi) = © and lim f,(z;) does not exist. The associated S belongs 





to R; , but || f,(x:m) || does not satisfy (d,). 

TuHeoreM. [f || fi(x:m) || satisfies (dy) for each Se R,, then || f, || satisfies 
(D,). 

Proof. Let SeSR;. Then there exist numbers a;,(S) such that 


2 


lim » | fx(x:m) — a,(S)| = 0 (« = 1,2, ---). 


m0 kia 
By denial of the conclusion of the theorem, then, for some z and {;} for which 
lim g(%;) = »~, with (x = 7), it is not true that 


wo 


lim z | fay (Zs) — aa)(S)| = 
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Let |x,} be the sequence with which © is associated, and |2,;} the sequence ob- 
tained by alternating the elements of {z;} and {%;}. The associated S belongs 
to R; , but || f,(%;2m) || does not satisfy (dy). 
Tueorem. If || f,(x:m) |! satisfies (e:) for each S € R; , then || fi || satisfies (Fy). 
Proof. By denial of the conclusion, there exist sequences tei} and {k,;} and 


a set of sequences {25} for which lim g'(z!) = * and lim g*(;r7) = © (¢ = 
1 | 
1,2, --- ), such that, with (2' = z} and 2” = ja), for i = 1, 2, --- , lim f;,((z)) 


7 
does not exist. Let the sequence |2;} be so constructed of the elements of the 
sequences { az} that lim g*(x?) = % and, with [z' = z} and 2° = zi], fori = 
2 

, i fx,({z]) fails to exist. Now the sequences S' and &* associated 
with {2!} pay {aj *}, respectively, belong to Ri and Rj, respectively, so that S be- 
longs to R,. But || f,(a:m) || does not satisfy (e;). 

Turorem. If || f,(x:m) || satisfies (ef) for each Se Rs, then || fy || satisfies 

1* 
(Et). | 

Proof. Part I. Let S eR). Then there exist numbers a,(x'; S*) such 
that, with (2° = x°:m’), 


lim ¥ | Alle) — axle! S| = 0 


m2—-2 kia 
y/ _ Ld . 
for g'(z') > G. (« = 1, 2,---). For otherwise there exist and a sequence 
ta}! for which lim g'(z}) = « such that, with [z' = z} and z* = 2°:m’] and 
' 
(x = m), there exist, fori = 1, 2, --- , no numbers aq(zx}; S°) for which 


lim 2 \fu([zl) — auy(zi; S*)| = 0, 


so that, if S' is associated with {x}} and hence belongs to 8}, || fx(x:m) || does 
not satisfy (ef). 

Part il. By denial of the conclusion of the theorem, there exist p and a 
sequence {2} and a set of sequences {,#;} for which lim g'(x!) = @ and ". 


g’(#;) = «© (i = 1, 2, ---) such that, with (2' = #; wad r= i?) and (x = a. 
fori = 1,2,.---, z is not true that 
lim 2 |fur((z)) — aw(4t; S)| = 0. 
i ket 
Let the sequence {27} be so constructed of the elements of the sequences {27} 
that lim g°(#?) = « and, with [z' = #} and 2” = #'], for i = 1,2, ---, it is not 
? 


true that 


[= Ps fo ([z]l) - Quy (Fi; S )| =0. 
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Let {z;} be the sequence with which ©’ is associated, and {25} the sequence 
obtained by alternating the elements of {2;} and {25}. The associated S 
belongs to Rj, but does not satisfy the conclusion of Part I. 
Tueorem. [f || f,(x:m) || satisfies (c,) for each S € Rs , then || fy || satisfies (Cy). 
Proof. By denial of the conclusion, there exists a sequence {2z;} for which 


iz | f(r) } is unbounded. The associated S belongs to R2, but || fx(x:m) || 
k=1 


does not satisfy (¢;). 
Tueorem. If || f.(x:m) || satisfies (ce) for each S € Rs , then || fi || satisfies (C2). 
Proof. By denial of the conclusion, for some and sequences {ki}, {2,}, 
and {A;} with lim A; = ©, with (xk = 7, = \;, andk’ = ki), fori = 1, 2, --- , 


fu(xi) ~ 0. The associated S belongs to R., but || fi(a:m) || does not 
satisfy (ce). 


5. Tabulation of results. In view of the remarks in the last paragraph of §3, 
NS U — V ean be derived immediately from H, 2 for each U’ of the 16 classes of 
sequences named in H, , and each V of the 21 classes of functionals named here,’ 
in the following way. If V does not explicitly involve boundedness, the condi- 
tions are simply those labeled by the capitals of the letters labeling the conditions 
for the corresponding sequence class-to-sequence class transformation treated 
in Hi2. If V = B, the conditions are either (C,) or (C,) and (C2), according 
as (¢:) or (¢;) and (ce), respectively, are necessary and sufficient for the cor- 
responding transformation to bounded sequences. If V # B but explicitly 
involves boundedness, the conditions are those for the transformation for the 
corresponding V which does not involve boundedness, plus the conditions for 
V = B. 

Since the results for the various transformations were not explicitly stated 
in H,», and since the present results are of large generality, the condensed 
tabulation which follows seems warranted. 

E transformations. 

1. NS (B, BC, BCN, BURC, BURCN, BURCRN, RC, RCN, RCURN, 
RCRN) — E is (A)). 

2. NS (UB, C, CN, URC, URCN, URCRN) — E are (A;) and (Az). 

UB transformations. 

3. NS (B, BC, BCN, BURC, BURCN, BURCRN, RC, RCN, RCURN, 
RCRN) — UB are (A;) and (B,). 

4. NS (UB, C, CN, URC, URCN, URCRN) — UB are (A)), (Ag), (Bi), and 
(Bz). 

C transformations. 

5. NS RCRN — C are (A;), (B:), and (D,). 

6. NS (RCN, RCURN) — C are (A;), (B:), (D1), and (Dz). 

7. NS RC — C are (A,), (B:), (D,), (D2), and (Ds). 


7 That is, with existence of F(x) for each z demanded. 
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8. NS (BCN, BURCN, BURCRN) — C are (A,), (B,), and (D,). 

9. NS (BC, BURC) — C are (A), (B:), (Ds), and (D,). 

10. NS B — C are (A,), (B;), and (Ds). 

11. NS (CN, URCN, URCRN) — C are (Aj), (Az), (B:), (Be), and (D,). 

12. NS (C, URC) — C are (A)), (Ag), (B:), (Bz), (D1), and (Ds). 

13. NS UB — C are (A,), (Ag), (B:), (Bz), and (Ds). 

For CN transformations, replace in the above set each C condition by the 
corresponding CN condition. (Here, in altering 10 and 13, (B,) can be omitted.) 

URC transformations. 

14. NS RCRN — URC are (A,), (B;), (D,), and (E;). 

15. NS RCURN — URC are (A,), (B:), (D;), (D2), (E:), and (E2). 

16. NS RCN — URC are (A;), (B:), (D1), (De), (Ei), and (Ee). 

17. NS RC — URC are (A,), (B:), (D,), (De), (Ds), (E1), (Ee), and (3). 

18. NS BURCRN — URC are (A,), (B:), (D,), (E:), and (Ef). 

19. NS BURCN — URC are (A,), (B:), (Ds), (E:), (Es), and (E}). 

20. NS BURC — URC are (A,), (B:), (Ds), (Ds), (E:), (E2), (Es), and (E%). 

21. NS BCN — URC are (A,), (B:), (Ds), and (Ey). 

22. NS BC — URC are (A,), (B:), (Ds), (Ds), (Es), and (E,). 

23. NS B — URC are (A)), (B:), (Ds), and (Es). 

24. NS URCRN — URC are (A,), (Az), (B:), (Be), (D1), and (EF). 

25. NS URCN — URC are (A)), (Ag), (Bi), (Bz), (D1), (E:), and (Ee). 

26. NS URC — URC are (Aj), (Ag), (B:), (Be), (D1), (Ds), (E:), (Ez), and (Es). 

27. NS CN — URC are (A,), (Ae), (B:), (Be), (D1), and (E,). 

28. NS C — URC are (A)), (Ae), (Bi), (Be), (D1), (Ds), (Es), and (E,). 

29. NS UB — URC are (A,), (Ae), (B:), (Be), (Ds), and (Es). 

For URCN transformations, replace in the above set each C condition by the 
corresponding CN condition. (Here, in altering 23 and 29, (B) can be omitted.) 
For URCRN transformations, replace in the above set each URC condition by 
the corresponding URCRN condition. (Here, in altering 18, 19, and 20, (E?) 
can be left unchanged; and in altering 23 and 29, (B,) can be omitted.) 

RC transformations. 

Since (C,) D (A;) and (C2) > (Ag), (Ai) and (Ag) are omitted. 

30. NS RCRN — RC are (C)), (D,), and (F)). 

31. NS (RCN, RCURN) — RC are (C,), (D,), (De), (F:), and (F»). 

32. NS RC — RC are (C,), (D,), (Dz), (Ds), (Fi), (F2), and (Fs). 

33. NS (BCN, BURCN, BURCRN) — RC are (C,), (Ds), and (F,). 

34. NS (BC, BURC) — RC are (C;,), (Ds), (D,), (Fs), and (F,). 

35. NS B — RC are (C,), (Ds), and (F5). 

36. NS (CN, URCN, URCRN) — RC are (C,), (Cz), (D:), and (F;). 

37. NS (C, URC) — RC are (C,), (C2), (D,), (Ds), (F1), and (Fs). 

38. NS UB — RC are (C,), (C2), (Ds), and (F's). 

For RCN transformations, replace in the above set each C condition by the 
corresponding CN condition. For RCRN transformations, replace in the above 














GENERALIZATION OF MULTIPLE SEQUENCE TRANSFORMATIONS 355 


set each RC condition by the corresponding RCRN condition. (Here, in 
altering 38, (C;) can be replaced by (A;).) 
RCURN transformations. (See remark at head of preceding list.) 
39. NS RCRN — RCURN are (C,), (D,), (Ey), and (F;). 
40. NS RCURN — RCURN are (C;), (D,), (Dz), (E:), (Ez), (F:), and (F:). 
41. NS RCN — RCURN are (C,), (D,), (D2), (Ei), (Es), (F:), and (F2). 
42. NS RC — RCURN are (C;), (D1), (Dz), (Ds), (F:), (E2), (Es), (Fi), (F2), 


and (F3). 

43. NS (BCN, BURCN, BURCRN) — RCURN are (C,), (D,), (E,), and 
(Fx). 

44. NS (BC, BURC) — RCURN are (C,), (Ds), (D,), (E,), (Es), (Fs), and 
(F,). 


45. NS B > RCURN are (C,), (Ds), (E;), and (F5). 

46. NS(CN, URCN, URCRN) — RCURN are (C,), (C2), (D,), (E,), and (F)). 

47. NS (C, URC) — RCURN are (C,), (C2), (D,), (Ds), (E:), (Es), (F)), and 
(Fs). 

48. NS UB — RCURN are (C;), (C2), (Ds), (E,), and (F5). 

B transformations. 

Since (C,) D (A,) and (C,) D (Ag), (A;) and (Ag) are omitted. 

49. NS (B, BC, BCN, BURC, BURCN, BURCRN, RC, RCN, RCURN, 
RCRN) — B is (C)). 

50. NS (UB, C, CN, URC, URCN, URCRN) — B are (C,) and (C,). 

It is now possible to obtain NS U — V for each U of the 16 classes of sequences 
and each V of the set of classes BC, BCN, BURC, BURCN, BURCRN, BRC, 
BRCN, BRCURN, and BRCRN. To do this, simply add to the set of condi- 
tions for the corresponding transformation which does not involve bounded- 
ness, the condition or conditions from 49 or 50, as the nature of U requires. 

Since (Ci) > (Ci) > (Bx), (C2) D (C2) D (Be), (C1) D (Ad), and (C2) D (Ad), 
this process reduces merely to replacing, whenever they occur, (A;) and (B;) 
together, or (C,), by (C,); and (Ag) and (Be) together, or (C2), by (C2). Certain 
of the resulting sets of conditions can be somewhat condensed. Thus (pp. 55- 
57 of H,.2): 

NS (CN, URCN, URCRN) — BURC are (C;), (G2), (D,), and (E). 

NS (C, URC) — BURC are (C,), (C2), (Dx), (Ds), (Ex), and (Es). 

NS (CN, URCN, URCRN) — BURCN are (C,), (C2), (D,), and (E;). 

NS (C, URC) — BURCN are (G,), (C2), (D,), (Ds), (E,), and (Es). 

NS (CN, URCN, URCRN) — BURCRN are (C,), (C2), (D,), and (F,). 

NS (C, URC) — BURCRN are (C,), (G2), (D,), (Ds), (E,), and (E;). 

The forms of the principal limits and of the row limits in all cases in which 
these exist can be read out of Hy,» (e.g., p. 47, (7.1), ete.), if r’ is therein replaced 
by z' wherever r' appears, and functional, rather than subscript, notation is 
used. (Thus, replace a,1, by a,(z’).) This conclusion can be reached through 
the following considerations. If F(z) is c, lett Ge R;. Then o = lim F(zx:m). 


mo 
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And if z' is such that lim F(z) exists, let S* « Rj and let 2’ = z':r' for some 


g? (2?) +20 


S'e Ri andsomer’. Then Se &,, and, with (m' =r’), o(z') = lim f(x: (m)) = 
m2—»00 


o,: for this S. 


6. Regularity conditions. Whenever conditions on || f, || NS U — V, 
where U and V involve convergence, are such that ¢ = s, this transformation 
will be called regular. Regularity conditions have been obtained above, inci- 
dentally, for each LU’ which involves null convergence. The classes of type U’ 
to be yet considered are, then, RC, BURC, BC, URC, and C; those of class V 
are C, URC, RC, BC, BURC, and BRC. There have been derived above the 
30 sets of conditions: 


(1) NSRC—C, NS BURC —C, --- ; 
NS RC — URC, NS BURC — URC, --- ; ete. 


A condition necessary for regularity is that the limit be preserved for null se- 
quences. Hence to the conditions (1) must be added, respectively, NS RCN — 
CN, NS BURCN — CN, --- ; NS RCN — URCN, --- ; ete. 

Now by definition (D,;) > (D,), (D2) > (D2), and (D,) > (D,). Examina- 
tion of the relevant conditions now shows that” NS RC — C reg null, NS BURC 
— C reg null, --- ; NS RC — URC reg null, --- ; ete., are simply the sets of 
conditions (1), respectively, with (D,), (De), and (D,), whenever they occur, 
replaced by (D,), (D2), and (D,), respectively. Under the so-revised sets of 
conditions, the form of the principal limit of F(x) is seen in each case to be 
o = L-s. Hence, finally, if there is introduced the 

Regularity condition. 


(DS) lim > f(x) = 1, 

g(z)—-2 k=1 
then’ NS RC — C reg, NS BURC — C reg, --- ; NS RC — URC reg, -- - ; etc., 
are the sets of conditions (1), respectively, with (D,), (Dz), (D;), and (D,), 
whenever they occur, replaced by (D,), (De), (D3), and (D,), respectively. 


7. Applications. It will have been noticed that the sets €” and the set- 
sequences {@)”} for which the theorems of this paper hold are very general. 
Upon the nature of these things, and upon them alone, depend the definitions 
of the various classes of functionals, UB, C, ete., and the conclusions expressed 
by the several theorems. Various specializations suggest themselves in obvious 
ways, among them, that, for y = 1, 2,---,1, €” be the points of a metric 


space and g”’ a distance function defined with respect to some fixed point. 


8 Reg null means with preservation of the limit for null sequences. 
» Reg means regularly, that is, so that the transformation be regular. 
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However, a set G”’ = €°*” (vy = 1, 2, --- ,l — 1) for which metric ideas are 
non-essential (see the end of §2) reduces the present definitions and theorems 
to those of H, 2 ; and applications to Euclidean spaces will be sufficiently sug- 
gestive of general metric applications. Definitions of €”’, &{”’, and g”’ appro- 
priate to a few typical applications will now be given. 

I. Transformations from sequence to sequence. Such definitions have already 
been made at the end of §2. Attention may be called to the facts that under 
this specialization (C,) and (C2) reduce to (C;) and (C2), respectively; and BRC, 
BRCN, BRCURN, and BRCRN identify themselves, respectively, with RC, 
RCN, RCURN, and RCRN. 

II. Transformations from sequence to function over a Euclidean space. Here, 
fory = 1,2, --- ,l, ©” can be taken to be the points of a Euclidean space of q, 
dimensions, &{” the subsets for which | 2” | = j — 1 (j = 1, 2,---), and 
g(a”) = 2” for each x. 

What perhaps seems to be the most direct extension of the sequence-to- 
sequence transformation is provided by the following specialization. Let, for 
v = 1, 2,---,l, ©” be the set of non-negative real numbers, &{” the subsets 
for which e” =>j — 1(j = 1,2, --- ), andg”(z2”) = 2” for each x. 

If it is desired to treat of the behavior of F(x) at a point P of some Euclidean 
space, a situation of somewhat the following sort is suggested. Let, for » = 
1, 2,--- , 1, ©” be the points of a Euclidean space of q, dimensions, excluding 
some one point, x)”; &{” the subsets for which | x’ — 24” | < 1/j (j = 2,3, ---); 
and g(x”) = 1/| 2” — 2” |. 

Since the sets €”’ are mutually independent, the number of specializations 
which might be of interest is large. 

Finally, consider in detail a very particular specialization for two transforma- 

oe 
tions. Let it be required to state NS F(t) = » fi;(t)s;; exist for each ¢ in 
iim 
(0, ©) and converge, as ¢ tends to infinity, to lim s;; , whenever this limit exists, 
i,j 
(i) provided that {s,;} is bounded and (ii) in general. The transformations 
involved are (i) BC — C reg and (ii) C > C reg. Here 1 = 1, &" is the set 
of non-negative real numbers x = t, &{” can be taken to be the sets for which 
t=>j—1(j = 1,2,--- ), and g (2) can be defined to be equal to ¢ for each t. 
Hence the relevant theorems become: 
(i) NS BC — C reg are: 


(Ai) = \fult)| < @ (0st < @); 
(B,) X [flO | < A fort > B; 
(Dt) lim 3 fult) = 1; 
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lim > |f,(t)| = 


; = 0 
(D,) pir 
lim D> | fa(t) | = 0 
(ii) NSC — C reg are: 
(A) X iful)| < « 
a fut) = 0 for i > C,(2) < 
: fult) = 0 forj > CL) < 
(B,) - |ful)| < A fort > B; 
7 Sa(t) = Ofort,i > C; 
” fut) = Ofor t, j > Ci 
(D,) lim fu(t) = 0 
(D3) lim x f(t) = 1. 


Pomona COLLEGE, 





(j= 1, 2, +++), 


(¢ = 1,2, --+). 


(0<t< ~); 


t< ;j=1,2,---), 
t< o;7=1,2,---); 


1, 2, wits )s 


(i,j - 1, 2, sia ); 
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oo 
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SUMS OF n-TH POWERS IN FIELDS OF PRIME CHARACTERISTIC 
By Lronarp TORNHEIM 


A consequence of Waring’s theorem on the representation of integers as sums 
of n-th powers is that every positive rational number is expressible as a finite 
number of n-th powers, the number required being less than a constant de- 
pending upon n. In the present paper we obtain similar theorems for fields 
of prime characteristic. The results tell which quantities are expressible as 
sums of n-th powers and how many n-th powers are needed. 

Let F be a field of characteristic p, G the multiplicative group of non-zero 
elements, H the subgroup of all n-th powers, L the set of all elements expressible 
as sums of n-th powers, and K the set of all non-zero elements of L. We first 
prove 

Lemma l. The set L is a field. 

Evidently L is closed under addition and multiplication. If z = > x; ~ 0, 
then —t = 2+.---+ 2 = (p — 1)z and 1/z = [(1/z)"Jx"".  ThusL isa 
subfield of F and K is a subgroup of G containing H. 

An example of a field for which K = G is the finite field of four elements and 
n = 3. Here K has only the element 1. 

TueoreM 1. Let F be a finite field. Every quantity in F which is expressible 
as a sum of n-th powers is a sum of n n-th powers. 

Let K, be the set of all non-zero elements that are sums of r n-th powers; 
e.g., H = K,. There exists a first subscript ¢ for which Ky = K, Kin < K. 

t 


Let « = 2) 2} be in K,, but not in Ki... Then 2’ = > x} is in Ky. but 
not in K ey otherwise x = x’ + 2? would be in K;;. ie Kin < Kin. 
The argument is repeated for each x“ = > xz; (s = 2,---,t — 1) to prove 
that Ki < Ke <--- < Ke. x. 


If an element y = >. y? is in K,, the coset determined by y is in K, , since 
i=1 


every element of the coset has the form z"y = >. (zy,)”. It follows that 


t=1 
each K,, containing an element not in K,_,, contains a coset not in K,.. 
Hence ¢ S d, where d is the index of H in K. Since K = K,, every element 
expressible as a sum of n-th powers is a sum of t S d n-th powers. 
It remains to prove that d < n. Denote the index of H in G by m; then 
d <= m,sinceK <G. The index m is equal to the number of distinct quantities 
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of G whose n-th powers are equal, for example, to 1. If z is such a quantity, 
x" — 1 = 0. The number of such quantities is equal to the number of roots 
of this equation of degree n. Hence n 2 m 2 d. 

The prime field P of a field F is the field generated by the unity element 1. 
When F has characteristic p, P consists of 0,1, --- ,p — 1. 

TuHeoreM 2. Every quantity in an arbitrary field F of characteristic p > n 
is a sum of n(n + 1) n-th powers. 

Consider the system 


@+y matt (T)a rt ge (ry =1,---,n— 1) 


n—2 


. . . —] 
as a set of n — 1 linear equations in the n — 1 unknowns a", a"~, ---,a. 


The determinant of the coefficients is D = (") (3) ee (, “2 1)’, where 


1 17 ow >" | 
D’ 2 9° ike et 


~ 


a-1 (n—1)* .-- (ne —1)"" 

and D’ and the binomial coefficients are, except for sign, products and quotients 
of non-zero integers less than or equal ton < p. Thus D is in the prime field 
P and D # 0. Applying Cramer’s method to solve the linear system for a, 
we get a = D,/D, where D, is a linear homogeneous polynomial in the n + 1 
quantities a", 1", (a + r)" (r = 1, --- ,m — 1) with coefficients in P. Now 
each quantity in P is, by Theorem 1, a sum of at most n n-th powers. Hence a 
is a sum of n(n + 1) n-th powers. 

The argument used for Theorem 2 can be modified to give a proof of 

THEOREM 3. Every quantity in an arbitrary field of infinite characteristic is a 
sum of n-th powers for n odd and also, if —1 ts a sum of n-th powers, for n even. 
The number required is at most g,U,(n + 1), where g, is the number of n-th powers 
needed to express any positive integer (the Waring constant) and u, is the number 
of n-th powers in the expression of —1. 

We next prove 

Tueorem 4. Let n = p’ — 1. Every element in an arbitrary field F of char- 
acteristic p with more than n + 1 elements is a sum of n-th powers. 

The quantity w = a” — (a + 1)", where a is an arbitrary quantity of F, 
isinL. Ifw #0,a = (a" —1)/w—1lisinL. Ifw =0,thena = 1/(y — 1), 
where y # 1 is a root of x" = 1. Hence there are at most n — 1 quantities 
in G that are not in K. 

If F is finite, K has p° — 1 elements and G has p“ — 1. By the preceding 
paragraph, (p® — 1) — (p’ — 1) Sn-—1=p —2,orp” Ss p' +p -2. 
If f < e, then p“ < 2p',c = lhandK =G. Iff > e, then p* < 2p’ — 2, 
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ce < f, pp <= p’ =n+ 1. But F has more than n + 1 elements. Conse- 
quently the theorem is true for F finite. 

If F is infinite, then K is infinite, the elements not in K being at most n — 1 
in number. An element not in K determines a coset K’ of G/K consisting 
of elements not in K equal in number to those in K. Since there are only a 
finite number of quantities in G not in K, no such coset K’ exists. Hence 
K = G. 

Coro.uary 1. Every element in an infinite field of characteristic p is a sum 
of n-th powers tf p does not divide n. 

In the theorem take n; = p”™ — 1, where m = ¢(n), @ being the Euler ¢-func- 
tion. Then n divides n,. Every element, being a sum of n-th powers, is 
surely a sum of n-th powers. 

In a perfect field of characteristic p every element has a p-th root. 

CoroLuary 2. There is only a finite number of perfect fields of finite char- 
acteristic for which not every element is a sum of n-th powers. 

Let n = p‘q, where p is a prime not dividing g. Let m = p” — 1, where 
m = $(q); thus q divides n, and n, S n" — 1. If F, of characteristic p, has 
more than nm + 1 elements, every element of F is a sum of g-th powers, and 
since every element of F is a p-th power, every element is a sum of n-th powers. 
Hence every perfect field of characteristic p with more than n; + 1 elements 
is not an exceptional case, and consequently the same is true of any field of 
finite characteristic with more than n” elements. But there is only a finite 
number of fields with less than n” elements. 

When n is a prime, there is at most one exceptional field. 

TuHeoreM 5. If q is a prime, there is at most one perfect field of characteristic 
p for which not every element is a sum of q-th powers. Such a field exists if and 
only ifg=1+p' +p +--- +p". 

For p = q, every element is a g-th power. For p # q, by Corollary 1 we 
may restrict our attention to finite fields. 

For an exceptional case H is of prime index gin G. Since K # G, K = H. 
If the number of elements in G is p* — 1, then g must divide p’ — 1. The 
set L has p’ elements, f = e/k, k an integer; K has p’ — 1 elements. Thus 
a= Sp alte te +e te 

gs 
q would also equal a . Then p(p” + p*”* — 1) = p'(p™ + p* ” - 1), 
and since k > 1,s > 1, we have f = gands = k. 


th 
Conversely, if q = saat then the finite (Galois) field F = GF(p”) contains 


‘0! If another exception existed, 


L' = GF(p’). The non-zero quantities of F form a multiplicative cyclic group G 
containing as subgroup the set K’ of the non-zero quantities of L’. But H 
is a subgroup of G with index q in G since x‘ — 1 has the q distinct solutions 
1, 2’, 2”, --- , 2°", where r = p’ — 1 and zis a generator of G. Now H has 
the same order as K’ and, being subgroups of a cyclic group, they are iden- 
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tical, H = K’. Consequently the smallest field LZ containing H is L’, and 
K = K’ = i. 

By using Theorem 5, the finite fields for which all elements are not sums of 
q-th powers, q being a prime, can be determined. For g < 100 they are given 
below. 











q 3 5 7 13 17 31 73 
GF 2° 7 7 3° 2° 2°, 5° 2° 
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COMPACT ABELIAN TRANSFORMATION GROUPS 
By DEANE MONTGOMERY AND LEO ZIPPIN 


1. Introduction. A topological group G is said to be a transformation group 
of a space R if to each element g of G there is associated a homeomorphism g(F) 
taking R into itself in such a way that 

(1) the function g(x), g in G, zx in R, is continuous simultaneously in g and z; 

(2) if g = gige, then gilge(x)] = g(x) for all x in R. 

It follows from these conditions that to the identity element go of G must 
correspond the identity homeomorphism 


g(x) = 2x for all z in R. 


The set of elements g* such that 


g*(x) = 2 for allzin R 


will be a closed invariant subgroup G* and the factor group G = G/G* may be 
defined in a very natural way as a transformation group’ of R. This new trans- 
formation group is such that if g is not the identity, there is some point x for 
which g(x) * x. A transformation group with this property we shall call an 
effective transformation group. We have thus seen that with any transforma- 
tion group there is an associated effective transformation group very closely 
related to the original group. 

A theorem, which is special but which is certainly the most complete of the 
present paper, follows: 

An Abelian connected compact effective transformation group of Euclidean 3-space 
E is isomorphic to the rotation group of a circle. 

From an earlier paper of ours’ it follows that the codrdinates in E can be 
chosen so that G becomes the familiar axial rotation group. Our analysis of 
the non-commutative connected transformation groups of 3-space being incom- 
plete (we have disposed of the non-Abelian generalization of this theorem and 
will publish it shortly), we shall confine ourselves in this paper to a consideration 
of compact Abelian groups, and henceforth use the additive notation. When 
necessary, the group will be assumed to carry an invariant metric.” 

The first part of this paper is concerned with some general theorems, only in 


Received December 27, 1937. 

1If g > g, then g(x) = g(z). 

2 Periodic one-parameter groups in three-space, Transactions of Am. Math. Soc., vol. 
40(1936), p. 24. 

3 See D. van Dantzig, Zur topologischen Algebra, Math. Annalen, vol. 107(1933), espe- 
cially pp. 615-616. 
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part preparatory to our final theorem, where the space FR is understood to be a 
metric space and in some cases a Euclidean or locally Euclidean n-space. 


2. Preliminary lemmas. 

LemMaA 1. Let the group H be the image of the compact Abelian group G under 
a continuous homomorphism by means of which the component of zero in G goes 
into the zero of H. Then H must be zero-dimensional. 

If the component of zero in G is the kernel of the homomorphism, the lemma 
is known to be true. This, together with the fact that a factor group of a 
zero-dimensional group is zero-dimensional, is sufficient to complete the proof. 

LemMA 2. Let the connected group H be the image of G under a continuous 
homomorphism f. Then the component of zero in G goes into all of H. 

Let G* be the component of zero in G. The difference group H — f(G*) is 
connected. Now G can be mapped into H — f(G*) by a continuous homo- 
morphism under which G* goes into zero. Hence by Lemma 1, H — f(G*) is 
zero-dimensional. It must therefore be the identity group, and we conclude 
that f(G*) = H. 


Let G; (¢ = 1, --- ,m) be a finite collection of closed subgroups of a com- 
pact group G. Let G! be the smallest closed subgroup including the subgroups 
Gi, «++ ,Gia, Giur,---,G,. The original set of subgroups is said to be 


independent if no G} includes G; . 

Remark. We note that the smallest subgroup containing a certain set of 
subgroups goes by a homomorphism of the whole group into the smallest sub- 
group containing the images of the subgroups of the set. 

Lema 3. Let G,, --- ,G, be closed subgroups of a compact group G and let f 
be a continuous homomorphism taking G into F in such a way that f(G;), --- , f(@n) 
are independent in F. Then there is an e such that if h is a continuous homo- 
morphism of G into a group H and G" is in S(G’, e),° then h(G,), --- , h(G,) are 
independent. 

We assume that G has an invariant metric. Since f(G,), --- , f(@,) are inde- 
pendent, the groups G,, --- ,G, are independent. Let H,(G’) be the set of 
elements of G which are in some coset (with respect to G’) intersecting G . 
There is a positive number r such that every G; contains a point whose dis- 
tance from H,(G’) is at least r. Now if e = }r, then H,(G’) is in S[H,(G’), 37] 
and this choice will serve in the lemma. 

An interesting special case of the above may be obtained by letting f be the 
identity transformation. 

Lemma 4. If a toral group has at least n connected closed independent sub- 
groups, the group is at least n-dimensional. 

The proof is left for the reader, a toral group being, by definition, the direct 
product of a finite number of circle groups. 


* See, for example, van Kampen, Almost periodic functions and compact groups, Annals 


of Math., (2), vol. 37(1936), pp. 78-91. 
5 This denotes all elements of G whose distance from G/ is less than e. The sets G/ and 


G* are the kernels of the homomorphisms f and g. 
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Lemma 5. A compact connected group G is at least n-dimensional if and only 
if it contains n independent compact connected subgroups. 

The necessity will be shown first. Assume that G is a compact group which 
is at least n-dimensional. Then G contains a compact subgroup G* such that 
G — G* is a toral group containing at least n circular summands. These are 
independent subgroups of G — G*. Let f be the continuous homomorphism 
taking G into G — G*. For each i let F; = f-'(K,). By a previous remark 
the compact groups F; (¢ = 1, --- , n) areindependent inG. Let G; be the com- 
ponent of the identity of F;. Then by Lemma 2 the groups G; (i = 1, --- , n) 
are independent. 

We turn now to the sufficiency of the condition. Let G be a group and 
G; (¢ = 1, --- , mn) the set of independent compact connected subgroups. The 
group G contains a subgroup G* such that G — G* is toral. If G* is chosen 
sufficiently small, the groups G,, --- , G, go (by Lemma 3) into an independent 
set of connected subgroups of the torus. Hence the torus is at least n-dimen- 
sional and it follows that G must be at least n-dimensional. 


3. Points on orbits of dimension at least k. 

THEOREM 1. Let G be a connected compact transformation group of a metric 
space R. Let K be all points of R whose orbits are at least k-dimensional. Then 
K is an open set. 

Let p be any point of K and let G, for a variable point z in R denote the 
subgroup of G leaving the point z fixed. If a positive e is given, a d may be 
chosen so that, if d(p, x) < d, then G, C S(G,, ¢). Since G — G, is at least 
k-dimensional, it contains k independent connected subgroups and these must 
be the images of certain connected independent groups G,, --- ,G, in G. 
Hence for an e satisfying the conditions of Lemma 3 and for the corresponding d, 
we see that x is in K provided d(z, p) < d. 


4. Theorems on local connectedness. 

THEOREM 2. Let G be any compact group acting on a locally Euclidean n-space 
E. Let K be an (n — 1)-cell imbedded in E and let C be the component of G(K) 
containing K. Then the set H of elements h such that h(K) C C is an open and 
closed subgroup of G. 

The proof will be given for the case where E is Euclidean n-space. We 
verify first that H is a group. Suppose A,(K) C C and Ao(K) C C. Now 
h\(K) and K areinC. Therefore (he + h;)(K) and he(K) are in the same com- 
ponent of G(K), and this component is C. It follows that he + A; is in H. 
Furthermore, since h;(K) and K are in C, it is also true that K and —h,(K) 
are in the same component of G(K), and thus —j;;, is in H. 

H is closed because C is. We shall prove that H is open. Because H is a 
group, it will be sufficient to prove that the zero element of G is an inner point 
of H. Let K* be the boundary of K. Let U be a neighborhood of zero in G 
so small that U(K*) does not separate U(K) from infinity. Let a,b; be an are 
drawn from E — U(K) to U(K) — U(K*) so that its only point in U(K) is b; . 
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There is an element g such that g(b;) isin K. The are ab = 9(a,b,) is entirely 
in EF — U(K) except for its endpoint b, which is in K. Now for all sufficiently 
small g, K + ab and g(K) or K and g(K + ab) must intersect. This is im- 
possible unless K and g(K) intersect. It is clear that very little modification 
in the proof is needed to reach the same conclusion for locally Euclidean spaces. 

Coro.uary 1. Let G be any compact group acting on E and let K be an (n — 1)- 
cell imbedded in E. Then G(K) has a finite number of components. 

This is true because G — H is a finite group. 

TuHeoreM 3. Let G be any connected compact group acting on a locally Euclidean 
n-space E and let K be an (n — 1)-cell in E. Then G(K) has property’ S, and 
is therefore locally connected. 

Let G* be a small subgroup of G such that G — G* is a toral group. We may 
express K as the sum of a finite number of arbitrarily small (n — 1)-cells K; 
so that by the preceding corollary G*(K,) consists of a finite number of small 
components. Since G — G* may be divided into a finite number of small 
connected sets, the lemma follows. 

Coro.iary 2. If a connected compact group acts on a locally Euclidean n-space 
E, any (n — 1)-dimensional orbit is an (n — 1)-torus. 

This is true because any orbit is homomorphic to a compact group manifold 
and a connected locally connected compact (n — 1)-dimensional group is an 
(n — 1)-dimensional torus. 

TueoreM 4. If G is a zero-dimensional group acting on a connected locally 
Euclidean n-space E in such a way that every point has a finite orbit, there is an 
open and closed subgroup of G leaving every point of E fixed. 

Let Vi, Ve, V3, --- be a sequence of open and closed subgroups of G shrink- 
ing down to zero. Let £, be the set of all points of E which are fixed under 
every element of V,. By our hypothesis E = E, + FE, + .---. Since the 
E,,’s are closed, some one of them, say £; , must contain an inner point. Let O 
be an open subset of EZ, , and let g be any element of V;. The transformation 
g which operates on E is pointwise periodic and is therefore periodic.’ Since 
it leaves every point of O fixed, it leaves every point of the space fixed.* Because 
g is an arbitrary element of V;, the proof is complete. 


5. Non-existence of (n — 1)-dimensional orbits in n-space. For any point a 
the set G(a), which will sometimes be denoted by O,, is called the orbit of a. 

TueoremM 5. If a connected compact k-dimensional group G acts on Euclidean 
n-space E (n > 2), no orbit can be (n — 1)-dimensional. 


® A set is said to have property S if it can be expressed as the sum of a finite number 
of arbitrarily small closed and connected sets. See W. Sierpinski, Sur une condition pour 
qu'un continu soit une courbe jordanienne, Fundamenta Mathematicae, vol. 1(1920), pp. 
44-60. 

7D. Montgomery, Pointwise periodic homeomorphisms, American Journal of Mathe- 
matics, vol. 59(1937), p. 118. 

8M. H. A. Newman, A theorem on periodic transformations of spaces, Quarterly Journal 
of Mathematics, (2), vol. 2(1931), p. 1. 
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Assume that an (n — 1)-dimensional orbit O, exists. Let C be the compo- 
nent containing O, in the set of points on (m — 1)-dimensional orbits. By 
Theorem 1, C is an open set. Let G be the difference group of G which operates 
effectively on C. Then G can contain no infinite zero-dimensional subgroups G*. 
For the orbit G*(x), with x in C, can be regarded as a group which is a “sub- 
group” of the orbit G(x) regarded as a group. Since G(zx) is toral, G*(z) is 
finite for all x of C, and hence by Theorem 4 G* is finite. 

It is known that a group which contains no infinite zero-dimensional group 
is a finite toral group.” We therefore have a toral group H of finite dimension 
k acting on a locally Euclidean space C. 

Because O, is (n — 1)-dimensional there must be subgroup H* of H which 
leaves a fixed and whose dimension is k — (n — 1). Let H** be the component 
of the identity of H*. The group H** being a connected subgroup of a toral 
group is toral. Since the periodic elements of a toral group are everywhere 
dense, we may apply Newman’s theorem to conclude that every point of C is 
fixed under H**. Therefore we may define the action of the group H — H**, 
which will be denoted by 7’, on C. Thus we may consider the set C as being 
acted on by the (n — 1)-dimensional toral group 7’. Let T'* be the subgroup 
of T’ leaving any point x of C fixed. The group 7'* must be zero-dimensional 
and therefore finite. Hence, since it leaves every point of O, fixed, it must 
leave every point of C fixed. If any other element ¢ of 7" left any point of C 
fixed, it would also leave z fixed by the above argument. Hence any element 
not in 7"* moves every point of C. Now we define the action of T = T' — T'* 
on C in the customary manner and we have a toral group 7’ acting on C in 
such a way that every element of 7 moves every point of C. 

Let x and y be any two points of C such that y is outside O,. (O.,, being 
an (x — 1)-dimensional torus, divides £ into precisely two domains.) Let ry 
be an are joining x and y and let this are, except for the point z, be entirely 
outside O,. A deformation of O, into O, may be defined in the following way. 
Let t be any point of ry and let p be any point of O,. There is a unique g in T 
such that g(z) = p. The function f(p, t) = g(t) defines a deformation of O, 
into O,, this deformation taking place in C and outside O,. We see from 
this that O, includes O, . 

We wish to show next that C must include all of EZ outside O,. Suppose 
that this is not the case and let A be a point in the component of infinity of 
E—C. Let pbea point of O, and let B be a point on the “outside” boundary 
of C. Since C is open, the orbit O, must be less than (n — 1)-dimensional and 
hence can not separate E. There must exist an are pA joining p and A which, 
except for p, is outside O, and which does not touch O,. Let B,, Be, --- be 
a sequence of points outside O, in C approaching B. By the preceding para- 
graph the arc pA must intersect O,; for each 7. But since Og; approaches O, , 


® Pontrjagin, The theory of topological commutative groups, Annals of Mathematics, (2), 
vol. 35(1934), especially p. 386. 
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the are must also intersect O,. From this contradiction we conclude that C 
must include all points outside O, . 

We may now obtain a contradiction to our original assumption that O, is 
an (n — 1)-dimensional orbit. We wish to show first that some cycle inside 
O, does not bound inside O,. By the duality theorem there exists a cycle Z, 
in E — O, which does not bound in FE — O,. If Z; is inside O, , our task is 
accomplished. If Z, is outside O,, it links a cycle Z; in O,, and from our 
investigation of the way in which orbits may be deformed, we see that if y is a 
point of C inside O, , then Z. may be deformed inside O, to lie on O,. In any 
case, therefore, there is a cycle Z inside O, which does not bound inside O, . 
The cycle Z must link a cycle Z* in O,. From the way in which O, may be 
deformed it is clear that if y is any point outside O, , then Z* may be deformed 
outside O, to a position in O,. In this position Z* still links Z. Hence as ¥ 
approaches infinity, O, must always intersect a fixed finite set bounded by Z. 
This is impossible, and the contradiction completes the proof of the theorem. 


6. Zero-dimensional groups in two-dimensional manifolds. In this section 
we shall show that if a zero-dimensional group G acts effectively on a 2-dimen- 
sional manifold, then G must be finite. In view of previous remarks it is clear 
that the theorem might be stated as follows: if G is a zero-dimensional group 
acting on a connected 2-dimensional manifold and if G* is the subgroup of 
elements leaving every point of £ fixed, then G — G* is finite, or, what amounts 
to the same thing, G* is open. We sometimes use one formulation and some- 
times the other. 

Lemma 6. If a zero-dimensional group G acts effectively on a simple closed 
curve C, then G is finite. 

Let z be any point of C and y a point of C not in G(z). Let U(z) be an 
open are of C containing z and no point of G(y). We shall see that for every 
point z of U(z), U(z)-G(z) consists of at most two points. For suppose that 
2, , 22, and 2; are distinct points of some U(z)-G(z). Then one of these points, 
say z2, is separated from every point of G(y) by 2; and z;. Therefore any are 
zy’ of C joining z: to a point of G(y) meets z or 23. 

Now if the orbits of points in C are taken as points of an auxiliary space C*, 
there is an are in C* joining the point G(z) and the point G(y). Therefore, 
there is an are in C which joins z, to some point of G(y) and which has z, only in 
common with G(z). This contradiction shows that U(z)-G(z) contains at most 
two points. It follows at once by an application of the Heine-Borel theorem 
that in every G(z) there are at most 2N points, where N is the finite number 
of open sets U(z) covering C. We now apply Theorem 4.” 

TuHeoreM 6. If a zero-dimensional group G acts on a connected 2-dimensional 
locally Euclidean space E, then G must contain an open subgroup leaving all points 


of E fixed. 


” This is a special case of a theorem (known to us when the abstract of this paper was 
prepared) on ‘“‘continuous decompositions”’ of the line and circle into totally disconnected 
decomposition sets. See G. T. Whyburn, this Journal, vol. 3(1937), pp. 370-381. 
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Consider a domain D of E which is homomorphic to a plane and let D’ 
be the boundary of D. Let C’ be a simple closed curve in D and let C be the 
interior of C' (in D). Let x be any point in C. There exists an open and 
closed subgroup G* of G such that G*(z) is in C. Let K be a continuum in C 
containing G*(z). We may suppose G* so chosen that G*(C’) belongs to D 
and contains no point of K. 

The set G*(K) is a continuum having no point in common with G*(C’) and 
belonging entirely to C. The component of E — G*(C') containing G*(K) is 
invariant under G*. The boundary B' of this component is likewise invariant 
under G* and separates z from points of D'. The component of E — B' which 
contains D' is invariant under G*. The boundary B" of this component is 
invariant under G* and separates x from D’. 

We see now that B", a subset of G*(C'), is the common boundary of at least 
two domains. It is therefore a simple closed curve." By Lemma 6 some open 
and closed subgroup G** of G* leaves every point of B" fixed. It will now 
be shown that G** leaves any point z of £ fixed. 

There must exist an are azb such that a and b are on B" and the are azb 
separates that domain of E — B" in which it lies. In particular, in the closure 
of this domain it separates a pair of points c and d of B". By essentially the 
argument above G**(azb) contains an are which is invariant under G** and 
which joins a and b. The points a and b are fixed under G** and it follows 
that every point of the invariant arc is fixed under G**. We see that the 
invariant are coincides with azb and hence that z is a fixed point.” 


7. Connected groups in locally Euclidean 3-spaces. 

TueoreM 7. If G is a compact, connected, Abelian, effective transformation 
group of a 3-dimensional connected locally Euclidean space E, then G is toral. 

We begin with a brief outline of the method of proof. The group G must 
contain a one-parameter dense subgroup G’."’ Suppose that G is not toral 
and let G* be any closed infinite zero-dimensional subgroup." Now under the 
action of the one-parameter subgroup G’, £ is filled with a regular family of 
curves in the sense of H. Whitney.” Let p be any point of Z. We select an 
appropriate cross-section (Whitney, loc. cit.) at p of these orbits and show that 


1 R. L. Moore, Foundations of Point Set Theory, New York, 1932, p. 216. 

12 See footnote 10. 

13 We are not aware that this has ever been stated in the literature, although it must 
be fairly well known. It follows, for example, from the explicit ‘‘pseudo-basis’’ for a 
compact metric Abelian group given by J. W. Alexander, Annals of Mathematics, (2), 
vol. 35(1934), pp. 392 and 393. Thus the element b = z niBi, where the coefficients 7; 
form a countable set (whether it is finite or infinite depending on the dimension of the 
group) of rationally independent reals (mod 1), generates a subgroup of this sort. This 
follows essentially from the Kronecker theorem. That every compact metric Abelian 
group possesses such a pseudo-basis is not shown by Alexander but follows, of course, 
from the work of Pontrjagin. 

14 In Alexander’s formulation this is the group generated by the elements b; , be, --- . 

6 Regular families of curves, Annals of Mathematics, (2), vol. 34(1933), p. 244. 
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a subgroup G** of G* can be construed as a transformation group of the section. 
We verify Whitney’s statement” that the section is locally planar and by means 
of the dual réles of G** deduce the theorem. 

We now present the proof in detail. Let p be any point of E and let G* be 
as above. We wish to show that G*(p) is finite. If G*(p) is not finite, p is 
certainly moved by G* and hence by G’. There exists an interval J of G’, 
whose endpoints may be denoted by ¢’ and t” = —?t’ > 0, such that J(p) is an 
are p’pp”, p’ = U(p), p” = t’'(p). Whitney (loc. cit.) has shown that there 
exist a real-valued function (we shall call it W(x)) defined for all points z and a 
neighborhood S of the point p such that W(x) is continuous in S and increases 
throughout S as we move along orbits of G’ in the sense of increasing parameter. 
In particular, then 


W(p’) < W(p) < W(p"), 


since by diminishing J, if necessary, we may arrange that p’pp”’ is in S. 

It is easily seen that there exist mutually exclusive connected neighborhoods 
S(p’), S(p), S(p’"), of which the first and last may be supposed “spherical’’ 
and the second may be supposed invariant under an appropriate open subgroup 
G** of G*, such that 


(i) S(p’) + JiS(p)} + Sp") CS, 
(ii) t'{S(p)} C S(p’) and t’’{ S(p)| C S(p”), 
(iii) W(x) S$ W(p) ifr de 


The set J{S(p)} is open and connected and it is invariant under G**, since 
g{S(p)} (for any g of G) must be invariant under G**. 

Let W be the set of points of S(p) at which the function W(x) has the value 
W(p)." For any point z of S(p) a subare of G’{x} which belongs to S contains 
at most one and, if it includes J{z}, at least one point of W. Moreover (from 
the continuity of W(x) and from the preceding remark), the set J{W} is the 
topological product of the set W (regarded as a space) and the linear interval. 

Let g be an arbitrary element of G**, wa point of W. Then gjJ{w}} is the 
arc J {g{w}} and contains a unique point, which we shall designate by g[w], of W: 


glw] = W-g{Jiw}} = W-Jigiw}}. 


By the correspondence w — g[w], the elements of G** become single-valued 
transformations of W into itself. 

The transformation g{w] is continuous simultaneously in g and w. For, let 
gn > 9, Wn > w. With each ¢t of J the sequence g,{t{w,}} converges to the 
point g{t{w}}, which varies continuously with ¢. The totality of these points 
is precisely the set g{J{w}} and this is the sequential limiting set of the 


16 Whitney informs us that he is about to publish a proof. 
” This is, for the case in hand, the Whitney cross-section. 
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gn{J{w,}}. Now the points g,[w,] have at least one limit point in S(p); any 

such point must belong to g{J{w}} and the value of the function W(z) at this 

point must be W(p). There is just one point satisfying these conditions: g[w]. 
We now prove that if g = gi + ge (elements of G**), then 


glw] = gilgelw]], 


where these transformations of W are compounded as ordinarily. We observe 
that the arcs J{ge{w}} and J{g[w]} have in common the point g.[w]. There- 
fore the arcs g:{ J {g2{w}}} and gi{J{ge[w]} } have in common the point g;{g2[w]}. 
Their sum is therefore a connected set belonging to S, since this contains each 
arc, and to the orbit G’{w}. This sum can contain at most one point of W. 
On the other hand, each arc meets W in precisely one point so that they must 
each meet W in the same point, namely, g,[g2[w]]. But it is clear that the arc 
giiJ {ge{w}}} is identically the are g{J{w}}, and the proof is accomplished. 

It is obvious that the transformation of W induced by the identity element 
of G** is merely the identity: go[w] = w. Then it follows from the preceding 
section that to inverse elements of G** correspond inverse transformations of W 
and from this that all the transformations g[w] are auto-homeomorphisms of W, 
since these transformations have all been shown to be continuous as well as 
single-valued. By the simultaneously continuous association g[w] of points 
of W and elements of G**, the group G** has been made a transformation group 
on the “space” W. 

We shall now interrupt our argument to establish rapidly that a Whitney 
section is locally planar (in 3-space)." Essentially as in the foregoing dis- 
cussion (but discarding the group G*) let p be the point at which the section W 
is taken, S the neighborhood where the W-integral increases, J the appropriate 
set of parameter values t: t’ < ¢t < t’’ = —t' (> 0); S(p) a “solid” spherical 
neighborhood of p such that it, S’(p’) = t’{S(p)}, and S’(p”) = t”’{S(p)} 
are mutually exclusive. Now let W* be the component of W in S(p), con- 
taining p. 

Let L denote an are ab of W* which (as a special case) may degenerate to the 
single point a = b. Then either J(L) is, degenerately, an are with endpoints 
t’(a) and ?t’’(a) or it is a closed 2-cell bounded by the four edges: J(a), t’’(L), 
J(b), (LZ). Now in either case if V denotes an arbitrary neighborhood of the 
point a (which we may take to lie inside S(p)), there exists a neighborhood U 
of this point such that if x and y are any two points of U-W* not in J(L) 
there exists an are zy in V not meeting J(L).” 

If z is an arbitrary point of the arc zy, there is associated with it uniquely 


18 See Whitney, this Journal, vol. 4(1938), pp. 222-226. The proof here given, while not 
elementary, has the merit that it can easily be adapted to give considerable information 
about corresponding sections in spaces which possess locally the combinatorial proper- 
ties of n-space. 

1” P. Alexandroff, On local properties of closed sets, Annals of Mathematics, (2), vol. 36 
(1935), pp. 1-35. 
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and continuously a point z* on W*, and the set of these points contains an arc ry 
which lies in W*. By a more restrictive choice of the neighborhood U (bringing 
the points z and y “closer” to a) this are may be made to lie in a preassigned 
neighborhood of a in W*. When L is a point it follows that the local comple- 
ment in W* of every point is arewise connected (so that W* is certainly locally 
connected, as shown by Whitney, loc. cit.) and that the same statement is 
also true for any are L of W*. Then, clearly, no are of W* can separate W* 
(even locally). 

Now let C denote a simple closed curve of W*. Let T denote the closed set 
S’(p’) + J(C) + S”(p”). This can obviously be expressed as the sum of two 
closed sets 7; and 7; of which the first contains S’(p’) and the “negative” half 
of the cylinder J(C) while the second contains S’’(p’’) and the “positive” half 
of this cylinder. The two sets have precisely the set C in common. Recalling 
that t’(C) C S’(p’) and is homologous to zero there, since this is a solid sphere 
(similarly with ¢’’(C)), it follows at once from the “Generalized Phragmén- 
Brouwer Theorem”’ of P. Alexandroff that T must separate Z. It is not diffi- 
cult to see that 7 must separate E between points of W* near an arbitrary 
point of C. It is an immediate consequence of this that C must separate W*. 
We know, finally, that W* is homeomorphic to an open connected subset of 
the two-sphere.” 

Returning to W and the group G** operating on it, we see by Theorem 6 that 
there is a subgroup G*** such that for every element g of G***, g[w] = w. This 
means, from the definition of g[w], that the point g{w} belongs to the are J{w}. 
Hence the group G*** is mapped homomorphically into a subgroup of the 
interval J. But this interval contains no subgroups, so that G*** is mapped 
into the identity element; i.e., for each g, gijw} = w. Then, in particular, for 
the original point p and for every g of G***, g{p} = p and the theorem is proved. 

TueoreM 8. If a compact connected Abelian group G acts effectively on Eucli- 
dean 3-space, then G is the circle group (and is the axial rotation group of 3-space). 

We already know that G is toral. If G is not a circle group, it must contain 
at least two distinct circle subgroups 7; and T;. We shall obtain a contra- 
diction to this. 

We know that under the action of 7; , say, the orbit space E* of E is a closed 
half-plane, its edge F* corresponding to the axis F of fixed points. Now because 
the groups 7; and T, commute, the group 7; can be shown to be a transforma- 
tion group on the space E£* which leaves points of F* fixed. Hence by New- 
man’s theorem (since the elements of finite order are dense in T:) the group T2 
leaves every point of E* fixed. Reversing the réles of T; and T2 , we see that 
for every point z of E, T;(z) = T2(x), that is, the orbits under 7, and 72 coin- 
cide and the set F contains those points which are fixed under both 7; and 7». 
We note that every point of F is fixed under the group 7* generated by 7, 
and T,, it being clear that 7* is two-dimensional. 


20° L. Zippin, On continuous curves and the Jordan curve theory, American Journal of 
Mathematics, vol. 52(1930), pp. 331-350. 
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Let z be any moving point not in F. Let T, denote the subgroup of 7* 
leaving x fixed. Because 7*(x) is one-dimensional it follows that 7, is one- 
dimensional and that it must contain a circular subgroup C. We see that 
every point of F is fixed under C and that in addition the point z is fixed under C. 
This is impossible (Montgomery and Zippin, loc. cit.) unless every point of 
the space is fixed under C, i.e., unless 7* is not effective. Therefore the original 
group G could not have been effective. 


SmitH COLLEGE AND New YorK UNIVERSITY. 











CERTAIN INTEGRALS AND INFINITE SERIES INVOLVING ULTRA- 
SPHERICAL POLYNOMIALS AND BESSEL FUNCTIONS 


By Hsren-yt' Hst} 

1. Introduction. Let P{’(x) denote the ultraspherical polynomials defined 
by the generating function (1 — 2rw + w*)” = > P® (z)w" [ef. 6, p. 50; 
7, p. 329; 4, p. 37]. The following considerations - devoted to the discus- 
sion, first, of the integral formula 


D,(A; 1, m, n) = [ (1 — 2° P(e) PO (a) PO (x) dx 


es ees x T(s+ 2h) 
ira)? s +A P(s+ 1) 


ee on s—n+rA-1 
s—l s—m s—n 
s+aA-1 
8 


z (n + 2) ete a P® (cos a)P%’ (cos 8)P° (cos y) 


r{T(A)}“* {sin a@ sin 8 sin y} 


{ A-1 
prnretonr ren a ten bys te—7 


or 0, 





(1.1) 


or 0, 





second, of the infinite expansion 


D.(d; a, B, y) 


n=0 


) 1-20 


(1.2) 





third, of the integrai formula 
ot p>? 
P'(3)l( + 4)(abe)’ 
In (1.1) we have \ > —3 and the numbers l, m, n are arbitrary non-negative 
integers. The first of the two given values holds if 1 + m + nis even, 1 + m 
+ n = 2s, and a triangle exists with the sides 1, m, n; and the second value 


holds in every other case.” 
In (1.2) we have \ > 0 and the parameters a, 8, y are arbitrary positive 





(1.3) S(v;a, b,c) = [ J (ax)J (bx) J (cx)x'” dx = 


Received January 12, 1938. 
1 The bold face numbers refer to the bibliography at the end. 
2 In case \ = 0 the formula needs a slight modification. 
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numbers less than x. The first, or the second, value holds according as a 
spherical triangle can, or cannot, be drawn with the sides a, 8, y. 

In (1.3), J,(z) denotes Bessel’s function of order v, where »y > —3, and the 
parameters a, b, c are positive numbers. The first, or the second, value holds 
according as a triangle can, or cannot, be drawn with the sides a, b, c. The 
area of this triangle is denoted by A. 

Formula (1.1) remains true if the area of the triangle becomes 0. The series 
(1.2) and the integral (1.3) are in this case properly divergent for \ S 1 and 
for vy S }, respectively; they are, however, convergent (and = 0) for \ > 1 
and for vy > 3, respectively. In the subsequent considerations, except in the 
proof of (1.1), we assume that the area of the corresponding triangle is greater 
than zero. 

Formula (1.1), in the case of Legendre polynomials, for which } = 3, was 
stated without proof by N. M. Ferrers. J. C. Adams proved it by mathe- 
matical induction. Later proofs for this special case have been given by I. Tod- 
hunter and F. Neumann. The general formula (1.1) has been pointed out by 
J. Dougall. However, he did not give a proof for it. He merely stated that 
the method, by which he obtained this result, “is long and far from neat”. 
[See the references in 1, p. 47; furthermore, 5.] 

Formula (1.2) is also due to Dougall [1]; his proof is based on potential theory. 
Formula (1.3) is a classical theorem due to Sonine [see 6, p. 411]. Dougall also 
bases a proof for Sonine’s theorem on considerations analogous to those in the 
proof of (1.2). Furthermore, he remarks that both formulas (1.1) and (1.2) 
contain Sonine’s result as a “limiting case’; however, he does not give any 
further explanation of this remark. 

It is the purpose of this paper: 

(a) to give a simple proof for (1.1), based on mathematical induction; this 
is the first proof to be given for this theorem, since Dougall’s proof, as men- 
tioned above, was never published; 

(b) to give a simple proof for (1.2) entirely different from, and shorter than, 
that of Dougall; 

(c) to show that from formula (1.1), by means of a limiting process, Sonine’s 
formula (1.3) can be derived; 

(d) similarly, to show that, as in (c), (1.3) can be derived from (1.2). 

In the limiting process of (c) and (d), we use Mehler’s formula and an 
asymptotic formula of Stieltjes (see below). Another arrangement of proof is 
possible by use of a formula of “Hilb’s type” [4, p. 44]. However, the methods 
given in this paper are of a more elementary character. A proof of Sonine’s 
theorem (1.3) can also be given by a procedure similar to that given for (1.2) 
[cf. (b)] by making use of Hankel’s inversion formula. 


2. Proof of Dougall’s integral formula (1.1). It is easily seen from the 
symmetry property of the ultraspherical polynomials that the integral in 


3 Professor G. N. Watson kindly called my attention to this paper [1]. 
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question vanishes for 1 + m + n odd; it also vanishes on account of the ortho- 
gonality property, when 1 + m + n = 2s and at the same time a triangle with 
the sides 1, m, n cannot be constructed. In what follows we shall therefore 
assume that 1 + m + n = 2s, and the triangle condition (in the wider form) 
1 < s,m S 8,n S sissatisfied. We make use of the recurrence formula 


(2.1) P® (2) = a cP™ (2) — b& P™,(z). 


P ° ° ») ° 
For sake of brevity, we write a, , b, , instead of a&’, b®, respectively. 


First, we will discuss the case 1 = 0. Then m = n is the only case in which 
the triangle condition is satisfied. We then have [6, p. 367] 


_" me T(n+2a) 
{TA)Pn+ar Tin+1)’ 





1 
(2.2) D,(d; 0, n,n) = [ (1 — 2°? (PY(2) Pdr = 
—1 


whence the statement (1.1) follows. 

The general case can be established by mathematical induction. Whatever 
the values of m and n may be, the statement holds for 1 = 0; we assume it 
to hold for 1 — 1, and prove it for 1. 

By the recurrence formula, we have for! 2 1, b; = 0, 


D,(A; l, m, n) 


[ (1 = 2a P(e) — PPAe)] PL @)PO(2) de 


1 
(2.3) a [ (1 — 2°)? PY (2)2PO (2) PO (x) dx 
—3 
— b: D(A; 1 — 2, m, n). 


In the first term of the last member we apply the recurrence formula again, 
and find 


D(a; 1, m,n) = giants [ . (1 — 2°49 PPA) {Pia(z) + Ongar Prea(z)} PS (x) da 
(2.4) — b,D,(A; 1 — 2, m, n) 
= a4,.41D,(A;1 — 1, m +1, n) + apanirbmy1D,(d; 1 — 1, m — 1,7) 

— b, D,(A; 1 — 2, m, n). 


To the terms of the right member of the last expression, we can apply the 
theorem. The result, apart from the common factor 


i x I(s+ 2h) 
{TA}? s +A (s+ 1) 


(2.5) ere eee eee 
s—l s—m s—n 








Co) | 
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where 2s = 1 + m + n, is* 

waz s—Il+h s—m + earth s+ s—n 

rete is+iem~meanei ste ils—ash—i 
s+az s—n s—l+X s—m 

‘s+R—le—nt+rA—is—it+ilse—mt+ra-1' 











—b 


We have in the case of the ultraspherical polynomials 


oo MAD, l>1: » = LER? 122; b=0. 


Thus, we find 


m+1l+rA—-1ls—-1+A s—m 
m+ l s—-l+1s—m+A-1 








l+r-1Lm+2—-1 8+d s—n 
(2.6) + l m+r s+2A—-ls—n+rA-1 
_t+2\—-2 8+h s—n s—Il+hz s—m 1 








i e+h—-le-ati-le-l+liée—-aeei-il 


(In case 1 = 1, the third term of the left member must be replaced by 0. 
Furthermore, we have in this case by (2.4) either n = m — 1 orn = m + 1.) 
Indeed, this equation is satisfied by five values of \: namely, \ = —s,/1 — s, 
1 —1,1, ©. Here we consider 1, m, n and s as arbitrary parameters. Hence, 
we have established the statement (1.1). 

We notice that a formula of the type (2.4) holds in general, if (1 — 2’)! 
in (1.1) is replaced by an arbitrary weight function w(x), for which w(—z) 
= w(x), and P®’(z) by the corresponding orthogonal polynomials. 


3. Proof of Dougall’s expansion formula (1.2). Let us consider a spherical 
triangle with two fixed sides 8 and y,0 < 8B < 7,0 < y < 2; the angle A between 
8 and y should vary from 0 to x. Then the opposite side a can be calculated 
from 


(3.1) cos a = cos 8 cos y + sin B sin y cos A. 
If A increases from 0 to z, the expression of the right member changes from 


cos (8 — y) to cos (8 + y). We assume that 0 S a@ S 7; then 


(i) if 8 + y S =, @ increases from | B — y | to 8 + 7; 
(ii) if 8 + y > z, @ increases from | 8 — y | to 2x — (8 + 7). 
4 In case s = m, the triangle condition is not satisfied in the first term; thus the cor- 


responding D, has to be replaced by 0. Similarly, if s = n in the second term, and s = m 
or s = nin the third term. 
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From the addition theorem for ultraspherical polynomials, we find by integra- 
tion [6, p. 369} 


2 (n+ 1) 


(A) (A) . 
Ta aay (cos 8) P;,’ (cos y). 


(3.2) [ P® (cos a) sin®'A dA = 2” "{T(a)} 


Now we introduce a instead of A as the variable of the integration. Since 


cos a — cos 8 cos y\" y 
sin 6 sin y 





sin 8 sin y sin A = sin 8 sin fi - ( 
(3.3) 





is = oe 4 
= 2 sin 2+ 847 sin O42 * sin 18 Pein 276 1] = on 


and sin 6 siny sin A dA = sin a da, we find for (3.2) 
[ P® (cos a) sin™ A sin A dA 
(3.4) 7° 8 
= 2” (sin B sin y)*™ / P® (cos a) E*" sin ada, 
1a 


where 
[8 +7, if B+y<7, 


(3.5) B= 
\2r- (B+), if B+y>-. 


After this transformation, (3.2) appears in the form 


B 
/ P® (cos a) (sin & sin B sin in BP" sin ada 
By! 
(3.6) *' 
2 T(n +1) 


(A) (A) 
ate) P*.’ (cos 8) P;” (cos +). 


= 2{rQ)} 
This means, according to (2.2), that (1.2) is indeed the “formal’’ expansion of 
the function f(«), which is defined by the first expression on the right side of 
(1.2) if | 8 — y | < a < B, and by the second value, namely, zero, if 0 S a 
<|B-vlorB<aésr. 

The convergence of this expansion can readily be discussed by means of the 
asymptotic formula of P® (cos @) for large values of n [see (4.2)]. The only 
difficulty is in showing the identity of the sum of this expansion with f(a). 
This can be concluded for example from the Abel-summability of the ultra- 
spherical expansion of f(a) at an arbitrary point where f(a) is continuous. This 
follows in the same way as in the case of the ordinary Fourier series and Poisson 
integral, because the “kernel’’, namely, 


ee ~~) n pr) = 1-?* 
(3.7) a (n + d)r"Px (cos A) = d (1 — 2r cos A + r*)**!’ 





is positive and — 0; as r — 1, provided cos A # 1 [3, p. 71]. 
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4. Derivation of Sonine’s formula (1.3) from Dougall’s integral formula (1.1). 
We base our argument on Mehler’s formula [6, p. 156], 
lim n’* P® (cos z/n) = lim n™ P{’*” (cos z/n) 


no no 


(4.1) . Zs 
= ep COI) O=rtD, 
and on the following asymptotic formula due to Stieltjes [ef. 2, p. 302], 
P™ (cos @) = P‘’*” (cos 6) 
a = a (2sin 0)” *n’ [cos (n’0 — 4vr — 4x) + RI, 
n’=n+vr-+ i, |R| < C(msin @)™. 
The convergence in (4.1) is uniform with respect to z in every bounded region 
of the complex z-plane, and in particular, in every finite real interval; in (4.2) 
0 < 6 < wand C is a constant independent of n and 6. We write \ = v + 3 


and assume A > 0. 
Let a, b, c be arbitrary positive numbers, N a positive integer, and’ 


(4.3) l = 2[3aN], m = 2[3dN], n = 2[3cN]. 
If a, b, care the sides of a triangle with a positive area, the same is true for 1, m, n, 
if N is large. Furthermore, if a + 6 + c = 20, we havel + m+n = 2s= 
2c0N, when N — ~, and therefore according to Stirling’s formula, 
(4.4) D,(d; 1, m,n) & #2" (P(A) } “fo(o — a)(o — b)(o — oe) "NO 

‘ a a2" {T'(p + i ile ier 
If a, b,c are not sides of a triangle, that is, max (a, b, c) > s, the same is true 
for l, m, n if N is sufficiently large. Thus, we need only to prove, under the 
conditions a > 0,b > 0,c > 0,-a+b+c#0,a—b+c#¥0,a+b-c 
~ 0, that 

42°27 *{T(v + 4)}* (abe) lim N*” D,(a; 1, m, n) 
N--o 

(4.5) ae 
= 4K lim N’ ”D,(; 1, m, n) = S(v; a, b, c) 


No 
holds. But since 1 + m + nis even, 


he 
(4.6) 3KN? “D(a; 1, m, n) = xn [ P!’ (cos 0)P2 (cos 0)P2’ (cos 6)sin™ 6 dé. 
0 


Let w be an arbitrarily chosen positive number independent of N; we can break 
up the interval [0, $7] of the integration into the two intervals from 0 to w/N 


5 [z] means the integral part of the number z. 
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and from w/N to 3x. The integral corresponding to the first of these intervals 
gives, for N — , according to (4.1), 
KN“ [  P® (cos ¢/N)P2 (cos 6/N)P® (cos 6/N)sin?(6/N)N™ dé 
(4.7) ' = 
~ [ ¢ "J (ag) J (bb) J (cp) do. 
In the integral corresponding to the other interval, we use (4.2) and obtain 
KN* P\’(cos 0=)P2 (cos 0) PP?’ (cos 6) sin” 0 
= KN**2-*4(r(y + 4)}%(mn)Usin 6)" {cos (10 — fue — 3x) + ri} 
(4.8) - {eos (m'@ — dvr — 4) + 72} [cos (n’0 — fuer — 4x) +173} 
= (2/m)'(abe)~*(lmn)"* N? “(sin 6)” *{ cos (18 — 4vr — 3) 
cos (m’@ — 4vr — 42) cos (n’@ — vr — 4) +r}. 


Here for 7; , re, 73, and consequently also for r, bounds of the type given for 
| R| in (4.2) [with N instead of n] hold. The symbols I’, m’ have a meaning 
analogous to that of n’ in (4.2). 

Now we use the identity 


(4.9) 4 cos (l’¢ — 4vr — 3x) cos (m’o — 4vm — 3a) cos (n'o — Bor — 3a) 
= cos { (Il! + m’ + n')o — gor —3x} + cos [(m’ +n’ —I')p — For — } er} 
+ cos {(n’ + l’ — m')p — gv — fn} + cos {(U’ + m’ — n')o — gue — Gr}. 
Thus the part (@/N, $1) of the integral corresponding to the principal term of 


(4.8) can be reduced to expressions of the type 


br 
(4.10) Pp’ [ sin’ @ cos (Q@ + 1) dd, 


N 


where P and Q are ~ N, and - is a fixed constant. By the second mean value 
theorem, formula (4.10) becomes 


(4.11) P*"(sin o/N)”40(Q") = w0(1). 


This holds uniformly with respect to w. The contribution of the remainder 
term is 


ie 
(4.12) Pr” [ vy (sin 6)” *(N sin 0)" dé = N**'(w/N)”*0(1) = w ” *0(1). 
@/N 
Thus, for w# — «, the statement expressed in (4.5) is proved. 


5. Derivation of Sonine’s formula (1.3) from Dougall’s expansion formula 
(1.2). Let a, b, c, and h be arbitrary positive numbers, and 


(5.1) a = ah, B = bh, y = ch. 
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If a, b, c are the sides of a plane triangle with a positive area A, then a, 8, y will 
form the sides of a spherical triangle, provided hf is small. Furthermore, as 
h — 0, and \ = » + 3, 
D2(d; a, B, y) 2” e{ PA) } (abe) a 

aii ge r{ Tv +. 4) } “(abe)” | ated titted 
If a, b, care not the sides of a plane triangle, that is, max (a,b,c) > }(a + b + c), 
then a, 8, y will not form the sides of a spherical triangle, if h is sufficiently small. 
Thus we need only to prove, under the conditions a > 0,b > 0,c > 0, -a +b 
+c#0,a—b+c#0,a+b—c# 0, that 

2” x {Py + 4)}*(abe)’ lim h”* D4(A; a, B, 7) 
h—-0 


(5.2) 


(5.3) : 2v+2 
= K, lim h”** Dold; a, B, y) = S(v; a, b, c) 
holds. We observe that K, = (abc)”K. 

In order to prove (5.3), we break up the summation, with respect to n, in 
D.(d; a, B, y) into two ranges; namely, into the ranges 0 S n S [w/h] andn = 
[w/h] + 1, where w is an arbitrarily chosen positive number, independent of h. 
Now, according to Mehler’s formula (4.1), we have, for nz = O(1), 

4 
us 


I'v + 4) 
where ¢, — 0, asn— ©. Consequently since the right member is bounded, 
n” P’* (cos a) P’*® (cos 8) P’*” (cos y) 

= a {T(v + 4)} *(2n) (aby) J. (na)I,(mB) J (ny) + mms 
where 7, — 0, as n — «©. We observe also that 

I'(n + 1) a — sar ‘yi , 

(5.6) (n + ») rete =n (1+ Mn) = 3 (1 + Nn); 
where 7, = O(n") as n — o. Thus the summation over the first range 
contributes*® 


(5.4) nn” P’*» (eos z) = (2nz)’ J (nz) + en, 


(5.5) 


w/h 


[w/h) 7 
K,h?*? (n +d) { I(n + 1) \ P®’(cos a)P® (cos B)P2’ (cos 7) 


T(n + 2h) 


n=0 

[w/h] P 

— Kh?” by n*(1 + nn) 
n=0 


n” {x [Pv + 3)]*(2n) (aby) J (na) J (nB)J (ny) + an} 
(5.7) [w/h] 
= ht? Do on (1 + n,)n* (nh) { (nh) J (na) J (np) J (ny) 


~ + Ki(nh)”* nn} 
] 
{(nh)' J,(na)J (np)J (ny) + Ki(nh)” nn} (1 + 05). 


[w/h 
=h>d 
n=0 


6 Here and in what follows n-*, where u = 0, must be replaced by a constant, for example 
by 1, for n = 0. 
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The principal part of (5.7) 


[w/h] 


(5.8) h > (nh)! "J (na) J (n8)J (ny) f° x” J,(ax)J (bx) J (cx) dx, 


n=0 


as h — 0, for vy > —}. Since (nh)"’J,(na)J,(nB)J,(ny) = (nh)”**O(1), the 
remainder part contributes 


[w/h] [w/h] 
(5.9) h b> (nh)”*' n, on at = n?** a, = 0, 
n=0 n=0 


ash — 0. 
In the summation over the second range, we use Stieltjes’ formula (4.2) and 


obtain 
Kh? n° + 9) PY"? (cos a) PY * (cos B)P{’*” (cos y) 
= (2/r)'(abc)’ h”**(n sin asin 6 sin y)~” *{cos (n’a — dum — 42) + pi} 
(5.10) - {eos (n’B — fv — fr) + po} {cos (n’y — dvr — fx) + 133} 
= (2/r)'(abc)’h”’**(n sin a sin B sin y)~”*{ cos (n’a — dur — 42) 
cos (n’B — 4nv — 42) cos (n'y — vm — 4x) + pp}. 


Here for p;, p2, ps, and consequently also for p, bounds of the type given for 
| R| in (4.2) hold. We have p = (nhk)O(1). We also used 7, = O(n™"). 

By means of the identity (4.9), the principal term of (5.10) can be reduced to 
an expression of the type 


oo 
hy -» 


(5.11) p n” cos (nq + 11), 


n=[w/h)}+1 


where p and q are ~ h, and 7; is a fixed constant. By use of Abel’s transforma- 
tion we find for (5.11) the bound 


(5.12) p (hw) tq? = w” *O(1). 


The contribution of the remainder term is 


(6.13) ph? > wa =00rt owt = 6011). 


n=(w/h]+1 n=[w/h)+1 


Recapitulating, we obtain, for h — 0, 


(5.14) Kih”** D2(d; @, B, y) = [ : x J(ax)J (bx) J (cx) da + o(1) + wo” *O(1). 


Thus, for w— «, the statement expressed in (5.3) is proved. 
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TAYLOR’S SERIES OF FUNCTIONS OF SMOOTH GROWTH IN THE 
UNIT CIRCLE 


By W. T. Martin aNnp N. WIENER 


1. Introduction. We have recently proved a series of results connecting 
the growth of an entire function with the growth of certain expressions depend- 
ing on the coefficients.’ There is a closely related series of results which con- 
cern, not the growth of an entire function, but the growth of a function as it 
approaches the circle of convergence. As will be seen in the formulation of our 
results, there is a precise methodological similarity between theorems of the 
two types, and, indeed, they differ merely by the fact that a parameter which 
is negative in one case is positive in the other. It is nevertheless worth while 
to give an explicit formulation of the theorems because they are of less familiar 
character than the other set of theorems and involve results which have only 
recently been obtained by Vijayaraghavan and Wiener, Avakumovié and 
Karamata, and Pitt (see footnotes 4, 6) in contrast with the theorems of the 
entire type which are best exemplified by the classical theory of the Borel sum- 
mation. The circle of convergence theorems are more directly applicable to a 
series of interesting problems in the analytical theory of numbers, and, in par- 
ticular, they allow us to carry Tauberian methods in the problem of partitions 
much further than Hardy and Ramanujan at one time believed possible.? There 
is a considerable prospect of their further utility in unexplored portions of this 
field. It is true that the revolutionary work of Rademacher’ overshadows all 
less perfect methods, whether Tauberian or not. We wish to call attention to 
the fact that it is possible by an artifice to eliminate the condition of positivity 
which is necessary for Tauberian theorems of the type considered, or, more 
accurately, to guarantee its satisfaction by a consideration not of a singularity 
of a power series at an individual point on the circle of convergence, but rather 
the behavior of the integral of the square of its modulus as we approach the 
circle of convergence. 

There will be many places in which the detail of proof is so similar to that of 
our previous paper that anything like completeness is scarcely necessary. Where 
this is the case we shall consider ourselves at liberty to present our argument ina 
highly schematic form and to refer to our previous paper for technical details. 


Received January 12, 1938. 

1N. Wiener and W. T. Martin, Taylor’s series of entire functions of smooth growth, this 
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2G. H. Hardy and S. Ramanujan, Asymptotic formulae in combinatory analysis, Proc. 
of the London Math. Soc., vol. 17(1918), pp. 75-115. See especially pp. 89, 90. 

3H. Rademacher, On the partition function p(n), Proc. of the London Math. Soc., vol. 43 
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Let a, = 0 (nm = 1, 2, --- ), and let 


(1.1) ) a,x” ~ sH(zx) (x 1°). 
We may rewrite (1.1) in the form 

(1.2) » a,e7O- —» g (¢ 0°), 
where 

(1.3) F(g) = —log H(e“). 


We shall derive the following Tauberian theorem. 

THEeoREM 1. Leta, 2 0(n = 1, 2, --- ), and let (1.2) hold, where 
(1.4) F is four times continuously differentiable for 0 < — S & for some post- 
tive & ; 


(1.5) F’(€) S const. < 0 forO0 <é S &; 
o 
(1.6) [ [—F’()}'dt > « (§ > 0°); 
g 
(1.7) F'"(®) = o(f—F”"(®))') (¢ + 0°); 
(1.8) Fiv(¢) = of [F’"(@)P) (¢ = 0°), 


Then for every positive i, 


. (2x)! ” 
lim ( ) Qn ef am) nG(n) 
zo A zs¥(n)<ztar 


where (x) is defined by 


(1.9) = 8, 


(1.10) [ *[-@'(@) dz = vz) 


and G(x) (for x > a = F’(&)) is the inverse function to F’(£); that is, G(F’(é)) = € 
for0O < ES ho. 

Theorem 1 and Theorem 4, which we will deduce from Theorem 1, have 
important applications in the analytical theory of numbers. In a later paper 
we hope to present some results based upon them. 

A special case of Theorem 1, due to Vijayaraghavan and Wiener (in an un- 
published paper), is the following 

TueoreM A. Leta, 2 0 (n = 1, 2, --- ), and let 


(1.11) > a,z2" ~ sexp[(1 — z)™"] (x 1°). 
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Then for every positive 


] 


} 3 
(1.12) lim (27) > os , Un EXP [—2n'] = s - 


NO r NSn<N+AN 2) 


To derive Theorem A from Theorem 1 we write z = e*. Then (1.11) becomes 


(1.13) DL ane" ~ s exp ( 2 a} = se exp i Ss ~ i}. 


Noting that 
exp (i — — ‘ —e! ast—0*, 


we see that (1.13) becomes 


(1.14) > a, exp {-} -- ns} — se (¢ > 0°). 
Thus for this case F(¢) = —£', and it is easily verified that this function satis- 
fies conditions (1.4), --- , (1.8). Moreover 


G(2) = x4, v(x) = 2'z? 
and (1.9) becomes 


} 
(1.15) lim (2r)’ > =a, exp [—2n*] = se? 
z+0 =X zstinteztr 
from which (1.12) easily follows. 
Avakumovié and Karamata have proved the following‘ 
TueoreM B. Let A(y) be = 0 and non-decreasing for y = 0 and let 


J(r) = [ e’'* A(y) dy 


converge forx > 0. Let’ 

(1.16) J(z) < 2‘e’ (24 — «) 
for some realk. Then 

(1.17) exp [2a' — (2 + 6)a'(log z)'] < A(x) < Mz'* exp [2z']. 


H. R. Pitt has proved a theorem which generalizes Theorem B, at the same 
time furnishing more precise results.® His theorem in this particular case is 


* Avakumovié and J. Karamata, Uber einige Taubersche Sétze, deren Asymptotik von 
Exponentialcharacter ist. I, Mathematische Zeitschrift, vol. 41(1936), pp. 345-356. 

5 Hardy writes f(z) X g(x) (rx > ~, g(x) > 0) if there are two constants0 << i< A < @ 
such that 6 < f(x)/g(x) < Aforz> 2. 

6 Pitt discovered and proved his theorem independently of our results. In conversation 
with him we discussed the results and later he showed how the case k = 0 of his theorem is 
deducible from ours. In §3 we shall give the proof of this portion of Pitt’s theorem as 
submitted to us by him. 
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THEeorEeM C. Suppose that A(y) is non-decreasing in (0, ©) and that 
J(xz) = [ e ”'* dA(y) 
0 


converges absolutely for x > 0. Let k be any real number, 
a> 0, B =a "F"(1 + a), 


h(x) = g Batg tela 4 (g8itediay 


Let 
J(2) ~ 2* exp [x*] (rx — «). 
Then 
(1.18) e*? < h(x) S (2), 
where 
lim e(z) = 0. 
se 


As a special case of Theorem C Pitt has obtained the following extension of 
Avakumovié’s and Karamata’s result. 
TueorEM D. If A(y) is non-decreasing in (0, ©) and 


J(x) ~ ae’ (x — «), 
then 
(1.19) exp [2z' — o(z*)] < A(z) S o(x* exp [2z')). 


As a converse to Theorem 1 we shall prove 

TuHeoreM 2. Leta, = 0 (n = 1, 2, --- ), and let (1.9) hold for every positive 
value of \, where F fulfills the conditions (1.4), --- , (1.8) and y and G are defined 
as in Theorem 1. Then (1.2) holds. 

In the next theorem we place some additional restrictions on F and we obtain 
certain inequalities related to y. 

THEOREM 3. (i) Let F fulfill conditions (1.4), (1.5), (1.6) and the additional 
condition: 
(1.20) for some pin} < p < 1 and for all sufficiently small positive e, 


—F’'() = O(F'(®)F?*) (> 0°). 
Then for every positive € 
(1.21) n?* < y(n) 
and 
(1.22) n'?* < ¥(n) 


for sufficiently large values of n. 
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(ii) Let F fulfill conditions (1.4), (1.5), (1.6) and the additional condition: 
(1.23) for some pin} < p < 1 and for all sufficiently small positive «, 


[Fey * < —F"'(®) 


for sufficiently small (positive) values of &. 
Then for every positive e, 


(1.24) ¥(n) < n'?** 


for sufficiently large values of n. 
As immediate consequences of these theorems we shall obtain the following 


theorems on smoothly growing functions analytic in the unit circle. 
THEOREM 4. Let 


(1.25) fz) = Lo baz” 
0 
be analytic for |z| < 1, and let 


(1.26) 5: [ rod f(re™’) |? dd ~ se~? ten” (r> 1°), 


where F fulfills conditions (1.4), --- , (1.8). Then for every positive i, 


3 
(1.27) lim (2)" > | Dp i pees =, 
zo A zrs¥(n)<zrt+ar 

where ¥ and G are defined as in Theorem 1. 

The converse to Theorem 4 is 

TueoreM 5. Let (1.25) be analytic for | z| < 1, and let (1.27) hold for every 
positive value of , where F fulfills conditions (1.4), --- , (1.8) and y and G are 
defined asin Theorem1. Then (1.26) holds. 

If we place the additional restrictions (1.20) and (1.23) on F, we have the 
following gap theorem. 

THeoreM 6. Let (1.25) be analytic for |z| < 1, and let (1.26) hold, where 
s * 0 and F satisfies conditions (1.4), --- , (1.8), (1.20), (1.23). Then (1.27) 
holds where ¥ and G are defined asin Theorem 1. Furthermore, for every positive « 
we shall always have (1.21) and 


(1.28) n'?-* < y(n) <n ?* 


for sufficiently large values of n. Thus the function (1.25) can have only a finite 
number of gaps of magnitude (v, v + v”**), that is, for any positive ¢, the equations 


Qn = Angt = +++ = Anifnety) = 0 


can hold for at most a finite number of values of n. 
A slightly more general form of Theorem 1, which we shall first prove, is 
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THEOREM 7. Let {X,} be any sequence such that 


(1.29) OS <A <r << -e+ SCA <ee, lim A, = ©; 


leta, 20 (n = 1, 2, --- ), and let 

(1.30) ps a,e" Ot _, ¢ (+ 0°), 
where F satisfies conditions (1.4), --- , (1.8). Then for every positive , 

(1.31) lim (2n)! Qe rrr we, 


re Xr ZS 0 (An) <tt+ar 


where ¥ and G are defined as in Theorem 1. Conversely, if {»} is any sequence 
satisfying (1.29), if a, 2 0 (n = 1,2, ---), and ¢f (1.31) holds for every positive 
value of X, then (1.30) holds. 


2. For the proof of Theorem 7 let us consider the exponent in (1.30) with a 
general argument w instead of \,,: F(é) — wt. Let us place 


(2.1) = o(u + ¥(w)). 


Developing the exponent F(é) — wé in a Taylor’s series with remainder and 
determining ¢ and y in such a manner that the coefficient of u vanishes and 
that the coefficient of }u’ is negative unity, we find 


(2.2) ed = [ "[-G(a)Faz, ow) = GW"(w)), 


where G(z) is the function inverse to F’(¢): G(F’(é)) = & The details here are 
entirely analogous to those of our earlier paper (see reference in footnote 1). 
With these functions ¢, ¥, using the conditions on F, we find that the remainder 
in the Taylor’s series approaches zero; indeed, it approaches zero in such a 
manner that (1.31) implies that 


(2.3) bs a, oF FO) *nG On) — (é = 0*). 
1 


It is an easy step from this to apply Wiener’s General Tauberian Theorem’ to 
(2.3). Here the kernel K(u) is e ** whose Fourier transform e**’ is non-vanish- 
ing, and u occurs as the difference of two variables: u = ¢ ‘(£) — ¥(w). The 
relation (1.31) follows at once. 

The second part of Theorem 7 follows at once from the converse portion of 
Wiener’s Tauberian Theorem (see reference in footnote 7, p. 26). 

Theorems 1 and 2 are special cases of Theorem 7 for \, = n. Theorems 4 
and 5 follow at once from these theorems. 


7N. Wiener, Tauberian theorems, Ann. of Math., (2), vol. 33(1932), pp. 1-100. 
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Using the definition (2.2) of ¥(w) and the hypotheses on F in Theorem 3, 
one easily obtains the conclusions of Theorem 3. Theorem 6 follows immedi- 
ately from Theorems 3 and 4. 


3. In this section we shall show how the portion of Pitt’s theorem (Theorem C 
of this paper) for which k = 0 is deducible from Theorem 1. The method 
used in showing this is essentially due to Pitt. Using his method, we first prove 
the following result from which we will deduce the desired result. 

THeoreM E. Let A(y) be non-decreasing for 0 < y < ~, and let F(£) satisfy 
conditions (1.4), ---, (1.8). Uf 


(3.1) [tam ~ oer (0°), 
0 
then for every positive \ there is an x, such that 
(3.2) (2x) Ang See-™) < A(g(x)) < Ay(x a pe Stee fo Hy ba e Riatz—m)) 
isn<z/d 

for x 2 x, where 

(3.3) R(x) = F(G(z)) — 2G(z), 

(3.4) g(x) = y'(z) (¥(g(z)) = 2), 
g(z+a) 

(3.5) hy (x) = [ eX) dA(y), Ay = L.u.b. hy(2), 
g(z) 0sz<@ 


and G and y are defined as in Theorem 1. 
As a consequence of Theorem 1 we have for every positive \ 


(3.6) lim A(x) = s(2x)X. 


Furthermore, since 
R'(y) = F'(Gy))G"(y) — y@'(y) — GY) = -—Giy) < 0, 


it follows that R(y) is decreasing. Since R(y) is decreasing and A(y) is non- 
decreasing, we have from (3.5) 
(z+) 


g(z+ar) Q 
(3.7) eRole+n)) [ . dA(y) < hy(x) < gone f dA(y). 
g(z 


o(z) 
As a matter of convenience let us take A(0) = 0. Then from (3.7) 


e® 221 A(g(x + d)) — A(g(z))] S hy(z) 
(3.8) 


g(z+A) 
< pans dA(y) _ e® 9) 4 (g(x + d)). 
0 
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Using (3.6) and the second inequality in (3.8), we have 
A (g(z)) = Ay(x inn nr 


(3.9) > 4s(2r) ne 2) 


The first inequality in (3.8), together with (3.6), gives 
A(g(z)) s _ [AG@(@ — md) — AG(e — n Fin) 


n<z/ 


p> h(x — n + Ive *9e-™? 


Osnez/r 


IIA 


(3.10) 


lA 


Isnez/r 


S h(x — re *"*” + A, b eB(ole—nd)) 


Isncz/r 
This concludes the proof of Theorem E. 
We now interpret this result for the case 
(3.11) F(é) = —&%, a> 0; s ~ 0. 
Then 


1/(a@+1) 


F(t) = af *", Gz) == 


gil(ati)? 


¥(z) an 2a + 1b tg fa! at) phal (att) 
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(x 2%). 


A(x — re 7 4 SY ye — nF Ine *o—™ 


(3.12) = Qa? BP pha! ary (B on (a + Ye. 


R(x) = F(G(z)) — 2G(2) = —Br%!**”, 


=) (a+1)/a 
g(x) = (5 ° 


The relation (3.2) becomes 
2\ (a+1)/a@ 
4 ® (e —») az! 
(27) * 38d exp [» iB (x — ) | <A ((S) ) 
(3.13) 


lsnez/id 


The first inequality gives 


(3.14) A(x*@t!*\¢-8* > (Qn) 448 exp [—a! B Az], 
(3.15) lim inf x“ [log A(2***?/*) — Bz*] > —B!). 


Since this is true for every positive , 
(3.16) lim inf 2 [log A(2*°*?’*) — Bz’] = 0. 


z—0 


S hy(x — d) exp [252| + Ay > exp| BS (a! — 2ndx + nn’) 
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Hence 


(3.17) A (Petrie) -o* > e 


The second inequality in (3.13) gives 


2\, (a+) /a 
. a art < i ais —}and(2z—nh) 
exp | * 4B* 4 (i) ) She — 9) + een? 


(3.18) = h(x = d) + Ay » e tems 
sn<z 


—jehe e twrzlz/n] 





e 
< hy\(x —_ ) + Ay a e-tahs 


Hence 


2 \ (a+1)/a 
(3.19) lim sup exp | -2 7 | A (4 ) ) < s(2x) x. 


Since \ is arbitrary, 


(3.20) lim sup eB A(gPetble) < 9, 
Hence 
(3.21) om Ai?) _ o(1). 


The relations (3.17) and (3.21) yield the conclusion of Pitt’s theorem for 
k = 0. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 

















DEGREE OF APPROXIMATION BY POLYNOMIALS IN z AND 1/z 
By W. E. SEWELL 


1. Introduction. A polynomial of degree n in z and 1/z is a function of the 
form 


(1.10) raz) = Gund” + Qingse + «es + age + ay + +s + ane”; 


we do not assume a_, or a, different from zero. Riesz’ has shown that | r,(z) | 
< M onC:|z{| = 1 implies | r,(z) | S Mn, |z| = 1. In this paper we extend 
this result to various types of Jordan curves (see §2) for a generalized derivative 
(see §3) of an arbitrary positive order a. In fact, we prove that if C is a Jordan 
curve containing the origin in its interior, then | r,(z) | < M, for z on C, implies’ 
| ri(z)| S MK(a, C)n™, a > 0,1 S uS 2, where K is a constant depending 
only on a and C, and u is a constant depending only on C. 

Also let f(z) be defined on C and suppose | f(z) — r,(z)| S «.,z0nC (n = 
1, 2,---). If f(z) is continuous on C, there exists*® for each n a polynomial 
r,(z) such that ¢«, approaches zero as n becomes infinite. Here we study the 
relation between e, and the continuity properties of f(z) on C. For an analytic 
Jordan curve C (see §4) the method consists in mapping the interior of C con- 
formally on |w| < 1 and applying results on trigonometric approximation 
due to de la Vallée Poussin‘ and Jackson.® We prove, for example, that, for C 
an analytic Jordan curve, the existence of r,(z) (n = 1, 2, --- ) such that | f(z) — 
r,(z)| S$ Mn“, zon C,0 < a < 1, a and M independent of n and z, implies 
that f(z) satisfies a Lipschitz condition® of order a on C, and, conversely, f(z) satis- 
Sying a Lipschitz condition of order a on C implies the existence of r,(z) such that 
| f(z) — rn(z)| S Mn“,zonC. For f(z) the boundary function of a function 


Received January 26, 1938. 

1M. Riesz, Eine trigonometrische Interpolationsformel und einige Ungleichungen fiir 
Polynome, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 23(1914), pp. 
354-368. 

2 f2(z) denotes the generalized derivative of order a of f(z). 

3J. L. Walsh, Interpolation and Approximation by Rational Functions in the Complex 
Domain, American Mathematical Society Colloquium Publications, vol. 20, 1935; see p. 38. 

*Ch.-J. de la Vallée Poussin, Legons sur l’approximation des fonctions d’une variable 
réelle, Paris, 1919. 

’ Dunham Jackson, The Theory of Approzimation, American Mathematical Society 
Colloquium Publications, vol. 11, 1930. 

6 The function f(z) satisfies a Lipschitz condition of order a on C if for z; and z, arbitrary 
points on C we have | f(z:) — f(z2) | & L | zi — 2 |*, where L is a constant independent of 
Zz, and 22. 
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analytic in C the problem has been studied by the author,’ Curtiss,* and Walsh 
and Sewell.’ 

For more general curves (see §5) we use the methods of the author (SIII) 
and the results herein on r%(z). We show, for example, that if f(z) is defined 
on an arbitrary Jordan curve C containing the origin in its interior, and if r,(z) 
(n = 1, 2, --- ) exists such that | f(z) — r.(z)| S Mn“*,zonC,a> 2,aandM 
independent of n and z, then f(z) has a bounded first derivative on C. 


2. Preliminary definitions and theorems. Let w = ¢(z), whose inverse is 
z = #(w), map the interior of C conformally on | w| < 1, so that z = 0 goes 
intow = 0. We denote by J, the image under this mapping of the circle | w | = 
R <1; Ip is an interior level curve. Let w = ¥(z), whose inverse is z = V(w), map 
the exterior of C conformally on |w| > 1, so that z = © goes intow = ~. 
We denote by Z, the image of the circle | w| = p > 1 under this mapping; £, 
is an exterior level curve. Let P be a point of C, let d(P, Ip) be the greatest 
lower bound of the distances from P to the points of Zp, and let d(C, Iz) be the 
greatest lower bound of d(P, Ig) as P traverses C. We take the following 
definitions and theorems from SIII. 

Derrnition 2.1. Jf 


P(wi) — P(we) 
WwW, — We 


(2.10) 0<M< < Nz <~, 


uniformly for | w;| S 1, | w.| < 1, we shall say that “C is a curve of type S’’. 

DeFINiITION 2.2. Let C be a Jordan curve composed of a finite number of Jor- 
dan arcs meeting in corners 2, 22, +--+, Zp, Of exterior openings um, wet, ---, 
wpm, 2> 4, 2 ue 2 --- 2 wy, > O, and let the difference-quotient of the mapping 
functions w = ¥(z), w = (z) be bounded in modulus on each smooth subarc. Let 
u be the larger of uw, and 2 — u,. Then we shall say that “C is a curve of type wv’. 

DEFINITION 2.3. Let C be a rectifiable Jordan curve. Let z, and 22 be arbitrary 
points, 2; ~ 2, of C. Let zs; be a point of C distinct from z and z, , and choose 
the direction on C so that z, separates z, and z;. If constants N,; and Nz, inde- 
pendent of 2, , 2, and 23 , exist such that 


22 
(2.11) [ |zs — | *|dx| Ss Nile — 2a[** + Ne, B>0, 
21 

7 W. E. Sewell, (1) Degree of approximation by polynomials to continuous functions, Bul- 
letin of the American Mathematical Society, vol. 41(1935), pp. 111-117; (II) On the modulus 
of the derivative of a polynomial, ibid., vol. 42(1936), pp. 699-701; (III) Generalized deriva- 
tives and approximation by polynomials, Transactions of the American Mathematical 
Society, vol. 41(1937), pp. 84-123. These papers will be referred to as SI, SII, and SIII, 
respectively. 

8 John Curtiss, A note on the degree of polynomial approzimation, Bulletin of the Ameri- 
can Mathematical Society, vol. 42(1936), pp. 873-878. 

® J. L. Walsh and W. E. Sewell, Note on the relation between continuity and degree of poly- 
nomial approximation in the complex domain, Bulletin of the American Mathematical 
Society, vol. 43(1937), pp. 557-563. 
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where the path of integration is along C from z to %, for z arbitrarily near 23, 
we shall say that ““C is a curve of type W’”’. 
THeoreM 2.4. Let C be a curve of type S. Then we have 


(2.12) d(C, E,) 2Mi(o—1), d(C, Ix) 2 M2(1 — R), 


where M, and Mz are constants depending only on C. 
THEOREM 2.5. Let C be a curve of type u. Then we have 


(2.13) d(C, E,) 2 Mi(p = >"; d(C, Tr) Pa M;(1 = R)", l1<u< 2, 


where M, and Mz are constants depending only on C. 
THEOREM 2.6. Let C be an arbitrary rectifiable Jordan curve. Then we have 


(2.14) d(C, E,) =Mi(p— 1)’, — d(C, In) = Ma(1 — RY’, 
where M, and M; are constants depending only on C. 
3. Generalized derivatives of r,(z). Let f(z) be defined and integrable on C. 


Then the Riemann-Liouville generalized derivative of f(z) (see SIII), if it exists, 
is defined at a point z of C as follows:” 


D:f(z) = f(2); 


(3.10) D:f@) = 7 Sf (2 — x) * f(z) dz, wets 
Dif(z) = = qa De f(z), Osp—l1saK<p, 


where p is a positive integer. Here the point k is an arbitrary but fixed point 
on C and the path of integration is along C in a fixed direction. For analytic 
functions and a > 0 a more convenient representation of the generalized de- 
rivative is furnished by the following (see SIII): 

THEOREM 3.1. Let f(z) be analytic in the interior of a rectifiable Jordan curve y 
which passes through k and contains in its interior the point z and an arc i of type 
W’ joining k to z, and let f(z) be continuous in the closed limited region bounded by 
y. Then we have 


* ~ = 1) S(t) dt 
(3.11) Dsf(z) = [2s a > 0, 


where the branch of (t — z)*' is determined on . 

Let k be a fixed point on C and denote by C” the set of points z on C with 
|z — k| > m > 0; our inequalities hold in general for z on C”. Let z be an 
arbitrary point on C”, and with z as center draw a circle 6 of radius so small 
that 6 does not contain the point & or the origin in its closed interior (the precise 
radius to be determined later), and let A be the first point of intersection of 





10 A particular branch of (z — x)~*"' is understood here (see SIII, pp. 94-96). 











396 W. E. SEWELL 


6 and C in traversing C from ktoz. Then if y is the path from k to A, A around 
6 and back to A, and from A along C to k, we have 





a. _ T(a +1) rn(t) dt 
(3.12) ra(z) = = i @— 2 a> 0. 
Thus, 
a/.\; - F(a + 1) “ ra(t) dt ra(t) dt 














We need the following lemma due to Walsh (op. cit., p. 258). 

Lemma 3.2. Let C be an arbitrary Jordan curve which contains the origin in its 
interior. If |r,(z)| S M onC, then |r,(z)| S Mp",p > 1,zonE, , and|r,(z)| S 
M/R",R <1,zonIp. 

Now let C be a curve of type S and let the radius of 6 be M3(p — 1), where 
M; is the smaller of M, and M,; in inequalities (2.11). Of course, p should be 
chosen sufficiently near 1 to insure that 6 contain neither k nor the origin in its 


closed interior. Letting R = 2 — p, we have 
d(C, E,) 2 Mi(o — 1) 2 Malo — 1), 
d(C, In) 2 M2(1 — R) = M3(e — 1), 


and consequently 6 lies in the closed limited region bounded by Ez and J,. 
Also, 


M M 
— = -——___ > Mp’, >1. 
Re (pyr r 
Hence | r,(t) | S M(2 — p)"fortoné. If we take 
_ n+ 2a 
(3.14) p= a+a ’ 
it is easy to show (see SIII) that 
(3.15) | ra(z)| S MK(a, C)n’*, zonC”, 


for n sufficiently large. Since r,_;(z) is also an r,(z) with the leading coefficients 
zero, we can adjust K(a, C) so that (3.15) holds for all n. Thus, we have the 


following 
THEOREM 3.3. Let C be a curve of type S which contains the origin in its interior. 


Let | r,(z)| S MonC. Then we have 
| ra(z) | S MK(a, C)n*, zonC",a> 0, 


where K(a, C) is a constant depending only on a and C. 
For curves of type u we apply Theorem 2.5. This amounts to replacing 
aby au. Thus we have 
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THEOREM 3.4. Let C be a curve of type u which contains the origin in its interior. 
Let |r,.(z)| S M onC. Then we have 


|ra(z)| S MK(a, C)n™, zonC",a>0,1 <u < 2, 


where K(a, C) is a constant depending only on a and C. 

For curves of type W’ we apply Theorem 2.6 and we have 

THEOREM 3.5. Let C be a curve of type W’ which contains the origin in its in- 
terior. Let |r,(z)| S M on C. Then we have 


| r&(z)| S MK(a, C)n’*, zonC",a> 0, 


where K(a, C) is a constant depending only on a and C. 

If a is an integer, we may use the Cauchy integral formula for the derivative, 
the integral being taken around 6. Thus we do not have to integrate along the 
curve, and hence we have (see SIT) 

THEOREM 3.6. Let C be an arbitrary Jordan curve containing the origin in tts 
interior. Let |r,(z)| S M on C. Then we have 


|r. (z)| S$ MK(C)n’, zonC, 


where K(C) is a constant depending only on C. 
In fact, this theorem extends to an arbitrary ring-shaped region which does 
not contain the origin in its closed interior and which separates the origin from 


the point at . 


4. Degree of approximation—analytic curves. We consider first the case 
of the unit circle C:|z| = 1. Suppose f(z) is defined on C and" f(z) satisfies 
a Lipschitz condition of order 8,0 < 6 S 1,onC. OnC we havez = e” and 
hence f(z) = f(e”) = F(@) and F'”’(6) satisfies a Lipschitz condition of order 8. 
Consequently, by Jackson (op. cit., p. 10), we know that there exists a trigo- 
nometric polynomial 7',(@) of order n in @ such that 


M 
| F(@) re T,.(8) | 2 nre? 
where M is a constant independent of n and @. But 


k —k —k 
sin ko = ~ ae cos ko = % = al (k = 0,1,2,---), 








and hence 7',(@) can be written as a polynomial in z and 1/z. Thus we have 
the following 


1 f?)(z), where p is a positive integer, denotes the p-th derivative of f(z); f(z) =f(z). 
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TueoremM 4.1. Let f'”’(z), p = 0, satisfy a Lipschitz condition of order B, 0 < B 
S 1,onC:\|z| = 1. Then for each n (n = 1, 2, --- ) there exists a polynomial 
r,(z) of degree n in z and 1/z such that 


Ife) —2.0)|5 25, 2] 1, 


nPrs’ 
where M is a constant independent of n and z. 

Now suppose C is an arbitrary analytic Jordan curve in the z-plane containing 
the origin in its interior. Let f(z) be defined on C and let f‘”(z) satisfy a Lip- 
schitz condition of order 8,0 < 8 S$ 1, 0nC. By mapping the interior C on 
|w| < 1, we have f(z) = F(w), and by Theorem 4.1 there exists r,(w) such that 
| F(w) — r,(w)| S$ M/n?**, | w| = 1, or 


(4.10) | f(z) — sn(@(z)) | S M/n?™, zon C, 8.(¢(z)) = ra(w). 


Since f(z) is bounded on C, by Lemma 3.2 we have | s,(¢(z)) | S Mip”, p > 1, 
for zon EZ, andzon J,. Furthermore, the function s,(¢(z)) is analytic in this 
region and can be split into two components, one analytic in the closed exterior 
of J,,, and the other analytic in the closed interior of E,. We can approximate 
these two components in the closed exterior of J2;;.,;, and in the closed interior 
of Ey41/2 by polynomials r,(z) in z and 1/z so that 


(4.11) |ss(9(e)) — ra(e)| = 23, 


for some fixed « > 1, where M; is independent of ¢, n, and z. Thus by com- 
bining inequalities (4.10) and (4.11) we have 

TuHeoreM 4.2. Let C be an analytic Jordan curve containing the origin in its 
interior. Let f(z) be defined on C and let f(z) satisfy a Lipschitz condition of 
order 8,0 <8 S 1,0nC. Then for each n (n = 1, 2, --- ) there exists a poly- 
nomial r,(z) of degree n in z and 1/z such that 


Ife) — r(e)| S — sit 


where M is a constant independent of n and z. 

An approximate converse is 

TueoremM 4.3. Let C be an analytic Jordan curve containing the origin in its 
interior. Let f(z) be defined on C and for each n (n = 1, 2, --- ) let there exist a 
polynomial r,(z) of degree n in z and 1/z such that 


\fe) — ra) | = 3, zonC,0<6 <1, 


where M is a constant independent of n and z, and p is a positive integer or zero. 
Then f'”’(z) exists on C and satisfies the condition 


f(a) — f(a) | < Ll ar — ze |? \log| 2: — 22/ |’, zi, 22 on C, 
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where 6 = 0if B < 1, andé = 1 if 8 = 1, and where L is a constant independent 
of z, and zs. 

The proof follows a method used by Walsh and Sewell (loc. cit.). For C 
the unit circle, f(z) is a function of @ and r,(z) is a trigonometric polynomial of 
order n in 6. Thus, the results of de la Vallée Poussin (op. cit., Chapter 4) 
apply directly. For the general analytic Jordan curve the result follows by 
mapping the interior of C on | w| < 1 and approximating r,(#(w)) by a poly- 
nomial of degree n in w and 1/w (see the proof of Theorem 4.2, and Walsh and 
Sewell, loc. cit.). 

It should be noted that Theorem 4.3 is an exact converse of Theorem 4.2 for 
0<8< 1. Anexact converse for 8 = 1 is impossible as shown by an example 
in Walsh and Sewell (loc. cit.). 

It has been shown (see SIII) that, if f(z) satisfies a Lipschitz condition of 
order 8 on C, f(z) has a bounded derivative of every order a’ < p + 8, and that, 
if f(z) has a bounded derivative of order a = p + 8 on C”, f(z) satisfies a 
Lipschitz condition of order 8,0 < 6 < 1. Of course, if we take two points k, 
it is clear that the Lipschitz condition holds uniformly on C. Thus in Theorems 
4.2 and 4.3 bounded derivatives may be used to describe the continuity proper- 
ties of the function. 


5. Degree of approximation—more general curves. Our first result is 

THeoreM 5.1. Let C be a curve of type S containing the origin in its interior 
and let f(z) be defined on C. If for everyn (n = 1, 2, --- ) there exists a polynomial 
r,(z) of degree n in z and 1/z such that 


|f(z) — ra(z)| S =. a > 0,zonC, 


M a constant independent of n and z, then f(z) has a bounded derivative of every 
order a’ < aonC. 

The proof is based on an application of Theorem 3.3. Using Theorem 16.1 
of SIII we can apply a procedure similar to that of Montel” to prove the theo- 
rem. Of course, this involves two separate choices of k, each yielding a bounded 
derivative on C™, and since these two overlap, we have the continuity property 
for the entire curve. 

By applying Theorems 3.4 and 3.5, respectively, and the above method, we 
obtain 

TueoreM 5.2. Let C be a curve of type u containing the origin in its interior 
and let f(z) be defined onC. If for everyn (n = 1, 2, --- ) there exists a polynomial 
rn(z) of degree n in z and 1/z such that 
M 


aw’ a>0,1<u<2,zonC, 


|f(z) — ra(z)| S 


12 P. Montel, Sur les polynomes d’approzimation, Bulletin de la Société Mathématique 
de France, vol. 46(1919), pp. 151-196. 
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M a constant independent of n and z, then f(z) has a bounded derivative of every 
order a’ < aonC. 

TuHeoreM 5.3. Let C be a curve of type W' containing the origin in its interior 
and let f(z) be defined onC. If for everyn (n = 1,2, --- ) there exists a polynomial 
r,(z) of degree n in z and 1/z such that 


| f(z) — ra(z) | ‘=. a>0,zonC, 


M a constant independent of n and z, then f(z) has a bounded derivative of every 


order a’ < aon. 
For an arbitrary Jordan curve C containing the origin in its interior we apply 


Theorem 3.6 to obtain (see SII) 

TuHeoreM 5.4. Let C be an arbitrary Jordan curve containing the origin in its 
interior and let f(z) be defined on C. If for every n (n = 1, 2, --- ) there exists a 
polynomial r,(z) of degree n in z and 1/z such that 


Ise) - ra(@)| = M, a >2,z0nC, 


a and M independent of n and z, then f(z) has a bounded first derivative on C. 


Georaia ScHoou or TECHNOLOGY. 











THE JUMP OF A FUNCTION DETERMINED BY ITS FOURIER 
COEFFICIENTS 


By Orrto SzAsz 


1. Let f(x) be integrable L in the interval (—7, x) and have period 27, and 
let its Fourier series be 


f(x) ~ 5a + > (a, cos vz + b, sin vx), 
v=1 


where 


(1) ,=6,-d = 1 | me“a &=6,1,3,---) 
T J—«r 
We shall also use 


8,(z) = > + > (a, cos vz + b, sin vx) = >> Az), 
0 


(2) 
&,(x) = >» (b, cos vx — a, sin vz) = : A,(z). 


§,(z) is the trigonometric polynomial conjugate to s,(z). It is well known 
that the arithmetic means 


++ --- tha _1¥F 
acca wens — 


o,(x) _ 


(3) 
sin 3n(t — x) , 
~ One =f. fo (s sin $(t — *) . 
converge to 3{f(x + 0) + f(x — 0)}, whenever this expression exists.’ We are 
concerned here with the determination of the jump: D(x) = f(z + 0) — f(x — 0). 


Received January 28, 1938; presented to the American Mathematical Society, February 


26, 1938. 
1 This is Fejér’s classical theorem; it was generalized by Lebesgue, who proved 


on(x) — f(x) whenever 


h 
if | f(z + t) + f(z = t) — f(z) | dt 0 ash — 0. 
0 


An extension of this result is [3, §5; 6; 4]: 
h h 
[ |e(t)|dt = O(h) and [ e(t) dt = o(h), 
0 0 


where g(t) = f(z + t) + f(x — t) — 2f(z), imply ¢,(z) — f(z). 
401 
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Several solutions of this problem have been given. To point out some of 
them Fejér [2]’ and Csillag [1] proved the following 
TueoreM 1. If f(x) is of bounded variation, then® 


(4) m lim {8,(z) — @,(x)} = f(x + 0) — f(x — 0), 
where 
(5) ale) o BE Ss, 

n 


Luk4es [5] proved 
THeoreM 2. Let f(x) be integrable in(—x,7). If there exists a D(x) such that 


lim aq f(z + t) — f(x — t) — D(z) | dt = 


h—-+0 h 


then 
(6) lim oe D(z). 


Finally, the author [7, §3] has given the following 
THEOREM 3. If f(x) is integrable and if there exists a D(x) such that 


(7) lim [ {f(a + t) — f(x — 0 — D(az)} dt = 


lim | (al — ng = ; Ar, x)= * D(x), 
where 
H(r, x) = 3 oe > (2, cos vx + b, sin vz)r’. 
Remark. We have 
f(ix+t—fix-tdD)~2 p> A,(x) sin vt, 
hence 


if f(z +0 — f(x — Dj} dt= r\ a vA,(z) (= -}. 


Thus the assumption (7) can be written as 


lim 2 Y Alex (= *) * D(x); 


h—+0 7 1 





? The numbers in brackets refer to the literature at the end of this paper. 

* Fejér considered functions satisfying Dirichlet’s conditions, and Csillag generalized 
his result to functions of bounded variation. In view of the Riemann-Lebesgue lemma 
we may replace §, by 3,,, , where » is any fixed integer. 
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this means that the sequence {vA,} is summable by the Riemann method of 
the second kind to the value r ‘D. Note that 


+ (S)} = 


On the other hand, the conclusion of Theorem 3 asserts that the sequence 
{vA,} is Abel-summable. 





2. The purpose of this paper is to give a new determination for D(x) by 
using a trigonometric polynomial related to the one in (4). We shall first prove 
TueoreM I. Under the same assumption as in Theorem 2 


(8) lim (G2,(2) — G(x)) = - * Jog 2-D(z). 


no 


Remark. Note that (4) can be written as 
lim n(@, — 5-1) = lim + vd, = + {fle + 0) — fla — 0)}. 
n~o no 1 


It is the limitation of the sequence {vA,} by arithmetic means. On the other 
hand, (6) is 





_ (n + 1)ény1 — NG, _ 1 wm 
vera log n ™ = log n L nee = DO. 


Here logarithmic means are applied. 
To prove Theorem I, we write 
~~ aad he -0k~ he dk 
nm n Qn 7 ’ n 7 
= ; p> vA, + > (2n — nah, 
2n n+1 
where 


(9) A, = A,(z) = —3(2c,e""). 


Now (1) gives 


21> ve,e*= + > (2n — v)c,e* “ 


n+1 


1 [" f(t) ‘e pei) + > (2n a ene} dt 


- e* eit eite-0) 2 a 1 r _— sin An(x van t) 2 
=“ oe =e a=1["e ; (Sin ane — OY soa 


—7 
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Hence by (9) 


sin $n(z — 2) 


, a Se 1 : sl _ | me, 
7 gh [10 sin ne » (ee ON a 


ae oe in ee sin i) 

* “ee Se t) sin nt (Sain 

a= 1 [ {f(x + t) — f(x — t)} sin nt (* ~~ 2) dt. 

2nxr Jo at 
But = — = nut ( i) dt is the n-th arithmetic mean for the cosine 
series a sin nz atx = 0. On writing 
sin nz ~ F + La, cos ve, 0<2<7, 
1 


we have 
oa wee: : 
a, = [sin nt cos tt = [ {sin (n + v)t + sin (n — v)t} dt 
wT JO wT Jo 


_1 2n 


rn? — y* 


{1 — (-1)""} (v = 0,1,---,n — 1). 


r .: 1 2 n 
i sin nt (= i) dt = =. fl — (—1)"} +* > (n — v)a, 
r Jo s 


n $t nr 
2 E 1 — (—1)" of 


yy = =. 
== = (-} +2 


Denoting this expression by w, , we next prove that 











(10) lim w, = = ? tog 2. 
We have 
2.1-(-1)’_4¥ 1 2< i 
> ~2n+p * -eGtEni “ae 2k — 1° 
1+ —— 
2n 
This gives 
/ 2 (' dz 2 
tim om = 2 [ ite"s* 
Also 
” 2 2 2n _ 1 —(-1)" 2 n+1 
wantt (n+ dete SET " Gap ts Y BERS 
2 4 


=~ Gn i)e + Gn +ie’ 
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and hence 


lim wengi = - ” log 2. 


no 


This proves (10). We now get 


Gen(x) — 6,(x) — wn, D(z) 


af (f(z + t) — f(z — t) — D(z)} sin nt (= a] dt, 


from which it follows that 


| Gen (x) — 6, (x) = 4, D(z) | 
i sin 3nt\? 
ss | iste + 0) — fee — 9) — De)| (IM) a 


But it follows from the theorem of Lebesgue already referred to in footnote 1 
that for a function ¥(¢) for which the mean integral 








h 
iff | y(t) | dt > 0, ash —0, 
0 
we may conclude that 
a sin 3nt\? 
a: [ ive) | (Seay at — si titi 


We finally obtain 

lim {é2n(2) — én() — 30,D(z)} = 0, 
or, using (10), we get 

lim {4(2) — é4(2)} = “log 2-D(a). 
This proves the theorem. 


Substituting in (8) n = 2’, v = 1, 2,3, --- , and taking the arithmetic means, 
we find 


lim we} = . log 2- D(z). 


no 


This can be deduced directly from (6). 


3. By analogy with the extension of Lebesgue’s theorem, referred to in foot- 
note 1, we can extend Theorem I as follows: 
TuHEeoreEM II. Suppose that f(x) is integrable L in (—-x, x) and that 


[ | ¥(z, t) | dt = O(A), [ ¥(z, t) dt = o(h), h— +0, 
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where (zx, t) = f(x + t) — f(x — t) — D(a); then 


+ 2-D(zx). 
Tv 


lim {62n(x) — 6,(x)} 
We first prove the 
Lemma. 0 < f — sin’t < tf for0 <t < 4n. 
We have for 0 < t < 4” 





o<t< mt 
cost’ 
hence 
2 sin’ t 
t< —._, 
1 — sin??’ 
or 
2 
(<(1+#)sin*t,  sin’t > ive >t-i 
Finally 


0<—sin’t < ¢ 
We now write 


. “ 1 , sin’ 3nt . 
Ga, — Gn — 30,D = a. f ¥(z, t) Gp? sin nt dt 


ek pate ee 1 1 
— [ ¥(z, t) sin” 4nt-sin nt ‘oa any dt 
= rr + ee. 


But by the lemma 


(| < = [ | ¥(z, »i(5) G) a5 sin? }t = Qn aah | ¥(z, t) |dt = of} ). 


We thus have only to prove J{” — 0. On putting 
max ah ¥(z, t) dt = e(6), 
o<assh 


we have «(6) | Oaséd | 0. Thusd(s) = se? T wass | 0, so that if 6 = 
p(A) is the function inverse to A, then p(d) | Oasd T w, and A-p(A) = 5 *5 
=e'T? «asé | 0,oras\ 1 ©. Wenow split up the expression J{” in the 


form 
1 p(n) ° 
ms a a (f + \ i + oF”. n> No, 
. 0 


2nxr p(n) 
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where 7 is chosen so large that p(m) < 7. Writing 


[ v(z, t) dt = Wilh), [ | ¥(2, t) | dt = nh), 


+2 [ t *n(t) at 
p(n) p(n) 
Hence 


Ts” |< 3 + 20( | rat} = o(! + - i) —0 as n> @, 
nr \ 1 p(n) n  np(n) 


Furthermore 


we find 
|T:” | s ; [ | ¥(z, t) | il = 2 {eal 


= 2nxr (n) us 























p(n) a ° 
T” = 4 v(x, t) (1 cos nt) sin nt 
nr fo f? 

p(n) . i 

= - [ v(z, t) sin nt 2 sin 2nt dt 
wT J0 
si — as p(n) p(n) ' va . 
= < {vs(d sin nt 2 in 2nt ye v(t) n(cos nt ™ cos 2nt) dt 
p(n) 7 — 

a [ vid) 2(sin nt 3 sin 2nt) at), 
0 / 


Hence, writing p, for p(n), we finally obtain 


Pn Pn 
ise" }< * de(on) + Scio) [ t' sin? nt dt + Soo | 2t~*| sin nt | sin? 3n dt 


< Be) + e(p,)n’ i (ey a+ * elon) [ (a) yn at} 








8 8 a is 
< ~ €(on) {1 + 4n’p, + 4np,.} = — (on) {1 + Se(on) * + de(on) } > 0 


asn— «©. This proves Theorem II. 
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INTEGRATION IN ABSTRACT METRIC SPACES 
By 8S. Saks 


1. In a recent note Banach’ established the following theorem which may be 
regarded as an interesting extension of the well-known formula of F. Riesz for 
linear functionals over the space of continuous functions on a finite interval. 

Let H be a compact metric space and ® a non-negative linear functional 
defined over the space of continuous real functions on H; i.e., 

(i) &(f) = 0 whenever f is a non-negative continuous function on H, 

(ii) (f + g) = O(f) + Og) for any two continuous functions f and g on H, 

(iii) lim #(f,) = 0, if {f,} is a sequence of continuous functions, converging 

A 


to 0 uniformly on H. 
Then there exists a measure yu in the space H, with respect to which 


(1.1) ti) « I, (2) du(z) 


for any function g continuous on H.’ 

Banach’s original proof of the above theorem is based on the general theory 
of functional operations and on his theory of integration on abstract spaces. 
In this note we give another proof which seems more elementary and which is 
based directly on the Lebesgue theory of integration as extended to abstract 
spaces by Fréchet. 


2. In what follows H will be a fixed compact metric space and p(a, b) the 
distance between any two points a, b of the space. If ae H and r > 0, then 
S(a, r) will denote the open sphere with center @ and radius r, i.e., the set of 
points x such that p(a, xz) <r. The set of points x such that p(a, 7) = r is the 
surface of the sphere S(a, r). If A is any set in H, the closure of A will be 
denoted, as usual, by A. 

Finally, & will denote a non-negative linear functional defined over the space 
of continuous functions on H. 


3. For every set EZ in H, we shall denote by I'(Z£) the lower bound of the 
numbers (f), where f is an arbitrary non-negative continuous function on H 


Received February 20, 1938. 

1S. Banach, The Lebesgue integral in abstract spaces (Note II in the book by 8. Saks, 
Theory of the Integral, 2d ed., Monografie Matematyezne, Warsawa, 1937, pp. 320-330, 
esp. p. 326). 

2 In this connection see also G. Fichtenholz and L. Kantorovich, Sur les opérations dans 
Vespace des fonctions bornées, Studia Mathematica, vol. 5(1934), pp. 67-78. 
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such that f(z) 2 1 for ze. Thus defined, the set function I is clearly non- 
negative and satisfies the following three conditions: 
(P;) T'(A) S I(B) whenever A ¢ B, 
(P2) I'(A + B) S I(A) + I(B) for any pair of sets A, B in H, 
(P3) T(A + B) = I(A) + I(B) whenever p(A, B) > 0, 
where p(A, B) is the distance between the sets A and B. 

Only the property (P;) requires a proof, the first two properties being obvious. 
Since p(A, B) > 0, by a well-known theorem’ there exists a function h(x) con- 
tinuous in the whole space H, and equal to 1 on B and to 0 on A. 


Now let ¢ be an arbitrary positive number and f a non-negative function 
continuous on H subject to the conditions 


(3.1) f(z) 21 forzreA + B, 
(3.2) (A + B) + € 2 @(f). 


Put fi = (1 — Adf, fo = Af. Both functions f; and fe are non-negative and 
continuous, and by (3.1), we have 


f(z) = f(z) 2lonA, = fo(x) = f(z) 2 lon B. 
Consequently, in virtue of (3.2), 
T(A + B) + € 2 Wf) = Pf) + (fr) = P(A) + TB), 

whence (A + B) 2 T'(A) + I(B), and because of the property (Pz), (A + B) 
= I(A) + I(B). 

4. For any set £ in H we shall denote by u(Z) the lower bound of the sums 
> r(G;,), where {G;} is an arbitrary sequence of open sets such that E © >> G,. 
k k 


From the properties (P;), (P2) and (Ps), it immediately follows that the function 
of sets u satisfies the three conditions of outer measure of Carathéodory '§ 


(C,) w(A) S u(B) whenever A ¢ B, 
(C2) u(>, Ax) S > w(A;) for any finite or infinite sequence {A;,} of sets, 
k k 
(Cs) «(A + B) = w(A) + u(B) whenever p(A, B) > 0. 
Furthermore, if F is any closed set, then u(F) = I(F). In fact, if {G,} isa 
sequence of open sets such that F C > G;, then, by the Borel covering theorem, 
k 
N 
for sufficiently large N we have F C >. G; and consequently, in view of the 
k=l 
properties (Pi), (Ps), 
N oo 
r(F) s DTG) s DG). 
k=1 k=1 


3 See, e.g., P. Alexandroff and H. Hopf, Topologie, vol. I, p. 74. 
4 See, e.g., S. Saks, loc. cit., p. 43. 
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Since {G,} is an arbitrary sequence of open sets covering F, it follows that 
I(F) S u(F). 

To establish the opposite inequality, let « be an arbitrary positive number 
and f a non-negative function continuous on H such that f(z) = 1 for ze F and 
such that ®(f) < I'(F) + «. Let G be the set of points x at which (1 + ©)f(z) 
> 1. The set G clearly is open and contains the set F. Hence, 


u(F) Ss T(G@) Ss (1 + Of] = (1+ 9%) S (1 + OTF) + 4. 
Therefore u(F) < T'(F). This completes the proof.® 


5. The function of sets u, as an outer measure in the sense of Carathéodory, 
determines a class of measurable sets and a process of Lebesgue integration. 
In order to establish the theorem of Banach stated in §1, we only have to prove 
that the inequality 


(5.1) #(g) s [ g(x) du(x) 


holds for any continuous function g on H. The opposite inequality will then 
immediately follow by changing the sign of g. On the other hand, by adding 
a constant to g, if necessary, we can confine ourselves to the case when g is 
continuous and non-negative. 

Now let ¢ be an arbitrary positive number, and 7 a positive number such that 
| g(x2) — g(a) | < ¢€ whenever p(x, , 2) < ». By the Borel-Lebesgue covering 
theorem the space H may be covered by a finite number of open spheres S; , S:, 

. , S, with radii less than $y. Moreover, since u(H) < «©, we may assume 
that the surface of each of these spheres is of measure (x) zero.° 

Now let Ky = S,, Ke = Se - Ki, eee , K, => Sr _ | The sets Ki, 
K:, --- , K, form a finite system of closed, non-overlapping sets of diameters 
less than ». Furthermore, the boundary of each of these sets is of measure 
(u) zero; hence on denoting by 1; the lower bound of g on K; (¢ = 1, 2, --- , n), 
we have 


(5.2) [ g(x) du(x) = > ha(Ki). 


On the other hand, since u(K,;) = I'(K,) (¢ = 1, 2, --- , n) (ef. §4), we can 
associate with each K; a non-negative continuous function f; such that f;(z) = 1 
on K; and such that «(K,;) 2 (fi) + «/(nl:). Put f(z) = hfi(z) + --- 
+ 1,f.(z) + ¢. Since the oscillation of g on each set K; does not exceed e, it 


5 The above proof shows that the inequality u(F) < I'(F) holds for any set F whatsoever, 
not necessarily a closed set. 

® Indeed, if a is any fixed point, the set of values r = 0 for which the surface of the sphere 
S(a, r) is of positive measure (x) is at most enumerable. 
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follows that f(z) 2 lifi(z) + «€ = g(x) for x e K; (¢ = 1, 2,---,n), and so 
f(x) 2 g(x) on the whole space H. Thus, in virtue of (5.2), 


[ a(z)du(2) = Do WIe(S) + «/(nt)] = (3 Lf) ii 


= O(f) — O(c) + « => HY) — P(e) + «. 


Allowing here ¢ to approach 0, we obtain the inequality (5.1), and the proof is 
complete. 


6. The formula (1.1) holds for all linear functionals #, not, however, necessa- 
rily non-negative, under the condition that » is interpreted as a general completely 
additive function of Borel sets. In fact, any linear (i.e., additive and con- 
tinuous) functional over the space of continuous functions on H may be repre- 
sented as the difference of two non-negative linear functionals. We thus obtain 
a complete generalization of F. Riesz’ formula mentioned at the beginning of 
this note. 


UNIVERSITY OF WARSAW. 





THE PROJECTIONS OF THE ASYMPTOTIC CURVES 
By M. L. MacQureEn 


1. Introduction. A line J, through a point of a surface in ordinary space but 
not lying in the tangent plane of the surface at the point and a line 2, lying in 
the tangent plane but not passing through the point are called reciprocal lines 
if they are reciprocal polars with respect to the quadric of Lie at the point. 

G. M. Green,’ in his investigation of the theory of reciprocal congruences, 
arrived at an important pair of reciprocal lines, now commonly called the 
canonical edges of Green, by considering the projections of the asymptotic 
curves upon the tangent plane at a point of a surface. 

In this paper we propose to continue the investigation of the projections of 
the asymptotic curves upon the tangent plane at a point of a surface. For this 
purpose power series expansions for the projected asymptotics are deduced, 
the center of projection being a point on an arbitrary line J, at a point of the 
surface. Consideration of certain osculants associated with the projected 
asymptotic curves leads to new geometric characterizations of the canonical 
edges of Green and to other canonical lines. Finally, brief attention is given 
to a particular transformation of Cech. 


2. The projections of the asymptotic curves. If the four homogeneous pro- 
jective codrdinates xz”, .--,2 of a point P, on a non-ruled surface S in 
ordinary space are given as analytic functions of two independent variables 
u, v, and if the parametric net on S is the asymptotic net, then the functions z 
are solutions of a system of differential equations which, by suitable choice of 


proportionality factor, can be reduced to Fubini’s canonical form 
Luu = Pr + Outu + Br, 

(1) (0 = log By). 
Lev = QE + YFu + Oto, 

The coefficients of these equations are functions of u, v and satisfy three integra- 


bility conditions. 
The coérdinates X of a point near P, and on the u-curve through P, are 
given by an expansion of the form 


(2) X =2+4 2,Au + }x,,Au’ +---. 


Received March 2, 1938. 
1G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, 
Transactions of the American Mathematical Society, vol. 20(1919), p. 108. 
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If the points xz, 2, , Z», Zu» are used as the vertices of a local tetrahedron of 
reference with a suitably chosen unit point, the local coérdinates y,, --- , ys 
of the point X are represented by the expansions 


yi = 1+ pd’ + ..., 

ye = Au + 36,Au? + ---, 

ys = }6Au’ + 2(8, + B0,)Au? + ---, 
ys = 3BAu’ + y5(8, + 60,)Au‘ + ---. 


In the notation employed by Lane,” a line J, through a general point P, of a 
surface joins the point xz to the point y defined by placing 


(3) 


(4) y= —azr, — bz, + Luv, 


wherein a, b are functions of u,v. Dually, a line 2, in the tangent plane at the 
point P, joins the points p, o defined by placing 


(5) p = x — ba, o = 2% — az, 


where a, b are functions of u, v. If the functions a, b are the same in equa- 
tions (4), (5), the lines J, , are called reciprocal lines, because they are reciprocal 
polar lines with respect to the quadric of Lie or any quadric of Darboux at 
the point P,. Moreover, two reciprocal lines 1, , lz are canonical lines of the 
first and second kind respectively in case 


(6) a=-ky, b= —k, 


where & is a constant and 
(7) ¢ = (log By’)u, wv = (log By). 


If the local coérdinates of a point referred to the tetrahedron z, x, , 2», Lue 
are yi, --- , Ys, and if the coérdinates of the same point are 2, --- , 2, when 
referred to the tetrahedron z, p, 7, y + Az, where ) is an arbitrary scalar function 
of u, v, then the equations of the transformation of coérdinates between the 


two tetrahedrons can be written in the form 
ti = yr + dys + ays + (2ab — r)m, 
te = Y2+ ays, 
tz = ys + by, 
a=. 


The parametric equations of the projection of the asymptotic u-curve from the 
new vertex (0, 0, 0, 1) onto the tangent plane, z, = 0, are found by substituting 
the series (3) for y: , --- , ys into equations (8) and taking such linear combina- 


(8) 


2E. P. Lane, Projective Differential Geometry of Curves and Surfaces, University of 
Chicago Press, 1932, p. 82. 
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tions of the resulting coérdinates x, , --- , x, and of 0, 0, 0, 1 as will make the 
fourth coérdinate vanish. For these results we find 


1+ bAu+.---, 
(9) te = Au + 40,Au' + ---, 
ts = 3BAu’ + 3(8. + BO, + bB)Au’ + ---. 


Introducing non-homogeneous coérdinates in the tangent plane by the defini- 
tions 


7 


(10) r= 22/2, y = 23/2, 
we find 

z = Au + 3(0, — 2b)Au’ + ---, 
” y = $8Au" + 3(6. + BO, — 2b8)Au® + ---. 
Inverting the first of these series, we obtain 


(12) Au = z — 3(0, — 2b)z*+.---. 


If we substitute this series for Au in the second of the series (11), we arrive 
at the power series expansion for the projection of the asymptotic u-curve from a 
point on a line l, upon the tangent plane, namely, 


(13) y = 36x” — By — 4b)z° + ---. 


Similar calculations lead to the following expansion for the projection of the 
v-curve upon the tangent plane, 


(14) z= hy — iy — 4a)y? + ---. 


It will be observed that, as far as written, equations (13), (14) are inde- 
pendent of \ and hence of the position of the center of projection on the line 
which is now being used as the edge zz = x3 = 0 of the tetrahedron of reference. 


3. The osculating nodal cubic of the projected asymptotics. The plane 
cubie curve which has the point P, for a node and the asymptotic tangents 
xe = 0 and x; = 0 for nodal tangents has the equation 


(15) X1L2t3 + a,x2 + byxszy + boxer; + a2z3 = 0. 


If we introduce non-homogeneous coérdinates by the definitions (10) and 
make use of equations (13), (14), we find that the nodal cubic (15) has second 
order contact with each of the projected asymptotic curves at the point P, 
in case 


(16) . aq, = — 38, a = — hy. 
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Moreover, it has third order contact with each of the projections in case 
(17) bi = 3(@ — 4b), be = §(Y — 4a). 


Therefore, the equation of the nodal cubic curve having contact of the third order 
with the projections of the asymptotic curves at the point P, is given by 


(18) zy + 3(¢ — 4b)2°y + 4(¥ — 4a)zy’ — 3(82* + vy’) = 0. 


The line containing the three inflexions of the cubic (18) has the equation 


(19) a + 3(¢ — 4b)ae + 3(Y — 4a)zs = 0. 
This line obviously coincides with the line po, x; = 0, in case 
(20) a=W, b=ly. 


Thus we obtain a new geometric characterization of the first canonical edge of 
Green which may be stated in the following words: 

The line of inflexions of the osculating nodal cubic of the projected asymptotic 
curves coincides with the line po if, and only if, the center of projection is a point 
on the first canonical edge of Green. 

If we suppose that the center of projection is a point on the projective normal 
at P, so that a = b = 0, we obtain the following result: 

If the asymptotic curves are projected onto the tangent plane from a point on the 
projective normal, the line of inflexions of the osculating nodal cubic of the pro- 
jected asymptotics is the second axis of Cech. 


4. Conics associated with the projected asymptotics. By means of the power 
series expansion (13), we find that the conics having contact of the third order 
with the projected u-curve at the point P, are given by 


(21) y — 36x" + 3(~ — 4b)zy + hy’ = 0, 


where hf is a parameter. The particular conic, K, , of the pencil (21) which 
passes through the point o has the equation 


(22) y — 38x" + 3(y — 4b)zy = 0. 


Similarly, the conic K, having contact of the third order with the projected 
v-curve at P, and passing through the point p has the equation 


(23) t — by’ + 4 — 4a)zy = 0. 

The equation of the tangent to the conic K, at the point o is found to be 
(24) a + 3(¢ — 4b)x. = 0, 

and the tangent to the conic K, at the point p is given by 

(25) a1 + 3(¥ — 4a)z; = 0. 
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These two tangents coincide with the line po if, and only if, 
a=W, b=l}l¢. 


Thus the following theorem is proved: 

If the asymptotic curves at a point P, of a surface are projected from any point 
of a line l, onto the tangent plane at the point, and if the four-point conics K,, , K, 
at the point P, of the projected asymptotics pass through the points o, p, respectively, 
then these conics are tangent to the line l, if, and only if, the lines l, , le are the 
canonical edges of Green. 

Let us suppose that the center of projection is a point on any canonical line 
of the first kind distinct from the first edge of Green. Use of equations (6) 
shows that the two tangents defined by equations (24), (25) can be written 
respectively in the form 

a + 3(1 + 4k)pae = 0, 
(26) (1 + 4k # 0). 
a + 3(1 + 4k)yxs = 0, 


These two lines are found to intersect in a point which lies on the first canonical 
tangent at P,. Thus we arrive at the theorem: 

Let the asymptotic curves at a point P, of a surface be projected upon the tangent 
plane from a point on any canonical line of the first kind distinct from the first edge 
of Green. Let the four-point conics K,, , K, at the point P, of the projected asymp- 
totics pass through the points o, p, respectively. The lines tangent to these conics 
at the points p, intersect in a point which lies on the first canonical tangent at P, . 

It is a routine matter to calculate’ a power series expansion for one non- 
homogeneous projective coérdinate z of a point on a surface S in terms of the 
other two coérdinates z, y. Referred to the tetrahedron x, ru, 2», Zu» With 
suitably chosen unit point, such an expansion takes the form 


z= zy — 3(8x° + vy’) 


(27) 
+ t's (Bex on 4Byx'y - 60.2 y° — 4yery’ + vy’) 4 «++, 


It is well known that the tangent plane, z = 0, at an ordinary point of a surface 
intersects the surface in a plane curve C with a node at the point, the nodal 
tangents being the asymptotic tangents of the surface at the point. The two 
branches of the curve C which are tangent to the u-tangent, z = y = 0, and the 
v-tangent, z = x = 0, will be referred to as the u- and v-branches, respectively. 
The u- and v-branches of the curve C are easily found to be given respectively 
by the expansions 


y = 382" — psBer’ + ---, 


(28) Mn! 
ayy —rryy +-:--. 


zx 


3. P. Lane, Power series expansions in the neighborhood of a point on a surface, Proceed- 
ings of the National: Academy of Sciences, vol. 13(1927), p. 808. 
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Using a power series expansion for a surface which differs from the expan- 
sion (27), D. Sun has studied‘ certain osculants of the curve of intersection of a 
surface and its tangent plane. For example, in our notation, the nodal cubic 
(15) which has third order contact at the point P, with both u- and »v-branches 
of the curve C is found to have the equation 


(29) ty + hex*y + iyazy’ — 4(62° + vy’) = 0. 


The line of inflexions of this cubic’ is the second canonical edge of Green. More- 
over, all of the «* non-composite cubic surfaces having fourth order contact 
with the surface at the point P, cut the tangent plane of the surface at P, in 
the cubic (29). 

Let C; and C2 be two plane curves having contact of the first order at a 
point P. Let us consider an arbitrary conic having four-point contact with 
the curve C, at P and another conic having similar contact with C; at P. These 
two conics intersect twice at P and in two other points M, N. Bompiani has 
shown’ that the harmonic conjugate of the common tangent of the two curves 
with respect to the two lines PM, PN is an invariant line which is independent 
of the two particular conics of the pencils considered. 

Since the projected u-curve and the u-branch of the curve of intersection of 
the surface and the tangent plane have contact of the first order at an ordinary 
point P,, we may therefore apply the considerations summarized in the pre- 
ceding paragraph. For this purpose, using the triangle of reference zpo, we 
find that the equation of the four-point conics at the point P, of the u-branch 
of the curve of intersection of the surface and its tangent plane at P, is 


(30) y — 48x" + i — 4b)zy + ky’ = 0, 

where k is a parameter. Subtracting this equation from equation (21), we 
obtain 

(31) Ba* — 3(y — 4b)zy — 6(h — k)y* = 0, 

which is the equation of the two lines projecting from P, the points of inter- 
section of the two conics. It is easy to show that the harmonic conjugate of 
the common u-tangent, y = 0, with respect to the two lines given by equation 
(31) is the line 


(32) 4Bx — (y — 4b)y = 0. 
Consideration of the projected v-curve and the v-branch of the curve C at the 
point P, yields an analogous line whose equation is 


(33) (W — 4a)x — 4yy = 0. 


4D. Sun, On the curve of intersection of a surface and its tangent plane, Téhoku Mathe- 
matical Journal, vol. 38(1933), p. 245. 

’ Fubini and Cech, Introduction a la géométrie projective différentielle des surfaces, Paris, 
1931, p. 100. 

6 E. Bompiani, Invarianti proiettivi di contatto fra curve piane, Rendiconti dei Lincei, 
ser. 6, vol. 3(1926), p. 118. 
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The lines (32), (33) coincide respectively with the v-tangent, x = 0, and the 
u-tangent, y = 0, in case 


Consequently we have the following theorem: 

Consider an arbitrary conic having four-point contact with the projected u-curve 
(v-curve) at the point P, and another conic having similar contact with the u-branch 
(v-branch) of the curve of intersection of the surface and its tangent plane at P,. 
The harmonic conjugate of the common u-tangent (v-tangent) with respect to the 
two lines projecting from P, the two points of intersection of these two conics coin- 
cides with the v-tangent (u-tangent) if, and only if, the asymptotic curves are pro- 
jected from a point on the first canonical edge of Green at the point P, . 


5. The transformation of Cech. Let us consider the transformation’ 
pr, = —fotst, + k(BEs + vé2), 
pl, = 3, pts= tts, r= 0, 


(34) 


where p is a proportionality factor and k is an arbitrary constant. It will be 
observed that the transformation of Cech (34) is a transformation between the 
points with local coérdinates z in the tangent plane of the surface at a point 
and pianes with local coérdinates ~ through the point. 

An arbitrary plane 


(35) Are + urs = 0 
through a line 1, at the point P, of the surface has plane coérdinates 
(36) (0, A, u, 0). 


The points corresponding to the planes through the line J, in the transformation 


(34) are given by 
an pt, = k(Bu* + yd’), 
pl, = du, pts = un, mu = 0. 


Homogeneous elimination of A, » and use of equations (10) yields the equation 
of a pencil of cubic curves 


(38) zy — k(6x° + vy’) = 0. 


To the planes of a pencil with the line 1, as axis correspond the points on a 
cubic of the pencil (38). 


7 E. Cech, L’intorno di un punto d’una superficie considerato dal punto di vista proiettiva, 
Annali di Mathematica, ser. 3, vol. 31(1922), p. 192. 
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By use of equations (13), (14), we find that the cubic (38) has contact of the 
second order with each of the projected asymptotic curves at the point P, 
in case k = 3. Moreover, inspection of equation (18) shows that the osculating 
nodal cubic of the projected asymptotics coincides with the cubic (38) if, and 
only if, the asymptotic curves are projected from a point on the first canonical 
edge of Green. Thus we arrive at the following theorem: 

If the asymptotic curves at a point of a surface are projected upon the tangent 
plane from a point on the first canonical edge of Green, then to the planes of a 
pencil with the edge as axis correspond the points on the osculating nodal cubic 
of the projected asymptotics in the transformation of Cech for which k = }. 


SovuTHWESTERN COLLEGE. 











ON ABSOLUTELY CONVERGENT FOURIER-STIELTJES TRANSFORMS 
By N. WIENER AND H. R. Pirr 


(1.1) Introduction. Suppose that f(x) is of bounded variation in (— ~, «) 
and let 


F(x) = / e dfly). 


(Here, and in what follows, integrals in which the limits are not specified are 
always taken over the range (— «, ~).) 

We define %{ to be the class of functions F(x) which can be expressed in this 
form. If F(z) is periodic, it belongs to & only if its Fourier series is absolutely 
convergent, and Wiener’ has shown that the condition F(x) ¥ 0, or the equiva- 
lent condition 


(1.1.1) Bd | F(z) | > 0, 


is sufficient to make [F(x)]* belong to &. The same result for almost periodic 
functions has been proved by Cameron’ and Pitt.° 
Our object here is to investigate how far this is true in the general case. 
We can write 
f(x) = h(x) + g(z) + s(2), 
where A(x) is a step function, g(x) is absolutely continuous and s(z) is singular 


in the sense defined by Lebesgue; that is, it is continuous, of bounded variation, 
not constant, and has derivative zero at almost all points. We can write 


F(z) = H(z) + Gz) + S@), 


where H(z), G(x), S(x) are the transforms of h(x), g(x), s(x); and we use the 
letters H, G, S in this sense throughout the paper. If F(x) belongs to A and 


Fa) = [ "aw, 
we write 


T{F(z)} = / | afty) |. 


Received March 14, 1938. 
1N. Wiener, Tauberian theorems, Annals of Mathematics, vol. 33(1932), pp. 1-100. 
?R. H. Cameron, Analytic functions of absolutely convergent generalized trigonometric 
sums, this Journal, vol. 3(1937), pp. 682-688. 
3H. R. Pitt, A theorem on absolutely convergent trigonometrical series, Journal of Math. 
and Phys., M. I. T., vol. 16(1938), pp. 191-195. 
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Our main conclusion is that the condition Bd | F(z) | > 0 is sufficient to 
make [F(zx)]* belong to & provided that T{S(x)} is “not too large”, and that 
otherwise the conclusion is not true. 


2. We require a number of elementary lemmas. 
(2.1) Lemmal. If F,(x), F2(x) belong to A, then so do eF\(x) + coF2(x) and 
F(x) F2(x), c, and cz being any real or complex numbers. Moreover, 


(a) Tie F\(x) + c2F2(x)} S | er | T{Pi(z)} + | | T{P2(2x)}, 
(b) T{Fi(x)F2(x)} S T{Fi(x)} T{F2(z)}. 


The first result is obvious. To prove the second, we write 


F,(z) = / e™ dfily), F(x) = / e ™ dfz(y). 


Then 
F,(z)F,(2) = / e™ dfx(u) / ™ dfily) 
= fai | ai - w 
= [| aw, 
where 


Sy) = | su — u) df,(u), 


except possibly in an enumerable set of points. If f(y) is defined appropriately 
at these points, 


T { F,(x)F2(z)} = / | dfty)| s / | dfi(y) | / | dfa(y) | = T{Fi(z)}T{F2(2)}. 


(2.2) Lemma2. If F(x) belongs to AX and T{F(x)} = a <1, then [1 + F(x)J” 
belongs to A and 


T{{l + F@)J"} Ss (1 - a)". 
We have 


(2.2.1) N+ r@r = > (-y re, 
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the series being absolutely and uniformly convergent for — ~ <2 < @. ; 


follows from Lemma 1(b) that [F(z)]" belongs to & and that T{[F(z)]"} s 


We can therefore write 


a+ rer = > / e™af.(y), i |df.y) | < a", 
n+ Fer = | eal Siw], 
ri + Fa = | 'a{ Ss] < Ef ia | s Da =(1- a)" 


(2.3) We require certain auxiliary functions Q(¢, A, z) and I(x) which are 
defined as follows. If « > 0, > 0, 2e S x, we write 


? (0s |z| <4, 
(6d, 2) = 42 - 12 es |z| < 26), 
0 (2e < |x| S x/Q), 


Q(e, A, F + 2wx/rA) = Ne, A, 2). 
We write 
_ , Q(1, 3x, 2) (|r| = 2), 
(|2| > 2). 
Lemma 3. (a) Qe, A, x) belongs to A and 
T{Qe,r»,z)} $C 


C being an absolute constant. 
(b) For any fixed x, 


lim T{Q(e, A, x)[1 — e™]} = 0. 
e—0 
(c) T(z) = / e “y(y) dy, / ly(y) |dy < ~. 
Let us first consider (a). An easy calculation shows that 
Qe, d, z) = Do d,e™, 
where 


d = — d, = —— gn — GA —— (n ¥ 0). 
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It is plain that Q(¢, A, z) belongs to A. Further, 
2 1 
T {Qle, r, x)} ~ p | dp | + — 3 
3rke[n|[ sr he 3re[n[>x 1 


e+1+2:.F se, 
2r 


WE 3rejn|>x 17? 


IIA 


since 2e\ S z. 
Next consider (b). We have 


Xe, A, z)[1 — ey) = > (d, — dys)e"?™, 
It is easy to show that lim (d, — d,-;) = 0 for each n and that 


e—0 
|, — dal 5 4 (n = 0,n #1), 


A being independent of «. The conclusion then follows by uniform conver- 


gence. 
(c) is obvious by direct calculation. 


(2.4) Lemma 4. If G(x) belongs to A with g(x) absolutely continuous, and if 
Bd | 1 + G(x) | > 0, 


then [1 + G(x)]” belongs to X. 
Let N be a positive integer and let 


3EN = 4, tn, = Ben — 7 (n = 0,1,---,N). 
Then 
p> I'[(z — a)/e] = 1 (|x| S 2/e), 


1 = I'(ex) + 1 — Tez), 


and since I'(ex) = 0 for z = 2/e, we have 


1 = rez) > P[(z — x)/el + 1 — rer)], 





1 z. s~ T'[(z — xn)/e] , 1 — Tex) 
one item ~"@ 2 yem + r+e@: 
We shall show that each term of this sum belongs to % when N is sufficiently 
large. 
We have 
P'{(z — an)/e] _ r'((z — 2,)/e] 








1+Gz) 1+ G(z,) + (G(x) — GG,)]TER@ — 2,)/¢)’ 
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since the denominators differ only at points where I'[(z — z,)/e] = 0. Writing 
y.(y) = 2ey(2ey), we have 


(G(x) — G(z,)|TI3(2 soa rn)/€] 


= / e~“* g(t) dt / e tun, (y) dy — / e *"9(t) dt / e wriveny (y) dy 


ain | g(t) at [erate rngy il t) dy a‘ [emow au freemen) dy 


= | em dy | e *™— o(t)ly(y — t) — ve(y)] dt. 
Hence 


T (G(x) — Ga.) | TE(@ — 2n)/d} 3 [| [ cote ~H- vey) at| dy 


< fio ia | ide — © ~ va a. 


| inde ~ 0-2) |\@ = | \-v(y — Bet) — vy) | dy, 


and this is bounded for all ¢ and ¢ and tends to zero, for any fixed t, as e — 0. 
Since | 1 + G(a,) | exceeds a positive number independent of N, it follows that 
if N is sufficiently large, 


T (G(x) — G(a,)|TE(@ — an)/d} = 11 + Ge) | 


for n = 0,1,---,N. Hence, appealing to Lemmas | and 2, we see that each 
term of the first part of the right side of (2.4.1) belongs to %. 
As for the last term on the right of (2.4.1), we can write 


1 — (ex) _ 1 — (ez) 
1+ Gz) 14+ G(a)[l — PGe)) 





r(jex) = 2 / ¢-*y(2y/) dy, 
€ 


G(x) = / egy) dy. 
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Therefore 


Gere) =? [ dy | oy — Dr(21/e) a, 


Gen — ray) = [ [ow —? f ow — ovev/oat|dy 


= 2 / a | J [9(y) — gy — 8) y(2t/e) at| dy, 


3 / y(2t/e)dt = 1. 
€ 
Hence 


ria — ren} =? | [ |) — oy — oiv(24/e) | dtdy 


= [iw jat {| 0) — gy — te) | dy. 


Since g(y) « L(— ~, =), | | g(y) — g(y — #te) | dy is bounded for — ~ <t < 
and tends to zero for each fixed t,ase—> 0. Hence 

lim T{G(x)[1 — P'(jex)]} = 0, 

e—0 


and it follows from Lemmas 1 and 2 that [1 — I(exr)]/[1 + G(zx)] belongs to % 
when e¢ is sufficiently small. 


(2.5) Lemma 5. Let G(x), F(x), [F(x)]* belong to A, g(x) being absolutely 
continuous. Let F and G satisfy 


Bd | F(z) + G(z) | > 0. 
Then [F(x) + G(x)]™ belongs to . 
We have 


1 me 1 
F(z) + Ga) F(z) (1 + G@[F@PY 





rer = [ “aw, f |af*y) | < ©. 


Since g(x) is absolutely continuous, we can write 


G(x) = / e 9’ (y) dy, J |g’(y) | dy < @. 
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Then 
G(2)[F(x)|* = [ema | g'(y — tdf*(d, 


and since F(x) is bounded, 


Bd | 1 + G(z)[F(2)|" | = Bd | [F(x) + G(2)|[F@)J" | > 0, 


and the conclusion follows from Lemma 4. 


(3.1) THrorem 1. Suppose that F(x) belongs to A and let Bd | F(x) | > 0. 
Suppose that H(x), S(x) are defined as in (1.1), and that 


T{S(z)} < Bd| H(z) |. 
Then [F(x)| belongs to %. 
In view of Lemma 5, it is sufficient to prove that [H(xz) + S(z)]”* belongs to 
4. Let 


Ba | H(z) | = 6, 
(3.1.1) 
0 < 3n S 6 — T{S(z)}. 
Then 
H(z) = H,(x) + H(z), 
where 
H(z) = > ae", Hx) = ia ae", 
n=1 n=N+1 
and N is chosen so that 
(3.1.2) T{H(2)} = de |an| Sa, 
(3.1.3) |Hi(x)| 26 — ». 
Let K be an integer greater than 1 and let 
2r 
En 3R..’ 2, (2x) => Len, Any x) 


forn = 1,2,---,N. Then 
K 
> 2,(z — 3ken) = 1 
k=1 

forn = 1, 2, --- , N and all z, and it follows that 


II } Q,(2 — 3ke,) = 1. 


n=1 
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Hence 
N 
D II 2.(z — 3knen) = 1, 
n=1 
where the summation extends over the K™ sets (k,, ---, ky) formed from in- 
tegers 1,2, --- , K. 


We can therefore write 





(3.1.4) 1 r: > II 2,(2 — 3kn€n) 
H(z) + S(z) H(z) + S(z) 


By Lemma 1, it is sufficient to show that each term of the sum belongs to . 
Let zx» be a point at which 


(2) = I] o,(2 — Skne,) ¥ 0. 
n=1 
(If there is no such point, the relevant term in the right side of (3.1.4) vanishes.) 
Then 
Q(x) _ Q(x) 
H(z) +S(z) Hila) + Q(x)’ 





(3.1.5) 
where 
(3.1.6) Q(z) = Hale) + S(2) + [ile — Hilz)] TT 2020, %0, 2 — Beaks) 
since the two denominators differ only at points where Q(z) = 0. Since 
[Hi(2) — Hy(aa)] TT (20, da, 2 — Beaks) 


= > ae — e-*) TT O(2e,, dn, Z — Beaks), 


v= n=1 


we have 


7 {Uth(a) — HiCe)] TI 226, 2 - Bea) 


(3.1.7) » 
< DL \a,|C%* Tle" — &*"]0(2,, 4, 2 — 3erk,)}, 
v= 
by Lemmas 1 and 3. Since Q(z») ¥ 0, we have 
2,(%o — 3¢,k,) # 0 (v= 1,2,---,N), 


and therefore, by the definition of Q,(z), 
(3.1.8) | zo — 3e,k,| < 2e,, mod (27/),), 
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fory = 1,2,---,N. Returning to (3.1.7), we see that 
T{[e"* — e~™***] O(2e,, X, & — 3e,k,)} 

Tif Orr? — 6) O(9e, , d., 2)} 

THC 2 Ow a, , 0. I 


sTin —-¢ “ems, &.. 9). 4+ C11 —- Or" 1. 


(3.1.9) 


Hence, using (3.1.7), (3.1.8) and Lemma 1, we can choose K so that 
(3.1.10) ¥ {tun = Hy(2)) II 2(2e,, An; = Berks)} < UB 
n=1 


Then, by (3.1.1), (3.1.2), (3.1.3) and (3.1.10), we have 
TiQ(z)} <n +6-—3n+=6-—70 S Aim), 


and the conclusion follows from (3.1.5) by using Lemma 2. 


(4.1) We shall devote the remainder of this paper to showing that Theorem 1 
is substantially the best possible result of its kind. In particular, we show that 
the conditions 

Bd | F(z) | > 0, F(x) « A 
are not sufficient to make [F(x)]"' « &. We require Theorem 2 in the proof of 
Theorem 3, but it seems of some independent interest in itself. 
TueoreM 2. Letibe > 0. Then we can define a function S(x) of U such that 


(4.2.1) | S(x)| S 4, 
(4.2.2) T{S(z)} = 1, 
(4.23) mx HS = DTH) 


for any sequence of functions H;(x) defined by 
(4.2.4) * H(z) = D> a,,je**, > |azj| < 2. 
a ved 

We observe, first, that if S(x) satisfies conditions (4.2.2), (4.2.3), then so does 
[S(z)]" for any integer m. Therefore, instead of (4.2.1), it is sufficient to show 
that 
(4.2.5) Bd | S(z) | < 1, 
for then [S(z)]” will be a function of the required type if m is sufficiently large. 


In what follows we suppose that the function s(x) is of bounded variation in 
(— «, «) and define S(x) by 


S(z) = [ easy, 
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We denote by B (with or without a suffix) any array of the form 
-——— 00 —-—-— rrr —-—— 00- .--- 


in which there are arbitrarily long stretches of consecutive 0’s, x’s, and gaps. 
We shall define s(x) by means of such arrays. 

With any zero of B, at the r-th place say, we associate the set of 2”' intervals 
of length 2" whose binary representations have zeros in the r-th place, and 
suppose that s(x) is constant in the complementary intervals. We suppose 
also that whenever z occurs in the r-th place of B, the variation (possibly zero) 
of s(x) in each interval (v2, (v + 1)2") (» = 0, 1, --- , 2” — 1) is divided 
equally between the two intervals (v2, v2" + 2-™") and (2 + 2°", (@ + 1) 
2°"). In these circumstances we say that the function e °*S(zx), for any real }, 
is of type B. 

We say that two arrays are disjoint if there are arbitrarily long stretches of 
consecutive 0’s in each which correspond to z’s in the other. A set of arrays 
is disjoint if each pair is disjoint. We require the following result. 

Lemma 6. Let B,, --- , Bx be disjoint, and let S,(x), --- , Sx(x) be of types 
B,, ---, Bx, respectively. Let Hi(x) (k = 1, --- ,.K) be trigonometrical poly- 
nomials. Then 


my S.(o)Ha(2)} = »> T{S,(x)H;(x)}. 


We may suppose without loss of generality that each of the polynomials 
H,(x) has K terms. Suppose that S,(z) is of type B, (v = 1, --- , K), and sup- 
pose that B, has 0’s and B, has z’s from the N-th to the (N + p)-th place. We 
write 


S(x)H (x) = [eas (v= 1,---, K). 


Then the whole variation of o;(y) is concentrated in K sets of 2” intervals of 
the form 


(Ax + v2, Ae + va” +} a (k ai 1, a , Kj» = 0, an , 2"), 


where \, is an exponent in H(z). But for each k, this set of intervals cannot 
contain more than a fraction 2?" of the variation of s2(z — \), for any X, since 
B, has x’s between the N-th and (N + p)-th places. Therefore not more than 
a fraction K-2-”"' of the variation of o2(x) is contained in these intervals. Then 
plainly 


T{Si(x)Hi(x) + So(x)He(x)} 2 T{Si(x)Hi(z)} + (1 — K27°")T{ S2(x)Ha(z)}, 


and since p is arbitrarily large, 
T{Si(x)Hi(z) + S2(x)H2(x)} = T{Si(xz)Hi(x)} + T{S2(x)H2(z)}. 


The extension of this argument to K functions is obvious. 
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We can now define S(z). We suppose that s(x) increases from 0 to } in 
(0, }) and decreases from } to 0 in (4,1). Let 


S(xr) = [maa 





If N is a positive integer, we can write 


(426) S()= DH S%2), S%(2) = [ a e*™ ds(y). 


v=0 = 
If 
‘ (v+1)27- 
a’ = :. | ds(y) |, 

then 

2N—1 

a =1 
v=() 





We proceed inductively (with respect to N). Suppose that S}(zx) is of type 
B*, that the BY’s have arbitrarily long stretches of gaps in common and that 
they have 0’s or z’s in the first N places. Moreover, we suppose that the B?’s 
are such that if they are divided into two groups in any way, the arrays in each 
group have in common arbitrarily long stretches of 0’s corresponding to z’s 
in all the arrays of the other group. 

Now consider the two groups of integers v for which BY has z’s or 0’s, respec- 
tively, in the n-th place (these may not exhaust the integers 0, 1, --- , 2” — 1, 
as some of the BY’s may have gaps). We suppose that for every n, the sum of 
a}’s of the first group is not less than the sum of a>’s of the second. In other 
words, we suppose that at least half of the variation of s(x) is distributed by an 
x at each stage. 

Now since we have only a finite number of B’s to define for each value of N, 
and we have arbitrarily long stretches of gaps in the arrays defined for integers 
less than N, it is plain that the B}’s can be defined inductively so that the 
properties described above hold for every N. Since this process defines a) 
for all N and », the function s(z) is defined completely. 

Since T{[{S(x)]*} < 1, it is sufficient to prove the theorem in the case in which 
there is a finite number of H;(z)’s and each is a trigonometric polynomial. The 
result in the general case follows at once by a simple limit argument. Let 
«be > 0, and let 2% be > k. Then 

S(z) = > S? (2), 
(4.2.7) ne | 
[S(x)J* = [XS St(a)]* = kt OS Sh (a)S2 (a) --- Sx) + QF(2), 


where »;, v2, --- , »% are all different and Q(x) is the sum of terms involving 
the square or higher power of at least one S? (zr). 
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It is plain from the construction of S(x) that 


lim max a) = 0, 


N--o 
and since s(y) is.:monotonic in each interval (v2~”, (v + 1)2~%), 
T{Sy\(z) --+ Si,(x)} = T{S?(a)} --- TUS (2)} = ap, +--+ a. 
Hence* 
(4.2.8) lim T{Q?(zx)} = 0, lim k! >> T{S}(x) --- Si(x)} = 1. 
N--o NO 
Now if two functions S(z), S’(x) are of types B, B’, it is easy to show that 


S(x)S’(x) is of a type obtained by adding B and B’ according to the rule that in 
stretches of consecutive 0’s or z’s we write 


0+ 0=0, z+0=72, r+2=12, 
except possibly in the last place in any stretch. Thus, if 
B = -.0000 — —— rxrrr — — — rrxrzr —-—-, 
B’ = -00000 — — 000 — — — — rarzx ——-, 
then S(x)S’(z) is of type 
-000 — — — — zz — -— — -— — wr —-—-—-—. 


Then it follows from our definition of S}(x) that non-identical functions of the 
form 


S?\(x)S?,(x) --- S?,(z) 


are disjoint, so that, using (4.2.7) and (4.2.8), we can write 


(4.2.9) [S(a)* = x Sz,9(z) + Q.(z), 

where all the S;,p(z)’s are disjoint and 

(4.2.10) > |ax,;| T{Qe(z)} Se, 

(4.2.11) > T{Si9(z)} 21 —« (k = 1,2, ---, K). 


4 We use the fact that if a, = 0, a a, = 1, then 


v=1 


(a, + a2 + —s + an)* — kL anes **+ ay, > 0 


as max a, — 0, the summation being over all sets of k different »;’s. 
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Hence 


»D H,(2)[S(x)}* > p a,,je 7 [> Sz.»(x) + Q:(z)], 
TL MANS} = TLL O YD ase ™"S.()} - « 
> T {> aye ** Spp(x)} —_ «|, 


IV 


by Lemma 6. Now 
Sole) = | ds.) 


where s;,,(z) is constant except in an interval of length k-2-”. Hence, if we 
choose N so that 


k.2-™ < min | a; — A;|, 
ii’ 


it is plain that 
TD ange" Si.p(z)} = Do | ans| Tle” Se.p(2)} 
F] 7 


= 2 | an5| T{Se.o(z)}. 


It follows that 
Tid H,(x)[S(x)}*} = 


~ 
Pa Dy lau. — efl + 2 lana ll, 


IV 


|ax;| D> T{Sr.p(z)} — € 


by (4.2.11). Since « is arbitrary, 
Ti DL M@MS@V} =D lans| = Le TLH@)}, 


ved 
and since 


Tid H,(2)[S(x)*} < Xo T{H(z)}, 


by Lemma 1, this completes the proof of (4.2.3). 
Finally, we have to prove (4.2.5). Let x be = 432, and choose an integer 


N =1s0 that 
x <7-2* 


IA 


(4.2.12) ef" 


We write, as before, 
2N—-1 


D> S?(z). 


v=0 


S(z) 
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Since at least a half of the total variation of 8(z) is divided equally between 
intervals (v2~*, v2-* + 2-*~") and (v2-* + 2°", (» + 1)2-”), we can write 


 . 
ist@)| s+ D| [ e"* de,(y) |, 


where 8, = 0, o,(y) increases from 0 to 8, in (0, 2~”), 
OsAS}, 26=A, LB=1-A. 
Moreover, since the variation of s(y) in the interval (v2~", v2“ + ii 


is at least a fraction 2“ of its variation in (v2~“, (v + 1)2~™”), we can suppose 
that 


o(2-**) = up, = 3B,, 
o (28 + 2-*) — 6 (2°"") = uf. 2 ,- 


Hence 


2-N 
| [ &™ doy)| < (1 — es — 008 
0 


2-N-3 ‘ g—-N-149-N-3 ; 
+ [ e doy) + [ 2 e '”* da,(y) |. 
0 2-N-1 


Using (4.2.12), we see that 
0 < zy S Yer 
in the first integral, while 


au Sry 


IIA 


in the second. It follows that 


ia ] , , . 
i e'” doy)| S (1—a — B+ BD +e —F4+9 1 +e" |] 





=6[2+4|/1+e"' |], 
where 
pst SO, S Per. 


Hence 

2-N } 

i e ' do(y)| < CB., 
0 


C being an absolute constant less than 1, and we have 
|S(z)| $A+(1-—A)C <1 


forz =4nr. If x < 3, we use the fact that s(y) increases from 0 to 3 in (0, 3) 
and decreases from } to 0 in (3, 1). We have 


S(z) = Ae” — Be’, 
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where 


Then we have 
0 S (xz) = g(x) — Ox) S 3x, 
S(z)| $ | A — Be | 
|A — Beosy — iBsin y | 
|A —iB| s 27 


lA 


This completes the proof of Theorem 2. 
(5.1) TuHrorem 3. Let 6, 5’ satisfy 6 > 8’ > 0. 
Then there is a function S(x) of A, with 
|S@~)| S86, T{S(a)} = 4, 
such that, if Bd | H(x) | = 4, 
«Se l 
F(z) H(z) + S(z) + G(z) 


does not belong to A for any G(x) (even if Bd | F(x) | > 0). 

If | S(z)| s 6, then | H(z) + S(x)| = 6 — & > O, so that it is sufficient, 
after Theorem 1, to show that [H(x) + S(z)]“ does not belong to %. We may 
plainly suppose that 6 = 1 and that 


(5.1.1) Bd | H(z) — 1| = 0. 





Let » be > 0, and let 
H(z) = >> ae”, 


n=l 


N - 
H(z) ~ be wa, H,(z) = > > ee”, 
n=1 


N+l1 
where N = N(n) is chosen so that 
(5.1.2) T{H2(x)} < 4n, | Bd | Hi(x)| — 1| S in. 


Now let S(z) be the function defined in Theorem 2 (with 6’ instead of 6). We 
assume that [H(z) + S(z)]™ belongs to %, and show that this leads to a contra- 
diction. Let 


(5.1.3) T{{H(xz) + S(z)J"} =A < ~. 
Using (5.1.1) and the first inequality of (5.1.2), we can choose x» so that 
(5.1.4) | Hi(xo) — 1 | S }n. 
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By Lemma 3(b), we can choose « = ¢(N, 7) = ¢(n) so that 
P{lHy(2) — Hite)] TI (2, mx, 2 — 2—)} <4 
Then since 
H(c) + S(2) = Hila) + He(2) + Ste) + UHiCz) — Hi(a)] TT 226, Xe, 2 — 20) 
at points where 
Q(z) = II Q(e, An, Z — 2) ¥ O, 


we have, using (5.1.2), (5.1.4) and Lemma 1, 
2(z) Q(x) 











ate H(z) + S@) i +S(@) + P@)’ 
where 
(5.1.6) T{P(x)} S ». 
Now let M be a positive integer independent of 7 and let 
(5.1.7) M > 2A —- 1. 
We have 

1 ~ , , 

I+ SG) +P@ ~ p> (—1)’[S(z) + P(2)] 
i (—1)"*"[S(z) + P(x))"" 
Gs + T+ S@) + P@) 
= > (—1)'[S(2)’ + Q(2), 

where 


_ (-1)*"[S(@@) + P@)I"" | $F _yyp —_ , 
Q(z) = 1+ Sa) + Pa) + p> (—1)’{[S(z) + P(a)]’ — [S(a)]’}. 


Using (5.1.6) and Lemma 1, we obtain 
T{S(z) + P(z)} £1+ 2, 
T {{S(x) + P(a)]’ — [S@) J} = (A + 2)’ - 1. 





Hence 


T{Q(x)Q(x)} < (1 + n)“** T{Q(x)[1 + Sx) + P(x") 
+ T{Q(zx)} p> (1 +)’ - 1] 


s row) [a tna + Dla tay - ul, 
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by (5.1.5) and (5.1.3), and it follows from this and (5.1.5) and (5.1.8) that 


7 {042) > (—1yisteyr} < T{2(2)[H(2) + Sla)} + T{2(z)Q2)} 


(5.1.9) M 
< T{2(2)} [ aa +t a") + D0 +0 — u}. 


But by Theorem 2, we have 
7 {a(2) & (1 tsearr} = F Piatey(—v'} = ae + VTA). 
Combining this with (5.1.9), and dividing by T{Q(z)}, we have 
M+1S Af1+(14+9)"") + ya +)’ — 1). 


Since M is independent of 7» we can let » — 0 and obtain 
M + 1S 2A. 
This contradicts (5.1.7). Therefore [H(r) + S(x)]™ cannot belong to %. 


Massacuusetts INsTITUTE OF TECHNOLOGY AND Harvarp UNIVERSITY. 














A REMARK ON WIENER’S GENERAL TAUBERIAN THEOREM 
By H. R. Pirr 


1. The following theorem’ is due to Wiener. 
TuEeorem A. Hypothesis: 


(a) k(a), k*(z) belong to L(— ©, «), 
(b) [ reas > [ waz = 1, 

() |s@)| <0, 

(@) Ke) = [ ™ra)dy 0 (- © <2< @), 


(e) lim | k(x — y)s(y)dy = A. 
Conclusion: 


lim | k*(z — y)s(y)dy = A. 


zo 


Our object here is to determine extra conditions on k(x) and k*(x) under 
which condition (c) may be replaced by the one-sided condition 


s(x) 2 —C. 
(To show that Theorem A fails with this weaker condition, we take s(r) = e” 
(o > 0) and suppose that k(x), k(x)e~* belong to L and / k(z)e“"dz = 0.) The 


result may be stated as follows. 
THEOREM. Hypothesis: 


(a) k(x) 2 0, k(x) belongs to L(—~, ~), [ reas = 1, 
(b) k*(x) is continuous almost everywhere and 


> bd |k*(z)| < &, [was = 1, 


n=—O nsz<cnt+l 
(c) sz) 2-C, 
(d) K(z) = [ cveandy ~0 (-x <2< @), 


Received May 12, 1938. 
1N. Wiener, Tauberian theorems, Annals of Mathematics, vol. 33(1932), pp. 1-100. 


The theorem stated here is Wiener’s Theorem VIII. 
2 Integrals in which limits are not specified are over the range (—~, «). 
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(e) [re — y)s(y)dy = g(x) exists for every real x, is bounded, and 
lim g(x) = A. 


za 


Conclusion: 


lim [re — y)s(y)dy = A. 


zr-e 


We may plainly suppose that A = 0. First, we show that it is sufficient to 
prove the theorem when k(z) is continuous. We write 


h(x) = x? / ee’ k(z — y)dy, 
and it is clear that A(x) is continuous and 
h(x) = 0, h(x) « L(— ~, ~), [ reac =]. 
Also, since h(x), k(x) are non-negative, and s(x) is bounded below, 


r? / s(y) dy / e “k(x — y — t)dt 
vt [tat | eG —t— y)s(y)dy 


=? / e “g(x — t)dt, 


/ h(x — y)s(y)dy 


and therefore 


lim [re — y)s(y)dy = 0. 


vt [ee nanay [meray 


= K(x)" 


Moreover, 


i e hy) dy 


#0 (—-«2x“ <2r< ~). 


The conditions of the theorem are therefore satisfied if k(x) is replaced by the 
continuous function h(x), so that there is no loss of generality in supposing that 
k(x) itself is continuous. 

Now let 6 be > 0 and let 


1 z+é 1 6 
si) =} [™ aadiy =} [ole + wav. 
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Let k(xo) be > « > 0, and define 6 = 4(e) so that 
k(x) = te (m —6 Sz SZ XH). 


Then since s(r) + C = 0, k(y) = 0, 


gm +2) +C= [Konto + 2 —y)+Cldy 


z te [bole +20 — ) + Cldy 


= 4€68;(z), 
and it follows that S;(x) is bounded for any positive 6. If D > 6 > 0, we have 


D-é D 
[ (Se +») + Cldy s [lolx + a) + Cldy 


(1) we 
< [ [Sy(e + y — 8) + Clay. 


But 
1 zt+é 
tim {K(x — y)1Siy) + Cldy = tim + [Igy + Clay = ©, 
and it follows from Theorem A that for any positive D’ 


vs 
lim + | [Siz +y) + Clay =C. 


zr-o D’ 0 


Using this and (1), we obtain 


_ Bs D 
(D 7 = im ff [s(a +y) +Cldy <s 


and since this is true for any positive 4, 


D 
lim J [lo + ») + Cldy = ©, 
re 0 


(D + 4)C 
D , 





that is, 
(2) lim Sp(z) = 0. 


zs 


It follows from (b) and the fact that 


[may = 8) 
is bounded that 
arte) = [ie — Walaa 








440 H. R. PITT 


exists for all values of z. Let «be > 0, and choose a positive integer N so that 


pd s)|{ + Xba, |ewni} <e 


Then 


<«€ 





we- [ “Rds — way! = | [ eae [ “WenG - 06 


Now since k*(x) is continuous almost everywhere, it is Riemann integrable in 
(—N, N). We can therefore define two step functions p(x), g(x) such that 


(4) ply) = k*(y) S aly) (-N sz<sWN), 
(5) [Fae - pantay s « 

Then since s(x) + C 2 0, 

[vntove - + clay s [Veecote - + Clay 


< [ ” glu) [a(x — y) + Clay. 


(3) 





But it follows immediately from (2), since p(y), q(y) are step functions, that 


lim [ ply) (s(2 — y) + Cidy = c[ 


—N 


N 


p(y) dy, 


N 
N N 
lim [ q(y)(s(z — y) + C]dy = C [ q(y) dy. 
Hence 
N ——— N N 
o [| muddy s fim [eyo —y)+Cldy s c [aw dy, 
and using (4) and (5), we have 
N 
lim [ k*(y)s(z — Way) S Ce. 
z:—72 —wN 


It follows from this and (3) that 
lim | g*(z)| S 1+ C), 





and since « is arbitrary, 


lim g*(z) = 0. 


ze 


Harvarp UNIVERSITY. 
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ORTHOGONAL POLYNOMIALS IN THREE VARIABLES 
By DunHAM JACKSON 


1. Introduction. The theory of orthogonal polynomials in two real variables 
naturally carries over to a considerable extent automatically to the case of three 
or more variables. For an adequate survey of the facts, nevertheless, it is 
necessary in some particulars to take explicit account of the greater complexity 
introduced by the increased number of dimensions. The Laplace series, for 
example, which can be regarded as an expansion in series of orthogonal poly- 
nomials on a sphere in space, is neither formally nor analytically a trivial ex- 
tension of the Fourier series, which corresponds similarly to a circle in the plane. 

This paper is introductory to the study of a class of developments among 
which the Laplace series is included as a special case, the primary aim being to 
clarify some of the new considerations that arise in making the transition from 
two variables’ to a larger number. One question in particular relates to the 
determination of the number of polynomials of the n-th degree in the orthogonal 
system, a point which naturally has a dominant influence on the form of the 
resulting series developments. The discussion wil] be mainly for three variables, 
partly because the general outline of the extension to more than three will be 
sufficiently apparent, and partly, on the other hand, because a complete elucida- 
tion even of the three-dimensional case-would be more than can be attempted 
here. 

The range of integration with relation to which the property of orthogonality 
is defined may be a point set of more or less arbitrary character. It will be 
sufficient for purposes of illustration to take it as of finite extent, and to think 
of it as a region of space, a surface, or a curve. There will be occasion to dis- 
tinguish between algebraic and non-algebraic surfaces, and in the case of curves 
to distinguish between algebraic curves, non-algebraic curves on an algebraic 
surface, and curves which do not lie on any algebraic surface. The curves and 
surfaces may or may not be closed. Algebraic curves and surfaces need not be 
complete algebraic loci; the surface considered may be the surface of a poly- 
hedron, a hemispherical surface, or the complete surface of a sglid hemisphere ; 
the curve may be a skew polygon. 

Occasion will be taken to refer to one matter, the uniqueness of the weight 
function for a given orthogonal system, which has not been discussed before 
even for the two-dimensional problem. 


Received March 11, 1937; in revised form, March 4, 1938; presented to the American 
Mathematical Society, December 31, 1936, and November 27, 1937. 
1See D. Jackson, Formal properties of orthogonal polynomials in two variables, this 
Journal, vol. 2(1936), pp. 423-434; Orthogonal polynomials on a plane curve, this Journal, 
vol. 3(1937), pp. 228-236. 
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2. Three-dimensional region. If V is a three-dimensional region and p(z, y, 2) 
a function which is non-negative and, for simplicity, almost everywhere positive 
on V, any finite number of the monomials 


(1) Pe a & 2 x’, Ty, 12, y', y2, 2,2, 


will be linearly independent on V, and the same will be true of the products 
of these monomials by p’. The number of monomials of the n-th degree in the 
three variables jointly is }(n + 1)(n + 2). Let v, in conjunction with any 
particular value of n, stand for this number. By “Schmidt's process’ it is 
possible to construct a system of normalized orthogonal polynomials p,»(2, y, 2) 
(n = 0,1,2,--- ;m = 1,2, --- ,v), so that 


/ [J o(z, Ys 2) pei(x, Y; 2)Pam(2, Y; dV = 0, Jb Seas k i + jm — L| ~ 0, 


Jf [ o y, Z) [Pum(x, y, 2 adV = 1, 


the first subscript in each case indicating the degree of the polynomial in the 
three variables together. As far as the individual polynomials are concerned, 
such a system can be formed in an infinite variety of ways; the system is deter- 
minate, however, to the extent that any set of v polynomials of the n-th degree 
which are orthogonal to each other and to every polynomial of lower degree 
can be expressed in terms of any other such set by a »-dimensional orthogonal 
transformation. The reasoning is an immediate adaptation of that in the case 
of two variables and need not be repeated. The same statement may be made 
with regard to the fact that if 


x’ Aynx + Apy + Aisz, 
(2) y = Anz + Any + Anz, 
’ = Anz + Any + Azz 


n 


is a linear transformation which carries over the region V and the weight func- 
tion p into themselves, the v polynomials p,.»(2x’, y’, 2’) for specified n are expressi- 
ble by an orthogonal transformation in terms of the polynomials pan(z, y, 2). 


3. Non-algebtaic surface. Almost equally immediate is the setting up of a 
system of polynomials orthogonal on a non-algebraic surface, under convenient 
simplifying assumptions with regard to the data. The word surface will be 
understood throughout in a naive geometric sense as referring to a closed point 
set of two-dimensional extent such that every one of its points is either an interior 
point two-dimensionally or a limit of such interior points. Let the surface S 
to be considered and the weight function p be furthermore supposed such that 
the integrations can be performed with respect to area on S. The hypothesis 
that the surface is not algebraic means that no linear relation of identity is satis- 





r— 
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fied on it by any finite number of the monomials (1). (Then there is no poly- 
nomial, other than zero, vanishing almost everywhere on S; for a polynomial 
vanishing almost everywhere on a “surface’’ as described would vanish by con- 
tinuity at every point of the surface without exception.) The orthogonal system 
will contain (nm + 1)(n + 2) polynomials of the n-th degree. 

With respect to properties of symmetry and invariance under a linear trans- 
formation (2) of the variables, a completely general discussion would be com- 
plicated, in comparison with the problem in two dimensions, by questions of 
parametric representation. In simple cases, however, explicit consideration 
of such questions can be dispensed with. The essential point* is to recognize 
that if S and p are invariant under the transformation and if P(z, y, z) is any 
polynomial in the variables, then 


(3) lJ p(z, Y; z)P(2’, y’, z’) dS = al p(x, Y; z)P(z, Y; z) dS. 


For reference later it is to be noted that as far as the present discussion of this 
particular point is concerned it is immaterial whether the surface is algebraic 
or not. If the transformation is a reflection in a plane, or a rotation through an 
angle 27/k, where k is an integer, with the effect in either case of permuting a 
finite number of congruent regions of S, the truth of (3) is apparent on considera- 
tion of each integral as limit of a sum, without recourse to any particular choice 
of parameters, the various regions being subdivided into congruent elements of 
area. If (3) holds under each of two transformations, it holds under their 
resultant. If S and p are invariant under an arbitrary rotation about a specified 
axis, the truth of (3) for a rotation of arbitrary magnitude about the axis follows 
by continuity from its validity for rotation through any rational multiple of 7. 
Thus it is true here again, at least with a considerable degree of generality, that 
a linear transformation of the variables which leaves the range of integration 
and the weight function unchanged subjects the polynomials of the n-th degree 
in the orthogonal system to an orthogonal transformation. 


4. Algebraic surface. In antithesis to the conditions of the preceding para- 
graphs let S be a surface on which some polynomial 2(z, y, z) vanishes iden- 
tically. If there is one such polynomial, there are of course infinitely many. 
In particular there is a polynomial Q(z, y, z) vanishing identically on S, and 
composed of distinct irreducible factors each of which vanishes on a two-dimen- 
sional part of S. Any other polynomial 2,(z, y, z) which vanishes identically 
on S must be divisible by ©. 

In the sequence of monomials (1) let each be said for convenience to be of 
higher rank than those which precede it. The terms are ordered first with 
respect to degree in the three variables together, secondly with respect to degree 
in the pair of variables y, z, and thirdly with respect to degree in z. In any 


2 Cf. this Journal, vol. 3, loc. cit., p. 230. 
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polynomial let the term of highest rank with non-vanishing coefficient (or for 
brevity the corresponding monomial from (1), with the coefficient replaced by 1) 
be called the leading term of the polynomial. The leading term of the product 
of any two polynomials is the product of their leading terms. 

Let the leading term of Q be 2’y‘z’, p+ q+7r= N. The leading term of 
any polynomial Q, of the n-th degree which vanishes identically on S must be 
the product of z’y*z’ by a monomial of degree n — N. The number of different 
monomial multipliers of this sort is }(n — N + 1)(n — N + 2). Sothe number 
of monomials of the n-th degree, n 2 N, which are not linearly dependent on 
monomials of lower rank on the surface S is 


k(n + 1)(n + 2) — 3(n — N + 1)(n — N + 2) = 4N(2n + 3 — N). 


It is possible therefore to construct a normalized orthogonal system containing 
this number of polynomials of the n-th degree for n 2 N (and 3(n + 1)(n + 2) 
polynomials of the n-th degree for n < N). 

Let v = 4}N(2n + 3 — N) or 3(n + 1)(n 4+ 2) according to the value of n. 
Any set of vy normalized polynomials of the n-th degree which are orthogonal 
on S to each other and to every polynomial of lower degree is linearly expressible 
on the surface S in terms of any other such set by an orthogonal transformation. 

As already mentioned, the discussion of the property of invariance expressed 
in (3), which determines the behavior of the orthogonal system under a trans- 
formation of (x, y, z) leaving S and p invariant, is independent of the algebraic 
or non-algebraic character of the surface; the resulting identities, however, now 
hold in general only on S. 

As a case of special interest let S be the surface of the unit sphere, let the 
integrals be taken still with respect to area, and let the weight function be unity. 
Here N = 2,v = 2n+ 1. As the 2n + 1 harmonic homogeneous polynomials 
of the n-th degree which reduce on S to the elementary spherical harmonics 
have the requisite property of orthogonality, they may be taken, except for 
normalizing constant factors, as the orthogonal polynomials of the present 
theory. They are characterized here, however, as far as their values on the 
surface of the sphere are concerned, without explicit intervention of Laplace’s 
equation. The partial sum of the Laplace series for a given function on the 
sphere is given by a polynomial chosen according to the least-square criterion 
among all polynomials of its degree. 


5. Identities. Before we proceed to an examination of the relations that are 
found when the domain of integration is a curve, it may be appropriate to set 
down some observations which are applicable both in the cases that have been 
discussed and in those that remain to be considered. 

Let the range of integration, whatever its dimensionality, be denoted by R. 
For each value of n let », or vy be the number of polynomials of the n-th degree 
in the orthogonal system. Let these be denoted by pai, ---, Pn». Any poly- 
nomial of the n-th degree can be expressed identically on R as a Jinear combina- 
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tion of the polynomials p,; of degrees S n. Let u be the largest value of », for 
kin+1. For», <7 S yu, and also fork = —1, let p,i(x, y, z) be defined as 
identically zero. 

With this notation, whatever the manner of dependence of « on n may be, 


a relation of recurrence, valid on R, can be written in the form’® 
LPri = ie Anij Dnt, + p Buij Pi + pm CatiPa-1.i 5 
2 7] | 
if pai is any one of the polynomials p,;, --- , Pau, the sign b? indicating sum- 


? 
mation over j from 1 to uw. The recursion formula leads in the usual way to a 
Christoffel-Darboux identity for points (x, y, z) and (u, v, w) belonging to R: if 


n bu 
K, = K, (a, y, 2, u,v, w) = } » }™ Dei(X, Y, Z)Pei(U, v, w), 


k=0 i=1 
then (u — x)K, can be written as 


p» a AnijlPn4ii(U, Vv, W)Pni(2, y; z) ei Pnsri(a, Y, Z)Pni(u, VY, w))]. 
‘ i 


Replacement of u — x by v — y or w — z affects this identity only to the extent 
of changing the values of the coefficients Ai; . 

Since the right member of the Christoffel-Darboux identity as written con- 
sists of u” pairs of terms (whether all different from zero or not), it is much more 
complicated in the case of a three-dimensional region, for which u is of the order 
of magnitude of n’, than on an algebraic surface, where y is of the order of n, 
and is very greatly simplified, so as to be comparable with corresponding formu- 
las in one variable, in cases to be discussed below in which u is bounded for all 
values of n. 


6. Convergence. Let the range of integration R be thought of as a closed 
point set contained in a cube K with edges parallel to the coérdinate axes. If a 
continuous function f is given on R, and if this function is expanded in a series 
of the orthogonal polynomials corresponding to R with weight function unity, 
integration being performed with respect to volume, area, or are length, con- 
vergence in the mean is readily deduced from the least-square property of the 
development. For the definition of f can be extended continuously‘ through- 
out K, and by Weierstrass’ theorem f as thus extended can be uniformly ap- 
proximated by means of polynomials throughout K and in particular on R. 

The conclusion is almost equally immediate if unity as weight function is 
replaced by any integrable function having a positive lower bound. The same is 
true for a weight function having zero as greatest lower bound, if convergence 
in the mean is understood to refer to convergence of the weighted mean of the 


3 Cf. this Journal, vol. 3, loc. cit., pp. 235-236. 

‘See Hassler Whitney, Analytic extensions of differentiable functions defined in closed 
sets, Transactions of the American Mathematical Society, vol. 36(1934), pp. 63-89; espe- 
cially p. 63. 
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square of the error toward zero. With a bounded weight function having a 
positive lower bound, the continuous function f can be replaced by an arbitrary 
function of class L*, at least in the case of a curve (without double points) 
or a three-dimensional region; the corresponding problem for a surface appears 
to be complicated by questions of parametric representation. Convergence in 
the mean for a discontinuous f with an unbounded weight function naturally 
requires consideration of the properties of both functions jointly. 

A similar method of approach is effective in certain cases in connection with 
the problem of uniform convergence. This is perhaps best illustrated in the 
case of approximation on the surface of the unit sphere, even though the out- 
come is in the first instance merely an alternative derivation of well known facts 
about Laplace series. 

Let p, 0, ¢ be spherical coérdinates, so that 


x = pcos 8, y = psin @ cos ¢, z= psin @sing. 


If f(@, ¢) is a function satisfying a Lipschitz condition with respect to are length 
on the surface of the sphere, the function F(z, y, z) = pf(6, ¢) satisfies a Lip- 
schitz condition in space and can be approximately represented’ throughout 
the cube K by polynomials of the n-th degree with an error not exceeding a 
constant multiple of n-'. Interpreted for p = 1 as a theorem on the approxi- 
mate representation of f(@, ¢) by linear combinations of spherical harmonics," 
this observation is of interest in itself. If f(@, ¢) has continuous directional 
derivatives on the spherical surface (i.e., continuous derivatives at each point 
with respect to latitude and longitude variables referred to a coérdinate system 
for which the point in question is not a pole), p’f(@, ¢) has continuous partial de- 
rivatives with respect to x, y, and z and can be represented by polynomials of 
the n-th degree throughout K with a maximum error e, such that’ lim ne, = 0. 


n—>0e 
Combined with an application of Bernstein’s theorem, this yields a proof of 
convergence of the Laplace series® for f(@, ¢). Generalization is possible by 
introduction of a suitably qualified weight function. If the second directional 
derivatives of f(@, ¢) on the sphere are continuous, p'f(@, ¢) bas continuous 
second partial derivatives as a function of (zx, y, z); it can be approximated by 
polynomials with a maximum error approaching zero faster than n~*. This 


5D. Jackson, Uber die Genauigkeit der Anndherung stetiger Funktionen - - - , Disserta- 
tion, Géttingen, 1911, pp. 88-92; see also the paper of Mickelson cited in footnote 7 below. 

6 For a proof based more explicitly on the properties of spherical harmonics see T. H. 
Gronwall, On the degree of convergence of Laplace’s series, Transactions of the American 
Mathematical Society, vol. 15(1914), pp. 1-30; especially pp. 14-18. 

7 See E. L. Mickelson, On the approximate representation of a function of two variables, 
Transactions of the American Mathematical Society, vol. 33(1931), pp. 759-781; especially 
pp. 768-769. Mickelson points out in an introductory paragraph that the theorems on 
trigonometric and polynomial approximation which he presents at length for two variables 
can be extended to three or more. 

8 See Mickelson, loc. cit., pp. 776-780. 
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fact is useful in situations not previously treated which call for the use of Mar- 
koff’s instead of Bernstein’s theorem. 

It is clear that the method is applicable in principle to problems of approxi- 
mation on other domains than the spherical surface, though the precise formula- 
tion of results would require some attention to detail. 


7. Uniqueness of the weight function. It may be pointed out in this con- 
nection that under conditions of considerable generality the weight function 
belonging to a given system of orthogonal polynomials is essentially determinate 
except for a constant factor. That is to say, if a complete system of poly- 
nomials (beginning with a constant as first term of the sequence) is orthogonal 
with respect to each of two weight functions, one of these functions is almost 
everywhere a constant multiple of the other. 

Let the weight functions be p; and p: , let the polynomials of the orthogonal 
system be denoted by pam , and let the domain of integration, whether volume, 
surface, or curve, be R. If fodR = ki, fodR = ke , and if the combination 
p: — kik2'pe is denoted by o, then fodR = 0. Since each non-constant pam is 
orthogonal to each of the other polynomials of the system, and in particular 
orthogonal to a constant, with respect to p; as weight function and also with 
respect to po, 


[ordom at = [ordomat = 0, | cpmnat = 0. 


So ¢ is orthogonal with unit weight function to every polynomial of the system, 
including the constant, or in other words is orthogonal on RF to every polynomial. 
If o is continuous, it can be represented on R by a uniformly convergent series of 
polynomials; being orthogonal to every term of the series, it is orthogonal to 
itself and identically zero. If o is of class L’, the domain R being taken as a 
volume or a curve as before to avoid complications of parametric representation, 
o can be approximated in the mean by polynomials. If fo’dR = I, if ¢ is an 
arbitrary positive quantity, and if P is a polynomial such that f[(¢ — P)*dR < 
«/(I + 1), then by the orthogonality of ¢ to P and by Schwarz’s inequality 


[ [oar] = | [ow -_ Pyar | < [oar [oc — P)dR <«. 


This means that fo° dR = 0 and o = 0 almost everywhere. 


8. Orthogonal polynomials on a curve. Let attention be directed now more 
specifically to the formal properties of orthogonal polynomials on a space curve 
C, the curve being supposed rectifiable, and integrals taken with respect to arc 
length. 

If each of the monomials (1) is linearly independent of the preceding ones on 
C, the orthogonal system again contains }(nm + 1)\(n + 2) polynomials of the 
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n-th degree. The facts with regard to orthogonal transformation of the orthog- 
onal polynomials, here and in subsequent cases, correspond to those previ- 
ously noted. 

When there is a polynomial that vanishes identically on C, it is of course not 
possible to say that all such polynomials must be multiples of a single one, 
as this would certainly not be true if C were the intersection of two algebraic 
surfaces. If there is a polynomial 2 of the N-th degree such that 2 = 0 at all 
points of C and such that every polynomial vanishing identically on C is a multi- 
ple of ©, construction of the orthogonal system proceeds as in the case of an 
algebraic surface, and the number of polynomials of the n-th degree in the system 
is again }N(2n + 3 — N) forn 2 N. 

Particular interest attaches to the case of an algebraic curve, that designa- 
tion being taken for present purposes to mean that there are two polynomials 
g(x, y, 2), v(x, y, z) which vanish identically on the curve, and which are rela- 
tively prime to each other. For it will be seen that for some classes of algebraic 
curves at least the number of polynomials of the n-th degree in the orthogonal 
system remains finite as n increases, and the theory of the corresponding ex- 
pansions in series consequently may be expected to have an essentially closer 
resemblance to that of series of orthogonal polynomials in a single variable. 

Algebraic curves, to be sure, do not constitute the only alternative to the 
‘ases noted above. Suppose, for example, that C consists of a segment of the 
z-axis and a non-algebraic curve in the zry-plane, both extending from the 
origin, say, so that jointly they form a single ‘“‘curve” in the naive sense. Every 
polynomial g(x, y, z) which vanishes on the whole of C contains z as a factor, 
since otherwise g(x, y, 0) would be a polynomial in x and y which does not vanish 
identically, but vanishes at all points of the non-algebraic curve. So no two 
polynomials vanishing on C can be relatively prime. On the other hand, z is 
the only factor common to all polynomials that vanish on C, since in particular 
xz and yz have no other common factor; but z itself does not vanish everywhere 
on C. It is clear from the earlier reasoning that if C is a curve on which a 
polynomial of the N-th degree vanishes identically, however this may be related 
to other polynomials having the same property, the number of polynomials of the 
n-th degree in the corresponding orthogonal system can not exceed }N(2n + 
3—N)forn 2N. Forthe C just used as an illustration the number in question 
is n + 2 for n = 1, the monomials of the n-th degree which are not linearly 
dependent on monomials of lower rank being those which are not divisible either 
by xz or by yz, ie., 2” *y* (k = 0, 1, --- , n) and 2”. 

The discussion of algebraic curves will be limited here to a few illustrative 
specifications. The general theory appears to lead to algebraic problems of 
some complexity. If the facts are well known from the elementary theory of 
space curves or the theory of algebraic functions, a formulation in terms appro- 
priate to the problem in hand has not come to the writer’s attention. The ques- 
tions at issue do not particularly involve the properties of the systems of orthog- 
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onal polynomials as such, but are an essential preliminary to the study of such 
systems. 

For any specified value of n let » be the number of polynomials of the n-th 
degree in the orthogonal system. It is the number of monomials of the n-th 
degree which are on C linearly independent of monomials of lower rank. As 
in the situations previously considered, alternative sets of polynomials of the 
n-th degree in the orthogonal system are expressible in terms of each other on 
the range of integration by orthogonal transformation, and the value of » is 
therefore independent of the particular notion of rank employed. Another 
observation which will be important is that v can be defined as the number of 
polynomials of the n-th degree which on C are not connected with each other 
and with any polynomial of lower degree by any relation of linear dependence. 
That is to say, there exist v polynomials s,(z, y, z), --- , 8,(z, y, 2) of the n-th 
degree such that if s(x, y, z) is any polynomial of degree lower than the n-th, a 
relation 


as; + --- + a,8, + bs = 0 


holding identically on C implies that a; = --- = a, = 0, but if 3, --+ , S44 
are any vy + 1 polynomials of the n-th degree, there exists a linear combination 


a8) + = + Oy418y41, 


with coefficients not all zero, which reduces identically on C to a polynomial 
of lower degree (or to zero). As thus characterized, v is unaffected by any non- 
singular linear transformation of (x, y, z), whether orthogonal or not. A permuta- 
tion of the variables among themselves is of course a special case of such a 
transformation. 

Suppose first that ¢ and y have leading terms x”y* and z’, respectively. Let 
p + 4q = N,, and let r be denoted alternatively by N2. Any monomial which 
is divisible by x’y‘ or by z’ is linearly dependent on monomials of lower rank. 
If xy‘z' is not to be divisible by z’, the exponent J must have one of the r values 
0,1,---,r—1. Forgivenn =h+k+1,thesumh + k = n — 1 must have 


one of the r values n,n — 1,---,n —r +1. Fora specific value of h + k, 
if xy*z' is not to be divisible by zx”y*, h must have one of the p values 0,1, ---, 
p — 1, or else one of the q values corresponding to k = 0,1,---,q — 1. So, 


when n is given, there are not more than r possibilities for the exponent l (fewer 
ifn < r — 1), and with each of these at most p + q possibilities for the exponent 
h, if x"y‘z' is to be on C linearly independent of monomials of lower rank. Con- 
sequently 

v S (p+ g)r = NiNe, 


the upper bound obtained for » being the product of the degrees of ¢ and y. 
A corresponding conclusion is obtained if the leading terms are x”z’ and y’, 
or x” and y*z’, not by mere permutation of the variables in the statement of the 
conclusion itself (since the permutation would in general change the identity 
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of the leading terms),’ but by repetition of the argument in detail. Also, one 
of the paired exponents may be zero, the leading terms being x” and y“, or z” and 
2, ory’ andz’. 

Generally stated, the hypothesis of the last paragraph is that the leading 
terms of ¢ and ¥ have no common factor. This of itself insures that ¢ and y 
are relatively prime, since the leading term of a common factor of ¢ and y 
would be a common factor of their leading terms. If the same variable occurs 
in both leading terms, and if no other hypothesis than specification of these 
leading terms is imposed, the argument necessarily fails, since the existence of a 
common factor of ¢ and y is not excluded; and if ¢ and y are not relatively prime, 
vy is not necessarily bounded as n increases, since a curve on which ¢ and y 
both vanish may be a non-algebraic curve on the surface defined by the vanishing 
of the common factor, as in an illustration already employed. 

Nevertheless the boundedness of vy with increasing n can be deduced in some 
cases even when the leading terms of ¢ and ¥ have a variable in common. 

It will be assumed until the contrary is stated that the curve C is not plane, 
i.e., that there is no polynomial of the first degree in (zx, y, z) which vanishes 
identically on C. 


9. Intersection of two quadrics. Suppose, for example, that ¢ and y have 
leading terms 2° and zy, respectively. If y were to contain a term in 2”, this 
could be removed by subtraction of a suitable multiple of g, leaving a polynomial 
which must likewise vanish identically on C. For economy of notation it may 
be assumed without loss of generality that y lacks the term in 2’ in the first place. 
Then ¢ and y may be written in the form 


o(2,y,2)= 2° +az+ ay + ax +a, 
v(x, y, 2) = zy + diz + bey + dsr + by. 


The combination yg — zy, vanishing identically on C, has leading term yz if 
a, ~ 0, and has leading term y’ if a; = 0, a2 ¥ 0. In either case g and yp — xy 
are two polynomials of the second degree, vanishing identically on C, with 
leading terms relatively prime to each other, and it follows from the earlier 
reasoning that vy S 4. If a; = a, = 0, the polynomial ¢ does not contain y or z 
at all, and its vanishing represents a plane or a pair of parallel planes; it has 
been assumed that C does not lie in one plane, and as a connected curve it can- 
not be contained in two parallel planes without lying wholly in one of them. 
So it is certain under the hypotheses of the present paragraph that »v S 4. 


*E.g., if the leading term of y(z, y, z) is 2", the leading term of ¥(z, y, x) is not 2" in 
general; a polynomial with leading term z* cannot have any other term of degree r, while 
a polynomial with leading term z* may contain any or all of the monomials of the r-th de- 
gree. When a permutation of the variables is used below, in accordance with the last 
sentence of the preceding paragraph, all the terms of highest degree will be taken into 
account, not merely terms specified only by means of the notion of rank. 
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(If a; = a, = 0, if the equation g = 2° + asx + a, = 0 has distinct real roots 
a, 8, and if the word curve is used in a less restrictive sense to admit the possi- 
bility of a locus C consisting of separate curves in the planes x = a, x = 8B, 
respectively, the product ¥(a, y, z)¥(8, y, z) is a polynomial of the second degree 
(at most) vanishing identically on C, with leading term 2’ if b; ¥ 0, y’ if b; = 0, 
(be + a)(be + 8) ¥ 0, so that »y < 4 again; if b} = 0, be = —a, say (it is im- 
material which root is denoted by a), then 


¥ = (x — a)y + ba — a) + ba + by, 


which is inconsistent with the hypotheses, giving y and ¢ the common factor 
x — aif bsa + by = 0, and making y different from zero at all points of the plane 
x = aif bya + by ¥ 0, so that C, on which y vanishes identically, is restricted 
to the single plane xz = 8.) 

For reference a few lines below it is to be noted that if three polynomials 
with leading terms zy, xz, yz vanish identically on C, then »y S 3. For every 
monomial of the n-th degree other than x", y", z” is divisible by one (or more) 
of the three leading terms, and so is linearly dependent on monomials of lower 
rank. 

Suppose next that ¢ and y have leading terms zy and zz: 


o(a, y, 2) = ry + aor” + az + ay + asx + ay, 
v(x, y, 2) = zz + bor” + die + dey + dar + dy. 


There is no loss of generality in omitting ry from ¥, since it could be removed by 
subtraction of a multiple of g. The non-singular substitution 


2’ = 2, y =y + awe, 2’ = z+ ber 


gives polynomials of the same form in 2’, y’, z’, except that terms in 2” are lack- 
ing; instead of working with the new notation it may be assumed with essential 
generality at the outset that ¢, y have the form 


e = Ty + Ue + ay + axr+ a, 
v= cz + diz + by + ber + hy. 
The polynomial w = zg — yy is of the form 
ayz + (a2 — b:)yz — bey” + terms of lower rank than y’. 


If a; # 0, w has leading term z’, and the vanishing of ¢ and w on C means that 
v4. Ifa, = 0, a, — bd; ¥ 0, the leading term of w is yz, and the simultaneous 
vanishing of ¢, ¥, and w means that vy < 3. If a, = 0, a — b; = 0, bh ¥ 0, 
the leading term is y*, and y andw together give y < 4. If a; = a2 — b; = be = 0, 
¢g and y reduce to 


ry + dy + asx + a4, 
xz + az + bor + By. 


a) 
Il 
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Then 
(z + bse — (y + as)¥ = (a4 — aeas3)z — (bs — aebs)y + ards — ashy. 


The vanishing of this expression on C would mean that C is a plane curve, 
unless the right member is zero identically, in which case ¢ and y have a common 
factor.” Both of these suppositions having been ruled out, the coefficients 
must come under one of the hypotheses which make v S 4. 

Now let ¢ and be any two polynomials of the second degree which are relatively 
prime. By a non-singular linear transformation it can be insured that ¢ con- 
tains a term in z’, which is then its leading term. If y contains a term in 2’, 
this can be removed by subtracting a multiple of ¢. If the resulting poly- 
nomial contains neither yz nor zz, the leading term being y’, zy, or 2’, this 
leading term has no factor in common with the leading term of ¢, and vy S 4. 
If the polynomial contains yz, this is the leading term; if it contains zz but not 
yz, interchange of z and y makes yz the leading term again. So the cases requir- 
ing further examination can be covered by the assumption that ¢ and y¥ have 
z’ and yz as leading terms. The term yz furthermore can be removed from ¢ by 
subtracting a multiple of y. 

Let the polynomials then be taken as 


o(z, y, 2) = 2 + ay’ + aerz + asry + ag’ +---, 
v(x, y, 2) = yz + bry” + bere + dary + De + ---. 


The continuation sign + --- will henceforth be understood always to mean 
“plus terms of lower degree’. The combination yg + (by — z)W has leading 
term y’*, if a, + bj + 0. The vanishing of this polynomial on C together with ¢ 
implies that » < 6. Specifically, this is so because all monomials of the n-th 
degree except 
zr”, x” ty, 2” *y*, 2”, x” *yz, x” *y'z 
are divisible either by z’ or by y’. But of these six the last two are divisible by 
yz, the leading term of y, and so as functions on C these also are linearly de- 
pendent on monomials of lower rank. The relation vy < 6 is thus replaced" 
by» Ss 4. 
If a; + bi = 0, 


e(2, y, 2) = Sf = biy? + aerz + ascy + agar” + eee, 
while ¥ remains as before. Let the variables be subjected to the transformation 
1 = 7, nN=yYy, a= z+ by. 


10 Elimination of zy from y has, to be sure, replaced the most general ¢, y by¢ and y — kg, 
where k is a constant. But if ¢ and y — ky have a common factor, the same is of course 
true of ¢ and y. 

11 In the preceding discussion for the cases of leading terms z*. rv. and x4, zz, the con- 
clusion »y S 4 can similarly be replaced by » S 3. 
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This makes 


9(2, y, z) = (71, 1, 21) i 
= 21 — Wiyitr + erie, + (as — ard ry: + ai +---, 


(2, y, 2) = lta, m1, a) = Wiz + beryz, + (bs — dibe)aiy, + bx} s 
The combination 


¢(z, Y, z) + 2b (x, y, z) 
ei(%1, Yr, %1) + WZwilt, Mi, 2) = or(Z1, M1, %) 


w(x, y, 2) 


has the form 


w(t, 41,4) = zi + y2% 121 + AysXyYi + Quzi + --- ? 


in which the manner of dependence of the new coefficients on the old ones need 
not be further specified. For the sake of uniformity let ¥, be written as 


Vilti, Yr, 2%) = Yrtr + DvMZ + Oyry + buti + ---. 


The original ¢ and y having been replaced by w; and y; , the condition a, + bj = 0 
is seen to be essentially equivalent to the vanishing of a; and b; separately. 
Let 


we=%m, yY=YAtben, w=4+ Jar 


This transformation has the effect of removing the terms in 2,2; , and reduces 
the polynomials to the form 


wi(21 , Yr , 21) = wate , Yo, 22) = 23 + Oesteye + Gute +---, 


vali, Yr, 21) = Pole, Yo, 22) = Yate + desreye + bare + ---. 
Here let 


E=e+ye, N=y, F =e, 
with an arbitrary \. In terms of the new variables, we , ¥2 have the form 
con(t2 , Yo, 22) = OE, 0, 6) =F + can + antn + at + ---, 
Ya(te, yo, 22) = VCE, 0, 6) = nb + Bit + Btn + Bae + ---, 


with a, = dad” — asd, B, = bead” — besr. These polynomials have the form 
of the original g and y (with the specialization that the coefficients of && are 
zero). If a, + 8; # 0, repetition of the earlier argument shows that » < 4. 
It will be possible to choose \ so as to make a, + Bi ~ 0, unless 


Aad” — dash + (besd” — bo3d)” = 0 


identically in \, or 


a2; = 0, bes = 0, dy + b3; = 0. 
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The discussion has to be resumed only under the hypothesis that these special 
conditions are fulfilled. 
The polynomials to be considered are then 


2 2 2 
= 22 — bor. + ---, 


we(re , Ye ) 
¥o(r2, Yer, 22) = Yote + desreye + --- 


Let 
Xs = 22 + beste, Ys = Ye, 23 = i. 
The polynomials become 
‘ 

we(X2 , Y2, 22) = ws(Xs , Ys, 23) = F3 — Dhosrszz +--+, 

¥o(r2 , Ye, 22) = Ws(%s, Ys, 23) = Tes +---- 
These have leading terms 2x32; and x3y3 , unless be; = 0, in which case the leading 
terms are 23 and x3y3;. Both cases have been treated in earlier paragraphs, with 
the conclusion each time that » < 4. This relation for v is therefore of 
general validity. 

It has been assumed for definiteness that C is not a plane curve. If it does 
lie in a plane, this can be reduced by linear transformation to the plane z = 0. 
The whole problem then is one of polynomials in the two variables xz, y. If the 
codrdinates of all points of C satisfy an equation of the N-th degree,” » < N. 
The special case of a plane curve need not therefore be excluded from the follow- 
ing general statement: 

If two polynomials of the second degree which are relatively prime vanish iden- 
tically on C, the number of polynomials of the n-th degree in the corresponding or- 
thogonal system does not exceed 4 for any value of n. 


Tue UNIVERSITY OF MINNESOTA. 


12 See the second of the papers cited in footnote 1. 











A LATTICE FORMULATION FOR TRANSCENDENCE DEGREES AND 
p-BASES 


By Saunpers Mac LANE 


1. Introduction. The transcendence degree of an extension of a field is the 
cardinal number of a maximal set of independent transcendents in the extension 
(Steinitz [11]);’ in an Abelian group without elements of finite order the rank 
is the cardinal number of a maximal set of rationally independent group elements 
(Baer [1]). Both these cardinal numbers are invariants; the proofs of these 
two facts are similar, so that there should be an underlying theorem generalizing 
these proofs and stated in terms of the lattice of subfields or of subgroups, as 
the case may be.” This paper constructs, in §2, a type of lattice, called an 
“exchange”’ lattice, in which such a theorem can be proved (cf. §3). This lattice 
theorem includes also some investigations of Teichmiiller ({12] and [13]) on 
fields of characteristic p; in particular, we establish the invariance of the cardinal 
number of a “relative p-basis” of an inseparable algebraic extension of such a 
field. 

The crucial axiom for our lattices is an “exchange” axiom, related to the 
Steinitz exchange theorem. This axiom is equivalent to one of the axioms 
recently used by Menger [7] in investigating the algebra of affine geometry, 
and also to a certain covering property used by Birkhoff [2] in an analysis of the 
Jordan Theorem (cf. §4). This axiom can be viewed as a weakened form of the 
Dedekind or modular axiom for a lattice (Ore [9], or Birkhoff [4]). The Dede- 
kind axiom itself could not apply to the lattices of fields with which we are 
concerned (see §5 and §6). 

Unfortunately the exchange axiom is stated in terms of the “points” of the 
lattice, or alternately in terms of the covering relation. It thus applies only 
trivially to continuous geometries or to other infinite lattices having no points. 
In §7 we succeed in constructing two exchange axioms which in the presence 
of the other axioms are equivalent to the original exchange axiom, but which 
themselves do not involve points or coverings. These new axioms yield most 
of the usual properties of the dimension function in a finite lattice. Their title 
to be considered as substitutes for the modular law rests chiefly on their versa- 
tility: each of the new exchange axioms is seen in §8 to be equivalent to a 
natural assertion about the possibility of specified types of transpositions in 
any given chain of the lattice. 


Received March 1, 1938; presented to the American Mathematical Society, April 9, 1938. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
2 This remark is due to R. Baer (in conversation). 
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2. Exchange lattices. The transcendence degree of a field % over a subfield 
R can be defined in terms of those subfields M, KR CM C ¥&, which are relatively 
algebraically closed in %, in the sense that every element of % algebraic over M 
is contained in Mt. With respect to field inclusion, these subfields I? form a 
continuous lattice. 

A set L is a continuous lattice’ (in the terminology of O. Ore, a complete struc- 
ture) if a transitive and irreflexive relation a < 6 is so defined for elements a 
and b of L that for every subset A C L there exist in L an element 2(A), the 
union, and an element II(A), the cross-cut, such that ¢ 2 =(A) holds if and only 
if ¢ = a for every ain A, while d S II(A) if and only if d S a for every a in A. 
If A consists of two elements a and b, we denote the union or join by a + b, and 
the cross-cut or meet by a-b. The cross-cut 0 = II(L) is the zero element, the 
union 1 = =(L) the unit element of L. Ifa > bin L, but a > c > bis impossi- 
ble for cin L, then a is said to cover b or to be prime over b (Ore [9]). An element 
p prime over 0 is called a point of L (Menger [7)). 

In the field case, each indeterminate x over R generates a relatively alge- 
braically closed field R(x)’ which is a point in the lattice of fields 9. The crucial 
property of algebraic dependence is: if x is algebraic over Dt(y), but not over M, 
then y is algebraic over Q(x). For lattices, we state a corresponding exchange 
axiom: 

(E,) If ais in L while p and q are points of L, thena <a+ pS a+ qim- 
plies q S a + p. 

We need also the existence of points and the “finiteness” of dependence: 

(G,) Ifb < ain L, then there is in Z a point p withb <b+ pa. 

(F:) If Q is a set of points and p a point of L with p S 2(Q), then there 
exists a finite set of points @ , @,---,q.0f Qwithp Sqm+a@+--- +4. 

DEFINITION. An exchange lattice is a continuous lattice satisfying (E), (Gi), 
and (F;). 

Note that (E,) is equivalent to the assertion that a < a + p < a+ q is im- 
possible, while (G,) is equivalent to the following formally stronger axiom: 

(G2) Ifa <= b, then there is a point p with p S a, p = b. 

For a < b implies ab < a, hence by (G;) there is a p such that p S a, p <= ab. 
Thus p <= b. In the presence of (G,), (Fi) can be shown equivalent to the fol- 
lowing point-free statement: 

(F:) If b S X(A), A CL, then there are in A elements aq, --- , a, with 
b(a; + --- + a,) > 0. 

To prove (F2), let Q be the set of all points gq S some a of A, and choose any 
p <b. Then p S 3(Q) = (A) by (G2), whence p S qm + --- + qn by (Fi). 
This gives the conclusion. 

Our postulates are related to the properties of algebraic dependence as formu- 
lated by van der Waerden [14]. He considers a relation ‘‘b depends on S’’ for 
an element b and a subset S of a given set D, with the following properties: 


’ 


3 This definition is in von Neumann [8]. For further literature on lattices, cf. Ore [10] 
or Kéthe [5]. 
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1. each b depends on the set {b}; 

2. if b depends on S and S C T, then b depends on 7’; 

3. if b depends on S, then b depends on some finite subset of S; 

4. if b depends on Sp = {c:, C2, ---,¢n} but on no proper subset of Sp, 
then c, depends on {c;, --- , Cn, b}; 

5. if b depends on S and if every element of S depends on 7’, then b depends 
on T. 

A relation ‘‘a depends on S’’ with these five properties we call for the moment a 
dependence relation. The exact connection with our axioms we state without 
proof as follows: 

TueorEeM 1. Jf Disa set with a dependence relation, and if a subset S C D is 
said to be closed whenever S contains every b of D dependent on S, then the set &(D) 
of all closed subsets of D is an exchange lattice if S < T means that S is a proper 
subset of T. Conversely, if L is any exchange lattice, and if D = D(L) is the set 
of all points of L, then the relation p S X(S) for S C D is a dependence relation of 
p to S. Furthermore, &(D(L)) is isomorphic to the given lattice L, while, for a 
given D, the set D’ = D(X(D)) with its dependence relation is isomorphic to the 
set D* obtained from D by identifying all pairs of mutually dependent elements of D. 
Here an isomorphism of D’ to D* means a one-to-one correspondence of D’ to D* 
which leaves unchanged the dependence relation. 

In the finite case, there is a similar connection to the matroids of Whitney 
[15], as expressed in terms of lattices by Birkhoff [3]. 


3. The basis theorem. A transcendence basis for a field is a maximal set of 
algebraically independent elements. Generally, a set P of points in any lattice 
L is independent if (=(P’))-(2(P”)) = 0 for any two disjoint subsets P’ and P” 
of P (von Neumann [8], Chapter II). An independent set P of points with 
union 2(P) = a is called a basis of the element a of L. In the transcendence 
basis case, an independent set corresponds exactly to a set of indeterminates 
irreducible in the sense that no one indeterminate depends algebraically on the 
others. The same definition of independence holds in other cases: 

THEOREM 2. A set P of points in an exchange lattice is independent if and only 
ofp S pi + po +--+ + Pp ts impossible for distinct points p, pi, --- , pn of P. 
Hence a set P is independent if and only if every finite subset of P is independent. 

Proof. The necessity of the condition is immediate. Suppose conversely 
that p S <p; is impossible, but that P is dependent. There then are disjoint 
subsets P’ and P” C P with (2(P’))-(2(P”)) > 0. There then exists a point 
q such that 0 < q S (2(P’))-(2(P”)). By the finiteness axiom, points p; 
in P’ and p; in P” can be chosen so that 


QS m+ P+ +++ Pm, GSP +P2 +--+ + Dn. 
If m > Ois so small that ¢ € pi + --- + pms, the exchange axiom implies that 
Pm S Pits + Pra tO S Pits + Pmt Pi +++ + Pry 
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contrary to the assumed property of P. Hence P is independent. A similar 
use of the exchange axiom gives also the result (cf. Menger [7], p. 462): 

Corotiary. If P is an independent set in the exchange lattice L, and if q is a 
potnt with q(=(P)) = 0, then the set obtained by adjoining q to P is independent. 

TueoreM 3. Jf L is an exchange lattice and if P is any independent set of 
points of L with =(P) Ss b, then there is a set QD P which is a basis of b. In 
particular, every element of L has a basis. 

Proof. When b = 1, we can construct Q from P by well ordering the points 
of L and by applying repeatedly Theorem 2 and its corollary. A basis for any 
b # 1 can then be found by applying the previous case to the quotient lattice 
b/0 (Ore [9], p. 425). For any b 2 c such a quotient lattice b/c consists of all 
elements d with b 2d 2c. 

TuroreM 4. Jf b 2 c are elements of the exchange lattice L, then the quotient 
lattice b/c is also an exchange lattice. Its points are all the elements of L of the 
form c + p, where p is a point of L such thate <c + pS b. 

Proof. Any such c + pis a point of b/c, for otherwise c + p > d > c, hence 
by (G,) ¢ + p > ¢ + q >, and this is impossible by the exchange axiom. Con- 
versely, the existence axiom for points of L shows that any point of b/c must 
have the form c + p. The axioms for an exchange lattice can now be directly 
verified for b/c. 

The comparison of different bases depends upon an exchange process (Steinitz 
{11], Theorem 7, p. 115). 

TueoreM 5. If P is an independent set of points in an exchange lattice, q a 
point with q S =(P), then there is a finite subset Py) C P such that (i) q S =(Po), 
but this statement is false if Po is replaced by any of its proper subsets; (ii) if R C P 
and q = X(R), then Po C R; (iii) of in P any point p, of Po be replaced by q, the 
resulting set P’ is independent, and X(P’) = X(P). 

Proof. The finiteness axiom yields at once the set Po as in (i). Ifq < =(R), 
as in (ii), then g S =(Ro) for a similar minimal finite set Ryo. If Po C R is false, 
then Po # Ry. Since Po is minimal, Ry contains at least one point r not in Pp. 
If Ro is the set Ro with r deleted, then q < (Ro) + r, so that the exchange 
axiom proves r < =(Ro) + q S (Ro) + 2(Po), contrary to the independence 
of P. Finally P’ in conclusion (iii) is independent because of (ii) and the corol- 
lary to Theorem 2. 

Repeated applications of this exchange process with a transfinite induction 
yield, exactly as in Steinitz [11] (Note 126 and correction thereto), a proof of the 
fundamental invariance theorem: 

TueoreM 6. If P and Q are two bases for an element b in an exchange lattice L, 
then the sets P and Q have the same cardinal number. This number we call the 
rank of b. 

TuHeoreM 7. Every exchange lattice L has relative complements; that is, given 
b 2d =cinL there is an element d' in L with d + d’' = b, dd’ = c. 

‘An equivalent abstract basis theorem has been developed by Reinhold Baer, who 
also found several alternative postulational bases for abstract independence (all unpub- 
lished). (Added May 9, 1938.) 
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Proof. In the quotient lattice b/c there is by Theorems 4 and 3 a basis Pz 
ford. By Theorem 3 we can adjoin to Pz a set of points Q’ of b/c such that 
P, and Q’ together form a basis for b. Then d’ = 2(Q’) is the desired comple- 
ment, because the definition of independence insures that (2(Pz))-(2(Q’)) = ec. 


4. Alternative exchange axioms and the Dedekind axiom. The exchange 
axiom is a weakened form of the usual modular or Dedekind law (Ore [9], p. 412; 
Birkhoff [4]). 

(D,) Deprexinp Axiom. a2 c implies a(b + c) = ab+e. 

This axiom holds for the linear subspaces of a projective space, but not for an 
affine space. Menger showed that it could there be replaced in part by either 
of the two equivalent assertions, for all elements a, b and all points p of L, that 

(E:) aS bS a+ pimplies b = aorb = a+ p;or that 

(E;) p £ a+ b implies ab = (a + p)b 
(see [7], Axiom 6°). Birkhoff’s investigations of the Jordan Theorem! involve 
the property that, for all a, b and d in L, 

(E;) ifa 2d,a+ b> aand b covers d, then a + b covers a. 

The interrelations of these axioms are as follows. 

THEOREM 8. In any lattice L satisfying the point-existence axiom (G,), any 
two of the conditions (E,), (E2), (Es), (Es) are equivalent. Each of them is a conse- 
quence of the Dedekind axiom, but there exist exchange lattices which satisfy (E,), 
(F;), and (G,) but not the Dedekind axiom. 

In an arbitrary lattice the implications (Ey) — (E2) — (E)), (Ex) < (E;) 
(proved by Menger) and (D,) — (E,) (ef. Birkhoff [2], Theorem 9.1) will hold. 
To prove (Es) — (Ee), set d = 0 and b = pin (E,) to obtain the assertion “a + p 
> aimplies that a + p covers a’’, an alternative statement for (E:). Similarly 
(E2) with b = a + q will yield (E,). 

To establish (E,) as a consequence of (E;) and (G,), suppose that in the con- 
clusion of (Ey) a + 6b fails to cover a. There is then ac, a + b > c > a, and 
by (G,) there are points p and q such thata <a+psSe,d<cd+qb. 
Since b covers d, d + q = b and 


a<a+pSce<a+b=a+d+q=a+4+4q. 


The exchange axiom then makes a + q S$ a + p < a + q, a contradiction. 
Given (G,) we now have (D,) — (Ey) — (E;) — (E:) — (E,) — (E,), as asserted 
in the theorem. 

The Dedekind axiom does not hold in every exchange lattice. For instance, 
let C be a finite class with m elements and n an integer, 1 < n < m. Consider 
the set Lm» of all subclasses a, b, --- of C which have not more than n elements 
or exactly m elements, and let a < 6 mean that a is a proper subclass of b. 


5 Lattices having this property (E,) have been studied by F. Klein, who calls the 
property ‘‘axiom (y”)’’ and who obtains several interesting equivalent axioms. Cf. F. 
Klein, Birkhoffsche und harmonische Verbénde, Mathematische Zeitschrift, vol. 42 (1937), 
pp. 58-81. (Added May 9, 1938.) 











460 SAUNDERS MAC LANE 


Then Lm, is a lattice, in which the points are the subclasses of C with just one 
element, while the sum a + b is the whole class C or the ordinary point-set union 
a U b according as a U b has more than n elements or not. The axioms for an 
exchange lattice are readily verified for Ln,. Whenever m =n + 2 2 4, and 
in no other cases, Lm,» fails to be a Dedekind lattice. For instance, if m = 4, 
n = 2, Le contains four points p,q,rands. If weseta=p+q,b=r+s, 
c = p, thena 2c, but 


atb+c)=(p+Q(p+r+s) =(p+9-l=p+y, 
ab +c = (p+q)(r +s) +p = pandp + q = p, 


contrary to the Dedekind law. 

We turn to the Jordan Theorem. A chain of length n joining a to b, a < b, 
is a sequence of n + 1 elements z;,@ = % <4%<--- <2, = 0b. The chain 
is principal if each x; covers z;; , fori = 1, ---,n. A lattice L is said to be of 
finite dimensions if any two elements a < b can be joined by a principal chain. 

TueoreM 9. If two elements a < b of an exchange lattice L are joined by a 
principal chain of length n, then no chain joining a to b has length greater than n, 
so that any principal chain joining a to b has the same length n. If the exchange 
lattice L is of finite dimensions, then the rank (or dimension) p(a) defined in Theorem 
6 is equal to the length of any principal chain joining 0 to a, and p(a) satisfies the 
inequality 


(1) p(ab) + p(a + b) S p(a) + p(d). 


The first assertion, which states in part that when a and b are joined by a 
principal chain they can be joined by no “infinite” chain, can be established by 
induction, with repeated applications of axiom (E,). The rest of the theorem 
restates known results, for the exchange axiom (E,) implies the following con- 
dition: 

(€) If a and b cover d and a # b, then a + b covers a and b. From this 
condition the Jordan Theorem and (1) can be established (Birkhoff [2], Theorems 
8.2 and 9.2; Ore [9], Chapter IT). 

The following converse to Theorems 7 and 9 gives in effect an alternative 
definition for finite exchange lattices. 

Tuerorem 10. If L is a lattice which has for every a > d > 0 a “relative com- 
plement” d’ with d + d’ = a, d-d’ = 0, and @f to every element a of L an integer 
p(a) can be so assigned that 

(i) a < b implies p(a) < p(b); 

(ii) if b covers a, then p(b) = p(a) + 1; 

(iii) the inequality (1) holds for all a and b; 
then L is an exchange lattice. 

Proof. The finiteness of each p(a) and the condition (i) enforce ascending 
and descending chain conditions (Ore [9], p. 410) and thence the existence of 
infinite unions and cross-cuts, as well as the finiteness axiom (F;). To establish 
the existence of points, let a > d 2 0 and pick a relative complement d’ of d in a. 
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The descending chain condition yields a point p, p < d’, with the requisite 
properties, p S aand p = d. 
If p is any point with a < a + p, then the inequality (1) and condition (ii) 
give 
p(a + p) = ofa) + e(p) — (ap) = p(a) + p(p) — (0) = p(a) + 1. 


But a + p > a, so p(a + p) > p(a) by (i), and we have p(a + p) = p(a) + 1. 
This means that a + p covers a, and is in effect the exchange axiom (E2). 
Therefore L is an exchange lattice. 

A lattice L is complemented if for every a there is an a’ witha + a’ = 1, aa’ = 0. 
If LZ is also modular, relative complements are known to exist, and in the finite 
case there is a dimension function. Therefore, we have the following 

Coro.LitarRy. Any complemented Dedekind lattice of finite dimensions is an 
exchange lattice. 

The lattice of all linear subspaces of an affine space is also an exchange lattice, 
as can be established from Menger’s axioms for affine geometry. 


5. Transcendence degrees of fields. For fields {> 8, the set of all relatively 
algebraically closed subfields J? between R and L forms an exchange lattice L. 
This is proved by noting that the relation “y depends algebraically on R(S)”’ is 
a dependence relation with the five properties used in Theorem 1 to construct 
an exchange lattice. The sets “closed” under this relation are exactly the sub- 
fields IM, and the transcendence degree of M over is the rank of M in the lattice, 
and so is included in Theorem 6. 

Such lattices of fields need not satisfy the Dedekind law. Consider over any 
field& the field £ = R(x, y, z) of rational functions of three independent variables 
z,yandz. The subfields 


(2) M=RK(z,y), N=KEx+ yz), R=RK() 


are relatively algebraically closed in %, by Liiroth’s theorem (cf. Steinitz [11], 
p. 126). The intersection of Mand NiskK. For let a ¥ 0 be an element of the 
intersection, 


a = f(z, y)/g(z, y) = rt, 2)/st,2), t=r+y. 


Then g(x, y) 0, s(t, z) ¥ 0, and we can assume that r(t, z) and s(t, z), as poly- 
nomials in ¢ and z, have no factors in common except constants. Then fs = gr 
is an identity in z, y and z; in it we set z = 0 to obtain 


J (x, y)s(z, 0) = g(a, y)r(z, 0). 


If s(x, 0) = 0, then, since g(z, y) ¥ 0, r(z, 0) = 0. Since these are identities, 
r(t, 0) = 0 = s(t, 0), which means that r(¢, z) and s(t, z) have in common a factor 
z contrary to assumption. Hence s(z, 0) ~ 0 and 


_ f(z, y)/g(x, y) _ r(z, 0)/s(2, 0), 
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so that a is in R(x). If a were not in, a would be transcendental over R by 
Liiroth’s theorem, so that x would be algebraic over R(a) C MN. Because N 
is relatively algebraically closed, x is in N, and (2) shows that Nt contains z, y, 
and z. This is a contradiction. 

Because the intersection R = MN N is the cross-cut M-N of M and N in 
the lattice L of relatively algebraically closed fields between & and ¥, this lattice 
is not modular. For, by (2), Mt > M® and 


M- (MN + R) = M.-L = M, M- N+ R= K+ R = R, 


so that M-(N + R) + M@-N + R, contrary to the Dedekind law. 

This example can be extended in various ways. In any field R(a,, --- , tn) 
with n independent variables one can construct two subfields 2% and MN, each 
of transcendence degree n — 1 over 8, and with & as intersection. In the field 
R(x, y, z) one can also find a denumerable number of relatively algebraically 
closed subfields I; , each of transcendence degree 2 over R, such that the inter- 
section of any two of these subfields is R. These examples are typical of all 
fields, in the following sense: 

TuHeoreM 11. Jf R is a relatively algebraically closed subfield of %, then the 
lattice of all relatively algebraically closed subfields M with R CT M C Lis a Dede- 
kind lattice if and only if the transcendence degree of % over 8 ts less than 3. 

Proof. When the transcendence degree is 1 or 2, the lattice has a simple 
form and the Dedekind law is trivially true. In the remaining cases, there are 
in ¥ three indeterminates z, y and z independent over®. Let M, R and R be 
the fields of (2) and MV’, N’ and M’ be respectively their relative algebraic 
closures in Y%. Then YY > §’, and if we show that PY and Y’ intersect in K, 
the non-modularity follows as before. 

Suppose then that w is an element common to PV and N’, so that w is algebraic 
over both I and M and satisfies equations f(u) = 0 and g(u) = 0 irreducible 
over M@ and MN, respectively. Since R(x, y, z) is a simple transcendental ex- 
tension of 2 and also of %, f(u) and g(u) must remain irreducible over the exten- 
sion R(x, y, 2). If both f and g have the leading coefficient 1, then f(u) = g(u), 
so that w satisfies an equation f(u) = 0 whose coefficients are in IN-N; that is, 
inR. Therefore w, algebraic over R, is in R, and the intersection DY -N’ is in 
fact R. 


6. Group ranks and p-bases. Abelian groups furnish another example of 
exchange lattices. Let J be an additive Abelian group without elements of 
finite order (except 0). An element g of J is said to be dependent on a subset 
X of J if in X there are elements x; , --- , x, and if there are integers m, k, , --- , 
k, ,m # 0, with mg = kx, + --- + k,x,. This dependence relation has, as is 
readily verified, the five properties used in Theorem 1, so that the sets H C J 
closed under this dependence form an exchange lattice. These closed subsets 
H are simply the subgroups H C J for which the factor group J/H has no ele- 
ments of finite order (except 0). A basis for J, in the lattice sense, is simply a 
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maximal independent set of elements of J, and the rank of J (Theorem 6) is a 
known invariant of J (Baer [1], Theorem 3.2). A simple proof shows also that 
the lattice of closed subgroups is a Dedekind lattice. 

A field 8 of characteristic p which is not perfect can be extended to a perfect 
field by the adjunction of p"-th roots of a certain minimal set of elements of &. 
This minimal set is called a p-basis (Teichmiiller [12], §3, and [13], p. 145, Hilf- 
satz 9). This notion can be generalized to any inseparable extension. Let & 
be a field of characteristic p, and ¥ a pure inseparable extension of exponent 1 
over 8; that is, an extension such that 2” is in R for any x in %. An element 
y in ¥ will be called p-dependent on a subset X of ¥ if y is in the field R(X). The 
properties 1, 2, 3 and 5 of a dependence relation are immediately verified. As 
for property 4, let y be in R(a%,, --- ,2,), but not in R(x, --- , 241). Since 


xh is in®, y = f(t, ---, 2»), where f is a polynomial with coefficients in R and 
of degree less than p in z,. Then z, must actually occur in some term of f, 


so z, is algebraic of degree S p — 1 over®,; = R(y, 11, +++ , Xn-1). But x, also 
satisfies the inseparable equation z” — x22 = 0 over &;, so that z, must be in 
RK; , and is p-dependent on y, 2, --+ , Z»-1, a8 asserted in property 4. 

The exchange lattice corresponding to this dependence relation is simply the 
lattice of all subfields M withR CM CY. The points of the lattice are the sub- 
fields of degree p over &, so that Theorem 6 becomes 

THEOREM 12. Jf ¥ is a pure inseparable extension of exponent 1 of a field R of 
characteristic p, then there exists a set of subfields M, of %, each of degree p over K, 
such that the adjunction of all M, to RK gives &, while no M, is a subfield of the field 
obtained by adjoining the remaining W’s toR. The cardinal number of subfields 
M, is an invariant of Y/R, called the relative degree of imperfection. 

Each subfield 9, has the form IM, = K(+/z,) for some z, ink. The set of 
these z,’s, one for each Mt, , can be called a p-basis of L over RK. This concept 
will apply to any inseparable algebraic extension, for such an extension § of R 
can be uniquely decomposed intoR C % C% C% C--- C ¥§, where each &, 
contains all elements of § of exponent not more than n over R, so that each ¢,, 
is a pure inseparable extension of exponent 1 over &_1 . 

The lattice of subfields 2 of ¥ is not always modular. Consider ¥% = 
B(x, y, z), R = B(x’, y”, z”), where zx, y and z are independent indeterminates 
over the perfect fie!'d $ of characteristic p. ¥% over & is pure inseparable of 
degree p’, is obtained from & by adjoining the independent p-th roots x, y and z, 
and so has the p-basis |x, y, z} (ef. Teichmiiller [12], Theorem 18). The sub- 
fields M = K(x, y), N = K(z, x + yz) are each of degree p* overR. To disprove 
the Dedekind law, it will suffice as in §5 to show that M and M intersect in K. 
Let them have in conimon the element 

p— 3 


(3) a = f(z, y) = gz, = 2 a;z'U’, t=x+ yz, 


1J7= 


6 The possibility of such an extension is indicated by Teichmiiller [12], §3. 
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where f and g are polynomials with coefficients in R and of degree less than p 
in any one variable. The polynomial 


(4) h(x, y, z) = f(z, y) — g(z, x + yz) 


must be zero in % and is of degree at most 2p — 2 in the variable z. If each 
term z”** be replaced by dz’, with coefficient d = z” in&, then h(z, y, z) is equal 
in 2 to a new polynomial A’(z, y, z) of degree less than p in any one variable. 
But the power products zx*y’z* with exponents less than p form a basis for the 
algebraic extension %/8, so that h’(x, y, z) = 0 in % implies that h’ is identically 
zero. In h’ terms in z”” never arise from a replacement z’** — dz’, but come 
only from terms z't’ in g with + 7 2 p — 1. These terms are, by expansion 


of (3), 
; wer PO Pp—- *) 2 3 
(= i=p—1-—j (, -l- :) ” y 


These terms involve distinct power products z*y* and have binomial coefficients 
not zero, so hk’ = 0 implies a, = Ofori +7 2p-—1. Thus (4) actually in- 
volves no term of degree p or more in 2g, in y or in z, and A(z, y,z) = 0. Butz 
arises only from g(z, x + yz), so only the constant term of g can differ from 0, 
and the element a = g(0, 0) of M@-N is in fact in kK. 


7. Exchange axioms free of points. A central feature of von Neumann’s 
continuous geometry is the use of the modular law, which makes no reference 
to the points of the geometry. Similarly, Wilcox [16] has shown that affine 
geometry as developed algebraically by Menger can also be axiomatized without 
the use of points. His treatment depends on certain properties of a relation of 
modularity which do not hold in all exchange lattices. Nevertheless, our ex- 
change axiom can be replaced by conditions which make no use of points or of 
covering relations. 

To modify Menger’s exchange axiom (E3), which asserts that p £ a + c im- 
plies (a + p)e = ac, replace the point p by an arbitrary element 6 and the con- 
clusion (a + p)e = ac by the assertion that (a + b,)e = ac for some non-trivial 
part b; of b. No generality is lost if we require a < c; the hypothesis p £ a + c 
or p(a + c) = 0 might then become be < a, and our modified statement is’ 

(E3) be < a<ec < b+ c implies that there exists 6; such that be < b; S b 
and (a + be = a. 

A similar elimination of points from the exchange axiom (E,) leads eventually 
to the laws 

(Es) be < a < ec <b +c implies that there exists b; such that be < bi S b 
and (a + be < ¢; 

(E;) be <a <e <b + aimplies the conclusion of (Ee). 

The second assertion (a + b,)e < c of this conclusion is equivalent toc £ a+ b,, 
which in turn is equivalent toa + b; <c¢ +h. 

? The statement that this law (or other similar laws) holds is to mean that it holds for 
all elements a, b, and c of the lattice. 
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These three point-free laws do not, like the exchange axiom (E,), hold trivially 
in any lattice without points (as for instance in the lattice of all real numbers 
between 0 and 1, where a < b has its usual meaning). The réle of these laws 
can be stated thus: 

THEOREM 13. In any lattice, (Es) implies (Es) and (E¢) ts equivalent to (Ez). 

THeorEeM 14. In a lattice satisfying the point-existence axiom (G,), the ex- 
change axiom (E,) is equivalent to (Es) and also to (Es). Hence (Es) (or (K¢)) 
can replace (E,) in the definition of an exchange lattice. 

THEeorREM 15. In any lattice, (Ez) (and hence (Es) or (Es)) implies the covering 
law (Ey). Therefore a dimension function p(a) can be defined in any complete 
lattice of finite dimensions satisfying (Ez); in other words, the conclusions of Theo- 
rem 9 hold for such a lattice. 

Proof. (Es) — (Es) — (Ez) is immediate. Conversely, to prove (E;) — (Ee), 
let be <a<ec<b+casin (Es). Ifa +6 >, then the hypothesis of (Ez) 
holds and yields the desired conclusion. If a + b = c, thenb Sc,b +c = 
ec < b+ c,acontradiction. In the remaining case, (a + b)e < c, which states 
that the conclusion of (Es) holds with b} = 6. This gives Theorem 13. 

For Theorem 15 we need only prove (E7) — (E,). Given the hypothesis of 
(E,), the conclusion could be false only if a + b > ¢ > aforsomec. Then 
d = be S b, whence be = b or be = d. In the former case, b S c,a +68 
a+c=c<a+b),acontradiction. Therefore be = d. Omitting the trivial 
case d = a, we have be < a < ¢ < a + Bb, as in (E;), so that (a + b,c < ¢ for 
be <b, S b. Because b covers be, bs = bandc = (a + b)e = (a + be < ¢, 
a contradiction. 

Since (E;) — (E,), Theorem 14 now needs only a proof that (Es) holds when- 
ever (E,) and (G,;) do. Let be <a<ec<b+ ec. Since b < c¢, the property 
(Ge) of §2 furnishes a point p with p S b, p £ c. Hence p £ a+ c¢ = ¢, 80 
that (a + p)c = ac by the exchange axiom (E;), which is known to hold (Theo- 
rem 8). If we set b} = be + p, then be < bh; S b, while (a + bi)c = (a + be 
+ p)e = (a + p)e = ac = a, as in the conclusion of (Es). 

Any one of these three point-free axioms can be viewed as a weaker form 
of the modular law (D,), for in any lattice this modular law is equivalent to 
the following assertion, of a form similar to (Es), 

(D2) be <a <c <b +c implies (a + b)e = a. 

This is a direct consequence of the modular law. Conversely, the modular 
law requires that c’ = c(b + a) be equal toa’ = ch + aforanye 2a. In any 
event, c’ = a’ and be’ S a’. If either be’ = a’ orb + c’ = ec’, the conclusion 
c’ = a’ will follow readily. Hence the conclusion can be false only with be’ < a’ 
<c’ <b+ c’, exactly as in the hypothesis of (D2), whence we obtain the con- 
clusion 


cb+a=a' = (a’ + bc’ = (cbh+ a + b)c(b + a) 
(a + b)e(b + a) = c(b + a), 


which is the modular law. 
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The complexity of the axioms (Es) te (E;), attendant on the existence asser- 
tion for b; , is unavoidable. Specifically, suppose that an axiom (Ew) could be 
found which, like (Es), is equivalent to the exchange axiom (E;) in the presence 
of the axioms (F;) and (G,), but which, unlike (E;), contains no existence asser- 
tions. In other words, (Ey) is built up from certain elements a, , --- , @, of 
the lattice L by any combinations using <, =, +, -, “and’’, “implies” and 
“not”, and is to be asserted for all choices of the elements a;. Any such axiom 
(Ey) true in a lattice L is automatically true in any sublattice L’ of L, for <, +, 
and - have the same meaning in L’ asin L. But then (Ey) cannot be equivalent 
to (E,). For the non-modular lattice Ly of §4 contains four points p, g, r and s 
and has a sublattice L’ composed of 0, p, r, p + r,¢ + sand 1. In L’ axioms 
(F,) and (G,) hold, but axiom (E,) fails, because in L’ p and q’ = q + s are 
points, p S$ r+ q’',p £ r, so that, according to (E,), g = ¢ +s S r+ pshould 
hold, contrary to the construction of L»,. But (Ey), true in JZ, is also true in 
L’, and so is not equivalent to (E;) in the presence of (F,) and (G,). 


8. Transposition axioms and modularity. The point-free exchange axiom 
(KE) states in part that the chain in its hypothesis can be subjected to the follow- 
ing successive transpositions, 


(5) be <a<c<b+e, 
(6) be <a<at+bh <b+6, 
(7) be <b <a+h< b+. 


Note that the inclusions in (6) are all proper inclusions, for a + 6; = a would 
give b} S a, be < bh; S ab S cb, a contradiction to (E;), while a + b} = b+ c¢ 
implies (a + b)e = (b + c)e = c, although (@ + b,)e = a in (Es). Similarly 
b} < a + b, in (7). 

To investigate the relations of the exchange axiom to the possibility of such 
transpositions, consider any chain of length n, 


(8) Cre << a& << & < ss Ce. 


A transposition of C is the operation of replacing an element a, by a new element 
ay, between ay_; and des; (Qx-1 < ae < Qua1). We call the transposition primary 
if a,-a, = au , proper if a;-a, <a, and a,-a, <a. A primary transposition 
is always proper, but not conversely. In these terms can be stated the following 
alternative modular and exchange axioms: 

(T;) If C isa chain of length n 2 2 and if ag < b < a, and a,b = qa, then’ 
one can find n — 1 or fewer successive primary transpositions of C which yield 
a chain ao <b) < --+ < a, with second term b; S b. 


* The hypothesis a,b = ao is not highly restrictive, since in the contrary case a; = a,b > 
ao , So a simple insertion of b; = a,b in C yields a new chain of the desired form. If in (T's) 
the hypothesis a,b = ao were replaced by a,_,b = ao , and the conclusion ‘‘n — 1 or fewer’’ 
by “exactly n — 1’’, the resulting statement is equivalent to the original (T;), by the argu- 
ments used for Theorem 16. 
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(Ts) Statement as in (T;), with “primary” replaced by “proper”. 

(Tp) If Cisa chain of length n 2 2 and if a < b < a, and a,_\b = ay, then 
one can find n — 1 successive primary transpositions of C which yield a chain 
a <b <.--- < a, with second term b. 

TuHeoreM 16. In any lattice L, the Dedekind law is equivalent to (Tp), while 
the exchange axioms (E5) and (E¢) are equivalent respectively to (Ts) and (Ts). 

We prove (E;) — (Ts) by induction. If n = 2, C is ag < a; < a, and the 
transposition to a < b < a is primary by the hypothesis a,b = ay. Let (Ts) 
be true for all chains in L of length k <n. If a,b > ap in the given chain C, 
then @,1 > a,b > a, so we apply the induction assumption to b’ = a,b 
and the chain a < --- < a,_, of lengthn — 1. In the remaining case, a,_)b = 
a,b £ a,1, so the four-element chain ap < Gn < Qn. < Gn; + b has the 
form of the hypothesis of (E;). There exists a b; , a9 < bj S b, with (a,-2 + 6;) 
Gn; = @,-2, Which is to say that the transposition a,_; — (dn, + 0;) in C is 
primary. The induction assumption applied to the chain ay < a; < --- < Gn-2 
< dn-2 + b; and to the element b, therefore gives n — 2 more transpositions 
leading to the desired type of chain. 

As to the converse, (T;) — (Es), the chain (5) in the hypothesis of (E;5) is by 
(Ts) reducible by one or two primary transpositions to the form be < by < ¢ 
< b+, with b; < b. The first of these transpositions could not have intro- 
duced b; , for then bj < c, which entails the contradiction b; = bb; S be < db, . 
The first transposition is therefore c — c; ; it is primary, socc, = a. Buta <¢, 
bh <a,a+h S c soc(a + 6) S a, and therefore c(a + b,) = a, which is the 
conclusion of (E;). This argument depends essentially on the circumstance 
that (T;) allows only two transpositions on the chain (5). 

An analogous proof that (Ts) <> (E¢) is possible because (Es) again gives two 
transpositions (5) — (6) and (6) — (7) in the chain (5) of length 3. The second 
transposition is primary, hence proper. The first transposition is proper because 
(E.) asserts that (a + b,)c < c and because (a + b)e < a + 0,, for otherwise 
a + b; S c would give the paradox be 2 b; > be. 

To show that the Dedekind iaw implies (Tp), observe that the chain (8) can 
be subjected to the successive transpositions a, — (a,, + b) (k = n — 1, --- , 1). 
Each one is primary, for by the Dedekind law, (a,_, + b)ax = ax + bay S aaa + 
ban = Qp1 + Go = ay. The final chain a <b <a,+ 6b < --- < a, has 
the specified form. The converse assertion that (Tp) — (D,) can be readily 
checked as above by using the Dedekind law in the form (De) of §7. 
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PROOF OF A GAP THEOREM 
By J. MARCINKIEWICZ AND A, ZYGMUND 


Using the theory of Fourier transforms, Wiener’ proved the following 
TuHroreM. Let us suppose that the trigonometrical series 


(1) 5 + =: (ax cos AX + b; sin hex), 
k=1 


where 0 = Xy < \y < Ae < ---, is quadratically bounded over an interval (a, b), 
that is, that there exists a number M such that 


(2) [ s,(x) dx < M’, 
where 
8,(x) = a +> (ay cos Ay x + dy sin Ay 2) 
forn =1,2,---. Let 
(3) An — Ann Z ADO (n = 1,2, ---). 
We writeb —a=6. Then, if A is sufficiently large, 
(4) A = Ay = A,(4), 


the series b (az + bj) converges, and 
(5) 14> (+b) < A@M’, 
2 i=1 


where A(é) is a constant depending only on 5.° 
The object of this note is to give a new and elementary proof of this theorem. 


Received March 1, 1938. 

1N. Wiener, A class of gap theorems, Annali di Pisa, vol. 2(1934), pp. 367-372. 

2 We may restrict ourselves to the case of real coefficients. 

3 The numbers X; need not be integers. If 1, 2, -:: are integers, the theorem may 


also be stated as follows: 
Under the conditions (2), (3), (4), the series (1) converges in mean to a function f(x) such 


that 
1 Qn b 
af | f(x) |?dxr s ae [ | f(x) |? dx. 
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Without loss of generality we may assume that (a, b) is of the form (— 34, 36). 
We write the polynomial s,(2) in the form 


1 n 
s(x) = 5 ae oe, 
=—n 


where 
GC = a iby, Ct. = é&, AL; — —Xx 


for k > 0, and consider the integral 


a A n n 
[ si(x) = [ {} ye aes > ache 
—h —h 2 k=—n 2 l=—n 


n h n 
1, D le, |? + tf { = eae de 


3 tee h |ki=—n 
kel 


(6) 


Here h is any positive number not exceeding 36. The last integral on the right 
side of (6) we denote by I(h). Hence 


ap 1 . , a sin (rz = ADA 
IQ) = 2 Ze, ai Mo—-N ’ 


a > | Ce Cz | 
h) dh ————— 
If (h) | ~ kyba—n (Ae — Xa)? 
(7) ae 
Ll wy [eel + ie} ™ 
~ 2nimen (Me — Wy)? ken ison (Ae — Ar)”’ 


where the >.’ indicates that the terms with 1 = k are omitted. From (3) we 
see that the coefficient of | c; |? does not exceed }4°A~*. This and formula (7) 


give 
45 2 n 
T 2 
(8) I, U(n)ah| = 2D Neal? 


If Z(h) is.of constant sign in the interval (44, 36), the inequality (8) shows that 
this interval contains a number & such that 


lA 





2 n 


T 1. 12 
( : ig a 
(9) PUOlS FD lal 


If Z(h) is not of constant sign in the interval (36, $4), then J(h) vanishes at a 
point h = € of the interval, so that we have (9) again. Make h = € in (6). 
On account of (9) we obtain 


[(terae > [sea > € a i) > lc, |? 
—5 4 a —t . pe 2 3A? =" ssh 


(10) 1 4,* n 
if - *) les |? 
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If we assume that 


—— S —-—§, that is, A = 2-— 


we see from (10) that 


° 


n 46 
(11) > taf ae (a) dx = 7 Me 
43 


k=—n ham 


On allowing n to become infinite, we obtain the inequality (5) with A(é) = 12/6 
and Ay = 44/5. This completes the proof of the theorem. 

Remarks. (i) It is plain that for the proof of the convergence of the series 
> (ai + b;) it is sufficient to suppose only that the condition (3) is satisfied for 
all sufficiently large values of n. For then, omitting a finite number of terms 
of the series (1) (which may only influence the value of the constant M), we 
obtain a series for which the condition (3) is satisfied for all n. 

(ii) Wiener proved his result in a slightly more general form, viz., for the 
validity of (5) it is sufficient to suppose instead of (2) that the Abel means of the 
series (1) are quadratically bounded over the interval (a, b), that is, that 


b 
[ re, z)dx <M’ for0<p <1, 
where 
1 < , 
fle, 2) = 5a + > (ay cos Ay x + by sin Xe x)p™. 


For the proof of this theorem it is sufficient to observe that the series defining 
f(p, x) is absolutely convergent for 0 < p < 1, and so, arguing as above, we ob- 
tain instead of (11) the inequality 


) » | cx |? prldel < 24 yy? 
k=—00 6 


Allowing here p to tend to 1, we obtain (5). 

(iii) In his paper cited, Wiener gave a number of applications of the theorem 
we have established. We shall give here one more application, viz. 

The entire function 


f(2) = >> C2", 


where %& — wa — ©, is of the same order and of the same type in every angle 
aS argz Sb. 
For let us suppose that 


| f(re®) | = O(e*") (a<6@< bd). 
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b 3 
This inequality holds if we replace | f(re) | on the left side by ([ f(re”) *as) 4 


and so, in view of Wiener’s theorem, 


(see rao) = oe"). 


Let F(z) = U(z) + iV() be the integral of f(z) vanishing at the origin. Since 
the integrals of the functions U and V over the interval 0 < @ < 2z are equal 
to 0, we have U(re“') = V(re“?) = 0 for some 6; and 6 , and so 








6 4 
| F(re”)| < [ 5 U(re™) do| + ‘/ 5 V(re™’) do 
1 2 
2x ae rp 4 
< 2r [ f(re®) | do < 2v2er( | | f(re'*) ao) = O(re*") = O(e*'”) 
0 0 


for 0 S @ S 2rand 8, > 8. On comparing the extreme terms of these inequali- 
ties and making use of the well known fact that neither the order nor the type 
of an entire function is changed by differentiation, we obtain the required 
result. 
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A THEOREM OF LUSIN 


By J. MARCINKIEWICZ AND A. ZYGMUND 


Part I 
1. Let 
(1) fle) = > at 


be a function holomorphic in the circle | z | < 1. The function f(z) is said to 
belong to the class H’, \ > 0, if the expression 


(2) I) = 10,9) = def” iste) 


is bounded for r < 1. It is well known’ that, if f(z) belongs to H’, then for 
almost every @ the limit 


(3) fle”) = lim f(z) 


exists, where z tends to e” along any non-tangential path. Hence, if C denotes 
the upper bound of the expression (2) for 0 S r < 1, we have 


(4) i "| le) Pa 


In the sequel we shall also use the fact that the expression J,(r) is a non-decreas- 
ing function of r, and so in particular 


(5) I) sp [ea (0<r <1). 


C. 


IIA 


If \ = 1, the real part and the imaginary part of the power series (1) on the 
circle | z | = 1 are both Fourier series of functions of the class L”. 
Let 2 denote the interior of a simple closed curve IT’ given by the equation 


(6) p = ¥(8) (—r £07) 


and possessing, among others, the following two properties: 

(i) T passes through the point z = 1, but otherwise lies entirely in the circle 
[z| <1; 

(ii) T is not tangent to the circle | z | = 1 at the point z = 1, that is, there 


Received March 1, 1938. 
1 See F. Riesz, Uber die Randwerte einer analytischen Funktion, Math. Zeitschr., vol. 18 
(1922), pp. 87-95. 
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exist two positive numbers ¢ and 6 such that, for every point z belonging to T 
and satisfying the inequality | z| 2 1 — e, we have 


| arg (1 — z)| S }e — 6. 


We shall also suppose for simplicity (which will in no way cause any restriction 
of generality of our considerations) that 

(iii) T is symmetric with respect to the real axis, 

(iv) ¥(@) is a decreasing function of @ in the interval 0 S @ S z. 

Let T, denote the curve [ rotated about the point z = 0 through an angle u. 
Hence I, has only the point z = e'“ in common with circle | z| = 1. We 
shall denote the interior of the curve [, by @,. 

The following theorem has been established by Lusin.” 

Tueorem A. If f(z) belongs to H’, then for almost every u the integral 


(7) S(u) = S(u,f) = If f(z) P dx dy (z = x + ty) 
is finite. Moreover, S(u) is an integrable function of u satisfying an inequality 
[ S(u)du Ss A [ fle’) |? de, 
0 0 


where the constant A depends only on the curve TY. 
Besides S(u) we shall also consider the function 


s(u) = s(u, f) = Siu, f) = (| [: If’) Pardy). 


The main purpose of Part I of this paper is to establish the following propo- 


sition. 
Turorem 1. If f(z) belongs to H*, \ > 0, the function s(u) is finite for almost 
every u and belongs to L*. More precisely, 


(8) (f° s‘(u) au) S Ayr ([° | f(e'*) sao), 


where Ay, depends only on d and I. 


2. The argument which follows is based mainly on certain results of Hardy, 


Littlewood and Paley. 
Lemma 1. Let f(z) belong to the class H*, \ > 1, in the circle | z | < 1, and let 


(9) f(0) = 0. 
We write 

1 j 
(10) g(0) = (| (1 — p) | f"(pe™) do). 


2N. Lusin, Sur une propriété des fonctions 4 carré sommable, Bulletin of the Calcutta 
Mathematical Society, vol. 20(1930), pp. 139-154. 
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Then the function g(@) belongs to the class L* and satisfies an inequality 


a ‘ 7 wit (f° isle”) Mao), 


where B, depends on d only. 
This result is due to Littlewood and Paley.* 
Lemma 2. Let f(z) belong to H*, \ > 0, and let 


M(u) = M(u, f) = max | f(z) | 
for z belonging to 2. Then 


( c Mw) du) arn ( c - ra" 


where C,,, depends only on d and I. 
Lemma 3. Let h(@) be a function of period 27, belonging to the class L” over 


the interval (0, 27), wherep > 1. Let 


1 * | 
—<—s [ h(u) du : 








h*(@) = max 


6; <50<02 


Then 
(11) [ {h*(0)}? do < 2(—P [ | h(@) |? do. 
0 _ 1 0 


4 
Lemmas 2 and 3 are also known. 


3. We now pass on to the proof of Theorem 1. We begin with the case \ > 2 
and suppose first that the condition (9) is satisfied. Let u denote the exponent 
conjugate to 3A, that is, 

(12) ers | 
3X 


We then may write 


as) ([" ewan)” = ([" sean)” = max ( [" S(u)n(u) du), 


where X, denotes the class of functions h(u) such that 
2n 

(14) [ | h(u) “du < 1. 
0 


3 J. E. Littlewood and R. E. A. C. Paley, Theorems on Fourier series and power series, 
II, Proc. London Math. Soc., vol. 42(1937), pp. 52-89. 

4G. H. Hardy and J. E. Littlewood, A mazimal theorem with function-theoretic applica- 
tions, Acta Mathematica, vol. 54(1930), pp. 81-116. 
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We take for h any fixed function of the class X,. Then 


[ S(u)h(u) du = lr h(u) (Jf. f(z) Pdx iy) ie 
-_ . [ n(u) ( / i S'@) Pazdy) du 
+ [ noo { f.. fi Pazdy) du=P+Q 


say, where P and Q denote the parts of Q, situated inside and outside the circle 
|z| = 1 — «, respectively (cf. condition (ii) above). 

We first shall evaluate the integral Q. Let us denote for this purpose by 
+é, , where 1 — ¢ S p < 1, the arguments of the points where the circle | z | = p 
meets the directions 


arg (1 — z) = +(}m” — 5). 
It is easy to see that 
(16) g, = Kil — p), 


where K = K; depends only on 6. Let, moreover, x(u, 5), 6 < x, denote the 
characteristic function of the interval (—6, 4), that is, the function equal to 1 
for —6 S u S 6 and equal to 0 otherwise (mod 27). We may write 


Q= [eo (Jf. oe") pd do) 

f h(u) ([. pdp , if’ (ve) * ao) du 

= [m0 ( [Lode [* isoe Pxt0 — ug: ae) a 

‘. [ow [ ” eLf"(oe) a (2 [ ” aludxu — 8, &) au). 


Hence, using Lemma 3, we obtain 


1 2r 
Qs 2 | nao £, | S’(pe") |? h*(0) do 
1l—e 0 


IIA 


IA 


2K [ pao | (1 — p) | f’(pe™) |? h*(0) do 
< 2K [ “a() ( [ (1 — p) |f"(pe") a) ds 


= 2K [ 4 h*(6)g°(0) da. 
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To the last integral we apply in succession Hélder’s inequality, Lemma 3, 
inequality (14) and Lemma 1. This gives 


< axst(-£,)([" era)” 


As regards the integral P, its definition and inequality (14) give 


(17) 





(18) P< max |f’(z) r-[" h(u) du < (2x)""*- max | f’(z) |. 


jz) S1-e jz|S1-e 


On the other hand, for | z| S 1 — e we have (ef. (5)) 








1 I) | 2 i ) 
| f’ r= (2, / . qj| = — dé 
F(2) | 2at J\¢i=1-4e (§ — 2)? ‘| 3 oe [t/=1-He is) | 
2r 1/d 
€ e \2r Jo . 
Substituting this into (18) and taking account of (12), we obtain 
2r 2/r 
(19) Ps ( [ Ise) ao) 


From (13), (15), (17), and (19) we obtain (8). The latter is therefore established 
in the case \ > 2, provided the condition (9) is satisfied. 


4. That the condition (9) is superfluous may be seen from the following 
remarks. Since the function f(z) — ao vanishes at the origin, and since 
s(u, f — a) = s(u, f), inequality (8) is certainly true for \ > 2, provided we re- 
place f(z) on the right side by f(z) — a9. Minkowski’s inequality gives 


1” sre) — aya) (2 [™ | ste pao)” + | c0| 
az | Qn Jo 


(2 [ine ian)” +2 [ne iae s af [ne Pas)” 


Hence, in the case f(0) ¥ 0, the constant A,r in (8) is merely multiplied by 2. 
We shall now extend our theorem to the general case \ > 0. Let K* denote 
the upper bound of the integral (2) for0 < r <1. That is, 


(2 [iste hao)” = x. 


J) = A@) + hL@), 


5 See F. Riesz, loc. cit., or Hardy and Littlewood, Some new properties of Fourier con- 
stants, Math. Annalen, voi. 97(1926), pp. 159-209. 


lA 


It is known’ that then 
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where the functions f; and fe are without zeros in | z | < 1, and 
I(r, fi) S$ (2K)", I(r, fe) € (2K)’, <r). 
Since, by Minkowski’s theorem, 
s(u, f) = s(u, fi) + s(u, fr), 


it is sufficient to prove Theorem 1 for f; and f2. In other words, we may assume 
that the function f has no zeros for | z | < 1. 

It should also be observed that the value of the constant A,r which we 
obtained for \ > 2 tends to © as \ tends to 2 (ef. (7)). ForA 2 XA» > 2 that 
constant is bounded. The argument which follows will incidentally show that 
the least value which we may take for A,,r is bounded for X 2 X\» > 0. We 
may restrict our considerations to the case 0 < A S 3. 

We write® 


(20) F(z) = {f(@)\”. 
The function F(z) belongs to H*. Hence 


(21) (f° wn du) Aue( re ta). 


On the other hand, f(z) = {F(z)}*”, and so 


f@) = 5 (F@|°" FO, 


s(u,f) < : {M(u, F)}*'s(u, F) 


(ef. Lemma 2). An application of Hélder’s inequality gives 


2r r 2r 
[ s‘(u, f) du < (;) [ s‘(u, F)M*(u, F) du 
0 
’ 4\) Qe id Qe 3(4—A) 
< ( ) ([ s‘(u, F) au) ([ M*(u, F) au) ‘ 
r 0 0 


Hence, in view of (21), of Lemma 2, and of (20), we obtain 


2r 1/A 4 : 2r 1/A 
(| s(u, f) au) > i AarCar ‘Cf \F(e'’) or 
0 0 
© Ay cr fa | fle") | ‘ao) 


This completes the proof of Theorem 1. When 0 < \ S 3 we may take 


Ayr = * As rCir. 


6 The argument is s modeled on a similar argument of Littlewood and Paley, loc. cit., 
p. 69. 
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5. It may be of some interest to investigate the relations between the func- 
tions s(u) and g(u). If, for example, we had an inequality 
(22) s(u) = ag(u), 
where a would denote a constant (depending possibly on I), Theorem 1 would 
then be a simple corollary of Lemma 1. The inequality (22), however, is not 
true. A simple example is given by the function 
f(z) a or. 


for which g(0) is finite, and s(0) is infinite, if only the angle between the curve T° 


and the circle | z | = 1 at the point z = 1 is less than }+. On the contrary, 
the theorem which follows shows that the inequality opposite to (22) holds 
for every u. 


THEOREM 2. Let Q denote the interior of a curve T satisfying, besides conditions 
(i), (ii), (iv) stated above, the following condition: 

(v) I meets the real axis at the point z = 1 at an angle greater than 0. 

Then, 
(23) g(u) = Bs(u), 
where 8B = 8(T) depends only on I. 

This theorem is not very deep. It is sufficient to prove it for u = 0. Let 
us consider the values of the function | f’(p) | on the interval 1 — 2" <S p 
<1-—2-”'(n = 0,1, 2, ---), and let r, denote a point of that interval where 
| f’(p) | attains its maximum. Plainly 

2 


(24) g(0) s > |f'(rn) 5 a : (1 —p)dp s > ) ; 


=0 —2- n=0 





We now observe that 


rol=|Af Peal, 


rio — 7 





and so 
(25) SOP SL [1s + ve) Pao 


Let C(r, R) denote the circle | z — r| S R, whereO Sr<r+p<1. We 
suppose R so small that C(r, R) lies in | z| < 1. We multiply the inequality 
(25) by p and integrate over the interval 0 S p S R. We then obtain 


(26) seirorse [fie ltaedy 


Here we substitute r = r, , R = 72-", where 7 is a constant. If we use condi- 
tion (v), it is not difficult to see that, if 7 is small enough, all the circles C (rex, 
n2-**) are contained in Q, and no two of them have points in common. Hence 


(27) of YOM! s [ [ire paca 


k=0 


f'(rx) 
Qrk 
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This inequality holds if we replace the even indices 2k by the odd indices 2k + 1. 
Adding the new inequality to (27) and taking account of (24), we obtain (23). 


6. In the case \ > 1, the inequality opposite to (8) is also true. More pre- 
cisely, we have 
TueoreM 3. If f(z) is of H*, > 1, if f(0) = 0, and if T satisfies conditions 


(i)-(v), then 
{f" | fle) a) ‘ oa ir Nu) anu), 


where A,,, depends only on d and YT. 
This result is an immediate consequence of Theorem 2 and of the following 


known proposition. 
Lemma 4. The inequality opposite to (11), that is, the inequality 


[feral en{ [ao 


is true for \ > 1, provided f(0) = 0.’ 


Part II 
7. THeorem 4. Let f(z) be a function holomorphic in the circle | z| < 1,and let E 
be a set of positive measure situated on the circumference | z | = 1 and having the 


following property: 
The limit 
fle“) = lim f(z) 


zaetu 


exists and is finite when z tends to any point e of E along any non-tangential path. 
Then, for almost every point of E, the integral (7) is finite. 
Let A denote the curvilinear triangle 


| arg(1 — z)| S 1, jz} 22", larg z| S 3n. 


By A, we shall mean the triangle A rotated about z = 0 through an angle u 
To every point e™ belonging to Z£, there corresponds a number N, such that 


| ff) | = Nu for z belonging to A, . 
There exists a perfect subset P of FE and a number N such that 
NusN for e™ belonging to P. 


The measure of P may differ as little as we please from that of EZ. 
Let R denote the sum of the circle | z | S } and of all the triangles A, , for 
e™ belonging to P. It is not difficult to see that R is a closed set (of a star-like 


? Littlewood and. Paley, loc. cit. 
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shape), whose boundary is a simple Jordan curve J. The only points which J 
has in common with the circumference | z | = 1 are those of P. What is im- 
portant is that the curve J is rectifiable.* 

Let z = x + iy, £§ = & + 7, and let 


(28) z = (f) 


be the function mapping conformally the unit circle | ¢ | < 1 into the interior 
of R. Let 

(29) 5 = ¥(2) 

be the inverse transformation, defined for z belonging to the interior of R. It 
is well known that the one-to-one transformation defined by (28) and (29) may 
be extended in a continuous manner to the boundaries | ¢ | = l and J. The 
function 


#5) = f(e(s)) 


is plainly bounded for | ¢ | < 1. 

Let W* denote the point set analogous to Q, that is, let the boundary C* of 
W* satisfy conditions (i), (iii), (iv) of §1. We shall suppose, instead of condi- 
tion (ii), that C* possesses at the point ¢ = 1 two one-sided tangents, and that 
each of these half-tangents makes with the circumference | ¢ | = 1 an angle 
45 > 0. By We we shall denote the set W* rotated about ¢ = 0 through an 
angle 6, and by W, the image of W; defined by the function (28) and situated 
in R. 

In view of Lusin’s Theorem A, the integral 


(30) [[,\oraa 


is finite for almost every 6. We may write 


an) | {ie ‘aan = | dzdy = | [ | f’(z) | dx dy. 


In the sequel, we shall use the following well-known facts concerning the 
conformal mapping of the circle | ¢ | < 1 into the interior of a simple closed 
curve J of finite length. 


2 


d 











dg 
Zz 





d dz 
£20)-E 


(a) The sets of measure zero situated on the circumference | ¢ | = 1 are trans- 
formed into sets of zero length on J, and conversely, the sets of zero length situated 
on J are transformed into sets of measure zero on | ¢ | = 1.” 


8’ The argument by means of which we deduce Theorem 4 from Lusin’s Theorem A is 
known and has already been used in similar problems. It seems, however, that Theorem 4 
has never been stated explicitly. 

* See F. and M. Riesz, Uber Randwerte einer analytischen Funktion, Quatriéme Congrés 
des mathématiciens scandinaves, 1916, pp. 27-44. The result was found independently 
by N. Lusin. Cf. Privaloff, The Integral of Cauchy (in Russian), Saratoff, 1919, pp. 1-94. 
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(b) At almost every point e", the transformation preserves angles, that is, if C* 
is any curve approaching the point ¢ = e”, and making an angle a with the cir- 
cumference | ¢ | = 1, the angle which the image C of C* makes with the tangent 
to J is also equal to a.” 

Let us now assume that Theorem 4 is false, that is, that the integral (7) is 
infinite for e™ belonging to a subset of E of positive measure. Without loss 
of generality, we may assume that this subset coincides with P, so that S(u) = 2 
for e™ belonging to P. 

The set P is situated on the curve J and is of positive length. Let P* be 


the image of P on the circumference | ¢ | = 1. In view of (a), P* is of positive 
measure. 

Let P> be a subset of P* of measure zero and such that, for e” belonging 
to P* — Py, 


(A) the integral (30) is finite; 

(B) condition (b) is satisfied; 

(C) at the point on J corresponding to e”, the tangent to J exists and coincides 
with the tangent to the circumference | z | = 1. 

The set P> is of measure zero, so that the measure of P* — P} is positive. 
Correspondingly, if Po is the image of P? on J, the length of P — P» is positive. 

Let @ be any number such that e” belongs to P* — P? , and let 

e™ = o(e"). 

In view of conditions (B) and (C), the frontier C, of Ws has also half-tangents 
at the point e™ and the angles between those half-tangents and the circumfer- 
ence | z | = 1 are also equal to 36. In particular, in the neighborhood of the 
point e™ the set Q, is contained in W, (cf. condition (ii) of §1). Since the 
integral (31) is finite, S(u) must also be finite, contrary to assumption. This 
contradiction proves the theorem.” 

The theorem holds in the case when f(z) is not holomorphic, but meromorphic 
in the circle | z| < 1. The proof undergoes but little change. 


8. As an immediate corollary of Theorems 2 and 3, we obtain 
TueoreM 5. Under the hypothesis of Theorem 4, the function g(u) defined by 
(10) is finite for almost every e™ belonging to E. 


Part III 


9. By means of Theorems 1 and 2, we may obtain generalizations of certain 
inequalities of Littlewood and Paley. 
Let r, p, q denote real numbers satisfying the conditions 


(32) r>1, 1l<ps2sq. 


1° Privaloff, loc. cit., p. 36. 
1 Starting from Theorem 4, as it is actually established, it is possible to show that it 
holds for some curves [ tangent to the circle |z| = 1 at the point z = 1. Cf. also Lusin, 


loc. cit., p. 141. 
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Let F(6) be a function of period 2x and of the class L’. We shall suppose 
throughout that the mean value of F(@) over the interval (0, 27) is equal to 0. 
By ¢(z) = $¢(z, F) we shall mean the analytic function whose real part is the 
Poisson integral of F and which vanishes at the point z = 0. We write 


1 I/r 
140) = Jo, F) = ( [1 - 00°") aa) 
0 
so that J2(@) = g(@). Littlewood and Paley have shown that 


(33) [ " 720) a9 < At [ "| PC) |* a8, 


(34) [ "| Re) |? do < AP [ ” 7206) a6, 


where A, depends only on r.* We shall prove the following proposition which 
contains (33) and (34) as special cases. 
THeoreM 6. If the numbers p, q, r satisfy (32), and if F(@) belongs to L’, then 


(35) ([" 10 a)" = x.([" ro ran)" 
(36) ( [ "| P@) rao) <L, ( [ * 776) ao), 


where K, and L, depend only on r. 
We begin by proving (35). Let 
un(@) = max | ¢’(pe"*) | , 
1—2-"<spsi1—2-"-! 
C-) 2 ) 4 
*(9) = un(O : 
g*(8) ( pes : 


Let s(u) have the meaning of Theorem 2. The formula (24) may be written 
as g(@) < g*(@), and from the proof of Theorem 2 it follows that 


(37) g*(0) = Bs(6). 


If we fix the curve I’, the constant 8 of this inequality is an absolute constant. 
From (37) and (8) it follows that 


Qe 2 2 tr 2r 2r 
gs) (LBO\ asa: [" inenyae sce [” \roray 


where A, and C, depend only on r. (The last inequality is a consequence of 
the well-known M. Riesz inequality concerning conjugate functions.) On the 
other hand, 

2 2 tr 2 q riq 
(39) (8) 2 (5 40)" 2 xo. 

n=o 2" n=o 29" 
The inequality (35) follows from (38) and (39). 











12 Littlewood and Paley, loc. cit., p. 54. 
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10. The inequality (36) requires a different treatment. It is, in a sense, a 
consequence of the inequality (35), but the proof of this fact is by no means 
trivial. The argument which follows is, with slight changes, a repetition of 
the argument by which Littlewood and Paley deduced (34) from (33). 

We observe first of all that it is sufficient to prove (36) in the case when ¢(z) 
is holomorphic in the closed circle | z | S 1. For otherwise, instead of F(@) 
and ¢(z), we may consider F,(@) = U(R, 6) and ¢(Rz), where U(R, 6) denotes 
the Poisson integral of F(@), and R < 1. It is easy to verify that J,(@, Fr) 
< J,(@, F). Hence, if (36) is true in the special case just mentioned, we 
may write 


Qe I/r 2x I/r 2x I/r 
( [ | U(R, @) rao) et ( / J',(0, Fe) i) < L, ( [ J’,(0, F) i) 
0 0 0 


Hence the inequality (36) follows on making R — 1. 
We shall require the following lemma. 
Lemma 5. Let $(z) be holomorphic in the circle | z | S 1, and let H(@) be defined 


by the equation 
2r (r—1)/r 
(40) H(6) = | F(@) |" sign F@) + (3. i | F(0) rao) 
0 


2r 


the constant c being chosen to make [ H(6)d@ = 0. If Y(z) is the function o 
0 


corresponding to H(@), then 


[ | F(@) |" do 
< M; [ ; I (1 — P){18"oe Woe +3 | &’ (pe )W(pe") } dé, 


where M, depends only on r." 
From the definition of c, we deduce that | c | S 1, and so 


Qe 2r 
(42) [ (0) |" do < 2" [ | F() |"da, 
0 0 


where r’ = r/(r — 1) is the exponent conjugate to r. Let J?(0) denote the 
function J,(@) corresponding to H, and let 


¥() = max p "| ¥(oe) |. 


(41) 


We may write 


iil (1 — p) | ¢’(oe™)¥’(pe™) | dp da 


Qr 1 1/p 1 1/p’ 
[ ao( [ (1 — py" | oe") Pde) ( [ (1 — 6)" vee") do) 
< [ J ,(0)J* (0) de < ([" 10 w) (fr Jy" (6) a) 


8 Littlewood and Paley, loc. cit., p. 71. 


(43) 


lA 
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Since p’ > 2, inequalities (33) and (42) give 


(44) ( I "7" wv) < Ky ( [ " H@) |" a)” < 2K,. ( [ ") PO) rao) 


Similarly, 


[FO [= ere ere v6oe | dodo s [ve [1 - 0) ee") | doa 


s [wor [a - 0 eee) “(fa - ota)” 
<[° V(6)J,(0) de < ([- Pi (0) aw) ice Vv’ (6) av)” 
5 Cr( I ‘J3@a0). ( [ | H(@) |" “ao” 


on account of Lemma 2. Hence, in view of (42), 


I : [ ‘(1 — p)p "| ¢’(pe)y(pe") | dp de 


ail < 2C, ( [ " 750) wo) '( [ "FO rao) 


From (41), (43), (44), and (45) we obtain 


[roi ao s msc. + Kd( [7500 a0) “(fro ao)”, 


and so 


( [ " P@) rao)” < 2MAC.. + K,)"( i ” 7500) io)” we ( [ " 7500) aw) 


This completes the proof of (34). 
Remark. It is not difficult to see that if we write inequality (35) in the form 


(46) ("si a)” = x,( [joe a0)” 


then the inequality remains valid for any r > 0. The condition ¢(0) = 0 is 
superfluous both for (35) and for (46). For the validity of (36), this condition 
is plainly indispensable. 


UNIVERSITY OF WILNO. 


4 We observe that | W(z)/z | does not attain its maximum in the circle |2| < 4, and 
for |z| = $ we have | y(z)/z| < 2] y(z)|. 











SUBRINGS OF INFINITE DIRECT SUMS 
By Neat H. McCoy 


1. Introduction. In an attempt to find, for arbitrary rings, analogues of the 
ordinary direct sum decompositions for rings in which a chain condition is satis- 
fied, one is led at once to the necessity of generalizing the notion of direct sum. 
If we have a set of rings S. (a C W%), where A is an arbitrary set of indices, 
we shall understand the direct sum of the rings S, (a C YW) to be the ring of all 
functions defined on YA such that on a the functional values are in S,. Other- 
wise expressed, this direct sum is the set of all formal sums 2 a, eat fa. 

«ec 
with addition and multiplication defined as follows :' 


Dd a. + Dd ba = DX (aa + ba), 
acu acw 


ecw 


( az)(X be) = DX aabe. 
acm acw acw 


An interesting application of this notion of direct sum has been made in the 
study of Boolean rings as defined by Stone.” One of Stone’s results is equivalent 
to the statement that every Boolean ring is isomorphic to a subring of a direct 
sum of two-element Boolean rings, i.e., Galois fields GF(2). This result has also 
been generalized as follows. Let R, denote a commutative ring in which for 
the fixed rational prime p, we have a” = a, pa = 0 for every a in R, , a Boolean 
ring thus being an R,. In a joint paper with Montgomery,’ it was shown that 
such a ring R, is isomorphic to a subring of a direct sum of fields GF(p). We 
note also that Kéthe* has stated that a commutative regular ring, as defined by 


von Neumann,’ is isomorphic to a subring of a direct sum of fields. 


Received January 12, 1938. 

1Cf. G. Kéthe, Die Theorie der Verbénde --- , Jahresbericht der Deutschen Mathe- 
matiker Vereinigung, vol. 47(1937), p. 139. 

2M. H. Stone, The theory of representation for Boolean algebras, Transactions of the 
American Mathematical Society, vol. 40(1936), pp. 37-111. A Boolean ring is a ring with 
the property that a*? = aforevery elementaof FR. It follows that R is a commutative ring 
and that always a + a = 0. 

3N. H. McCoy and Deane Montgomery, A representation of generalized Boolean rings, 
this Journal, vol. 3(1937), pp. 455-459. An extension to an even more general class of rings 
has also been obtained. See N. H. McCoy, Subrings of direct sums, abstracted in the Bul- 
letin of the American Mathematical Society, vol. 43(1937), p. 467; published in full in 
the American Journal of Mathematics, vol. 60(1938), pp. 374-382. 

* Kéthe, loc. cit., p. 139. See also Kéthe, Abstrakte Theorie nichtkommutativer Ringe 
--» , Mathematische Annalen, vol. 103(1930), pp. 545-572, particularly p. 552. 

5 J. von Neumann, On regular rings, Proceedings of the National Academy of Sciences, 
vol. 22(1936), pp. 707-713. A ring R is regular if it has a unit element and if for every 
element a of R there exists an element z such that ara = a. In particular, the Boolean 
rings with unit element are obviously regular, as are also the generalized Boolean rings R, . 
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In §2 of the present paper we point out that the question as to whether a ring 
R is isomorphic to a subring of a direct sum of rings of some specified kind is 
equivalent to determining whether the intersection of a certain class of ideals® 
in R is the null ideal. The method is essentially one previously used by Krull,’ 
and was discovered independently in the joint paper with Montgomery re- 
ferred to above. In §3 we apply a theorem of Krull,’ also previously over- 
looked in this connection, to obtain almost immediately the general result that 
any commutative ring without nilpotent elements is isomorphic to a subring of a 
direct sum of fields. This is seen to be an analogue of a well-known theorem 
to the effect that if the descending chain condition is satisfied,’ a commutative 
ring without nilpotent elements is actually a (finite) direct sum of fields.” It 
may be remarked that the analogy is not complete as in general there does not 
exist an isomorphism with a direct sum of fields, but only with a proper subring 
of such a direct sum. This is true, even for the special case of Boolean rings, 
as pointed out by Stone.” 

It is now natural to inquire whether other direct sum decompositions, valid 
under “finiteness” conditions, have similar analogues for general rings. It is 
obvious, for example, that a ring in which the descending chain condition is 
satisfied is a finite direct sum of irreducible rings. If the chain condition is not 
satisfied, the situation is not quite so clear. However, we show in §4 that an 
arbitrary ring, not necessarily commutative, is isomorphic to a subring of a 
direct sum of irreducible rings. Thus, again, we have an analogue of the desired 
kind. 

We may now turn to the known theorem that a commutative ring R, in which 
both ascending and descending chain conditions are satisfied, is a direct sum of 
primary rings,” and ask whether this theorem has an analogue, of the type dis- 
cussed above, for the case of an arbitrary commutative ring. In §5 we shall 
obtain a theorem on ideal arithmetic and then be able to show that such an 
analogue only exists if R is suitably restricted. 

In §6 we make some miscellaneous applications to commutative regular rings. 
Two different characterizations of these rings are obtained, of which perhaps 
the following is the more interesting: A commutative ring R, with unit element, 


6 Throughout this paper the word ‘‘ideal’’ always means ‘‘two-sided ideal’. Of course 
no distinction is necessary in case multiplication is commutative. If an ideal 6 is a divisor 
of the ideal a (that is, all elements of a are also elements of 6), we shall sometimes indicate 
this relation by the notation a C 6 instead of using the classical notation a = 0 (6). 

7 W. Krull, /dealtheorie, Berlin, 1935, pp. 23-24. 

8 Op. cit., p. 9, or Mathematische Annalen, vol. 101(1929), p. 735. 

® That is, any sequence of ideals, a; , a2, --- , where a; is always a proper divisor of 
ai,: can have only a finite number of terms. Similarly, the ascending chain condition 
requires that any sequence, with a;,; a proper divisor of a; , has only a finite number of 
terms. 

10 See, e.g., van der Waerden, Moderne Algebra, vol. II, p. 163. References to the first 
volume of this work will be to the first edition. 

11 Stone, loc. cit., p. 88. 

12 van der Waerden, op. cit., vol. II, p. 163. 











488 NEAL H. McCOY 


is regular if and only if every ideal in R is the intersection of all its prime ideal 
divisors. 

Finally, in an appendix, we sketch an independent proof that in a commutative 
ring without nilpotent elements, the intersection of all prime ideals is the null ideal. 
This is the part of Krull’s structure theorem which is essential for the applica- 
tion in §3. 


2. Subrings of direct sums and intersection of ideals. The following theorem 
is fundamental in the study of direct sum decompositions :”* 

TuHEeoreM 1. Let R be an arbitrary ring, and nq (a C YU) a set of ideals in R 
whose intersection is the null ideal. Then R is isomorphic to a subring of the direct 
sum of the rings R/tta (a C A). 

Denote the homomorphism R — R/n, by ha , and the image of a under this 
homomorphism by h.(a). To the element a of R we now make correspond the 
function 


Yala) = h(a) (a Cc A). 
Since h, is a homomorphism, it follows at once that 


Yala) + yo(a) = Yars(a), 
and 
Yala)yo(a) = Yara). 


Thus the set of functions y. (a C R) is a ring, and the correspondence a — y, 
defines a ring homomorphism. Furthermore it is actually an isomorphism, 
for if a + 0 there exists, by hypothesis, an ideal ng not containing a, and 
thus As(a) # Oso that y,can not vanish identically. Thus R is isomorphic 
to a ring of functions defined on Y% such that on @ the functional values are in 
R/n.. The proof of the theorem is completed by noting that the set of all 
such functions is, by definition, the direct sum of the rings R/na (a C ). 


3. Commutative rings without nilpotent elements. In this section we shall 
consider an arbitrary commutative ring R without nilpotent elements. . If a is 
an arbitrary ideai in R, the radical r of a is defined to be the ideal consisting of 
all elements of R of which a power belongs toa. In particular, if a = (0), then 
tr = (0) since R# has no nilpotent elements. A general structure theorem of 
Krull" then yields at once the following result. 

THeoreM 2. In a commutative ring R without nilpotent elements, the inter- 
section of all prime ideals is the null ideal. 

Another proof of this theorem is to be found in an appendix to the present 
paper. 

We may now apply Theorem 1 as follows. Let pz (a C WM) denote the set 


18 Cf. Krull, op. cit., pp. 23-24; also McCoy and Montgomery, loc. cit., p. 455. 
4 Op. cit., p. 9. 
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of all prime ideals in R. It then follows that R is isomorphic to a subring of a 
direct sum of rings R/pa (a C YW). Now a ring R/p, contains no divisors of 
zero, and can therefore be imbedded in a field. We thus have the following 
general result. 

THEOREM 3. A necessary and sufficient condition that a commutative ring R be 
isomorphic to a subring of a direct sum of fields is that R contain no nilpotent 
elements. 

We may remark that if R is given, this theorem gives little or no information 
about the structure of the fields which appear in the direct sum, except in special 
cases. If, however, R is a generalized Boolean ring R, as defined above, it is 
easy to show that the ring R/p, is actually a GF(p) for every a. 


4. Subrings of direct sums of irreducible rings. We shall now let R be an 
entirely arbitrary ring, not necessarily commutative. If a and 6 are ideals in 
R, we may denote their intersection by a f) 6 and their sum by a JU Bb. If 
as (8 C 9%) is an arbitrary, finite or infinite, set of ideals in R, we shall mean 
by the sum of the ag the intersection of all ideals containing all ag (8 C B), and 
shall denote this sum by Je s. Itis clear that y 5 te consists of all finite sums 

¢ = 


as, + as, + --- + a,, where as, C ag, , iC B. 

We may recall that a ring R is said to be irreducible if it cannot be expressed 
as the direct sum of two of its ideals. In this section we shall prove the 

THEOREM 4. Any ring is isomorphic to a subring of a direct sum of irreducible 
rings. 

In view of the fact that a ring R without unit element can be imbedded in a 
ring with unit element,” there is no loss of generality in assuming henceforth 
that R has a unit element 1. 

An ideal a in R is said to be irreducible if it cannot be expressed in the form 
a = Q; f) a, where a; and a are proper ideal divisors of a. Also a is (direct) 
indecomposable if there do not exist two proper divisors a , a2 of a such that 
a = a f) a, a: U ae = (1). It is obvious that an irreducible ideal is also in- 
decomposable. Now we have the known result” that if a is an ideal in R, the 
ring R/a is irreducible if and only if a is indecomposable. Our theorem will 


18 One may, for example, consider the ring S for all pairs (r, n), where r is an element of 
R and n arational integer, with addition and multiplication defined as follows: 


(ri, ™) + (r2, m2) = (71 + 72, m1 + Ma), 
and 
(ri: , M)(r2, Me) = (rire + Meri + MP2, T1172). 


Then S is seen to be a ring with unit element (0, 1) and the subring of all elements of the 
form (r, 0) isisomorphic to R. For this construction, see J. L. Dorroh, Concerning adjunc- 
tions to algebras, Bulletin of the American Mathematical Society, vol. 38(1932), pp. 85-88. 

16 The corresponding theorem for the case of one-sided ideals was proved explicitly by 
E. Noether and W. Schmeidler in the paper, Moduln in nichtkommutativen Bereichen, --- , 
Mathematische Zeitschrift, vol. 8(1920), pp. 1-35. The method is readily applied also to 
two-sided ideals. 
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then be established by Theorem 1 if we can show that the intersection of all 
indecomposable ideals in R is merely the ideal (0). This will be established by 
proving the following 

Lemma. If aisa fixed element of R other than zero, there exists in R an irreduci- 
ble, and therefore indecomposable, ideal not containing a. 

It is fairly obvious that the desired irreducible ideal may be constructed by 
transfinite methods by forming a “largest” ideal not containing a. However, 
we shall give the construction in some detail as it will also be needed in a different 
connection in the appendix. It will be noted that the following is an almost 
trivial adaptation of one of Stone’s proofs of the existence of prime ideals in 
Boolean rings.” 

Let C be the class of all ideals in R. We assume that the elements of C can 
be put in a one-to-one correspondence with the ordinals y < w for a suitably 
chosen ordinal w. The elements of C may thus be denoted by a, (y < w) and, 
in particular, we shall suppose that a, = (0). We now define a sequence of 
ideals 6, as follows. Let 6; = a, = (0). If now b, has been defined for all 
ordinals a such that a < 8 where B < w, we define b, to be - b.ifaCasU 

a< 


S 6, ; otherwise we set bs = ag U 5. b.. We now assert that the ideal 
a<f 
m= S 6, is an irreducible ideal not Poem a, as we proceed to show. 

a<a 


We first show that m does not contain a. If a < B, we note that 6. C bs by 
definition. If we assume that a is in m, it follows that a = bs, + --- + bz,, 
where bs, C bs, , and Bj < Bp < --- < Bx, < w. That is, a C Dg,, Br < ow. 
Suppose that 8 is the first ordinal such that a C bs. If 8 ¥ 1, it follows from 
the definition that bs = 5 6, , and a repetition of the preceding argument 


shows that a C b; for some acid 5 < 8, a contradiction. Thus, if a C m, 
a C b; = a, = (0), which is clearly impossible as we assumed that a ¥ 0. 
Suppose that m is reducible, and that m, and m, are proper ideal divisors of 
m such that m = m, f} m,. Then, since m does not contain a, at least one 
of the ideals m, , Mz does not contain a. Let us assume that m, does not con- 
tain a. Suppose by the well-ordering of elements of C that m,; = a,. Thus 
m =a, m> S 6,. Now, by definition, we must have 6b, =a, U S ba 


a<y a<y 


since a is not containedina, UV S 6b, =a,. Thusm>Db6b,=a,U S b= 
a<y a<y 


a, = m, and we have m = m,, which contradicts the assumption that m, is a 
proper divisor of m. The lemma and the theorem are therefore established. 


5. Ideal arithmetic. Subrings of direct sums of primaryrings. Let abe an 
ideal in the arbitrary ring R, and 6 an ideal in the quotient ring R/a. The set 
of all elements of R whose images are in 6 by the homomorphism R — R/a, 
is an ideal 6 in R which corresponds to the ideal 6 in R/a. Let P denote some 


17 Stone, loc. cit., p. 101. 
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property of ideals such that for all choices of R, a and 6 it is true that if 6 has 
property P, then the corresponding ideal 6 has property P. Since R/b = 
(R/a)/b,”* it is readily seen that this condition is satisfied in the following cases 
which will be used in the sequel. (1) If R is commutative, P may be the property 
of being prime; (2) if R is commutative, P may represent the property of being 
primary; (3) if R has a unit element, P may stand for indecomposability. An 
ideal having property P may be said to be of type P. We now prove the follow- 
ing theorem:” 

THEOREM 5. [If for every ideal a in a ring R it is true that the intersection of all 
ideals of type P in the ring R/a is the null ideal, then every ideal in R is the inter- 
section of all its divisors of type P. 

We first establish the 

Lemma. Under the hypotheses of the theorem, let ¢ be an ideal in R not containing 
the ideal d. Then there exists in R an ideal of type P containing c but not d. 

Let d be an element of d not also inc, and suppose d > d by the homomorphism 
R— R/c. Then d = 0, and by hypothesis there exists in R/c an ideal m of 
type P not containing d. This implies, by our assumptions on P, that the 
corresponding ideal m in & is also of type P. Clearly m contains ¢ but not d, 
so that m satisfies the requirements of the lemma. 

Now let ¢ be any ideal in R other than the unit ideal and apply the lemma 
with d as the unit ideal. Thus there exists in R at least one ideal of type P 
containing ¢. If f denotes the intersection of all ideals of type P which contain 
c, then clearly fc. Supposec does not contain f. Then, if we again apply the 
lemma, there exists an ideal of type P containing ¢ but not f, contrary to the 
definition of f. Thus we must havec > f, and therefore c = f as required. 

As a first application of this theorem we let P denote indecomposability and 
then obtain at once from the lemma of §4 the following 

Coro.tuary. In an arbitrary ring with unit element, every ideal is the inter- 
section of all its indecomposable ideal divisors. 

We may now discuss the question as to whether every commutative ring is 
isomorphic to a subring of a direct sum of primary rings. Suppose this were 
true, and let R denote an arbitrary commutative ring. Then it is easily seen 
that if a is an arbitrary element of R other than zero, there exists a homo- 
morphism of R into a subring of a primary ring taking a into an element other 
than zero. But a subring of a primary ring is also primary, so that there exists 


18 EK, Noether, Hyperkomplexe Gréssen und Darstellungstheorie, Mathematische Zeit- 
schrift, vol. 30(1929), p. 657. 

An ideal g in a commutative ring R is primary if whenever ab = 0 (q), a 0 (q), then 
b" = 0 (q) for some positive integer n. Otherwise expressed, this means that in the quo- 
tient ring R/q, every divisor of zero is nilpotent. A ring is primary if the null ideal is 
primary. Thus a quotient ring R/q is primary if and only if q is a primary ideal in R. 

2 The proof is a simple generalization of the method used by Stone (loc. cit., p. 105) to 
establish the “fundamental proposition of ideal arithmetic’’ for Boolean rings. To avoid 
trivial special cases we may assume that, in the statement of the theorem, the unit ideal is 


excluded from consideration. 
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an ideal q in R, not containing a, such that R/qis primary. This means, how- 
ever, that q is a primary ideal, and thus the intersection of all primary ideals in 
R is the null ideal. If, now, this is true for an arbitrary commutative ring, 
Theorem 5 shows, with P the property of being primary, that every ideal in R 
is the intersection of all its primary ideal divisors. But it is known™ that there 
exist commutative rings in which this is false, and thus not every commutative 
ring is isomorphic to a subring of a direct sum of primary rings. 

If, however, in the commutative ring R, every prime ideal is divisorless,” 
then a result of Krull” shows that the intersection of all primary ideals is the 
null ideal and we have at once from Theorem 1 

THEOREM 6. A commutative ring R in which every prime ideal is divisorless is 
isomorphic to a subring of a direct sum of primary rings. 


6. Some applications to commutative regular rings. A commutative ring 
R with unit element is regular if for every element a of R there exists an element 
x of R such that a’x = a." It follows that a commutative regular ring has no 
nilpotent elements. Also a field or a direct sum of fields is seen to be regular. 
Theorem 3 then yields at once the following result: 

THEOREM 7. Any commutative ring without nilpotent elements can be imbedded 
in a commutative regular ring. 

If S is any commutative ring with unit element, let us denote by S(D), S(P), 
S(Z), respectively, the classes of divisorless, prime and indecomposable ideals in 
S. Now S(D) C S(P).” Also it follows readily that S(P) C S(1). For if p 
is a prime ideal in S, S/p can not be reducible as it would then contain divisors 
of zero. Thus » is indecomposable and therefore in S(J). We then have the 
inclusion relations, S(D) C S(P) Cc S(J). 

THEOREM 8. For a commutative regular ring R, we have R(D) = R(P) = R(J). 

We need only to show that an indecomposable ideal is divisorless. Let a be 
an arbitrary indecomposable ideal in R. Then R/a is an irreducible commuta- 
tive regular ring and is therefore a field.“ This implies, however, that a is 
divisorless. 

The following theorem gives an interesting characterization of commutative 
regular rings. 

THEOREM 9. A commutative ring R, with unit element, is regular if and only 
if each ideal in R is the intersection of all its prime ideal divisors. 


21 This is the case for certain rings which appear in the general evaluation theory. See 
W. Krull, Allgemeine Bewertungstheorie, Journal fiir die reine und angewandte Mathematik, 
vol. 167(1932), p. 167. 

22 That is, has no proper divisor except the unit ideal. 

23W. Krull, Jdealtheorie in Ringen ohne Endlichkeitsbedingung, Mathematische An- 
nalen, vol. 101(1929), p. 738. 

24 J. von Neumann, loc. cit. 

% See van der Waerden, op. cit., vol. I, p. 59. 

26 yon Neumann, loc. cit., p. 712. 
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We first show that a regular ring R has the desired property.” If a is any 
ideal in R, then clearly R/a is also regular and hence contains no nilpotent ele- 
ments. Theorem 2 together with Theorem 5 (with P the property of being 
prime) then yields at once the desired result. 

Suppose, now, that & is a commutative ring with unit element, and that every 
ideal in R is the intersection of all its prime ideal divisors. Let a be any element 
of R other than zero, and consider the principal ideals (a) and (a’). Now a 
prime ideal contains a’ if and only if it contains a and hence divides (a’) if and 
only if it divides (a). Thus, by hypothesis, it follows that (a) = (a’), and there 
therefore exists an element z of R such that a°x = a. Hence R is regular. 

We may now obtain another characterization of the commutative regular 
rings as follows. 

THEOREM 10. A commutative regular ring R, with unit element, is regular if 
and only if R(P) = RJ). 

The necessity of the condition follows from Theorem 8. Let R be a com- 
mutative ring, with unit element, such that R(P) = R(J). By the corollary 
to Theorem 5 it follows that in R each ideal is the intersection of all its prime 
ideal divisors and thus, by the preceding theorem, R is regular. 


Appendix 


We shall indicate briefly an independent proof of Theorem 2 along entirely 
different lines from those used by Krull in the proof of his more general structure 
theorem.” Let R denote an arbitrary commutative ring without nilpotent 
elements, and a any fixed element of R other than zero. We wish to show the 
existence in R of a prime ideal p not containing a. 

If R does not have a unit element, we imbed it in a commutative ring S with 
unit element in such a way that S contains no nilpotent elements.” Now let 
x be an indeterminate, commutative with elements of S, and consider the ring 
S[z] of polynomials in z with coefficients in S. In this ring, the principal ideal 
6 = (a°x — a) contains no element of S except the zero. For suppose s is an 
element of Sin 6. Then we have a relation of the type 


8 = (agz”" + az” + --- + a,)(a*x — a) (a; C S). 


Equating coefficients of x"*’ on both sides, we find that aga” = 0. Now (aoa)” = 
a(aoa’) = 0, so that we must have aoa = 0 as otherwise aoa would be a nilpotent 
element of S. Thus aoxr"(a’x — a) = 0, and a repetition of the argument shows 
that s = 0. From this result it follows that the ring 7 = S[z]/6 contains a 


27 As a matter of fact, this result can also be obtained as a corollary to a theorem of 
Krull (see footnote 23). It is only necessary to observe that in a commutative regular 
ring the class of primary ideals coincides with the class of prime ideals. Since also every 
prime ideal is divisorless, Krull’s theorem shows that every ideal in R is the intersection 
of all its prime ideal divisors. 

28 Krull, Zdealtheorie, p. 9. 

29 See footnote 15. 
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subring isomorphic to S which, for convenience, we shall identify with S. Fur- 
thermore, in 7’, there exists an element c (in fact, the polynomial z itself) such 
that a’°c = a. We shall now make use of this fact to prove the existence of a 
divisorless ideal in 7 not containing a, and from this our desired result is readily 
obtained. 

Let a, denote the principal ideal (1 — ac) in T. If y is in a, then clearly 
ay = 0. Therefore, since a is neither zero nor nilpotent, a is not an element of 
a,. We now construct the ideal m exactly as in the proof of the lemma in §4 
with the single exception that we take a, = (1 — ac) rather than (0). By a 
repetition of the argument used there, it follows that m does not contain a, 
and that further if n is an ideal containing m but not a, then n = m. We now 
show that if n contains both m and a, then n = (1). For, if n contains a, it 
also contains ac, and alson D m Da, = (1 — ac). Therefore n D ac + 1 — ac 
= l,andn = (1). This shows that mis a divisorless ideal in T not containing a. 

Since 7 has a unit element, the divisorless ideal m is also prime. But then it 
follows that p = m f) Ris a prime ideal in R which does not contain a, and the 
theorem is established. 


INSTITUTE FOR ADVANCED Stupy AND SmitH COLLEGE. 











TENSOR PRODUCTS OF ABELIAN GROUPS 
By Hasster WHITNEY 


1. Introduction. Let G and H be Abelian groups. Their direct sum G ® H 
consists of all pairs (g, h), with (g, h) + (@’,h’) = (g+9',h +h’). If we con- 
sider G and H as subgroups of G @ H, with elements g = (g, 0) and h = (0, A), 
then we may form g + h, and the ordinary laws of addition hold. Our object 
in this paper is to construct a group G o H from G and H, in which we can form 
g-h, with the properties of multiplication; that is, the distributive laws 


(1.1) GQ+g@)h=ght+g-h, g(h+h)=gh+gh 


hold. Clearly Go H must contain elements of the form >> g;-h; ; it turns out 
(Theorem 1) that with these elements, assuming only (1.1), we obtain an Abelian 
group, which we shall call the tensor product of G and H.’ 

The tensor product is known in one important case; namely, in tensor analysis 
(see §4, (b), and §11), though the definition in the form here given does not 
seem to have been used. Certain other cases are known (see §4). We refer 
to the examples there given for further indications of the scope of the theory. 
A direct product of algebras has been constructed by J. L. Dorroh,” by methods 
closely allied to those of the present paper. 

As is to be expected, we see in Part I that when we multiply several groups 
together, the associative and commutative laws hold; also the distributive 
laws with respect to direct sums and difference groups. The group of integers 
plays the réle of a unit group.’ The rest of Part I is devoted largely to a study 
of the relation between groups with operator rings and tensor products; in par- 
ticular, divisibility properties are considered. 

In Part II, a detailed study of tensor products of linear spaces is made; we 
now assume rg-h = g-rh (r real). With any element a of G o H are associated 
subspaces G(a) of G and H(a) of H; their dimensions equal the minimum number 
of terms in an expression )> g;-h; for a, and in this expression the g; and h, form 
bases in G(a) and H(a). The elementary operations of tensor algebra are 
derived, and a direct manner of introducing covariant differentiation is indi- 
cated.‘ If the linear spaces are topological, a topology may be introduced into 


Received February 23, 1938; presented to the American Mathematical Society, February 
26, 1938. See Proceedings of the National Academy of Sciences, vol. 23(1937), p. 290. 

1 This is so even if G and H are not Abelian; see Theorem 11. If G and H are linear or 
topological, we use a slightly different definition. 

2 J. L. Dorroh, Concerning the direct product of algebras, Annals of Mathematics, vol. 36 
(1935), pp. 882-885. The author is indebted to the referee for pointing out this paper to him. 

3 In linear spaces, the group of real numbers also is a unit. 

* Some of these results have been derived independently by H. E. Robbins. 
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the tensor product. If the spaces are not of finite dimension, there are of course 
various topologies possible in the product; the one we give is probably at an 
extreme end, in that a neighborhood of 0 in any topology will contain a neighbor- 
hood of the sort here given. The topology has certain defects in that the asso- 
ciative and distributive laws seem not to hold in general with topology preserved. 
In the case of Hilbert spaces, there is a natural definition of the topology in the 
product (see Murray and von Neumann, reference in §4, (c)). In the inter- 
mediate case of Banach spaces, probably the norm | a| may be defined as the 
lower bound of numbers }> | g; | | hi | for expressions }> g;-h; of a. 

In topological groups which contain denumerable dense sets, the product 
may be given a topology, as is shown in Part III; it agrees with that in Part II 
when both are defined. Again, in complicated groups, other topologies are 
possible and perhaps preferable. Finally, for a more complete theory, one 
must allow infinite sums }> g;-h;. 


2. Notations. Write G = H if @ and H are isomorphic. The symbol 0 
means the zero in any group, or the group with only the zero element. A f) B 
is the set of elements in both A and B. ag (aan integer > 0) meansg + --- +9 
(a terms); (—a)g = a(—g), 0g = 0. g + A is the set of all g + g’, g’ in A; 
similarly for A + B. g-Bis the set of allg-h, hin B, etc. aA = allag,gin A. 
Note that 2A C A + A,ete. Write a |g if there is ag’ with ag’ = g;g is then 
“divisible” by the integera. a|Ameansa|gforallgin A. G is “completely 
divisible” if for every a # 0, a|G, i.e., a@ = G. The “nullifier” of H in G 
(of G in #) is the set of all g (all h) such that g-h = 0 for all A in H (all g in G). 

Let >>* A denote the set of all finite sums a, + --- + a,, a;in A, any k; this 
is a subgroup of G (if A CG). }>* A; is the set of all a; + --- + a, (a;in A;, 


any k). 

Let G @ H and G © G’ denote direct sums and difference groups. There is a 
“natural homomorphism” of G into G © G’. Some particular groups we shall 
use are: Jy = group of integers; 7, = Ip © uly = integers mod u (with elements 
a, for integral a); Rt = rational numbers; RI = real numbers. Set G, = 
GC uG. 

I. Discrete groups 


3. Discrete tensor products. Let G and H be groups (not necessarily Abelian), 
with the operation +. Let S be the set of all symbols 


(go: , Ans +++ 3 Gn» Ae) (g; in G, h; in H, n any integer > 0). 
We add two symbols by the rule 
(gi, ij --- ) + (Qnit, Anat i: )= (gi, Aj +: $ uss » Rast 3 e+). 


5 This definition was suggested to me by H. E. Robbins. 
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Clearly + is associative. We may put any element of S in the normal form 
(gi » hi) + --- + Gn, An); if we write 
gi X hi = (Gi, hi), 
we obtain 
(Qi M3 +++ 3 Gmy hn) = gi X hi + ++» + Gn X In. 


Define two equivalence relations as follows: 


(3.1) ---+@G@+ 9) Xh+t---~---+9Kh+ GQ Kh+-::-, 
(3.2) ---+9XCA+h)+---~---+9XKXh+gXWN +---. 
Any succession 8; ~ 82 ~~ --- ~ 8, we shall call an equivalence sequence between 


s, and s,. If two elements s, s’ are joined by an equivalence sequence, we say 
they are equivalent,s ~ s’. Let alsos~s. The elements of © fall into subsets 
under this relation; these form the elements of the discrete tensor product G o H. 
In case G and H are discrete, we call this the tensor product, in agreement with 
the definition in Part III. Let Dd gi-hi = g-h, + --- be the element of Go H 
containing the element p gi X hy of S. 

To define the group operation, which we temporarily call ©, in G o H, take 

any a and a’, and let >> g; X hy and >> g; X h; be corresponding elements of 
S; we set 
(3.3) a@a’ = Ligh + DY gi-hi. 
We must show that this is independent of the choices of s = >> gi X hi and s’ = 
Dg X h;. If we had chosen ¢ and ?¢’, then there are equivalence sequences 
joining s to¢ and s’ to ¢’; applying these sequences to )> g: X hi + >> g: Xh; 
shows that the same element a @ a’ is determined. Henceforth we use + instead 
of ®. Note that + is associative, and (1.1) holds. 

We prove in succession the following facts. 


(a) g-9= (9 +9 —9)-0= 9-0 + 9-0 + (—g)-0 = 9-0 + 0) + (—g)-0 
= 9:0 + (—g)-0 = g — g)-0 = 0.0; 
similarly 0-h = 0-0. 
(b) gh+0-0=gh+g-0 = 9-(h + 0) =g-h, 
and hence 0-0 = g-0 = 0-h plays the réle of the identity. 
g-h = g-h + 0-(—h) = g-h + g-(—h) + (—g)-(—h) 

= 9-0 + (—g)-(—h) = (—g)-(—A). 
Next, we may operate with the product as if G and H were Abelian. For 
g-(h +h’) = g-h + Q-h’ = (—g)-(—h) + (—g)-(-h’) 

= (—g)-(—h — h’) = 9-(h’ + fh); 


(e) 


(d) 
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similarly (g + g’)-h = (g' + g)-h. Also 
ght WR") = ght gh +h") = ght g-(h" +h’) 
= @9-(h + h” + h’), ete. 
Finally, the operation in G e H is commutative. For ° 
a= (9+ 9) +h) = gh +h) + Q'-(h' +h) 
=gh'+gh+g'-h'+qQ'-h, 
also 
a=G9+9) N+ G+G)h=gh' +g hk’ +g-h+qQ'-h, 
and hence 
(e) gh +q'-h’ = (—g)-h’ + a + (-g’)-h = g'-h’ + grh. 
Remark. We would have obtained the same results if we had replaced the 
elementary equivalence relations by 
A G+) XAT w+ KXh+gxXh+---, ete. 
THEOREM 1. G o H is an Abelian group; the identity is 0-0 = g-0 = 0-h, 
and the inverse of g-h is 
(3.4) —(g-h) = (—g)-h = g-(—h). 


The distributive laws (1.1) hold. 
This follows from the above results. Because of (d), we henceforth assume 


G and H are Abelian, except in Theorem 11. 
THEOREM 2. Inany Go H, for any integer a, 


(3.5) a(g-h) = ag-h = g-ah. 
For instance, 
(—2)g-h = (—g — g)-h = —[9 + 9)-h] = —[g-h + g-h] = (—2)(9-A). 
Using the distributive laws, we may use summation signs as usual; for instance, 


»» (2 agi) -hi = > u (ayg;-hi) = x »» (g;-aijhi) = u (9-2 aj;h;). 


4. Examples. A system with both “addition” and ‘multiplication’ may in 
general be defined by starting with a system or systems, using addition alone, 


6 For a direct proof, we have 


gh+g'h’ =gh+gh’ + (-gt+q’)-h’ =g-(h th’) + g’ —g)-(h +h’) 
+ (g' — g):(—h) = (9 +g’ — g)-(h +h’) + g’:(—h) + (-g)-(—A) 
=g'-(h+h’ —h) +g-h =Qg'-h’+g-h. 
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forming a tensor product, and defining new equality relations. Specifically, 
any group pair is an example. 

(a) The Abelian groups G and H form a group pair with respect to the group 
Z if a multiplication g X h = z is given, satisfying both distributive laws. 
Any such group pair may be defined by choosing a homomorphism of G o H into Z. 
Clearly 


o(>> gi-hi) = Dg: xX hy 


has the required properties. Practically all further examples come under this 
head. 

(b) The most important example of a true tensor product (and the example 
from which we chose the word “‘tensor’’) is probably the following. If G is the 
tangent vector space at a point of a differentiable manifold, then G o G is the 
space of contravariant tensors of order 2 at the point. (Here G o G is not the 
discrete, but the reduced, or topological, tensor product; see Part II or Part IIT. 
The same remark applies to other examples below.) Using also the “‘conjugate 
space” L(G) and iterated tensor products gives tensors of all orders (see §11). 
Of course these spaces are usually defined in terms of coérdinate systems in G. 

Note that in terms of a fixed coérdinate system, G o G gives: vector times 
vector equals matrix. For a generalization, see (i) below. 

(c) If G in (b) is replaced by Hilbert space, G o G is a Hilbert space,’ except 
for the completeness postulate (which could be obtained by completing the space 
or allowing certain infinite sums in G o G@). 

(d) The true tensor product G o H has also been used in case one of G, H has 
a finite number of generators, and has been applied in topology.* From the 
examples (j) and Theorems 3 and 5 below, we may at once determine G o H 
if both G and H have finite sets of generators. 

The remaining examples are in general not true tensor products, but come 
under the heading (a). The general case G o H — Z does not often occur. 
The case G o G — Z appears in (b). The cases Go H > H andGoG—-G 
appear in (e) and (g) below. 

(e) If G is a group, with “operators” from the group R, i.e., r-g = g’, the 
distributive laws are generally assumed; we have Ro G-+G. Here one gener- 
ally lets R be a ring (see §6). 

(f) If G is a group and R is a ring, and we wish to form from G a group G* 


7 See F. J. Murray and J. von Neumann, On rings of operators, Annals of Mathematics, 
vol. 37(1936), pp. 116-229, Chapter I. As a bounded operator A in G corresponds uniquely 
to an element f in G: A(g) = (f, g), their space G @ G corresponds to ourG°G. M. H. 
Stone and J. W. Calkin have also considered a direct definition of G ° G such as we give. 
Compare also M. Kerner, Abstract differential geometry, Compositio Mathematica, vol. 4 
(1937), pp. 308-341. 

8 See Alexandroff-Hopf, Topologie 1, pp. 585-586 and p. 233, (15), and H. Freudenthal, 
Fundamenta Mathematicae, vol. 29(1937). The definition of G ° H is indirect. The case 
that one of G, H is a free group has been studied by H. Freudenthal, Compositio Mathe- 
matica, vol. 4(1937), pp. 145-234, Chapter III. 
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which “‘admits”’ R as operator ring, we need merely use G* = R o G (see Theorem 
12 below). If we wish to replace G by a group G* in which division by any 
integer ~ 0 is possible and unique, we use G* = Rt o G (see §8). 

(g) If Gis a group, any choice of G o G — G makes G a ring (in general non- 
associative), and conversely. 

(h) Let V,, V, and V, be linear spaces (= vector spaces) of dimensions p, 
qandr. Set G = Chy,(V,) (= group of linear maps of V, into V,), H = Chy, 
(V,), Z = Chy,(V,). Obviously, we have Go HZ. G,H,Z, and Go H are 
vector spaces of dimensions pq, qr, pr, and pq’r. Hence Z = G o H is possible 
only if q = 1, ie., V, = Rl. In this case it is true, as shown by (10.7) and 
(10.11) below. If we choose fixed coérdinate systems in V,, V, and V,, then 
G, H and Z may be interpreted as groups of matrices. 

(i) If G = H is the (additive) group of continuous functions g(x), 0 S z S 1, 
we may interpret G o H as a subgroup of the group of continuous functions 
2(z, y),0 Sx 51,0 S y S 1, with g-h corresponding to z(z, y) = g(x)h(y). 
As is well known from the theory of integral equations, if we allow infinite sums, 
we may obtain all continuous functions 2(z, y). 

(j) Finally, we give some examples of tensor products, using the groups most 
commonly used as coefficient groups in topology. Let Rt, and Rl, be Rt and Rl 
reduced mod 1. 


Ino G =G, I,oG=G, (Theorems 7, 8), 
I,o I, _ | (Pe 
I,o Rt=I,°0RL=I,¢ Rt = 1,° Rh =0 (u > 0), 


Rito Rt = Rt, Rto Rl = Rlo RI = RI, 
Rt ° Rt, = Rt ° Rl, = Rt, ° Rt, ’ ete., = 0. 
5. General properties. We first consider commutative and associative 


properties. 
TuHeoreM 3. There is a natural isomorphism Go H = H o G, given by 


(5.1) (Dd gi-hi) = De hi-gs. 
TueoreM 4. There are natural isomorphisms 
Fo(G@oH) =FoeGoH = (FoG) od, 
where F o Go H is the group of all Dfi-gi-hi , using the three distributive laws. 
The isomorphisms are given by 
(5.2) (DS fi-gi-hi) = DO (figs -hi, WU> figich) = Dh Gi-hd. 


The first theorem is evident; we prove the second, using ¢. The definition 
of @ is unique, as any equivalence relation in the Defi-gi-hi corresponds to one 
in the D(fi-gi)-Ai. If o(>Si-gi-hi) = 0, then an equivalence sequence carries 
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Dd (fi-g,)-hi into 0; a corresponding sequence carries D> Si-gi-hs into 0; hence ¢ is 
an isomorphism into a subgroup of (F o G)o H. Finally, given any 


Deh => (2. fis-9u) -hs = > (fir-gis) “hy 


in (F o G) o H, ¢ carries Df ii-Gijhi into it. This completes the proof. 

Next we prove the distributive laws with respect to direct sums and difference 
groups. 

TuHeoreM 5. There is a natural isomorphism 


(F@G)~-H=FoH @GoH, 
given by 
OL(fi , grr + >> + (fn, Gn) hal 
=(ficli +--+» + fn-Rn, Qichi + +++ + Gn-hn)- 
To show that ¢ is uniquely defined, we have, for instance, as (f, g) + (f’, 9’) = 

G+f,9+9), 

--- +h, gh+(f,9)-h+---] 
=(---+fh+tfhA+t---,---+gh+tg-h+---) 
=(--- $F +f) At---,---+QG4+9)h+---) 
=¢[--- +19 +, 9)}-h+ ---]. 

¢@ maps the first group into the whole of the second; for 

(5.4) O[ (fr, 0)-ti + --- + O,gr)-hi +--+) = (fica + +++, ge + +++). 


Clearly ¢ is a homomorphism. Now suppose ¢(a) = 0; let a be given as in 
(5.3). First, we may transform a into the form of the left side of (5.4). For 
each half of the right side of (5.3), there is an equivalence sequence carrying it 
into 0. There are corresponding sequences acting on the left side of (5.4), 
which shows that a = 0. Hence ¢ is an isomorphism. 

TuHeEoreEM 6. If G’ is a subgroup of G, there is a natural isomorphism 


(GOG@’))oH =GoHO>*(G-H), 


(5.3) 


given as follows. If ~ and W are the natural homomorphisms of G into G © G’ 
and of Go H into G o H © >.*(G’-H), we set 


(5.5) O11) hi + >>> + Wn) Ral = YQi-hr + +++ + Gn-hn)- 


By Theorem 3, there is a similar relation with G and H interchanged. 
To show that ¢ is uniquely defined, suppose first that ¥(g:) = ¥(j:). Then 
fi = +9’ (Q’ inG’), and 


WGi-ti + ---) = WGi-ki +--+) + VQ'-hi) = Viet +--+). 
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The rest of the proof is like previous proofs. For instance, if the element (5.5) 
vanishes, then Doai-hi is in SG'H), and hence may be transformed into the 
form Yo -h; (g; in G’). The same transformations may be carried out on the 
left side of (5.5); as ¥(g9:) = 0, this gives Dv(gi) -hi = 0. 

Remark. >>*(G’. H) is perhaps “‘smaller” than G’ o H; for instance, if G = Jy , 
G’ = 2G, H = I,, then G’o H = 712, >>*(@-H) = 0. But there is a natural 
homomorphism of G’ o H onto the whole of > *(@’-H), clearly. Compare Theorem 


28, Part II. 
THeoreM 7. There is a natural isomorphism Ip o G = G, given by 


(5.6) (> ai-gi) = > agi. 
The proof is like previous proofs. Note that we have a normal form for 
elements of Ip o G: if we use Theorem 2, 


(5.7) > aig: = t l-ag; = 1. >> agi = 1.9’. 


The expression of an element in the normal form is unique, by the theorem. 
Tueorem 8. There is a natural isomorphism I, o G = G, , given by’ 


(5.8) o(D aj-g') = Da‘g}. 

Using Theorems 6 and 7, we see easily that the following isomorphism is the 
one given by the theorem: 
I,0G = (Ip GO uly) o G = Ibe G © D* (ulo-G) 

=Ih0 GO >>* (Iy-uG) = Ino (G O uG) = G,. 

TuHeoreM 9. If G is completely divisible and every element of H is of finite 
order, thenGo H = 0. 

For if mh = 0, then g-h = mg’-h = g’-mh = 0. 

THEoREM 10. If G’ and H’ are subgroups of the nullifiers of H and G in G and 


H, respectively, then there are natural isomorphisms 
GoH = (GOG’)~H =Go(H’' OH) =(4OG)- (HOR); 


if @ and y are the natural isomorphisms of G into G © G’ and of H into H © H’, 
these are given by 


First, applying Theorem 6, we find, as G’-H = 0, 
GoH =~GoH © >* (G@-H) = (G OG’) o H, ete. 


Next, for any A’ in H’, ¢(g)-h’ corresponds to g-h’ = 0 in the first isomorphism 
above; hence (G © G’)-H’ = 0, and 


GOOG) -H=(GOG).H © > *(GOG)-H’) = (GOG’)- (HOF). 


* g, is the element of G, corresponding to g in G. 





or 
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We end by showing that the discrete tensor product of any two groups, not 
necessarily Abelian, is isomorphic to the discrete tensor product of the two 
groups “made Abelian”. 

THEOREM 11. Let G and H be any two groups, and let G’ and H’ be their com- 
mutator subgroups. Then there is a natural isomorphism 


GoH =~ (GOG’)o (HO H’). 


Because of Theorem 10, we need merely show that any commutator is in the 
nullifier of the other group; this follows at once from §3, (d). 


6. Sets, groups, rings, operators. If A and B are two sets of elements, we 
may define their (discrete) tensor product as the set of all symbols +a,-b; + -- - 
+a,-b,, with the obvious definition of +, which we assume commutative. 
This is a free group, generated by all a-b; if A and B have m and n elements, 
respectively, then A o B has mn generators. 

If Gis an Abelian group and A is a set of elements, their tensor product is the 
set of all >°g;-a;, with the distributive law as in (3.1), postulating that + is 
commutative, and 0-4 + g-a’ = g-a’. This is the “group of all linear forms 
over elements of A, with coefficients in G’’. An example is given by the groups 
of chains used in topology. 

We shall say an Abelian group G admits the ring R as operator ring, or admits 
R simply, if R has a unit 1, and rg = g’ is defined satisfying 


rg+g9') =r +79’, (r+r)g9 =9 +179, 
r(r’g) = (rr’)g or (r’r)g, lg = 9. 


We call R a left or right operator according as we use (rr’)g or (r’r)g in the third 
relation. In the second case, we might write gr in place of rg, obtaining (gr’)r = 
g(r’r). Suppose, for definiteness, we write r[g] instead of rg. Then a ring can 
operate on itself in both ways, using 


(6.1) 


(6.2) r[r’] = rr’ and rfr’] = r’r. 


The associative law r[r’[r’’]] = (r[r’])[r’’] holds in either case. 

If G and H both admit R, to left or right, we say an isomorphism ¢ between 
G and H is an operator isomorphism if ¢(rg) = ré(g); we use ~ again, and say 
@ preserves the operator. 

THeoreM 12. Jf R is a ring with unit, and we define R o G, considering R 
as a group under addition, then R o G admits R to left or right, under the definitions 


(6.3) (Lrg) = Derrege or Voeriv-gi. 


The proof is simple. The following theorem is a generalization. 
THEOREM 13. If G admits R to left or to right, then so does any tensor product 
G o H or H o G, under the definition 


(6.4) (YS gichi) = Vrgehki, rag) = DL hi-rgi. 
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Suppose G and H both admit R, each to one side. Then we define the reduced 
tensor product G o’ H with respect to R as follows. Take the tensor product 
G o H, and define a new relation 


(6.5) rg:-h = g-rh. 


G o’ H is the group thus formed; it is the difference group of G o H with the group 
generated by all rg-h — g-rh. 

TuEoreM 14. If G admits R to the left, then there is a natural operator iso- 
morphism 


Ro’ G = G, 
letting R act on itself to the right and on R o' G to the left, given by 
(6.6) HD rigs) = Dragi- 
Here, (6.5) is replaced by 
(6.5' wg = r'bl-g = rr] = rg. 
To show that ¢ is uniquely defined, we have for instance 
(01-9) = (rr")g = r(r'g) = (0-19). 


¢ is a homomorphism into the whole of G; for ¢(1-g) = lg = g. It preserves 
the operator, for 


o(r(> rig) = o(Drri-g) = DL Ordgi = Lr(rgd 
ro rgi) = ro(Do ri-gs)- 
Finally, ¢ is (1-1). For if ¢(>or;-g;) = Dorg; = 0, then 

Lregi = LV l-rgi = 1-Lergi = 1-0 = 0. 


The theorem clearly holds with “right” and “left” interchanged. 
Suppose R and S are rings."” Then we can make R o S a ring in four different 


ways, namely, 


(r-s)(r’-s’) = rr’-ss’ or rr’-s’s, ete., 


(DX ri-si)(X rj-8;) = DY (i-8(7}-8})- 
The uniqueness of the definition is easily established. The associative and 
distributive laws hold. If R and S have units lg and 1s, then so has Ro S, 


namely, 1g: 1s. 
We shall not discuss the questions of zero-divisors or of fields. 


(6.7) 


7. Rational multipliers and tensor products. 
Definition. For any rational number r, r = a/b, (a, b) = 1, and any A C G 


” Compare J. L. Dorroh, loc. cit. 
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(including A = g), we let rA be the set of all elements g’ such that bg’ = ag, 
gin A. This agrees with the definition of aA and with the natural definition 
of (1/a)A. Then some of the formal properties of rational numbers as multi- 
pliers hold. In particular, some elements can be divided by certain integers. 
Division by integers, when it exists, is unique if and only if G has no elements ¥ 0 
of finite order. For if g’ and g” are in (1/a)g, g’ ¥ g’’, then a(g’ — g”) = g —g 
= 0, so that g’ — g” is of finite order; if g ¥ 0 is of finite order a, then (1/a)0 is 
not unique. We shall say G has unique division if it is completely divisible and 
has no elements ~ 0 of finite order. Because of Theorem 15 below, we may 
then multiply by rational numbers in such a group, and all formal laws will hold. 

The only theorem we will need in §8 is the following. 

THEOREM 15. The following three statements are equivalent: 

(a) G admits Rt as operator ring; we shall write r{g}. 

(b) G has unique division. 

(ec) For each rational r and each g in G, rg is a unique element of G. 

Further, G can admit Rt in at most one way; if it does, then rg = rg]. 

First, if G admits Rt, then G has no elements of finite order. For, note first 
that (for a > 0, and hence for a < 0), 


(*) alg} = (1+ --- + 1)g] = 1g] + --- + 1g] = ag. 
Now if ag = 0, a ¥ 0, then alg] = ag = 0 = a0 = a/(0]; hence 


9 = 110] = (2a)iol = ‘tata = Maton = 110) = 0. 


Next, if (a) holds, then for each integer a ¥ 0 and each g in G, g’ = (1/a)[g] 
exists, and ag’ = al[g’] = g; hence (b) holds. (b) clearly implies (c). If (e) 
holds, then setting r[g] = rg gives (a). 

Finally, if two operations r[g] and r{g} are defined, then they agree; for by (*), 


» (tol) = (05) = ala] = ao =» (5 to) 


as G can have no elements of finite order, (a/b)[g] = (a/b){g}. Also 
a a 
b (2 lol) = alg] = ag = (20), 
and hence r[g] = rg. 


Before considering tensor products, we consider some divisibility properties in 
general groups. Let 6, denote the denominator of r; 6, = bif r = a/b, (a,b) = 1. 

Lemma 1. If rg is not void, then 6, | g, and conversely. 

For if r = a/b, bg’ = ag, and pa + qb = 1, then 


b(qg + pg’) = qbg + pag = g. 


The converse is clear. 
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Lemma 2. If (a, b) = 1, then 
a 1 1 
(7.1) b A =a (} 4) —_ b (aA). 


To prove the first relation, the elements of a((1/b)A) are all g’, g’ = ag*, g* in 
(1/b)A, i.e., bg* = g in A; then bg’ = ag, and as (a, b) = 1, g’ is in (@/b)A. 
Conversely, if g’ is in (a/b)A, then bg’ = ag (g in A). Choose p, g so that 
pa + qb = 1, and set g* = qg + pg’. Then 

bg* = qbg + pag=g,  ag* = gbg’ + pag’ = J’, 
so that g* is in (1/b)A and g’ is in ag* Ca((1/b)A). The second relation is clear. 


Lemma 3. For any integers a and b, 


(7.2) 1 4) = 14, a(2 4) cA4, 1@a) >A. 
a\b ab a a 
The proof is simple. 
We turn now to tensor products. 
Lemma 4. If 65, | g and 6, | h, then 


(7.3) gh =gQ-h’ for any g’ in rg and any h’ in rh. 
Set r = a/b, (a,b) = 1. If 
bg’ = ag, g = bg*, bh’ = ah, h = bh*, 
then 
g-h’ = bg*-h’ = g*-bh’ = g*-ah = g*-abh* = abg*-h* = ag-h* 
= bg’-h* = g’-bh* = g’-h. 
Example. If 6, | his false, rg-h may not be uniquely defined. Forif G = H = 


Is ,g = 02, h = le, then Go H = I,, and }g-h contains both 0, and 1, . 
TueoremM 16. If 6,| A and 6,| B, then 


(7.4) rA-B = A-rB; 


if A and B are single elements, so is rA - B. 

This follows from Lemmas | and 4. 

Remark. r(g-h) may be # rg-h. For example, if G = H = I,,g =h =e, 
r = 4, then rg-h = 0:, while r(g-h) contains both 0. and 1;. However, 


(7.5) r(A-B) DrA-B; 
for if r = a/b, (a, b) = 1,gin A, hin B, bg’ = ag, so that g’-h is in rA-B, then 
b(g’-h) = bg’-h = ag-h = a(g-h) is in a(A-B), 


so that g’-h is in r(A-B). 
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Lemma 5. If b| A and b| B, then 


i. 1 _a — a i i ,\. 
(7.6) , (aA)-B = b A-B=a (} A).B = A; (aB) = A-~B =A-a (} B); 
if A and B are single elements, so is the above. 

Say (a, b) = k, a = a’k, b = b’k; then (a’, b’) = 1. To prove the first rela- 
tion, we use Lemmas 2 and 3 and Theorem 16, and the fact b | aA: 
a’ a 


i 1/1 ‘ | - = 
5 (@A)-B = 5, (; (k(a 4)))-B > 7 (@’A)-B = A-B =; A-B, 


b’ b 


jan.n bela) (0({(ba)) cae ba) pan 


From these the relation follows. The other relations are consequences of this 
one or are easily proved. The last statement follows from Theorem 16. 
TuHeoreM 17. Jf 6,5,| A and 6,6, | B,” then 


(7.7) r(r'A)-B = (rr’)A-B = A-(rr’)B, ete.; 


if A and B are single elements, so is the above. 
Say r = a/b, r’ = c/d, (a, b) = (c,d) = 1. As bd | cA, ete., 


r(r’A)-B=a (; ( (cA)))-B = 7, (cA)-aB = ac (L4)-2 


os A. B = (rr’)A-B, ete. 


8. The tensor product Rio G. First note that, if F is any completely divisible 
group (in particular, Rt), then in studying F o G, we could assume that G has no 
elements ~ 0 of finite order. For otherwise, let G’ be the subgroup of elements 
of finite order of G. As G’ is in the nullifier of F, >*(F-G@’) = 0 (see Theorem 9); 
hence, by Theorem 10, 


FoG=Fo(GOG’). 


Thus we may replace G by G © G’, which has no elements # 0 of finite order. 
THEOREM 18. In Rt o G, each element may be written in the form (1/a)-g. 

If G has no elements ¥ 0 of finite order, then r-g = 0 if and only if r = 0 or g = 0. 
First, 


a; _ 1 ie cae 
Dd iG: = eT - ak agi ae q. 


Next, suppose we have an equivalence sequence reducing r-g to 0-0. In all 
terms occurring, there is a least common denominator c. Multiplying every- 


11 Possibly this hypothesis can be weakened. 
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thing by c gives an equivalence sequence, which may be interpreted as a sequence 
in Ig o G, or again, in G itself. Hence, if r = a/b, we have (ca/b)g = 0. If 
r # 0, then ca/b # 0, and as G has no elements of finite order, g = 0. 

THEOREM 19. Rt o G has unique division. 

This follows from Theorems 12 and 15. 

TuHeoreM 20. There is an isomorphism G = Rt o G, given by o( rigs) = 
Drv: , Uf and only if G has unique division. 

This is an extension of Theorem 15. One half follows from Theorem 19; 
the other half is clear. 

THeoreM 21. If G has no elements ¥ 0 of finite order, then Rt o G is the small- 
est completely divisible group containing G. That is, if H is completely divisible 
and contains a subgroup H, = G, then it contains a subgroup H, = Rt o G. 

Let H’ be the subgroup of elements of finite order of H. Clearly H’ is com- 
pletely divisible; hence we may write H = H’ @ H”.” For any h = h’ + h”, 
write h’ = $(h), h’ = ¥(h); then ¢ and y are homomorphisms. Set Hi = 
¥(H,); then HY ~ G. For if ¥(h;) = 0 (hy, in A), then h, is in H’, and hence is 
of finite order; but h; is in H; = G, which gives h; = 0. 

Let Hz be the subgroup of H” containing all elements with multiples in Hy’. 
H, is completely divisible. For given h in Hz and an integer a ¥ 0, choose 
h* in H so that ah* = h, and set hi = ¥(h*). Then h, isin H”, and as his in H”, 


ah, = ay(h*) = y(ah*) = Yh) = h; 


hence h, isin H,. As H” has no elements ~ 0 of finite order, neither has Hz ; 
hence Hz has unique division. 

Let 6 be the isomorphism of G into Hy. As rh is uniquely defined for h in the 
group Hz (Theorem 15), and clearly obeys (r + 7’)/h = rh + rh, r(h + h’) = 
rh + rh’, we may set 


ea(>> regi) = bs r;6(g:), 


defining a homomorphism of Rt o G into Hz. Suppose O(a) = 0. If a = 
(1/a)-g (Theorem 18), then O(a) = (1/a)@(g) = 0. Multiplying by a gives 6(g) 
= 0, and hence g = 0, and a = 0, as 6 is an isomorphism. Hence @ is (1-1). 
For any h in Hz, we may take a so that ah is in H7; then for some g, ah = 0(g) 
= @O(1-g), and h = O((1/a)-g); hence © is an isomorphism, and the theorem 
is proved. 


9. Tensor products and character groups. In some cases, the group Cha(G) 
of homomorphisms of G into H can be expressed in terms of the two groups H 
and Ch;,(@), by (9.1). See also Theorem 25 of Part II. We remark in passing 
that Cha(@) and G form a group pair with respect to H, with the definition 


6(209;-9:) - DL i(gs) (¢; in Cha(@), gi in G). 


12 See R. Baer, The subgroup of elements of finite order of an Abelian group, Annals of 
Mathematics, vol. 37(1936), pp. 766-781, (1; 1). 
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TuEeoreM 22." There is a natural isomorphism 


(9.1) Chi,(G) oH=ZC Cha(G), 
defined as follows. For u; in Ch,(G) and h; in H, 
(9.2) O(D 0 wiki 3g) = Do ui(g)hi. 


If either G or H is a free group with a finite number of generators, then Z = Chu(G). 
It is clear that the definition of @ is unique, and # is a homomorphism. We 
must show that it is (1-1). Suppose the element (9.2) equals 0. Say the sum 
contains terms. Let A = Ip ® --- ® Io be the group of all n-tuples (a, , -- - 
a,) of integers, and let A’ be the subgroup of all (a, , --- , a,) in A for which 


Dah; = 0. We may choose a base 
1, °**+ 5 Qn} a; = (dy, --- , Gin) 
in A and integers p, , --- , Pm (m S n) such that 
Pit, ++ * y Dm&m 


form a base in A’. For each g, let u(g) be the element (u(g), --- , ua(g)) 
of A; as >.u;(g)h; = 0, u(g) is in A’. Hence, for each g, there is a uniquely de- 
fined set of numbers ;(g), --- , om(g) such that 


ug) = D> pi(g) Dex; ; 
y 
hence 
u= > Pj ji Pj - 
P= 


As the u;(g) are homomorphisms, so are u(g) and the p;(g); the pi(g) are in 
Chi,(G). Set 


hi = Dd ax hy (j= 1, ,m); 
k=1 
then 
pihx = p Piduzh, = 0 (= 1, --- ,m), 
k=1 


by the choice of the a; and p;. Hence, using the distributive laws in Ch;,(@) o H, 


> uy-hy = Zz (= Praoi) hs = > (-», p> ahs) 
i= i= ’ i= i= 


i=1 


= p> (0;-pjh;) = > (p;-0) = 0, 
i= i= 
as required. 


13 Compare Theorem 25. 
14 See, for example, Alexandroff-Hopf, loc. cit., p. 566. 
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Now suppose H has a base h,, --- ,h,, so any h may be written uniquely 
dah;. Let be any homomorphism of G into H; then we may write 


o(9) = > ui(g)h; , 
and the u,(g) are elements of Ch,,(@). Also 


(> ui-hisg) = XY ug hi = (9), 


so & maps Ch;,(G) o H into the whole of Chy(G). 

Suppose finally that G has a base g,,--- ,9,. Let a(g) be the element of 
Ch;,(G@) defined by @,(g,) = 1, &(9;) = 0 (9 ¥ 2). Take any homomorphism 
¢of Ginto H. Then for any g = Dag: , ag) = a; , and 

o(9) = Laie) = DL algo); 
hence, setting h; = $(9,), 
O(D) di-hisg) = Do aig)oGi) = 9(9). 
This completes the proof. 

Examples. Suppose G = H = I,. Then Chg(G) has two elements, while 
Chi,(@) o H has only one. Again, let G be the additive group of triadic rational 
numbers (all numbers of the form a/3’), and set H = I,. There are two ele- 
ments in Chy(@), determined by ¢(1) = 02 and ¢(1) = 1, ; but there is only 
one element in Ch;,(G) o H. 


II. Linear spaces 


10. Products, finite dimensional spaces. A linear space, or vector space, G, 
is an Abelian” group which admits the real numbers RI as operators (see §6). 
Let G(gi, --- ,@m) be the subspace of G generated by g,, --- ,gm, i.e., all 
Daag (a; real). If such a set generates G itself, then let g; , --- , gm be such a 
set with the least number of elements. Then these elements form a base for G, 
and G is of dimension m. 

In any finite dimensional linear space G, with a base g;, --- , gm, We may 
introduce a natural topology by defining neighborhoods l’(e) of 0 for each ¢ > 0, 
consisting of all Diag with ).ai < &. The topology is independent of the choice 
of a base. In this topology, the operation ag is continuous in both variables. 

In the tensor product G o H, we clearly wish to have 
(10.1) a(g-h) = ag-h = g-ah (a in Rl); 
hence we use the reduced tensor product (see (6.4)), but call it the tensor product 
simply. Without this, we would have for instance in Rl, /2-1 ¥ 1-+/2. 
Further, if we assume that g-h is continuous, then (10.1) follows. To show this, 
the last statement in Theorem 15, and Theorem 16, show that bg-h = g-bh for 
any rational b. Letting b — a gives the result. 


‘8 The group is necessarily Abelian. Compare §3, (e). If @is not linear, it can be made 
so by taking Ri ° G; see Theorem 12, §6. 
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We assume in the rest of §10 that G and H have bases 9; , --- , jm andh,, --- , 
h, , respectively. 

THEOREM 23. An element of Go H may be written uniquely in any one of the 
three normal forms 


For, if 
(10.3) 9%. = Zz bis Gi , hy = Zz ceili , 


then the distributive laws give 
> Je-hy = > (Qo buigs) (QL exjhi) = > De (G:- DU busee; hi) 
4 7 ‘ 7 
= be gio > beicesh;, ete.; 


F 

thus (10.2) holds with 

(10.4) ay = > Deicke; , h; = »» ai;h;, 9: = } Aji; . 
i i 


Given any expression Dgi-hi for a in G o H, the above procedure gives the 
normal forms in a unique manner; we must show that if Dogi-hi = Doi - hi, the 
two expressions give the same result. It is sufficient to prove this for (g + g*)-h 
and g-h + g*-h, for g-(h + h*) and g-h + g-h*, and for ag-h and g-ah. In 
each case, the pfoof is simple. 

Let Chua(G) denote the group of linear maps (= continuous homomorphisms) 
of G into H; this is a linear space of dimension mn. In particular, L(G) = 
Chg:(G) is the group of linear real-valued functions in G, and is called the con- 
jugate space of G. Here, isomorphism will mean continuous isomorphism = 
operator isomorphism. The following theorem is well known. 

TuHEeoreM 24. L(G) = G. Further, there is a natural isomorphism 


(10.5) L(L(G)) = G, 


defined as follows. For any g in G, $(g) is the element of L(L(G)) which, for any 
u in L(G), has the value u(g). 

Let a;(g) be the element of Z(G) such that @(9;) = 1, a:(9;) = 0 G # 21). 
Clearly a, , --- , im form a base in L(G); hence L(G) = G. Next, ¢ is linear. 
It is (1-1); for if ¢(g) = 0, then u(g) = 0 (all u in L(G)), which implies g = 0. 
Given any v in L(L(G)), set a; = v(a;); then for any u = dda; , 


u(>. a; 9) a DL a; pS b; a; (9) = > a;b; = } B b; v(a,) = v(u), 


so that $(>_a,9;) =v. Clearly ¢(ag) = ad(g); hence ¢ is an isomorphism. 
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Turorem 25." There is a natural isomorphism 


(10.6) Chuy(G) = L(G) o H, 
given by 
(10.7) OCDE wihs 3g) = Dy uslg)hi. 


¢ is clearly uniquely defined. If we write all elements of L(G) o H in the 
third normal form }°u;-h,;, the properties of ¢ are easily established; for any 
element of Chy(G@) can be written uniquely as DYiulg)hi, and if this is the zero 
element, i.e., it is equal to zero in H for all g, then all u;(g) = 0. 

Corotuary I. Go H may be written in the form 


(10.8) GoH = L(L(G)) o H = Chy(L(@)). 


The isomorphism of the first group into the last is given as follows. For zx gi-h; 
in Go H and uin L(G), 


(10.9) O(D) gi-hi su) = Duda. 
Coro.tuary II. There is a natural isomorphism 
(10.10) Che(Rl) = G; 


for u in Chg(RI), o(u) = u(i). 
For L(Rl) o G = Rle G = G. (Moreover, a direct proof is obvious.) 
THEOREM 26. Go H isa linear space of dimension mn, with a base gi -hy , - 
Gm-hn. If {U} and {V} are neighborhood systems in G and H, respectively, 
defining their natural topologies, then either of the following neighborhood systems, 
if we use p = min (m, n), 
(10.11) N(U,V) = U-V+.---+U-V (p summands), 


(10.12) N(U,, Us, --> 3 Vay Vo> --+) = 20%™(Us- Va) 
k 


defines the natural topology in Go H.” The multiplication g-h is continuous. 

The first part of the theorem follows from Theorem 23. Let N, N’, N”’ denote 
natural neighborhoods and those of (10.11) and (10.12). Given an N = N(e), 
consisting of all >>a;,9;-h; with Da}, < ¢, set « = ¢/(mn)', and let 

Ux _ U(«/2'), Vi - V(1), (k — 1, 2, chat ), 

be natural neighborhoods in G and H. Then if gx = > begs is in U, and ky = 
doce; is in Vz, (10.4) gives, if we use any finite number v of summands in 
(10.12), 


a;| = x brite; < > «/2" <a= e/(mn)’. 
k k=l 


16 This holds if at least one of G, H is of finite dimension. Compare Theorem 22. 

17 If we map Al into a curve everywhere dense on the torus, the topology of the torus 
gives an “unnatural’’ topology in RI. In Rle Rl, either type of neighborhood as here given 
then contains the whole space. 
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’ 
2 2 pi ’ 
Hence ; aj; < €, and b ia gxe-hyisin N. Thus any N contains an N”. 
k=1 


Next, given an N”, take 
UCUiN::-NU»,, VOVUin::-N Vo. 


Then clearly N’ = N(U, V) Cc N”. 

Next, take any VN’ = N(U, V). Suppose for definiteness that p = m. Take 
« so that U(2e) C U and V(e) C V, and set « = &. Now take any a of 
Go H in N(e); then we can write a = dYai9:-h; , With >a?; < &. Also, 


a= ZZ (aa-2 dass), §= z 


i=1 €1 


As m = pand eg; is in U(2e) C U, to show that N(e) C N(U, V), it is sufficient 
to show that >, @a;,;h; isin V(e). But 
i 


DL vai; <P Lai; <0 e =a, 
2 2 


and this proves the statement. 
The continuity of g-h is clear from the relation 


DY (a + a9 DO 0; + 1K; — YO aiGi- DO FR; = XO (5d; + aid; + a6 d;)gi-hj. 


If G and H are metric, and hence scalar products g o g’ and h o h’ are defined, 
we may define scalar products and hence a metric in G o H by 


(10.13) (d gh) ° (d gi-hi) = p> (Gx ° gi) (hi ° h;).”° 


11. Tensor algebra. Let G be a linear space of finite dimension n; in §12, 
it will be the “tangent space” at a point of a manifold. Any element of G 
we shall call a contravariant vector. An element of H = L(G) we call a covariant 
vector. Any element of the linear space 


(11.1) T(p,q) = Go---coGoHo---oH (p factors G, q factors H) 


we shall call a tensor of contravariant order p and covariant order q. As L(p, q) 
is a linear space, we may add two tensors of the same type, and multiply a tensor 
by areal number. Using Theorems 3 and 4 in Part I, we have 


(Go---coHo -+-)0 Go -+»0 Ho ---+) 
mw Ge +++ a Ge «sre Be eee Ff er 


Hence a tensor of 7'(p, q) and a tensor of 7'(p’, q’) may be multiplied, giving a 


tensor of T(p + p’,qg + q7). 
The process of contraction is as follows. To contract the element g-h of 


18 For a study of this metric in Hilbert spaces, see Murray and von Neumann, loc. cit. 
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T(1, 1) = Go H, recall that H = L(G), and set o(g-h) = A(g), a real number. 
To contract the element 


= Dog ++ OR he +> hi of T(p, q) 


with respect to the p-th g and the q-th A, for example, set 


(11.2) ¢(a) = > AL(of)gn --- gf *-ha --- AE; 


this is an element of T(p — 1, q — 1). 
Let 9: , --- , Jn form a base in G, and choose h‘ so that h'(g;) = 4}; then fh’, 
, hk" form a base in H. By the proof of Theorem 23, we may write any 
element of T(p, q) uniquely in the normal form 


(11.3) a= mm, Aj 2g, «++ Hh? --- We; 

there are n”** terms in the sum, and the A}!:::}? are called the components of a 
in the coérdinate system of the g;. Let us verify the laws of transformation 
of the components. Suppose we introduce the new base gi, --- ,ga. Say 


-_ > ai gr, 9: = Dd a; de. 
k=l k= 
If itt = 4}, then setting h’" = >> bi h* gives 
5 = ANG) = LORD a;'g) = 2 dia;'si = 2 bia; 


Hence b} = ai, and h' = Doai‘h”. Putting in (11.3) and using the distributive 
laws gives 


aw DS Af feaht --- afzayi" --- ari*gi, «++ gip-h™ --- hs, 
Calling the new components A;!::; 1, we have the ordinary laws of transforma- 
tion. Note that 


h(g) = Do BR(L A’g;) = LD A’BRG) = DL A‘B, 
‘ 7 $2 ‘ 
so that the terms as here introduced agree with the usage in tensor algebra. 


12. Tensor analysis. Let M be adifferentiable manifold.” By a parametrized 
curve C starting at the point z in M we shall mean a differentiable map ¢ of an 
interval 0 < t S 7 into M, with (0) = x2. Let us introduce a coérdinate 
system into a neighborhood of M about 2, i.e., a (1-1) differentiable map @ of a 
region of the space E of sets of n numbers (z’, - -- , 2") into M, with non-vanish- 
ing Jacobian; say 6(0, --- ,0) = 2. Then C translates into a curve C’ in E, 


19 See, for instance, O. Veblen-J. H. C. Whitehead, Foundations of Differential Geom- 
etry, Cambridge Tracts in Mathematics, No. 29, 1933, or H. Whitney, Differentiable mani- 
folds, Annals of Mathematics, vol. 37(1936), pp. 645-680. 
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given by @ ‘(¢(t)), if » is small enough. We say two parametrized curves 
starting at 2» are equivalent if, when translated into EZ, they have the same 
tangent vector (in both magnitude and direction). Clearly the definition of 
equivalence is independent of the codrdinate system chosen. Hence the classes 
of equivalent curves form a set of elements intrinsically defined in M; we call 
these contravariant vectors at x). Using a fixed coérdinate system, we may 
obtain a (1-1) correspondence between contravariant vectors g at 2» and vectors 
vin E at 0, merely by choosing, as an interval, the line segment of v, parametrized 
so that ¢ = 1 at its end, and mapping it (or a portion of it, if it does not lie wholly 
in the region) into M with 6. We may add two contravariant vectors at x by 
taking the corresponding vectors in E, adding, and mapping back into M. 
Again the result is independent of the codrdinate system chosen; hence the 
contravariant vectors at x form an intrinsically defined linear space, the tangent 
space G(x) to M at x. 

We may obtain an intrinsic definition of L(G(a)) = H(2o) at x by considering 
differentiable functions defined in a neighborhood of xz», which vanish at 2», 
and calling two functions equivalent if their partial derivatives at 2 are the 
same in any coérdinate system. To add covariant vectors, we need merely 
add the corresponding functions. 

We shall consider briefly covariant differentiation in M. Suppose that to any 
two sufficiently near points 2 and x, of M corresponds a linear map ¥,,., of 
G(z,) into G(x), so that certain simple continuity and linearity properties are 
satisfied, which we shall not make precise. This will define an affine connection” 
in M. Now let A(z) be a differentiable tensor field, being, for each x, an element 
of T(p, q; x) (using G(x)). Let g be any contravariant vector at x» , and let C, 
given by ¢(t), be a corresponding parametrized curve. Then if z, = ¢(t), we 
may define 


(12.1) VA (zo) = lim ; [We,2A(x,) — A(z]. 


(Of course W,,., may be used to translate a tensor at x; into a tensor at x.) For 
each g at x, V,A(zxo) is a tensor of T(p, q; xo), and it depends linearly on g; 
hence we have a linear map of G(z9) into T(p, q; 2%). By Theorem 25, there is a 
natural isomorphism 


Chrip,q.29)(G(%o)) = T(p, 9; to) 0 L(G(xo)) = T(p, ¢ + 1; 20). 


Hence, at each point 2» we have a tensor of T(p, q + 1; 20), of the same contra- 
variant order as A and of covariant order one greater; this is the covariant 
derivative of A at x». Again, the definition is intrinsic. 


20 By using a coérdinate system about 2 and letting zr, — zr» , we may use this connection 
to obtain an affine connection in the ordinary sense. Conversely, given an ordinary affine 
connection, we may define geodesics in M, and by following along them, define a connection 
asabove. If we imbed M in a Euclidean space as in Whitney, loc. cit., Theorem 1, we may 
realize the tangent spaces by tangent planes of dimension n, and define an affine connection 
by projecting one tangent plane onto another. 
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13. Products, general linear spaces. A representation Dog9i-hi of an element 
a of G o H is minimal if there is no representation with fewer summands. The 
rank p(a) of « is the number of summands in a minimal representation of a. 
We consider 0 = 0-0 as having no summands, and set p(0) = 0. 

We collect some known results (at least for finite dimensional spaces) in the 
following theorem. 

THEOREM 27. Go Hisalinear space. ForanyainG o H there are correspond- 
ing linear subspaces G(a) and H(a) of G and H with the following properties. 

(a) There is a representation > 9:-h; for a with g; in G(a), hi: in H(a). In any 
representation >.g;-h; for a, G(a) C G(gi, ---), H(a) © H(hi, --- ). 

(b) dim G(a) = dim H(a) = p(a); G(a) and H(a) are G(g, , --- ) and H(h, , 
--+ ) in any minimal representation Yoo hi of a. 

(c) Doai-hi is minimal if and only if the sets g, , --- and h,, --- are each in- 
dependent. 

(d) If a1, +--+, Gm and h,, --- ,h, are bases in subspaces G’ of G and H’ of H, 
and a = Daigi-h, , then p(a) = rank || aj; || . 

(e) Ifg-h = 0, then either g = Oorh = 0. 

(f) g-h = g'-h’ ¥ O7¢f and only if g’ = ag, h’ = (1/a)g for some real a. 

The first statement follows from Theorems 1 and 13. 

Suppose a = >.g:-hi = Dog? -hy, 9: in@’, gi in@”’, hj andh; in H*. Set G* = 
G’ 1 @’, and choose subspaces G, and G: (possibly containing 0 alone) such 
that 

G’ oa G”’ = G* ®@ G, @ G ’ G, Ce G’, Gs GS a”. 


Choose bases {g;} in G*, {gi} in G,, {gi} in Gz ; then all the g’s form a base in 
7 + G@"’. By Theorem 23, we may write uniquely, for some h;, etc., in H*, 


a = Digi -hi + Dogi-hi + Dogi-hi. 


Now G’ = G* @ G;; hence, if we reduce Dog -hi to this normal form, the third 
group of terms will not appear. As the normal form is unique, the third sum 
= 0. Similarly, as G’ = G* @ G,, the second sum vanishes. Hence a = 
D907 - hf can be expressed by using g’s from G’ MG” alone. Hence there is a mini- 
mal subspace G(a) which may be used. Find similarly a minimal H(a). Now 
a can be expressed, by using G(a) and H’ > H(a), and G’ > G(a) and H(a). 
Choosing bases properly in G’ and H’ and using the first normal form, we see 
at once that a may be expressed, using G(a) and H(a). This proves (a). 

Next we show that rank |} a;; || depends on a alone. Suppose {g;} and {g;} 
are bases in G’, {h;} isa base in H’, and a = Doaigi-h; = Daigirh;. If gi = 
Dbkigt, then a,; = Do bisa:;, i.e., A’ = BA. As B is non-singular, rank A = 

k ‘ 


rank A’. Similarly, a change of base in H’ causes no change in the rank. If 
?’ > G@’ and H” D> H’, and we choose bases in these spaces containing the 
above g; and h;, then Daigi-h; is also a normal form for a, using G” and H”’. 
The new |! a;; || is the old || a,; || with extra rows and columns of zeros; the ranks 
are therefore the same. Now given any two representations of @ in normal 
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form, using the pair G’, H’ and the pair G’’, H’’, we may also write a in normal 
form, using G’ + G” and H’ + H”. The above proof shows that all ranks of 


matrices are the same. 
pla) 


If > gi-h; is minimal, then obviously the sets {g;} and {h;} are independent. 
i=1 

They form bases in spaces G’ and H’, say, and the expression >.g;-h; is then in 
normal form. The matrix is the unit matrix, and hence is of rank p(a). This 
proves (d). As G(a) CG’, and dim G(a) < p(a) is clearly impossible, G(a) = 
G@’ and dim G(a) = p(a); similarly for H(a). (b) is now proved. If a = 
> gi-h; and the sets {gi}, {hi} are independent, then we have a representation 
i=1 
in normal form, with matrix of rank r; hence r = p(a), and D9i-hi is minimal. 
This proves (c). 

To prove (e), suppose g ~ 0, h # 0. Then g-h is minimal, by (c), hence 
p(g-h) = 1,andg-h #0. (f) follows from the fact that fora = g-h = g'-h’ ¥ 0, 
G(a) = all multiples of g = all multiples of g’. 

THEOREM 28. If G’ is a linear subspace of G, then there is a natural isomorphism 
Go H = >*(@-H). 

Using >°9i X hiin G’ o H, set o(29: X hi) = DYgi-hs. Clearly ¢ is a uniquely 
defined homomorphism onto the whole of >*(@-H ). Suppose $(>09; X hi) = 
Dogi-hi , Do: Xh; #0. We maysuppose >.g; X h; is minimal. Then the sets 
{gx} and {h,} are independent, and hence }°g;-h; is minimal, by the last theorem, 
and Do9i-hi #0. Hence ¢ is (1-1), and this completes the proof. 


14. On topological linear spaces. We shall use the following definition. If 
G’ C G*, a projection of G* into G’ is a linear map of G* into G’ such that every 
element of G’ is fixed. 

Definition. We shall call a topological linear space G a linear space with sets 
U, V, --- , ealled neighborhoods (of 0), such that: 

(1) 0 is in every U; 

(2) given U, V, thereisaW CUNV; 

(3) given U, there is a V such that for — 1 Sa<1,aV CU; 

(4) given U, there isa V with V + V CU; 

(5) for every U and every g in G there is an a with g in aU; 

(6) for every finite dimensional subspace G’ of G and every natural neighbor- 
hood U’ in the space G’ (see §10), there is a neighborhood U in G with the follow- 
ing property. If G* > G’ is a finite dimensional subspace, then there is a 
projection of G* into G’ which carries U f\ G* into U’. 

We shall relate this definition to Definition 2b of von Neumann.” 

Note that (6) implies a separation postulate: If g # 0, then there is a U 
which does not contain g. The reason for using our (6) is that with it one may 
prove the same property, and hence the separation postulate, in tensor products. 


21 J. von Neumann, On complete topological spaces, Transactions of the American Mathe- 
matical Society, vol. 37(1935), pp. 1-20. We refer to this paper as N. 
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THEOREM 29. A topological linear space (even with (6) replaced by a separation 
postulate) is a regular Hausdorff space; g + g' and ag are each continuous in both 
variables. 

As our definition has all the properties in N, Definition 2b, except his (2) 
and (7), and a separation postulate holds, his proof holds without change.” 
We may now use UL’. = closure of U and UU’; = inner points of U’, ete., as in N. 

Preparatory to proving Theorem 30, we note the following facts. 

(a) If a set of sets LU’ satisfies the above properties, then so do the sets U, , 
the sets U’; , and the sets U — U (= allg — g’,gandg’ in U). 

(b) The sets Uy, (Ua); , and U — U’ define the same topology (i.e., give the 
same definition of S; for any S) as the sets U’. 

These hold also if N, Definition 2b is used. To prove these facts, first 
note that N, Theorem 3, in particular, (a@S),; = aS,, holds for closures; the 
proof is essentially the same. (a) and (b) now follow easily, using especially: 
U,cU+U;V + V CU implies V CU,. ; 

(ce) In a convex space as in N, we may suppose that the U’ are convex, and 
either closed or open, and that — U' = U. 

For we may use either the U, or the (U’.);. The U, are convex, by N, 
Theorem 13. To prove this for (U..); = S;, take g and g’ in S; and 0 < a< 1. 
Set g* = ag + (1 — a)g’, and choose V sothatg + V CS,g’+V CS. Then 


g*+V Cag+V)+(1-—ajg’+V) CS, =S, 
and hence g* isin S;. Finally, replace each U by U — U = UU”; then all former 
properties hold, and — Ll” = Ll”. 

Lemma 6. Let G be a convex topological linear space as in N, satisfying our (c). 
Let gi, --- . Gu, 9’, be independent; let g: , --- , g, determine the subspace G, of G, 
and the whole set, the subspace G*. Let m be an integer S uw. Let U be a neighbor- 
hood such that 


(14.1) if >> aig; isin U, then |a;! St (¢ = 1,---,m). 
i=1 


Then there is a projection of G* into G, such that the projection of U 1" G* satisfies 
the same inequalities. 

It will not restrict the generality if we suppose that ¢; are the smallest numbers 
such that (14.1) holds. As — U’ = U, no inequality in (14.1) can be bettered 
now. 

First, suppose we have two elements 


(14.2) 9: = Dag: + cg’, gs = Dbgi + cg’, in U; 
then as |’ = —U is convex, 
491 — gz) = Dai — bidgi isin U, 


2 In Hausdorff, Mengenlehre, Berlin, 1927, there is an error on p. 229: (5) does not 
follow from (6), as shown by a space in which the only open sets are the null set and the 
whole space. In N, proof of Theorem 6, one should mention that a separation postulate 
holds, as a consequence of Definition 2b, (2). 
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and hence 


Now take any c 2 0 for which there is an element of the form (14.2) in U; 
let ¢:(c) and y,(c) (¢ = 1, --- , m) be the greatest lower bound and least upper 
bound respectively of all numbers d such that for some numbers q,, - - 


Git, Gizr, +++, Q&, 


Dd ag; + (+ ts + d)gi + cg’ isinU (— for ¢, + fory). 
im 


In other words, ¢;(c) and ¥,(c) show how much U sticks out beyond the rec- 
tangle of the ¢; , in the g; direction, at the height c, with respect to the direction 
of g’. By the choice of the ¢; , ¢,(0) = y,(0) = 0. 

By (14.3), ¢:(c) = ¥:(c). We now show that 


(14.4) if 0O<ce<c’, then Gi(c) < dic’) vi(c) = vile’) 
c c c c 








Suppose, for instance, the first inequality is false. Then there are numbers 
a; (j ¥ 7), e, such that 


91 = Dajgs + (—tb + dg t eg! is in U, 
? 
d= = [os(c) ~ é e>0. 


By the choice of the ¢; , there is an element 














= D big; + (—t + d’)g; in U, ae 
ist c c 
As U is convex, 
Sai + 9h = Dias +( Sa’) o. +! 
isin U. But also 
= ¢i(c) < ¢:(c), 
contradicting the definition of ¢,(c). 
The inequalities show that we may define 
(14.5) ¢: = lim Gilc) ¥; = lim vile), 
c—0+ c c—0+ c 

then 
(14.6) GCC) 5 4? ay! > VO (c>0;2=1,---,m). 





c c 
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, 


(14.7) g =9 +L gigi; 

i=l 
we shall show that if we project U along the direction of g’’ into G,, i.e., use 
o(>.agi + ag” )= Davy: , then (14.1) will hold for the projection. As —U =U, 
it will be sufficient to consider the part of U' withe > 0. If this is false, say for 7, 
then there is an element 


(14.8) D> ajgj + cg” in U, c> 0, a,>t; or a; < —k. 
j7=1 


Using (14.7), we have 


jm ub 
(14.9) > (a; + c¢;)g; + ay ajg; + (a; + e6;)gi + eg’ in U. 
ifi j=m+ 


Suppose first that a; < —t;. Then 
a; + co, < —t; + c we = —t; + ¢i(c), 


contradicting the definition of ¢:(c). Next, if a; > t; , then 
a+ >t + oi 24+ ¥i0), 


contradicting the definition of ¥,(c). This completes the proof. 

THEOREM 30. Any convex lopological linear space as in N is a topological linear 
space as here defined, even if his (2) is replaced by a separation postulate. 

We may suppose his neighborhoods satisfy our (c). We must prove our (6). 
Let gi, +--+ ,@m form a base for G’, and choose t,, --- , tm so that all points 

ag:i,|a,| S t;, liein U’. Let R be the closed region | a;| S ¢;, and let A 
be its boundary. For each g in A, we may choose a U(g) not containing it, 
and a V(g) so that V(g) — V(g) CU (g). As the operations in G are continuous, 
doa: is continuous in the a, , so the (V(g)); 1 G@ (S; = inner points of S) are 
open in the natural topology in G’; hence a finite number of the sets g + V(g) N 
G’ cover A. Let U be a neighborhood in the corresponding set V(g;) N --- 
NM Vig). Now U contains no element of A. For suppose gis in AN U. Say 
gising, + Vg). Then asgisin U C V(gx), gx is in Vigx) — Vigx) C U(ge), 
a contradiction. As U is convex, U f G’ is in the complement of A in R. 

Let gust, «*+,9n form, with g;, --- , gm, a base in G* (if G* # G’), and let 
G; be the space generated by g:, --- ,g; @ = m+ 1,---,n). We shall prove, 
by induction on 7, that G; can be projected into G’ so that U N G; goes into R; 
as R C U’, the case i = n gives the theorem. There will be elements gmii, - 
gn such that g, , --- ,g; also determine G;, and the projection of G; into G’ 


is with respect tO gmii, +++, it 


% (= a0) = os Ak Gk + 
k=l k=1 
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Suppose we have found the elements gmi1,---,9,. As the projection of G, 
into G’ carries U N G, into R, (14.1) is satisfied. Hence we may apply Lemma 6 
with g’ = gis1, G* = Gy, ; this gives a projection of G,4: into G, such that the 
projection of U N G,.1 satisfies (14.1). Let g,4: give the direction of the projec- 
tion; then projecting G,,; into G’ with respect to gmii, «++, Quasi carries U N 
Gy+1 into R, as required. 


15. Products, topological linear spaces. We prove 

TuHEeorEM 31. If Gand H are topological linear spaces, so is G o H, the topology 
being given by (10.12). (We may use either open or closed neighborhoods in G and 
in H; see §14.) The multiplication g-h is continuous. The topology in G o H 
depends only on the topologies in G and in H, not on the neighborhood systems 
employed. 

First, G o H is a linear space, by Theorem 27. We shall prove the postulates 
of §14. (1) is trivial. To prove (2), take any two neighborhoods N(U;, --- ; 
Vi,---) = N(U;; Vi), and N(U{; Vi). Choose Uf in U; N Uj and V7 in 
V;N Vj; then 

N(U{; Vi) C N(U;; Vi) N N(UG; Vi). 
To prove (3), given N(U; ; V3), choose U; so that aU; CU; if|a| <1 = 
1,2,---). Then 
aN(U;; Vi) = N(aUi; Vi) CN(Us; VO). 
To prove (4), take any N(U; ; V;). Choose U ; and V; so that 
Ui; CUnaN Us, Vi C Vai N Va. 
Now take any >ogi-h; and >0g;-h; inN(U;; Vi). As gi-hrisin Uj-Vi CU;- Vi, 
gi-hy isin Uy. Vi C Us: Ve, ge-he is in Us: V2 C Us: Vs, ete., we see that Dogs-hi + 
Dgi-h; is in N(U; ; Vi). 
To prove (5), take any > g;-h; and any N(U;; Vi). Choose Uj and V? 
i=1 
so that 
uUrcu, WcyV., (jc] S$ 1;¢ =1, ---, 8), 
take a; and b; so that 
gi isin aU}, h; is in b; V2, 
and let a be the largest of the |a;| and |b;|.. Then 
a;Ut = a(a;/a) Ui C aU, etc. ; 
it follows that dYai-hi is in 


a’N(U;; Vi) = N(aU; ; V9). 
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We now prove (6). Let F’ be asubspace of F = Go H, generated by fi, --- , 
f.. Set (see Theorem 27) 


G’ = Gf.) + --- + Gf), H’ = H(fi) + --- + A(f,). 


Let 91, --- , gm and h,, --- ,h, be bases in G’ and H’; set fi; = gi-h;. Then 
the f;; form a base (see Theorem 26) in a space F” > F’. Take a fixed projec- 
tion of F” into F’. Given a natural neighborhood N’ in F’, we may choose a 
natural neighborhood N” in F” which projects into a subset of N’. As any 
projection of an F* into F” combines with the above projection to give a pro- 
jection of F* into F’, it is sufficient to prove (6) with F’, N’ replaced by F’’, N”’. 

Choose « > 0so that any Daiifi; with each | a;;| S eisin N”. Let A andB 
be the sets of elements Dag: and )>bA;inG’ and H’ with | a;| < }e, | bs | S 1. 
Choose U, in G by (6) so that any U, NM G* can be projected into A, and choose 
V; in H so that any V; N H* can be projected into B. Choose Uz, U3, --- so 
2U; C Ui, and set V2 = V3; = --- = Vi. Set N = N(U;; V,). 

Now take any F* > F”. Choose a base fi, see ny in F*, and set G* = Dae), 
H* = DA(f). Choose projections of G* into G’ and H* into H’ so U, N G* 
goes into A and V, NM H* goes into B. If G, is the subset of G* projecting into 
0 in G’, and gmii, +--+ ,@, is a base in G,, then g,, --- ,g, is a base in G*; 
choose a base h,, --- ,h, in H* similarly. Now any element of F* can be 
written uniquely in the form 


(m,n) 
f= QD aif + Lo aijgi-hj, 
(4, 4)=(,)) 

where in p ad either i > morj > n. (Not all such elements need be in F*.) 
Dropping out the second group of terms defines a projection of F* into F’”’. 

We shall show by induction that any (U;-V;) NM F* projects into elements 
Daufu with | ay | S ¢/2'; it will follow that N = } By (U;-V;) projects into N”. 

Take first any a in (U,-V,) M F*; we may suppose a ~ 0. Then a = g-h, 
gin U,, hin V,. As q@is in F*, Ga) C G*. But also G(a) C Gig); hence 
G(a) C G* N Gq). As a # 0, G(a) contains elements ¥ 0, which implies 
that gisin G*. Similarly h isin H*. Say 

g= 2 ag, h= 2, bjh;. 
o= 7= 
Then as g projects into A and h into B, g-h projects into 
(m,n) 
aibjfix, | aibj| < 4¢, 
(4, )=C, 1) 
so that the statement holds for (U,-Vi) M F*. Supposing it holds for k — 1, 
we shall prove it fork. Take any g in U; and h in V; such that g-h is in F*. 
Then 
2g is in 2U, C Ui, hisin Vin, 





we 
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so that 2(g-h) is in (U,1- Ve_1) N F*, and hence projects into Daf; with | a;;| < 
e/2'"". Hence the required inequality on g-h holds. This completes the 
proof of (6). 

To show that g-h is continuous, as + is continuous in G o H (Theorem 29), 


and 
(15.1) g+g’)-h+h)-—-gh=gh' +g -h+q'-h, 


it is sufficient to show that g-h’ is continuous in h’ at h’ = 0, g’-h is continuous 
in g’ at g’ = 0, and g’-h’ is continuous in g’ and h’ at g’ = 0,h’ = 0. For the 
first case, given N = N(U;; V;), choose a so that g is in al’, , and choose V 
so that aV C V, (N, Theorem 1, withn = 1). Then 


g-V Cal,-V = U;-aV CU,-V, CN. 


The second case is similar. The third is clear, as U,)-V; CN. 

Finally, let {U}, {0} and {V}, |V} be equivalent neighborhood systems in 
G and H, respectively. Given an N(U;; V;), choose 0; C U; and V; C V; 
(i = 1,2,---);then N(U,; ; V3) C N(U;; V;). Similarly find an N in any N. 
Hence the {N} and {N} are equivalent. The theorem is now completely 
proved. 

III. Topological groups 

16. The topological tensor product. An Abelian topological group G is an 
Abelian group which is at the same time a Hausdorff space,” and in which 
o(9,9') = 9 +g and ¥(g) = —g are continuous. If U, U’, --- are the neigh- 
borhoods of 0, we may let the sets g + U,g + LU’, --- be the neighborhoods of 
the element g, without altering the topology. If we assume that the separation 
postulate in Hausdorff, page 229, (4), holds, then the postulate (5) follows. 

We shall say the space G is sequence-separable if it contains a finite or de- 
numerable set of points forming a dense set.” 

If G and H are sequence-separable topological groups, we define their topo- 
logical tensor product G o H, or tensor product simply, as follows. Let G1 , ge, «+ - 
and h,, he, --- be sequences of points dense in G and H, respectively. Let 
P,, P2, --- be a sequence of pairs of elements, P; = (g,;, h,,), such that each 
pair (g;, hy.) oceurs infinitely often among the P;. Let 7’ be the discrete 
tensor product of G and H, with elements 2,9: X A;. For each sequence U,, 
U:, --- of neighborhoods (of 0) in G and each sequence V,, V2, --- in H, set 


Q(U,V) =%, XV+tUXh,+UXYV, 


(16.1) N'(U,, «++ 3 Vi, ---) = 2° QU, Vi). 


Next, call two elements a, 8 of T’ equivalent, a ~ 8, if every a + N contains B 
or vice versa, or if there is a succession a = ap, a@,-+--,@, = B, with a; and 


23 See Hausdorff, loc. cit. Note that neighborhoods are open sets here. 
*4 For metric spaces, this is the same as separability. 
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a@i4; equivalent as above. The sets of equivalent elements form the elements of 
the tensor product T = Go H. The neighborhoods N of 0 in G o H are the 
images of the sets N’ in 7’; they are obtained by replacing X by - in (16.1). 
Addition in T is the image of addition in T’. The element Dog9i-hi in T is the 
image of da: XK Ayin T’. 

THEOREM 32. G o H is a sequence-separable Abelian topological group; the 
multiplication g-h satisfies (1.1), and is continuous. The topology in G o H is 
independent of the sequences {9}, {hi}, and of the neighborhood systems {U}, 
{V}, employed. 

We begin by showing that 7” has all the properties of a topological group, 
except for the separation postulate. First we prove Hausdorff’s postulates 
(B), (C) (loc. cit., p. 228). Given N’(U1, ---;Vi,---) = N’(Ui; Vi) and 
N’(U;; V;), take U; CU; N Uj and Vi CV; N Vi Gi = 1, 2,---); then 
clearly 
(16.2) N'(Ut; Vi) CN"(Ui; Vi) A N'(Ui; Vi). 

To prove (C), it is sufficient to show that, for any N’(U,; V.) and any a 
in N’(U,; V,), there is an N’(U;; V:) with 


(16.3) a + N’(U;; Vi) CN'(U;; Vi). 


As @ is in N’(U,; V,), it is in 2 Q:(U; ; Vi) for some s. Choose numbers 
#(1) > s, 6(2) > 6(1), 6(8) > 6(@), «++ so that Py = Pyp , and set US = Use, 

% = Vew. Then 
Qi(Ui, Vi) = Ou X Vit Ui XI + UGX Vi 

= Doses, X Vow + Use X Tigers + User X Vow = Geo Usw, Vow); 

hence 3>* Qi(Ui, Vi) © DO* Qi(U;,, Vi), and (16.3) follows. 

We shew that the sien epueiinns in T’ are continuous. Given N’(U; ; V,), 
take 

U;CU;N(-U), Vic-vVi; 

then 
~Qi(Ui, Vi) = us X (—Vi) + (-U) XB, + : UE X (-Vi) COU, VI; 
hence 
(16.4) N'(Ui; Vi) C —N"(Ui; Vi), 
and —a is continuous in a. To show that a + £ is continuous, we must find 
N’'(U,; Vi) corresponding to N’(U, ; V;) such that 
(16.5) N'(Ui; Vi) + N’(Ui; Vi) CN'(Ui; Vd). 
Choose in succession integers 


o(1), v¥{1)>¢(1), (2) >¥(1), ¥(2) > o(), 








TENSOR PRODUCTS OF ABELIAN GROUPS 525 


so that P; = Pea = Py. Take 
Ui CU 6 NU, Vi C Von N Vow 
Then as gyug.;) = Gu; » ete., 
Q(Ui, Vi) CK QWwUsw , Vow) A Qao(Uve » Vow). 
Hence 
Qi(---) + Qi(--+) CQwl---) + Mal---), 


and (16.5) follows. 

We now consider equivalent elements in 7’. First we prove 

(*) If a ~ 8B, then for every N’, a + N’ contains B. 
For suppose there is a succession a = ao, a, --- , @ = 8, such that for each 
i, either every a; + N’ contains aj;,;, or every aiy; + N’ contains a;. The 
latter condition implies the former. For given an N’, choose Nj; C —N’ by 
(16.4); then as a; is in aiz; + Ni, ays isina; — Ni; Ca;+ N’. Next, given 
an N’, choose N; (using (16.5)) so that 


Ni+Ni+--- +N; CN’ (n summands). 
Setting A, = Ni + --- + Nj (k summands), we have 
et N Sat AsDat 413+: Daath Deh 


as required. 

Next we prove that 7' is a topological group. Let @(a) be the element of 
T containing the element a of T’. We must show that addition in T is uniquely 
defined; this is so if a ~ a’ and 8B ~ #’ implya + B~ a’ + 8’. Given any N’, 
choose N; so that Ni; + N; CN’. By the property (*), a + Ni D> a’ and 
B + Ni > B’; hence 


(a + 8) + N’D (a+ Ni) + C+ Mi) Da’ + B, 


anda+B~a’+’. Further, 
O(a + B) = O(a) + 4(8), 


so that @ is a homomorphism of 7” into T (which is clearly an Abelian group). 
To prove that T is a Hausdorff space, suppose N, = 0(N;) and Nz = 0(N32) are 
given; take N’ C Ni MN N2; then N = O(N’) CN, NM Ne. Next, suppose 
a* isin N = 6(N’); then a* = 0(a), ain N’. Choose Nj so that a + Nj CN’; 
then a* + 0(Ni) = O(a + Ni) C N. To prove the separation postulate, 
suppose a* ~ 0. Say a* = O(a). As 0(0) = 0, ais not ~ 0, and there is an 
N’ not containing a. Set N = 6(N’); then a* is notin N. For if it were, then 
we would have a* = 6(8), 8 in N’ and B ~ a; but taking N; by (16.3) so that 
6 + Ni CN’, the property (*) gives a C B + Ni; CN’, a contradiction. To 
prove that the operations in 7’ are continuous, given N = 6(N’), take Nj; C —N’; 
then N, = 0(N;) C —N;also given N = 0(N’), choose Nj so that Ni + Ni; CN’; 
then 0(N;) + 0(N;) CN. 
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Next, (1) holds, as it holds for X. We shall now show that g-h is continuous. 
First we show that it is continuous in h at h = 0; given N = N(U,; V2), we 
must find Vsothatg-V CN. As the g; are dense in G, we may choose j so that 
g — 9; isin U;. Choose VC V, fN V;; then 

9°-V Cg — Gujs)-V + Guj-V CUi-Vi + Gu,-Vi CN. 
Similarly g-h is continuous in g at g = 0. Further, g-h is continuous in both 
variables at g = 0, Ah = 0; for U,-Vi C N(U,; V,). Finally, as addition is 
continuous in 7’, (15.1) shows that g-h is continuous. 

Next we show that 7’ is sequence-separable; in fact, that the set of all finite 
sums > 9,. -hg, is dense in T. As each element of T is a finite sum Dgi-hi and + 
is continuous, it is sufficient to show that for any g-h and any N = N(U,; V,) 
there is a 9;-h;ing-h +N. As - is continuous, we may choose U and V so that 
(g + U)-(h + V) Cg-h + N; we need now merely take g; in g + U and h; in 
h+ V. 

That the topology in 7 is independent of the neighborhood systems chosen 
is trivial; see the end of the proof of Theorem 31. We must still show that the 
topology is independent of the choice of the g; and h;. By symmetry, it is 
sufficient to show that if {g,} is replaced by the dense sequence {g;}, then any 
N(U,; V,) contains an N*(U;; V;), defined in terms of the g?. Let &;, 7; re- 
place uw;, vi. Given N(U,; Vi) = No, choose N,, Ne, --- in succession so 
that Nix + Nini CN;. As - and + are continuous, we can choose U; and 
V; so that 


then for any s, 


2 Os CN + >> + Nor +N, CN + +++ + Neg + Nea + Nos 


i=l 
G. N, + eee + N,-2 + N,-2 Ge ses on Ni + N, Cc No; 


and hence N*(U}; V;) © No, as required. This completes the proof of the 
theorem. 

Turorem 33. Let gi, gz, --- and hi, hz, --- be (finite or infinite) sequences 
such that the sets Dag: and Dah? (integral a;) are dense in G and H, respectively. 
Then we may use these sequences in place of dense sequences in defining the topology 
in Go H. 

Let hi, he, --- be either the above sequence ht, h2, ---, or a dense sequence 
in H. Arrange all Dag in a sequence gj; , Je, --- . Let N(U.; V.) be defined 
in terms of the sets {9}, {hi}, and N*(U,; V,), in terms of the sets {gi}, {Ai}. 
It is sufficient to show that these two sets of neighborhoods give the same 
topology in 7. As the g? occur among the g,, it is clear that any N contains 
an N*; we must prove the converse. 

Let P; = (G,., hy.) and PT = (gf., h,,) define the sequences of pairs defining 
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the N and the N*. If g,, = > 41:93, set m(i) = pe |ai;|. Then 9,;-V is con- 


2 2 
tained in m(7) terms of the form 9; -(+V), and QU; ; V:) is contained in m(i) + 2 
terms of forms appearing (except for the +) in N*(U,; V.). For each 7 we 
may choose m(z) + 2 numbers ¢(2), --- , @mc42(t) such that ¢(7) ¥* ¢:(j) 
whenever 7 # j, and the k-th part into which Q; is split corresponds to part of 
Qe icv . Then if the U; and V; are chosen small enough, we will have 


m(i) 
Q(U;, Vi) Cc > Vas, Vex); 
and hence N(U;; V;) C N*(U; ; V2), as required. 


17. Relation to linear spaces; examples. We shall show that whenever the 
definitions of tensor products in Parts II and III both apply, they coincide. 

TuHeoreM 34. If G and H are sequence-separable topological linear spaces, 
then their topological tensor product T is the same as their topological reduced tensor 
product T*. 

Let D9: X A; and D9i-hi denote elements of 7* and 7, respectively. Set 
$(29: X hi) = Dogi-hi ; we shall show that ¢ is a topological isomorphism. To 
show that ¢ is uniquely defined, we must show that ag-h = g-ah for any real a; 
but this follows from the continuity of g-h (see §10). ¢ is a homomorphism; 
we shall show that it is continuous. Use N(U; ; V,) in T and N*(U, ; V,) in T*. 
Given N(U,; V,), we wish to find N*(U;; V;) mapping into it. From (10.12) 
and (16.1) it is apparent that we may use U; = U;, V; = Vi. 

Next we show that for any N* = N*(U,; V,), there is an N = N(U;; Vc 
¢(N*). Say gi, ge, --- and h,, he, --- are the dense sequences used in G and 
H, and P,, Pz, ---, Ps = (Gu; , ’y,), the pairs. By §14, (5), we may choose 
for each 7 a number a; such that g,, is in a;U3;-2, and a number b; such that 
h,, is in b;Vs:1. By von Neumann, loc. cit., Theorem 1 (with n = 1), there 
is a V; such that a;V; C Vs;-2, and a U/ such that b:U; C Usi1. Choose 


U,CU, 1 Us 5 Vic Vi Nn Va. 
Now 
Os-Vi + Usd + UE-Vi © aU iad Vara +p Usea-biVara + Un-Vo 


= (Use X Vai-e + Usia X Varia + Usi X Vai); 
hence N C ¢(N*). 

Clearly ¢ maps 7* into the whole of 7. When we have shown that ¢ is (1-1), 
the proof will be completed. Let 7’ be the discrete tensor product of G and H; 
use gohhere. Take any a* = Do: X hi ¥ Oin T*; then a’ = Sg; o hj isa cor- 
responding element of 7’. There is an N* = N*(U,; V,) which does not con- 
tain a*. Construct 7}, U2, --- and A. ae by the method given above, 
and set 

N’ = 2G, 0 Vi t Ul oh, + Uo Vi). 
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The map ¥(d9i 0 hi) = Do: xX hj of 7” into 7* is uniquely defined. By the 
choice of the U; and V;, ¥(N’) C N*; hence a’ is not in N’. Therefore, by the 
property (*) in §16, a’ is not ~ 0, so that the corresponding element Dogi-hi of 
T is = 0. Consequently a* ¥ 0 implies ¢(a*) ¥ 0, and ¢ is (1-1). 

Examples. That the topology in (10.12) cannot be used in the general case 
is shown by the example Jy o Rl. A neighborhood U of 0 in Jp is 0 itself; hence 
U.V = 0-V = 0, and J, o RI would be discrete; the multiplication a-g would 
not be continuous. However, the sets 1-V form a neighborhood system in 
I, o Rl. In fact, if G has a finite number of generators 9; , --- , Gn , then the sets 


(17.1) Oi-Vi + +++ + Gn- Van (Vi, +--+, Vn neighborhoods in H) 


form a neighborhood system in Go H. This is an easy consequence of Theorem 33 
(compare Theorem 26). 


Harvarp UNIVERSITY. 











THEOREMS ON RIESZ MEANS 
‘By H. L. GaRABEDIAN AND W. C. RANDELS 
1. Introduction. We are concerned in this paper with means of the type 


(1.1) et ee tt + Pade 





where 

Pr = Pot P+t+--> +Pn, 
{s,} is a given sequence, and )> p, is a divergent series of positive terms. Since 
means of the type (1.1) were used in the early development of the Riesz typical 
means, they are called Riesz means and are designated by (R, pn).’ It is of 
particular interest to notice that all of the Riesz means of the type under con- 
sideration constitute regular definitions of summation. 


2. Relative inclusion. Let us first consider a theorem relating to the relative 
inclusiveness of these methods. 

Turorem 1. A necessary and sufficient condition that (R, qn) C (R, pn) is” 
that 

li< Py Pout PrQn 

(2.1) P ttle en iet P, < 
where N is independent of n. 

This is an improvement on a theorem due to Cesaro’ and Hardy.‘ Cesaro 
proved that (R, q,) C (R, p,) provided that 





Pn > Patt 
Qn 7: Qn+i 


while Hardy proved that the same result obtains when 


(2.2) 


(a) M < Pe, 


(2.3) ‘ =e 
(b) PS? = 01). 


Received March 10, 1938. 

1G. H. Hardy, Proc. London Math. Soc., (2), vol. 8(1910), pp. 301-320. 

2 We understand A C B to mean that every sequence summable by a method A is also 
summable by a method B to the same limit, or that the method B includes the method A. 
Further, we interpret A = B to mean that the two methods are equivalent, that is, each 
method includes the other. 

3 Cesaro, Bulletin des Sciences Mathématiques, (2), vol. 13(1889), pp. 51-54. 

‘ Hardy, Quarterly Journal, vol. 38(1907), pp. 269-288. 
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We observe that (2.3a) implies 


Pn Past 
and hence, by (2.2), that (R, p,) C (R, gn). Accordingly, (2.3) is a sufficient 
condition for the equivalence of two methods of summation of the type being 
considered. Some examples of the inclusion relations implied by this argument 


and Theorem 1 are” 

24) (R, 1/(n log n loge n)) > (R, 1/(n log n)) D (R, 1/n) D (R, 1) 
(2. 
= (C, 1) = (R, n*) = (R, nlogn) D> (R,k") (a > —1), (k > 1). 


The case (R, n~'), where one writes P,, = log n, is called logarithmic summability, 
and has been the source of a number of investigations relating to the summability 
and convergence of slowly oscillating series.* 

We start the proof of Theorem 1 by setting 


. — 98 + NS HF +++ HF Inde 
(2.5) Pn = 0, ; 


From (2.5) we have 


7 pQ, = PiQ1 





dv 
Then 
l< lop 
On = P, > Pv8- = P, D> qe (p,Q, = Pr-1Q,-1), 

or 
‘ l = P. P| Pr QnPn 

, s = — v4 ¥ ° 
(2.6) . P, a E Qv+i 4 é ” QnP 


Now, lim p, = s implies that lim ¢, = s if and only if the transformation from 
the sequence {p,} to the sequence {¢,}| defined by (2.6) is regular. Applying 
the Silverman-Toeplitz conditions to this transformation, we find that it is regu- 


lar if and only if 
l n—l 


Py Prt PnQn y 
op = v + < N ’ 
Fes v=0 qv Qv+1 In Ps 
where N is independent of n. The remaining conditions for regularity may 
be checked without difficulty. 


3. Range of effectiveness. The theorems which follow throw further light on 
the properties of the methods of Riesz means. 


*’ Hardy, London Mathematical Society, (2), vol. 15(1916-17), pp. 72-80. 
* See, for example, Hardy, loc. cit., footnote 1. 
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TueoreM 2. If the sequence {s,} is summable (R, p,) to the value s, then’ 
8, = O(P2/pn) + 8. 


As a result of this theorem we notice that if P,,/p, = O(1), then summability 
(R, p,») is equivalent to convergence. For example, summability (R, k"), for 
k > 1, is equivalent to convergence.” 

We notice also that if a sequence {s,} is summable by methods for which 
Pn = 1/(n log n), 1/n, 1/log n, then we have respectively s, = o(n log n loge n), 
o(n log n), o(n). Moreover, it is known that for the Cesaro methods, (C, a), 
8, = o(n"), and that these estimates are the best possible. Therefore, none 
of the methods considered can include summability (C, a) fora > 1. On the 
other hand, it follows from an example given by Hardy’ that summability 
(C, a), for @ arbitrarily large, cannot include summability (R, n™'). 

THEOREM 3. A necessary and sufficient condition that a series 2. un, with 
partial sums 8, , which is summable (R, p,) to the value s, should converge to s 


ts that 
(3.1) > Prats = o(P,). 
If s, > s, then eo, — s, ~Oasn— «. Thus, 
= Pos + rat Fee .. Ath 


Tn — Sn 


or 
(3.2) ¥ pease ~ 6-1) = o(Py). 
Reordering the terms in (3.2) we have 
> P,_,u, = o(P,). 
Since the steps in this proof are reversible, the sufficiency part of the proof 
is also established. 


4. Certain limitations. In connection with Theorem 3 we observe that, if 
summability (R, p,) implies that 


(4.1) DX pr, = o(P,), 
v=1 

the addition of (3.1) and (4.1) gives the relation 

(4.2) ) s P,u, = o(P,), 


v=l 


7 Hardy and Riesz, The General Theory of Dirichlet’s Series, Cambridge Tracts in 
Mathematics and Mathematical Physics, No. 18, Theorem 21. 

8 Loc. cit., footnote 7, p. 35. 

® Loc. cit., footnote 1. 
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which might be used in Theorem 3. This question is answered in a corollary 
to the following theorem. 

THEeoreM 4. A necessary and sufficient condition that a single term may be 
removed from the beginning of an (R, p,) summable series and that the series will 
remain (R, p,) summable is that 





(4.3) L SS Pet _ Pe | py PaPasr - y 
Fa vel, Dy Pr+i PatiPn 


where N is independent of n. The series will be related as if convergent. 
We are concerned with the series 


(4.4) Wot + te+---, 
(4.5) UM + Ue +Us+::-, 
which have respectively the partial sums 

8S: = UM +m +e +, 
Bs Uy + Ug + s+ + Ung. 


Let the Riesz means for the series (4.4) and (4.5) be respectively o, and o%, . 
We have 


a 
ll 


o., = - pa D8, = > Pv S8r41 — U&. 


P,, v=0 v=0 


Using the technique employed in proving Theorem 1, we have 


i > DP Pry toyt since Le ™ 


, 
Uo + Ff, = 
| a v=0 Pro4t 


or 


n 2 
(46) wt+o.=2 |: - » |p wo, + Parasite _ Polece 


Pa cat L Be Pr+t PariPn P.-r 

Now, lim ¢, = s implies that lim o!, = s — w if and only if the transformation 
from the sequence {¢,} to the sequence fo} defined by (4.6) is regular. Ap- 
plying the Silverman-Toeplitz conditions to this transformation, we find that 
it is regular if and only if 


l< Pea Py | > Pn Pas 

P, =i Pv Pr+t * PriiPn ms 
where N is independent of n. The remaining conditions for regularity may 
be easily checked. 

We notice that the condition of Theorem 4 is satisfied if p,/pay steadily 
decreases or steadily increases. Thus, all of the special methods thus far con- 
sidered have the property embodied in the statement of Theorem 4. 

We turn now to a consideration of a corollary to Theorem 4. 
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Corotiary 1. If a series is (R, p,») summable, a necessary and sufficient 
condition that 


> Prey = o(P,,) 


is that condition (4.3) of Theorem 4 obtains. 
We have 


, ~ , 1 ~ 
on, = . > ps, = P. D> PS — Uo 


P, v=0 n v=O0 


1< 1< 
~ py 2, Pr8e + 5 De Potins — UW, 


or 
, l< 
on = On —* + 5 D> Petr 
n v=0 


The proof of the corollary follows immediately from this statement. 
In connection with the conjecture raised after the proof of Theorem 3 let us 
prove that the condition 


(4.7) > PrUrya = 0(Pr) 
implies that 
(4.8) > pu, = o(P,). 


If we require that lim pryi1/pn = 1, it certainly follows from (4.7) that u, = 
o(P,,/pn) and that the difference 

1 n 1 n 1 n—l a Un 
(4.9) P, >» Pro — P, > Pry = P. be (p, = Pry t) Uys + a a = o(1). 


n v=0 


Moreover, (4.7) and (4.9) imply (4.8). 

We conclude that if lim p,z4:/p, = 1, a property fulfilled by all of the special 
methods of summation listed in (2.4), then condition (3.1) of Theorem 3 may 
be replaced by the condition 


px P,uv = o(P,). 
v=l1 


NORTHWESTERN UNIVERSITY. 











SIMPLE LIE ALGEBRAS OVER A FIELD OF CHARACTERISTIC ZERO 
By N. JACOBSON 


The present paper gives a resumé and extension of the theory of simple Lie 
algebras over an arbitrary field @ of characteristic 0 developed in recent papers 
by Landherr and by the author." The extension consists in part in dropping 
the restriction of normality. Isomorphisms and automorphisms of simple 
but not necessarily normal simple Lie algebras are considered. We have also 
discussed the problem of cogredience of matrices arising in this connection and 
in the last sections have considered in detail the theory for a real closed field 
and sketched the theory also for p-adic fields. In the latter discussion we have 
confined ourselves to referring to results in the literature that are applicable 
here and have merely supplemented these with the theory of Hermitian and 
skew-Hermitian matrices having elements in a quaternion algebra. 


1. Preliminaries. If % is an associative algebra over a field 9, it is readily 
seen that the elements of % constitute a Lie algebra Y%, relative to the com- 
position [a, b] = ab — ba. Evidently if % > B, A, > B, and if a > bis an anti- 
isomorphism between % and B, then a — —6 is an isomorphism between Y%, 
and %,. In particular if S is an automorphism (anti-automorphism) in %, then 
S (—S: a — —a’) is an automorphism in %,. It is clear that the elements 
left invariant by an automorphism in a Lie algebra form a subalgebra. Hence 
if S is an anti-automorphism in Y, the set Ss of S-skew elements b (6° = —b) 
form a Lie subalgebra of Y%, . 

The anti-automorphisms S and T of % over ® are cogredient if there exists an 
automorphism G of & over ®, such that T = G'SG. In this case G maps Ss 
on Sr and hence G is an isomorphism between these Lie algebras. If S = T, 
i.e., SG = GS, then G induces an automorphism in Ss. If G is inner, say 
a° = g ‘ag, the condition GS = SG is equivalent to gg* ¢ the centrum of . 

If ¥ is any (Lie) subalgebra of %, , we define the enveloping ring R of Y in A 
to be the smallest subring of % containing all the elements of &. ® is clearly 
the totality of elements of the form >> hk --- i, wherel;e&. Since la ¢ & for 
any lin ¥ and any ein 9, it is evident that ® is an algebra over ®. 

If is an arbitrary Lie algebra over ®, it is well known that the correspondence 
between the element a in ¥ and the linear transformation A defined by zA = 
[x, a] for x variable in ¥ is a representation, called the adjoint representation, of ©: 


Received March 11, 1938; presented to the American Mathematical Society, April 15, 


1938. 
1 Landherr [1], Jacobson [1] and [2]. Numbers in brackets refer to the bibliography 


at the end of the paper. 
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ifa— A,b—B, thena + b— A + B, aa — Aa and [a, 6] — [A, B] = AB — 
BA. Let ® be the enveloping ring of the linear transformation A in the ring 
of all linear transformations. If % is simple, it can be shown that the centrum 
of ® is an algebraic field = containing and R = =,, the m-rowed matrix ring” 
with elements in =.’ & is called the extended centrum of &. &% may be regarded 
as an algebra over = and when this is done, it becomes normal simple, i.e., the 
extension (% over =)o is simple for 2 the algebraic closure of 2. Moreover, = 
is the only field of operators > @ relative to which & is closed and normal simple. 

If G is an isomorphism between the simple Lie algebras %; and & over ®, 
it induces an isomorphism between their extended centrums 2, and 2,. Hence 
if we identify =, and 22 as = by means of some fixed isomorphism (not necessarily 
G), %& and & may be regarded as normal simple algebras over =. Then G in- 
duces an automorphism in = such that (a¢)° = afé® for a, in &% and ¢ in >. 
If Q is any over-field of =, (%; over Z)o > (%2: over Z)g. By identifying &% and 
% as £ we note that an automorphism G of % over ® defines an automorphism 
in = such that (at)° = a°t°. Hence if @ is the group of automorphisms of 2 
over 2, Gp the group of automorphisms of % over = and ¥ the Galois group of 
> over &, then Gp is invariant in @ and G@/Gp = X a subgroup of %. 


2. Simple Lie algebras over an algebraically closed field. From now on we 
suppose that # has characteristic 0 and in this section that # is also algebraically 
closed. 

It is well known that the associative algebra , of n-rowed matrices (n > 1) 
with elements in # is simple and the derived algebra‘ /,; of ®,; is a simple Lie 
algebra of order n®? — 1 over . &,; may be defined also as the totality of ma- 
trices of trace 0 in ®,;. 1 ¢ &,;, where e’ means “is not an element of”, and 
hence if A,,---,Am, m = n*® — 1, is a basis for ®,,;, Ao, ---, Am where 
Ao = 1 is a basis for ®,; (or ®,). The enveloping ring of ©, in ®, is ®,. The 
algebras ®,,, for n = 2, 3, --- constitute Cartan’s class A. It has been shown 
by A. Weinstein’ that if G is an automorphism of @,,, over ®, then there is a 
non-singular matrix G such that either A° = G@"AG or AY = —G"A’G for 
all A in ®,, and A’ the transpose of the matrix A. ° 

If n is odd it can be shown‘ that any involutorial anti-automorphism (i.a.a.) 
in ®, over ® is cogredient to the i.a.a. A — A’. The skew elements relative 
to this i.a.a. are the ordinary skew symmetric matrices, and if n = 3, 5, 7, --- 
these form a simple Lie algebra S of order 4n(n — 1) (Cartan’s class B). The 


2 In general, if % is a ring (algebra), we denote the r-rowed matrix ring (algebra) with 
elements in & by Y, . 

3 See Jacobson [3] for the results of this paragraph and the next. 

‘ The derived algebra = [%, 2] of a Lie algebra ¥ is the totality of sums of commutators 
(x, y],z, yin&. The algebras #,, belong to one of Cartan’s classes of simple algebras (cf. 
Cartan [1], Chapter 5). 

5 Weinstein [1]. 

6 The results quoted in this paragraph and the next may be found in Jacobson [1]. 
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enveloping ring of © in ®, is ®,. If @ is an automorphism of © over ® and 
n > 5, there exists a matrix G such that GG’ = y ¥ 0 in @ and A% = G'AG 
for all A in S. 

If n is even (= 2v), any i.a.a. in ®, is cogredient either to A — A’ or to A > 
QA’Q, where 


om , aie ie Pit 


In the first case the skew elements are ordinary skew matrices and for n = 
6, 8, --- these form asimple Lie algebra of order }n(n — 1) (Cartan’s class D). 
The automorphisms of © if nm # 8 have the same form as for the algebras of 
class B. In the second case for n = 2, 4, --- we obtain a simple Lie algebra S 
of order }n(n + 1) consisting of the matrices A such that Q'A’Q = —A (Cartan’s 
class C). The automorphisms of S over & have the form A*° = G ‘AG, where 
G is a matrix such that Q"G’QG = y ¥ 0 or G’'QG = Qy. In either of the two 
cases the enveloping ring of © is , . 

Suppose now that n > 5 for class B, > 2 for class C and > 6 for class D. 
By a fundamental result of Cartan’s’ the algebras enumerated in this section 
and subject to these restrictions are not isomorphic and any simple Lie algebra 
over the algebraically closed field @ is isomorphic to one of these algebras or to 
one of five other Lie algebras. The orders of these exceptional Lie algebras are 
14, 52, 78, 133 and 248. 


3. Construction of simple Lie algebras. Let ¥{ denote a simple associative 
algebra over ®, an arbitrary field of characteristic 0, and n the degree of & over 
its centrum. 

TuHeoreM 1. Jf % has centrum = and n > 1, then the derived algebra M; is 
simple with = as its extended centrum. 

%; consists of sums of elements of the form [a, b]. For in &, [a, bJé = [ag, b] = 
[a, bt] and hence 9%; as well as 9% may be regarded as an algebra over >. Y% is 
normal over =, (% over =)o = OQ, if Q is the algebraic closure of =. Hence 
(% over Z)o ~ Q,, and (A; over Z)o ~ LQ, a simple Lie algebra. Thus Y%; is 
normal simple over = and the theorem follows from the remarks of §1. 

The isomorphism (2 over =)o ~ ©, defines a representation of Y& by matrices 
in Q2,. In this representation the matrices of %; have trace 0 and there are 
m = n° — 1 of them linearly independent over @ since (%; over 2)g = 2. 
Hence the order of X; over & is km if the order of = over isk. Since A; is not 
a subring of %, the order of the enveloping ring R of A; in A exceeds m (over 2) 
and so ® = %.° The characteristic polynomials of the matrices of %; all belong 
to the ring S[A].”° 

7 Cartan [1], Chapter 5. We have substituted the algebra of class C with n = 4 for the 
isomorphic algebra of class B with n = 5. 

8 Landherr [1]. 

° If Y; is a subring of A, then the matrices of trace 0 form a subring of @, and this is 


clearly impossible. 
1° Deuring [1], pp. 50-52. 
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THEOREM 2. Suppose % has centrum = of order k over ® and the t.a.a. S of 
first kind. If n is odd, the order of Ss over ® is }kn(n — 1) and Ss is simple if 
n> 1. If nis even, this order is $kn(n — 1) or }kn(n + 1). Inthe former case 
Ss is simple if n > 4 and in the latter, ifn > 1. The extended centrum of Ss is =. 

By definition & = & for every in =. Hence if b « Ss, bE € Ss also and Ss 
may be regarded as an algebra over =. S is an i.a.a. in A over = and has a 
unique extension to (Y% over Z)o > 2,. The set of S-skew elements of (9% over 
L)ea is (Ss over Y)g. On the other hand, if n is odd, this set may be represented 
by the isomorphism (% over =)o ~ @, as the set of skew symmetric matrices, 
and if n is even, this set is representable as the set of skew symmetric matrices 
or as the set of matrices A such that Q'A’Q = —A, Q asin (1). Thus if n is 
restricted as in the hypothesis, (Ss over Z)g is in one of Cartan’s classes B, C or 
D. Hence Ss is simple with = as its extended centrum. 

By the above proof we obtain a representation of %&{ by matrices in Q, such 
that the matrices of Ss form a basis for the matrices A such that A’ = —A or 
the matrices A such that Q-'A’Q = —A. In either case, since the enveloping 
ring of (Ss over 2)o is 2, , the enveloping ring of Ss in Y is A itself. 

TuroreM 3. If % has centrum 3(q) ¥ 2, q° = win d,n > Land Sis ani.a.a. 
of second kind such that > is the set of S-symmetric elements of =(q), then Ss is 
simple with = as its extended centrum. 

The above argument shows that Ss and Ss may be regarded as algebras over 
>. Ifa, --- ,@mis a basis for Ss over &, it is easily seen that a; is a basis for 
% over Z(q). Hence m = n*® — 1. If Q is the algebraic closure of = and con- 
tains 2(q), (Ss over Z)o > Qu , (Ss over Z)e YQ',,. Thus Ss is simple and has 
> as its extended centrum. 

The order of Ss over = is m (km over ®). Since the enveloping ring R of S 
in % is an algebra over >, as the author has shown,” R = YW ifn > 2. Since 
(YM over Z(q))o > 2, , A has a representation by matrices in 2, such that the 
matrices of S; form a basis over @ of all the matrices of trace 0 in Q,. The 
automorphism G induced by S in =(q) can be extended to an automorphism Gi in 
2 and G may be extended to an automorphism G in @, by the definition Aé 
(a:;)° = (@%;)." It is readily seen that the correspondence 2 aw; —> — Saw’ is 
an antienttesneephian. si in (M over 2(q))o, ie., in 2, extending S and the 
correspondence A — (A% ~*)’ is an automorphism in ©, leaving the elements of 
Qinvariant. It follows that there is a matrix S in 2, such that AA=S "(A n85 

= §'(A%)’S.” The characteristic polynomials of the matrices of % all belong 
to =(q)[\]. Now suppose A is a matrix of Ss and its characteristic_polynomial 
A” — adr"? + --- + (—1)"an is in ZA]. Since A = —S"(A’)*S, atin = 
—aei:; = 0. If this holds for all A in Ss, it will hold for all matrices of trace 0 
in Q, , and this is impossible if n > 2. 


1 Jacobson [2], p. 182. 

12 See, for example, the Anhang by Baer and Hasse to Steinitz, Theorie der algebraischen 
Kérpern. 

13 Deuring [1]. 











538 N. JACOBSON 


4. Simple Lie algebras of types A, B, C, and D. If & is a simple Lie algebra, 
> its extended centrum and (% over 2)o is an algebra in Cartan’s class A, B, C or 
D, then we say that ¥ has respectively type A, B, C or D. The order of & over 
Dis n° — 1, 4n(n — 1), or n(n + 1), and we suppose from now on that for type 
A, n > 1; for type B, n > 5; for type C, n > 2; and for type D,n > 6. The 
algebras obtained by Theorems 1 and 3 have type A, those of Theorem 2 have 
type B, C or D. If n is restricted as indicated, none of these algebras of dif- 
ferent type are isomorphic since the extensions (% over =)g are not isomorphic. 
If an algebra of type A has a representation in 2, such that the representing 
matrices have characteristic polynomials all in =[A], then ¥% has type A; , other- 
wise it has type Ay. Thus the Lie algebras of Theorem | have type A, and it 
can be shown™ that those of Theorem 3 have type Ay if n > 2. Hence an 
algebra of Theorem 1 is isomorphic to no algebra of Theorem 3 if n > 2. 

We suppose in the sequel that if % has type D, n > 8 (in addition to the con- 
ditions on n noted above for the other types). With this restriction we have 

TueoreM 4. If % is a simple Lie algebra of type A, B, C or D, and & is its 
extended centrum, ¥ is isomorphic to one of the Lie algebras of Theorem 1, 2 or 3. 

For the algebras of type A; this has been proved by Landherr [1] and for 
types Ay , B, C and D by the author [1] and [2]. The condition (2 over 2)o = 
to an algebra in Cartan’s class A, B, C or D defines a representation of ¥ by 
matrices in 2,. The algebra % may be taken as the enveloping ring of the 
matrices in this representation. If % has type Ay , B, C or D, the i.a.a. S may 
be defined as the correspondence > Aj, --- Ai, > D> (—1)’Ai, «++ Aa; 
where the A’s are matrices of &. 


5. Isomorphisms and automorphisms. The following theorems give condi- 
tions for the isomorphism of Lie algebras obtained by a construction of Theorems 
1, 2 or 3 (n restricted as in the Jast section). 

TueoreM 5. If YX and B are as in Theorem 1 and G is an isomorphism between 
HA; and B; over &, then G may be realized as either an isomorphism or the negative 
of an anti-isomorphism between % and B over &." 

By Theorem 1, % and 8 have isomorphic centrums and may be regarded as 
normal simple associative algebras over the same field © D #. If Q is the 
algebraic closure of =, we have seen that %{ has a representation in Q, such that 


m 
° , 2 ° , 
the matrices of %; are >. Ad; ,m =n — 1, &€ = and the matrices of Q,,; are 
1 


> Aw;, €2. Similarly % is representable in @, such that the matrices of 


B; are >_B;£;, B; linearly independent over Q, and we may suppose that B; = 
1 


A’. The automorphism G induced in = by the isomorphism G may be extended 
to an automorphism G in 2 and G may be extended to an automorphism G of 


' Jacobson [2], p. 183. 
1% Cf. Landherr [1]. 





bel oe Uw’! 
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©, by the definition Ae = (a; ;)° = (as;). Suppose [A;, Aj] = » Avynis yee. 
Then [B;, B;|) = D> Bivk:; and [Aé, Aj] = > Ars; . Clearly A? ¢ Q., and are 
linearly independent over 2. Hence the correspondence > A4s iw Bw; i is an 
automorphism of Q/,, over Q. It follows by Weinstein’s theorem that there i is a 
matrix G such that either B; = G"A?G or B; = —G"'(A9)’'@G = —@"(A))°G. 
In the former case the correspondence A — G'A 9G is an automorphism i in Qy 
which reduces to the isomorphism G for the matrices of %; and in the latter 
A-G"(A "a = A" is an anti-automorphism in @, whose negative is G for the 
matrices of %;. Since the enveloping ring of %; is A, the matrices of A have the 
form DAi, -++ Avi, --- &,, & € Z, and hence G or U maps the matrices of % 
on those of 8 and leaves the elements of ® unaltered. 

Corottary. If G is an automorphism of XA; over &, it may be realized either 
as a unique automorphism or the negative of a unique anti-automorphism of % 
over ®. 

We identify % and 8 in Theorem 5. The uniqueness of the automorphism 
or anti-automorphism is an immediate consequence of the fact that the en- 
veloping ring of %; is %. 

If S and T are two anti-automorphisms of Y% over #, then ST is an auto- 
morphism of % over ®. Hence if G is the group of automorphisms of %; over 
® and Gp the subgroup of the automorphism induced by the automorphisms of 
W over &, then Gy is an invariant subgroup of index 1 or 2 in G. 

If n = 2, = @. For in this case Y% is ~ either to =; or to D the generalized 
quaternion algebra whose basis is 1, 7, 7, k, where 


. t =a, Jj = 8, k* = —af; 
@) y= —-ji=k, jk = —kj = —2, ki = —tk = —ja. 

As we noted above 2: consists of the matrices of trace 0, and it is easily seen that 
its elements may also be characterized as the So-skew elements of Y2, where So 
is the anti-automorphism A — Q™'A’Q, Q as in (1). In D the correspondence 
@ = a + tay + jar + kas > @ = ay — iy — jaz — kas = a® is an anti-auto- 
morphism whose skew elements are ia; + jaz + ka;, i.e., the elements of D; . 
Thus in either case a*° = —a for the elements of %;. Hence the automorphism 
determined by —So and by the identity automorphism are identical for the 
elements of %; and @ = @. 

Suppose conversely that © = @. Then either there exists no anti-auto- 
morphisms of % over ® or there is an anti-automorphism Sp such that a*® = 
—aforallain %;. For any £ in &, (at)** = a®e** = —ag*® = —at. Hence 
£*° = gt and Ss, the set of Sp-skew elements is a vector space over 2. If Ss, > 
A; we must have Ss, = A which is impossible since 1 & Ss,. Thus Ss, = % 
and if a e %; so does a’,a®,--- . It follows that tr (a*) = 0 in the representation 
of in Q, , ie., tr (ZA,g;)* = Ofor all Ein S. Hence tr (SoA w;:) = Ofor allwin®Q. 
This is impossible if n > 2, for then there exist matrices B in Q/., such that 
tr B’ ~ 0. We have therefore shown that if n > 2 and % over # has anti-auto- 
morphisms, then @ # @o. 
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Let § denote the subgroup of G» consisting of the automorphisms induced by 
inner automorphisms of Y%. It is readily seen that § is invariant in @ and is 
isomorphic to U/=*, where U is the group of units (non-singular elements) in 
% and >* is the group of multiple 1£, where  # 0 in the centrum. 

TueoreM 6. Jf % and Bare as in Theorem 2, S and T the corresponding 1.a.a.’s 
of first kind and G is an isomorphism between Ss and Sr over &, then G may be 
realized as an isomorphism between A and B over ®. 

By Theorem 2, % and B may be regarded as normal simple over the same 
field = and by §4, Ss and S, have the same type. We have seen that % has a 


representation in 2, such that the matrices of Ss are x Aiéi;, m = 3n(n — 1) or 


4n(m + 1) and accordingly the A; form a basis for either all skew-symmetric 
matrices (types B, D) or the matrices A such that Q-'A’Q = —A, Q as in (1) 
(type C). The same result holds for 8 and S,; and we may suppose that B; = 
A ‘ As in the proof of Theorem 5 we obtain automorphisms G and G such that 
A*% = (a%;) and these reduce to G for the elements of =. Since Af are skew- 
symmetric or satisfy Q (4%) Q = -A? if the A; do, the eurrespondence Ah ; Ws 
-> DY Bw: i is an automorphism in a Lie algebra of class B, Cor D. Hence by the 
result quoted in §2, there is a matrix G such that B; = @ "A/G and the cor- 
respondence A > G'A® °G is an automorphism i in 2, reducing to G for the ma- 
trices of Ss. Since the enveloping ring of Ss is A, A — G 14°G is an iso- 
morphism between the matrices of Y% and % over ®. 

Coro.tiary 1. Jf YX is as in Theorem 2 and S and T are i.a.a.’s such that Ss 
and Sr are isomorphic over &, then S and T are cogredient. 

If we identify % and BS in Theorem 6 we obtain an automorphism G in Y 
over @ mapping Ss into S$;. Thus 7 and G'SG have the same effect on the 
elements of S;. Since the enveloping ring of Sr is A, 7 and G'SG have the 
same effect in A, i.e., 7 = G'SG. 

Coro.uary 2. Any automorphism G of Ss over & may be realized by a unique 
automorphism of A over & commutative with S. 

By Theorem 6 we have an automorphism G of %{ over @ which reduces to G 
for the elements of Ss. IfaeGs,a*° = —aand hence G and S commute for 
the elements of Ss. Since the enveloping ring of Ss is A, GS = SG for all 
elements of U%. The uniqueness of the extension G follows for the same reason. 

This corollary shows that the group @ of automorphisms of Ss over ® is iso- 
morphic to the group of the automorphisms of % over & commutative with S. 
Let § denote the set of automorphisms of Ss determined by inner automor- 
phisms of &. Then § is invariant in G and x Us/2*, where Us is the totality 
of S-orthogonal elements g, i.e., gg” = ly # Oin Y and >* is the set 1g, — ¥ 0 in 2. 

Tueorem 7. If % and B are as in Theorem 3 with n > 2, S and T the cor- 
responding 1.a.a.’s of second kind and G is an isomorphism between Ss and Sr 
over &, then @ may be realized as an isomorphism between A and B over ®. 

By Theorem 3 the subfields of symmetric elements of the centrums of % and B 
are isomorphic, ~ 2, and Y& and 8 may be regarded as simple algebras over Z 


— 











SIMPLE LIE ALGEBRAS OVER FIELD OF CHARACTERISTIC ZERO 541 


having the centrums P, = 5(q:), gi = uw: € = and P, = 2(q2), 72 = me € D, respec- 
tively. We may embed P, and P, in the same algebraic closure 2. Then Y is 


m 
P ° e aut 
representable by matrices in 2, such that the matrices of Ss are D> Aiki, m = 
1 


n? — 1,£ Zand the matrices of Q/,, are )> Aw;. Similarly, we represent 8 by 
matrices in 2, such that the matrices of Gz are > Bé;, where B; = Af. By the 
proof of Theorem 5 we obtain either an isomorphism G mapping & over ® into 
B over # and reducing to G for the elements of S; , or we obtain an anti-iso- 
morphism U such that a” = —a® for the elements of S;. But in this case 
UT = Gis an isomorphism G of % over # into 8 over ® reducing to G for the 
elements of Ss. It follows, of course, that P, and P2 are isomorphic. 

Corouiary 1. Jf %& is as in Theorem 3 and S and T are i.a.a.’s such that Ss 
and Gr are isomorphic over ®, then S and T are cogredient. 

Corottary 2. Any automorphism G of Ss over & may be realized by a unique 
automorphism of XU over & commutative with S. 

The proofs are identical with those of Corollaries 1 and 2 to Theorem 6. 

By the second of the present corollaries the group of automorphisms G of Ss 
over ® is isomorphic to the subgroup of the automorphisms of Y% over @ com- 
mutative with S. The elements of © determined by inner automorphisms for 
an invariant subgroup § ~ Us/P*, where Us is the totality of S-orthogonal 
elements and P* is the set 1£,  # Oin P = X(q). 


6. Cogredience of i.a.a.’s and cogredience of matrices. The above discussion 
reduces the problems of simple Lie algebras (with the exception of those having 
orders 14, 28, 52, 78, 133 and 248 over the extended centrum) to problems in 
simple associative algebras. In this section we shall see how the latter may be 
formulated as specific questions about matrices with elements in a division 
algebra. 

It is well known that any simple associative algebra Y is isomorphic to a D, , 
an r-rowed matrix algebra with elements in a division algebra D. D is deter- 
mined in the sense of isomorphism by A. We recall also that any automorphism 
leaving the elements of the centrum P invariant is inner.” 

Suppose D, is involutorial anti-automorphic and S is an i.a.a. in D, over ®. 
As has been shown by Albert” there exists an i.a.a. a — a” in D whose exten- 
sion defined by AY = (a;;)” = (a);) has the same effect in P as S and there 
exists a matrix S in D, such that AS = SA'S. The matrix S is determined 
to within multiplication by elements of P. Let 2 denote the symmetric part of 
P relative to U or S. If S is of first kind (P = 2), then the matrix S is either 
U-symmetrie (S” = S) or U-skew (S° = —S), and if S is of second kind, its 
matrix may be normalized to be U-symmetriec and will then be determined to 
within multiplication by elements of 2. Thus in any case we may associate 
with S a ray {S} of non-singular U’-symmetric or U-skew matrices consisting 


16 These results may be found in Deuring [1]. 
17 Albert [1], p. 909. 
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of the multiples of the fixed U’-symmetric or U-skew matrix S by the elements 
~ Oof &. 

Let E£;; denote the matrix basis of D, such that A = (a;;) = > ai;Ei; and 
suppose G is an automorphism of D, over ®. Let EY; = Fi;. Then Fy;Fx. = 
5/4: and hence there is a matrix K such that Fi; = K 'E;;K. Hence the 
automorphism G’ such that A*’ = KA°K™ leaves the E;; invariant. Since D 
may be characterized as the totality of elements of D, commutative with the 
E;; , G’ maps ® into itself. Consider the i.a.a. G’"UG’. It maps E,; into Ej; 
and PD into itself. 

The inner automorphisms of D, form an invariant subgroup in the group of 
automorphisms of D, over &. The factor group determined is isomorphic to a 
subgroup of the Galois group of P over @. Let G,; = 1, G2, --- , G, be repre- 
sentatives of the cosets of this factor group. By the above we may suppose 
that the G; leave the £;; unaltered and map PD into itself. Hence the i.a.a. U, = 
G, ‘UG, map E;; into Ej; and D into itself. Now suppose 7 = G"'SG is co- 
gredient to S. The automorphism G has the form G,H, where A“ = HAH. 
Then a simple computation yields A’ = T'A“*7', where T = H“*S“H. We 
say that the rays {S,} and {S82} are l’-cogredient if there exists a non-singular 
matrix H and an element p ¥ 0 in Y such that S, = H°S;Hp. Thus the i.a.a.’s 
cogredient to S have the form A” = T”'A“*T,, where the rays {7} and {S°*} are 
U-cogredient for some qg, and conversely. Similarly the condition that the 
inner automorphism G where A° = GAG commute with S is that G°SG = 
Sp, p ~ Oin &. 


7. Bilinear forms and cogredience of matrices. In this section we suppose 
® is an arbitrary quasi-field” of characteristic ~ 2 and a — dis a fixed i.a.a. in D. 
In particular if D is commutative, D may be the identity mapping. Let ® 
be a vector space of r (< «) dimensions over D. A bilinear form f in R is a 
function of pairs of vectors x, y in ® having values in D such that 


(x; + X, y) = (x; ’ y) + (Xe ’ y), (y, x + Xe) = (y, X;) + (y, Xz), 
(x, ya) = (x, y)a, (xa, y) = d(x, y), ae®. 


If x,, --- ,X, is a basis for R and (x; , x,;) = s;;, thenforx = )>x,z;,y = Dox: 
we have (x,y) = }>2,s;,y;, and conversely any matrix S = (s;;) defines a bilinear 
form by this equation. _S is called the matriz of f relative to the basis x; , --- ,X,. 
A change to the basis y, , --- , y-, where (y,, --- ,y,) = (m,---, XH, trans- 
forms S into the cogredient matrix HM’ SH. 

f is Hermitian if (x, y) = (y, x), skew-Hermitian if (x, y) = —(y, x). The 
conditions on S are respectively 8’ = S and 8S’ = —S. An element 6 of D is 
represented by f if there exists a vector u # 0 such that (u, u) = b. If f is 
Hermitian (skew-Hermitian), the elements represented by it are Hermitian 
(skew-Hermitian). 





eC 


fi 
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We suppose from now on that f is either Hermitian or skew-Hermitian. The 
vectors u, v are orthogonal if (u, v) = 0 (or (v, u) = 0). If Gisasubspace of R, 
the totality of vectors orthogonal te all of the vectors of S form a subspace S’ 
called the orthogonal complement of S. If R’ = 0, f is said to be degenerate, 
otherwise non-degenerate. The conditions that z = }°x;z; belong to ®’ are 


(x:,2) = D syz; = 0 G=4-+..8 


Hence if the rank of S is s,"° the dimensionality of 8’ is r — s. In particular f 
is non-degenerate if and only if S is non-singular. 
If D is commutative, d = d and f is skew, then it is well known that f has a 
matrix of the form 
. 4 | 
(3) -l, 0 ’ s = 2». 
| 


0 


Hence the rank of any skew matrix is even and the matrix is cogredient to (3). 
Any two skew matrices of the same rank are cogredient. In all other cases we 
proceed to show that f has a matrix of the form 


(b | 


(4) . 








( 0) 
Lemma. If f # 0, i.c., there exist vectors u, v such that (u, v) ¥ 0, then there 


exists a vector u such that (u, u) ¥ 0. 
If (u, u) = 0 for all uin 9 we have 


(u, v) + (v, u) = (u + v,u + v) — (u, u) — (v, v) 


ll 
S 


Hence for any a in D, 
(u, va) + (va, u) = (u, v)a + a(v, u) = (u, vja — a(u, v) = 0. 


If f is Hermitian, set a = (u, v) = (v, u), @ = (u, v) in the second member of 
this equation, and we obtain 2(u, v)(v, u) = 0 contrary to the assumptions 
f # 0, D of characteristic # 2. If f is skew-Hermitian, we obtain from the 
third member of the same equation that a(u, v) = (u, v)a. Choose u, v such 
that (u, v) ¥ 0; then @ = (u, v)a(u, v). Thus the correspondence a — 4 is an 
automorphism as well as an anti-automorphism. It follows that D is com- 
mutative, @ = a, and we have the case previously treated and outside of the 
present consideration. 


19 Cf. van der Waerden, Moderne Algebra, I, 2d ed., p. 109, or II, Ist ed., p. 116. 
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If f # 0, let wu, be any vector such that (u,, wu.) = b; + 0, and suppose we 
have already found k vectors u,, --- , u, such that (u;, u;) = O if i + j and 
(u;, us) = b; + 0. Let R, denote the space generated by u,, --- , uy, and E, 
the transformation in ® defined by 

a 


xE, = pm u,(u;, u)“(ui, x). 

E, is a projection of R on R;, , i.e., a linear transformation mapping R on R, , 
leaving the elements of ®, invariant and such that (x, yEx) = (xEx, y) for 
any x,y.” Hence if we set x = xE, + x(1 — E,) = x, + x, where x, = xE;, 
x, = x(1 — E,), x; will belong to R,, x toMandR =R, OR. Iff ¥ Vin 
Ri, there exists a vector vi., such that for uss, = Vews(1 — Ex) we have (uss, 
Ussr) = dex # O. We repeat this process with Ri, , the space of u,, ---, 
u,,, and continue until, say for R,, we obtain f = 0 in KR . We then choose 
Vest, +: , Ve in R such that uy, = vill — E,),---,ue = v,(1 — E,) form 
a basis for R. The matrix of f relative to the basis u, , --- , u, has the required 
diagonal form (4). 

THEeorREM 8. Unless D is commutative, d = a and the matrix is skew, any 
Hermitian or skew-Hermitian matrix S is cogredient to a diagonal matriz. 

We note that b; is any element represented by the form associated with S and 
any b; may be replaced by dba, a ~ 0, 6; = +b; according as S is Hermitian 
or skew-Hermitian. ss in (4) is evidently the rank of S. 

Let P denote the centrum of D and = the subfield of symmetric elements of P. 
Then either P = = (first kind) or P = 2(q), g” = win = (second kind). If D has 
a finite basis over P, so has D, , and we have seen that this algebra has a repre- 
sentation A — A, by matrices in @, , 2 the algebraic closure of P and n’ is the 
order of D, over P. We write N(A) = det A; and recall that N(A) «P. Suppose 
the i.a.a. is of first kind, P = =. We have seen that A’ + S~'A;S, where S is 
either symmetric or skew in Q,. Hence if B = GAG, N(B) = N(A)y’, where 
y = N(G). Thus if =* is defined as above, 22 is the subgroup of squares in =* 
and A = =*/ 3, then with every non-degenerate bilinear form f (or class of non- 
singular cogredient matrices) there is associated an element 6 of A, namely, the 
element of A determined by N(A) if A is a matrix of f. 4 is called the dis- 
criminant of f (or of the class of matrices). If D is of second kind, we have 
seen that if A — A, , then A’ + S"'A{S if w > Gis an extension in 2 of the auto- 
morphism induced by the i.a.a. in P. Thus N(A’) = N(A) and if A is Her- 
mitian,” N(A) is in = and if B = GAG, N(B) = N(A)y¥ andy = N(G). In 
this case we let =} denote the elements of =* which are norms (77) of elements 
of P and let A = 3*/Z%. Hence if f is a non-degenerate Hermitian form, we 
define its discriminant 6 to be the element of A determined by N(A) for A a 
matrix of f. 

2° E, is uniquely determined by these properties. 1 — E, is a projection on Rj. 

21 It is not necessary to consider skew-Hermitian matrices in this case. For if q is 
skew in P and A is skew-Hermitian, Aq is Hermitian. 





d 
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Consider the special case where D is the quaternion algebra with basis 1, 7, j, k 
over = and products as in (2), and let the i.a.a. be defined by @ = ap — ia, — 
jaz — kas if a = a + ta, + jars + kas. We may represent D in 2 by 


m1a( ("aol he tol, op 
1 —Va 8 —BVYa 0 


and ®, is represented in %, by replacing the element a;; in A by its corresponding 


two-rowed matrix in (5). The condition d = a is equivalent toae dandd = — a 
is equivalent totra =a+a=0. Thena’ + N(a) = 0, where N (a) is defined 
as above and = ad = da = —aaj — Ba: + aBa3. If A’ = A, we have seen that 


A is cogredient to B given by (4) and b; « =. If A is non-singular, we have 
N(B) ¢ 32 and hence 6(A) = 1.” If A’ = —A is non-singular, then (A) is the 
element of A determined by N(b; --- b,) = N(b;) --- N(0,). 


8. Real closed case. Suppose # is real closed.” The division algebras over 
® are $, P = #(4/—1) and D, Hamilton’s quaternion algebra. Hence the 
simple associative algebras over @ are $,, P, and D,. , has thei.a.a. A — A’ 
of first kind; P, has the i.a.a. A — A’ of the first kind and the i.a.a. A — A’, 
where @ is the conjugate of a in P; D, has the i.a.a. A — A’, where @ is the con- 
jugate quaternion of a. The automorphisms of #, and 2, are all inner, but 
P, has the outer automorphism A — A. 

(a) Suppose S « #, and S’ = —S is non-singular. Then S is cogredient to 
Q given by (1). If S’ = Sis non-singular, by Theorem 8 S is cogredient to one 
of the matrices 


(6) S, = (p = 0,1, ---,n). 








-1) 
By Sylvester’s theorem on the invariance of the signature 2p — n, distinct S,’s 
are not cogredient. Clearly no H exists such that Q = H’S,Hp since S, is 
symmetric and Q is skew. Suppose now that S, = H’S,Hp. If p > 0, we 
have S, = K’S,K for K = H+/p, and if p < 0, then S, = —K’S,K for K = 
H+/—p. Hence either g = p org = n — p. It follows from the above theory 
that any i.a.a. in , is cogredient either to Q@: A — Q™'A’Q or to one of the 


22 In this case the discriminant as defined above does not distinguish between any non- 
singular Hermitian matrices. However, a determinant can be defined for these matrices 
having the desired properties. See Moore [1], Chapter II. 

23 For the classification of Lie algebras over ®, cf. Cartan [2]. 
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[An] + li.a.a.’s S,: A > S'A’S,, where p = 0, 1, --- , [4n] and none of these 
i.a.a.’s is cogredient. 
(b) Let S « P, and S’ = —S be non-singular. S is cogredient to Q in (1). 


Any non-singular S’ = S is cogredient to 1, the identity matrix. It follows 
that any i.a.a. in P, is cogredient either toQ: A > Q"A’Q or to U: A > A’ and 
these two are not cogredient. 

Suppose S ¢ P, is non-singular and S’ = S._ S is cogredient to S, in (6) and 
by Sylvester’s theorem distinct S,’s are not cogredient. Hence any i.a.a. of 
second kind in P, is cogredient to S,: A — S,'A’S, , where p = 0,1, --- , [3m]. 
The condition that S, and S, be cogredient i.a.a.’s is that S, = A’S,Hp or 
S, = A’S,Hp = A’S,Hp. Hence as in (a) no two of the S, are cogredient for 
, = 0, pe [3m]. 

(c) Let S eD, and 8S’ = —S be non-singular. Then S is cogredient to 


(v 
(7) V= . ’ 


v 


where v is any element in D such that 6 = —v. By Theorem 8 it suffices to 
prove the 

Lemma. [fi = —v, i = —ue®D, thenv and u are cogredient in D. 

Note first that v and va are cogredient if a > O0in ®. For O(v) ~ (+ —1) 
and hence a = da, ain &(v), and va = dva. The condition’ = —v is equivalent 
totr(v) =v+8=0. Ifa = [N(u)/N(v)]}' (N(u) = ud = du), then N(va) = 
N(u). Since tr (va) = tr (u) = 0, va and ware similar, say va = g ‘ug = y ‘gug, 
y = N(g). Hence vey and u are cogredient and v and u are cogredient also. 

If S’ = S is non-singular in D,, it is cogredient to S, given by (5). Syl- 
vester’s theorem holds in this case also“ and the argument above shows that any 
i.a.a. in D, is cogredient to V: A > V"A’V, V asin (7), orto S,: A > S,'A’S, , 
p = 0,1, --- , [4r], and no two of these are cogredient. 

If © is extended to its algebraic closure P, , extends to P, and the i.a.a. Q 
extends toQin P,. Hence the Lie algebra Sg in ©, is of type Cifn > 1. The 
i.a.a. S, in ®, is cogredient in P, to U and hence the Lie algebras Ss, in ®, have 
type B or D according as n is odd and > 1 or even and > 4. 

The extension D,p ~ P2,. The matrices of Sy in D, are A = (a;;), where 
a; = —v a;~. In particular for i = j we have aj = —v ‘a; and hence 
va;; = va; € P and a;; = va;;, aj ¢ &. It follows that the order of Sy over ® is 
r+ 4r(r — 1)/2 = 2r(2r — 1)/2.” Thus Syp ~ Sv in P2, and Sy has type 
Difr > 2. Similarly we obtain the order of Ss, in D, as 3r + 4r(r — 1)/2 = 
2r(2r + 1)/2 and hence if r > 0, Ss, has type C. These results give the follow- 


*4 Moore [1], p. 193. 
26 This can be seen more directly by examining the representation of D, given in §7. 
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ing list of non-isomorphic simple Lie algebras over & together with their auto- 
morphisms. 

A;. The algebras /,, P, and D, forn,r > 1. The orders over # are respec- 
tively n® — 1, 2(n? — 1) and (2r)* — 1. As before let G be the group of auto- 
morphisms, @> the subgroup of the automorphisms determined by automor- 
phisms of the associative algebra and § the subgroup of Go of elements given 
by inner automorphisms of the associative algebra. For ¢; and Dz we have 
@G = G = F = U/4*, Ul the group of units and ©* the elements ¥ 0 of ®. For 
P; we have G@ = G) > F ~ U/P* and F has index 2in G. An element of G not 
in Fis A —> A. Ifr,n > 2 we see for &, and D, that G > G = F ~ U/4*. 
has index 2 in @ and an element of G not in Gis A — A’ (in ®,) or A > A’ 
(in D;). For Pi, n > 2, we have © > G > F =~ U/P*. Anelement of G not 
in Gis A > A’ and one in Gp not in § is A —> A. These automorphisms com- 
mute and hence @/¥ is isomorphic to the Vierergruppe. 

Ay. These are the algebras Ss,, p = 0,---,[n], in Pa, n > 2. The 
orders are n> — 1 over ®. The automorphism A — A commutes with S,. 
Hence § has index 2in @. § = Us,/P*, where Us, consists of the matrices U 
such that U’S,U = S,p, where S, is the matrix (6) associated with the i.a.a. S, . 
Comparing signature we obtain that p > 0 unless n is even and p = 3n. In the 
latter case S, and —S, are cogredient matrices and hence there are U’s in Us, 
for which p < 0. The totality of U’s with p > 0 form an invariant subgroup 
Us, of index 2 in Us, containing P*. Hence § = Us,/P* has an invariant sub- 
group §° of index 2. §* is invariant in @ also and G/}* ~ the Vierergruppe. 

B. The algebras Ss, in ®, and Sr in P, for n odd and > 5and p = 0,---, 
[3n]. The orders are respectively n(n — 1)/2 and 2n(n — 1)/2. For Ss, we 
have @ = § = Us,/*, where Us, is the set of matrices U such that U’S,U = 
S,p. pis necessarily > 0. For Sv, § has index 2 in @ since A — A is in G 
but not in §. In this case § ~ Uv/P*, where Uv is the group of matrices U 
such that U’U = 1p, pin P. 

C. The algebras Sg in &, and Se in P,, for n even and > 2 and the algebras 
Ss, in D,forr > 1. The orders are respectively n(n + 1)/2, 2n(n + 1)/2 and 
2r(2r + 1)/2. For Sein #, , G@ = F ~ Ue/4*, Ue the set of matrices U such 
that U’QU = Qp. The matrices U such that p > 0 form an invariant sub- 
group Ug of index 2 in Ug and Ug contains @*. Hence § has an invariant sub- 
group §* of index 2. For Sg in P, , § has index 2 in G and is isomorphic to 
Ue/P*, Ue the matrices U such that U’QU = Qp, pin P. For Ss, in D,, G = 
& > Us,/o. If U € Us,,ie., 0’S,U = S,p, then p > 0 unless r is even and 
p = $r and in this case the U’s with p > 0 form an invariant subgroup Us, of 
index 2 in Us, and containing @*. Hence for p = }r, § has an invariant sub- 
group of index 2. 

D. The algebras Ss, in ®, and Sv in P, for n even and > 8 and p = 0, ---, 
3n and the algebras Sy in D,forr > 4. The orders are respectively n(n — 1)/2, 
2n(m — 1)/2 and 2r(2r — 1)/2. For Ss,,@ = F = Us,/#*. If p = 4n, § has 
an invariant subgroup §* of index 2 determined as above. For Srp in P, , § has 
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index 2 in @. The automorphism A — A is in @ but not in §. JF y Sv/P*. 
For Sy in D,, © = F = Uy /o*. Uy is the group of matrices U such that 


~ 


U’VU = Vp. As before § has an invariant subgroup }* of index 2. 


9. p-adic fields. The division algebras over a p-adic field & have been deter- 
mined by Hasse.” However, their automorphisms seem not to have been 
treated in the general case of non-normal algebras. We shall therefore restrict 
our attention to normal simple Lie algebras ° and their automorphisms. Since 
any simple Lie algebra is normal simple over its extended centrum, the only loss 
of generality here is in connection with the automorphisms of &. 

There are ¢(m) (Euler function) distinct normal division algebras over m’ 
over &. These are anti-automorphic if and only ifm = 1 or 2. If m > 2 the 
¢(m) algebras may be paired into }¢(m) pairs consisting of an algebra and its 
anti-isomorphic algebra. Any normal simple algebra of order n° over ® has 
the form D, , where D is a normal division algebra of order m? and n = mr. It 
follows that there are > 3¢(m) + 2 = [3(n + 3)] non-isomorphic normal simple 


min 
m>2 


Lie algebras of type A; and order n’ — 1 over # to which any Lie algebra of this 
type is isomorphic. 

As the author has shown, the only division algebras of second kind over # are 
the commutative fields P = (9), q’ = win ®.” As above we denote the set of 
non-zero elements of © by * the set of squares in * by 2 and */2 by A. 
If p ¥ 2 the order of A is 4 and if p | 2 its order is 2'**, where lis the order of ® 
over the field of 2-adic numbers.” Hence for p 4 2 we have three non-iso- 
morphic quadratic extensions of @ and for p | 2, 2'*? — 1 such extensions. To 
obtain the Lie algebras of type Ay we consider the algebras P, for n > 2 and 
classify the i.a.a.’s of second kind in P, and hence the rays of Hermitian matrices. 
It has been shown by Landherr™ that if n is odd there are two cogredience 
classes, and if n is even one class. In the respective cases we have for p 7 2 
three or six non-isomorphic Lie algebras and for » | 2, PO .. tate” - 
such algebras. 

To obtain the Lie algebras of type B, C and D we consider the anti-auto- 
morphic associative algebras of first kind #, and D, , D the quaternion division 
algebra over &. The cogredience problem for rays of symmetric matrices has 
been treated by Hasse. We refer to his papers ((2], [3], and [4]) recalling merely 
that the number of cogredience classes depends only on p and on the residue of 
nmod 2. The corresponding Lie algebras are of type B or D according as n is 
odd and > 1 or even and > 4. If we consider the i.a.a.’s associated with skew 
matrices, we obtain one other class, the resulting Lie algebra having type C if 
n> 1. 


26 Hasse [1]. 

27 Jacobson [4]. 

28 Hasse [2], p. 115. 

** Landherr [1]. Landherr obtains here the algebras of type Ajy by a method differ- 
ent from ours. 
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It remains to discuss D, , where D and the i.a.a. are as in §7. Fora = ap + 
tay + jar + kas we have N(a) = as — aai — Baz + aBas. Since any non- 
degeneraté quadratic form in four variables over ® represents all elements of *, 
it follows that every element of &* is a norm of an element in D. Hence the 
elements b; = 6; = 8; € &* in (4) may be replaced by 1 and any non-singular 
Hermitian matrix in D, is cogredient to 1. There is therefore a single cogredi- 
ence class of i.a.a.’s given by Hermitian matrices. A simple computation shows 
that the order of the corresponding Lie algebra Gy is 2r(2r + 1)/2 and hence 
Su has type Cif r > 0. 

Lemma 1. The skew Hermitian elements u and v (# 0) in D are cogredient if 
and only if ®(u) and &(v) are isomorphic, i.e., N(u)/N(v) « 2. 

Clearly if u = gvg and nu = N(u), v = N(v), y = Ng), then uw = y’v. Since 
uo = —p, v0 = —v, &(u) ~ S(v). Now suppose ®(u) = &(v). Then v = up. 
If p = N(q) for q in #(u), we obtain v = @uq is cogredient to u. If pis nota 
norm, p = ot, where ¢ is any non-norm and 7 is a norm in ®(u). There is an 
element w in D such that www = —u and w’ = cis not anormin #(u). Thus 
uw = uc and v = up = uot is cogredient to ue and tou. If (ux) is isomorphic 
to &(v), » = y'v and hence N(uy) = N(v). There exists an element z in D 
such that wy = z ‘vz. Therefore v is cogredient to uy¢ if ¢ = N(z) and hence v 
is cogredient to u. 

We recall that D contains all quadratic extensions P of 6.” It follows that 
if p 7 2, there are 3, and if p| 2, 2'*? _ 1 cogredience classes of skew- 
Hermitian elements of D. 

Lemma 2. If f is a skew-Hermitian form and dim R over D = r > 3, then f 
represents 0. 

If f is degenerate, this is trivial. Hence suppose it non-degenerate and let 
U; , Ue, --- , u, be a basis for R such that the matrix of fis (4) withs = r. Then 
for w= bs u,w, we have (w, w) = ye Wbw;. By the preceding lemma we may 
choose w; so that baw; = 6,8; , where 8; is arbitrary in ®. Since the space © 
of skew-Hermitian elements of D has three dimensions over ® and r > 3, we 
may choose #; not all 0 such that > 6.8; = >> Bbav; = 0. 

Lemma 3. If f is a non-degenerate skew-Hermitian form and represents 0, 
then f represents every skew-Hermitian element of D. 

Suppose (u, u) = 0, u + 0. Since f is non-degenerate, there is a vector Vv 
such that (u, v) = d ¥ 0. Then replacing v by vd’, we may suppose (u, v) 
= 1. Let (v, v) =e. If u is any element of S; u — e e€ S, and it is easily 
seen that if w = u}(e — u) + v, (w, w) = wu. 

Lemma 4. If r > 2 and f is non-degenerate, then f represents every skew- 
Hermitian element of D. 

By Lemmas 2 and 3 we may suppose that r = 3 and that f does not represent 0. 
Then b, , by , bs in Lemma 2 are linearly independent and hence form a basis for ©. 
Hence if ue S, u = >> b:8; = D> Bb; w, is represented by f. 


3° Deuring [1], p. 113. 
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Lemma 5. Jf r = 2 and f and g are non-degenerate skew-Hermitian forms, 
then there is an element u # 0 represented by both f and g. 

By Lemma 3 we may suppose that neither f nor g represents 0. Relative to 
suitable bases of % the matrices of f and g are respectively 


b; Ci 
© a(*) a-() 


Consider the form in four-space over D having the matrix 

/b, 

be 
—C) 

\ = 
By Lemma 2 there are elements w, , we , w3 and w, not all 0 such that byw, + 
Tobe’. = Dyes + Dyeow, = u, u ¥ O, since f does not represent 0. 

Lemma 6. The matrices By and Cy in (8) are cogredient if and only if they have 


the same discriminant. 
By Lemma 5 and the proof of Theorem 8 these matrices are cogredient 


respectively to 
u ) u ) 
anc . 
bs C3 


Since the discriminants are equal, N(b;) = y°N(cs). Hence by Lemma 1, b; and 
c; are cogredient and the above matrices are cogredient also. 

If f is any non-degenerate skew-Hermitian form in ® over D and u # 0 is 
arbitrary in D, it follows by the proof of Theorem 8 that we may suppose b; = 
bo = --- = b,» = wu in (4), ie., any non-singular skew-Hermitian matrix is 
cogredient to a matrix of the form 


u 


(9) u , 








b, j 

where u # Ois arbitrary in S. Hence we have the following criterion: 
THeoreM 9. Two non-singular skew-Hermitian matrices with elements in a 

p-adic quaternion algebra are cogredient if and only if they have the same dis- 


criminant. 
We may suppose that B is the matrix (9) and C is diagonal with elements 
, U, C1, >. If the discriminants 6(B) = 6(C), then 6(By) = 6(C>) for 


b, ail Cr-1 
B, = and C = , 
b, Cy 


and hence by Lemma 6 these matrices are cogredient. But then B and C are 


cogredient. 








ms, 


to 


ye 
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Let y be any element of &* and c an element of D such that N(c) = y. (c) 
is a quadratic field and contains v a skew-Hermitian element. Then (c) = 
#(v). As we have seen, there is an element w, in D such that wy'vw, = —», 
and since wi = o,w, isin GS. we = w;'c satisfies these conditions also. Hence 
y = N(w,)N(w2) and w,, w2eS. If we replace w. by wv and set w; = v, then 
W,, We, Ws € S and y = N(w,)N(we)N(w;). Thus if r is even, the diagonal 
matrix with elements u, --- , u, %), v2 has norm = yé', and if r is odd and > 1, 
the diagonal matrix u, ---, u, 0, v2, v3 has norm = yé. In either case if 
r > 1 every element of A is a discriminant of a skew-Hermitian matrix. If 
yp 7 2, there are four cogredience classes, and if p | 2, there are 2'** such classes. 
The corresponding Lie algebras have type 0 if r > 2 (order = 2r(2r — 1)/2). 

The automorphisms of the above Lie algebras may be discussed along the lines 
indicated in the last section. 
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LINEAR FUNCTIONALS AND COMPLETELY ADDITIVE SET 
FUNCTIONS 


By B. J. Pettis 


Introduction. We should like first to recall a few well known definitions. 
Let T = [t] be an abstract space composed of arbitrary elements t, and let F* 
denote the collection of all subsets of T. If & = [F] is a non-vacuous sub- 
collection of F*, then F is an additive family’ if 

(I) F in f implies T — F in F, and 

(II) F, in F for n = 1, 2, --- implies >> F, in F 
A finite or denumerable aggregate 6 of elements F,, --- , F,, --- of F that are 
disjoint in pairs will be called a split; if 6 has only a finite number of F,’s, it is a 
finite split. If A is the collection of all finite splits and A’ that of all splits, then 
a(F) defined from ‘ to the reals is additive if > a(F;) = a(2 F;) for every 


6 in A, and completely additive (c.a.) if this holds for every 6 in A’. The norm of 
an additive a(F) is defined to be 


(0.1) '}a|| = Var (a, T) = Lub. > | a(F) |. 
a 3 
For such an a it is clear that 
(0.2) lLu.b. |a(F)| S || @|| S 2(1.u.b. | a(F) }), 
F F 


and hence an additive @ is bounded if and only if |a@ |< «. If @isc.a., then 

a || < 2% and @ must be bounded.” 

The space A = [a], consisting of the functions a(F) bounded and additive 
(b.a.) over F, is, under the definition of norm given in (0.1), a linear normed 
complete space, i.e., a B-space;* this is likewise true of the subset C = [y] com- 
posed of the functions y(F) completely additive over F. Thus these in partic- 
ular are B-spaces: the collection A? of functions b.a. over F* and its subset 
CT consisting of functions ¢.a. over F*, 

The following notational rules will be generally obeyed, although not always: 
(i) Roman capitals are subsets of T and script capitals are collections of such 


subsets. 


Received March 14, 1938; presented to the American Mathematical Society, February 
26, 1938. 

1S. Saks, Theory of the Integral, Warsaw, 1937, p. 7. Hereafter we shall refer to this 
treatise as TI. 

2 TI, p. 10. 

3S. Banach, Théorie des Opérations Linéaires, Warsaw, 1932, p. 53. The letters TOL will 


refer to this monograph. 
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(ii) Real-valued functions of subsets of T are denoted by small Greek letters, 
and collections of such functions by italicized capitals. 

(iii) Small German letters represent real-valued functions of elements of T, 
while German capitals stand for aggregates composed of such functions. 

(iv) Linear functionals (real-valued additive and continuous functions 
defined over a B-space) will be set in small italics. 

(v) The symbol A is reserved for the empty set. 

Under varying hypotheses on the space T, several authors* have given proofs 
of the following proposition: 

(M) If y(F) is real-valued and c.a. over F*, then y vanishes identically if 
y({t}) = 0 for every set {t} consisting of a single point t. 

If T has power < 2®°, (M) was proved by Banach and Kuratowski’ using the 
hypothesis of the continuum. Later Ulam’ showed that (M) holds if 

(U) the power of T is smaller than the first inaccessible’ cardinal number; 
and that from the assumption (which is weaker than the continuum hypothesis) 

(J) there is no inaccessible number < 2®°, 
it follows that if (M) is true for some T of power m, it is also true for all T of 
power < 2™. Thus if (J) is assumed, then (M) is, in particular, true for any T 
of power 2"° and hence for the unit interval. In the present paper (M) is 
assumed in the majority of the theorems; in these the hypothesis (M) can, by 
Ulam’s result, be replaced by (U). 

In those spaces T for which (M) holds it is possible to give a slightly sharper 
form to the generalized Lebesgue decomposition theorem’ concerning completely 
additive functions of “measurable” sets. This will be done in the present paper 
for both real- and abstract-valued functions, together with some applications 
to the linear functionals over certain spaces and to the relationships between c.a. 
functions and absolutely continuous” (a.c.) functions. 

The first section is concerned with extending the range of b.a. functions and 
with the relative denseness of certain classes of c.a. functions with respect to 
corresponding classes of b.a. functions. In §2 some well known properties of 
l (the space of absolutely convergent series) are extended under the hypothesis 


4S. Banach and C. Kuratowski, Sur une généralisation du probleme de la mesure, Fund. 
Math., vol. 14(1929), pp. 127-131; S. Ulam, Zur Masstheorie in der allgemeinen Mengen- 
lehre, Fund. Math., vol. 16(1930), pp. 140-150; E. Szpilrajn, Remarques sur les fonctions 
complétement additives d’ensemble et sur les ensembles jouissant de la propriété de Baire, 
Fund. Math., vol. 22(1934), pp. 303-311; W. Sierpinski and E. Szpilrajn, Remarques sur le 
probléme de la mesure, Fund. Math., vol. 26(1936), pp. 256-261. 

5 The statement that the ‘‘generalized measure problem’’ (Banach and Kuratowski, 
loc. cit.) has a negative answer. 

§ Loc. cit. 

7 Loc. cit. 

8 A cardinal number N; is inaccessible if ¢ is a limit number, N; > No , and N; cannot be 
represented as a sum of less than &; cardinal numbers each smaller than &¢ . 

* TI, p. 33, Theorem 14.6. 

1 A function a(F), defined over a family of measurable sets measured by u(F), is abso- 
lutely continuous (a.c.) if given « > O there is a 6 > Osuch that | a(F) | < « when|u(F) | < 6. 
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(M) to the general space CT, and in 2.3 the condition (M) is expressed in terms 
of the functionals linear over C™. The decomposition theorem and some 
corollaries occupy §3, and in §4 some of the results of §1 and §3 are carried over 
to the case of abstract-valued functions. 


1. Extension of the range of bounded additive functions; denseness theorems. 

1.1. Tueorem. Let F be an additive family and p(F) a fixed function non- 
negative and c.a. over F. If F' = [F’] is an additive subfamily of F and a'(F’) is 
b.a. over F' and satisfies the condition 

(N’) FE’ in F’ and u(F’) = 0 imply a’(F’) = 0, 
then «'(F’) can be extended to form a function a(F) b.a. over F and satisfying the 
conditions || a ||, = || a’ |\4- and 

(N) Fin F and u(F) = 0 imply a(F) = 0. 

Let IM be the functions m(¢) that are y-essentially bounded over T and are 
‘F-measurable;" when normed by || m || = u-ess.sup. | m(t) |, the space M is a 
B-space. The subclass PV of functions m’(t) that are yu-essentially bounded 
over T and ‘F’-measurable forms a closed linear subset of M. By a theorem of 
Hildebrandt and of Fichtenholz and Kantorovitch,” given the above a’ the 
Radon-Stieltjes integral 


f'(m’) = [wo da’ 
T 


defines a linear functional f’ over MM’, and |! f’|| = || @’ ||4". By the Hahn- 
Banach theorem on the extension of linear functionals, f’(m’) can be extended to 
form a linear functional f(m) over M, with || f || = || f’ ||. By the same Hilde- 


brandt-Fichtenholz-Kantorovitch theorem there exists a function a(F) b.a. 
over F, satisfying the above condition (N), and defining f by means of the integral 


f(m) = [ m(t) da, 


with |! f |! = !|!a@/\|4. Hence || a’ ||4- = ||a@\||,; and if we let mp be the 
characteristic function of an element F’ of F’, it follows that 


a(F’) = [ mp-(t) da = f(mp-) = f’(mp-) = [mew da’ = a'(F’), 


so that a(F) is an extension of a’(F’). This completes the proof. 
If we apply another result due to Hildebrandt” and to Fichtenholz and 


1 TI, p. 12. 

12 T. H. Hildebrandt, On bounded linear functional operations, Trans. Amer. Math. Soc., 
vol. 36(1934), pp. 868-875; especially p. 870. G. Fichtenholz and L. Kantorovitch, Sur les 
opérations dans l’espace des fonctions bornées, Studia Math., vol. 5(1934), pp. 69-98; espe- 
cially p. 76. 

13 Loc. cit., p. 872. 
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Kantorovitch,” the following theorem, similar to the preceding, can be proved 
in the same fashion: 

1.2. Tuxorem. If Fis an additive family and F’ is an additive subfamily of 5, 
then any function a’ that is b.a. over F' can be extended to form a function a(F) 
b.a. over F and having || a\\4 = || a’ |\\a-. 

Using 1.1 we are able to state 

1.3. Tueorem. Let F be an additive family and u(F) a fixed function non- 
negative and c.a. over F. If there exists adenumerable split = {F,, --- ,F,,--+} 
with u(F,.) > 0 for all n, then in the subspace AN composed of elements a of A that 
satisfy condition (N) of 1.1 the set CN = C.A% is closed linear and nowhere dense, 
and hence is of the first category. This is also true of C with respect to A. 

It is easily verified that AN and C% are closed linear subsets of A; the proof 
will be omitted. 


Let S = >> F, and let £’ be the additive family consisting of the null set A 
1 


adjoined to the collection composed of all sets obtained by adding a finite or 
denumerable number of the disjoint sets Fo = T — 8, Fi, ---,Fa,---. 

If P is the set of positive integers, then in AP the closed linear subset C? is 
equivalent” to the separable B-space I consisting of real absolutely convergent 
series, so that C? is a separable subset of AP. But since AP is the adjoint of the 
non-separable space formed by the bounded sequences of reals,’® AP must be 
non-separable.” Hence there exists a function x b.a. over F” but not c.a. 

For each F’ in F’ define a’(F’) = 2(R), where R is the element of F? that 
consists of the positive integers n for which F, C F’. Then a’ is b.a. over F’ 
but not c.a.; and, moreover, a’ satisfies condition (N’) since a’(A) = a’(Fo) = 0, 
where A and Fy are the only members of F’ that can possibly have u-measure 0. 
From 1.1, a’ can be extended over F while preserving these properties. Hence 
AN — CN & A, which implies that A — C # A, so that the closed linear sub- 
spaces C% and C must be nowhere dense in AN and A, respectively. 

1.31." Turorem. If is an additive family containing a denumerable split 
56 = {F,,---,F,,---} with F, # A for each n, then C is closed linear and 
nowhere dense (and therefore of the first category) in A. 

2 


Let >> u, be a convergent series of positive numbers and for each n let t, be a 
1 


point in non-null F,. The function u(F) = dM» is non-negative and c.a. 


tne 


4 Loc. cit., p. 76. 

1 L.e., there exists a 1-1 additive and norm-preserving transformation mapping all of 
CP onto all of L. 

1 Hildebrandt, loc. cit., p. 870; or see 2.2. 

17 TOL, p. 189, Theorem 12. 

18 Theorem 1.31 is not new since it follows from a much stronger result of Ulam (Con- 
cerning functions of sets, Fund. Math., vol. 14(1929), pp. 231-233; also see A. Tarski, Une 
contribution a la théorie de la mesure, Fund. Math., vol. 15(1930), pp. 42-50) stating that in 
AP — CP there exists an element having 0 and 1 as its only functional values. 
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over J, and 4 is a split having u(F,) = un > Oforeachn. The present theorem 
now follows immediately from 1.3. 


2. The space (*. In the remaining sections the additive family under 
discussion will always be understood to include the sets {t} that consist of a 
single point; the elements of ‘F will sometimes be referred to as the measurable 
sets. If a is b.a. over such a family, then | a({t}) | > n™ holds for at most a 
finite number of points ¢ in T, so that | a({t}) | > 0 is true for an at most de- 
numerable set Sa = |t2} (¢ = 1, 2,---,m,---) of points ¢; these we call the 
spectral points of a. The spectral function o,(F) associate to a is the element of A 
defined by 

ga(F) = a(F-Sa), 


and a is said to be a spectral element of A if a(F) = o,(F). If ais in A, then 
clearly a’ = a — oqis alsoin A and a’({t}) = 0 for all points ¢; similarly, y in C 
implies that y’ = y — oy isin C and y’(\t}) = Ofor all {¢}. The set of spectral 
elements lying in C will be denoted by S; in particular, S* stands for the set of 
spectral elements of A™ that are in CT. It is evident that if y is in S or ST, then 
ly || = Iles]! = }5|v(its}) |. Proposition (M) can now be stated in the 
following form: 

(M) If y isin C?, theny = oy ; 
or, even more briefly, 

(M) c? = S'. 

The next theorem is complementary to 1.2. 

2.1. THrorem. Suppose (M) holds. Then any y in C can be extended to 
form an element B of C* if and only if y is in S; and the extension is unique. Con- 
versely, each 8 in C* is the extension of a unique y in S. The norms of correspond- 
ing y and B are equal. 

(M) implies that y can be extended only if y is spectral; on the other hand, if y 
is spectral, then 6(F) = 7(F-S,), F e id is an extension of y. If 8 and #’ are 
extensions of y, then since contains {t} for every point ¢, the function 8 — p’ 
vanishes for all {t}; from (M) it follows that 8 — 6’ = 0, and thus the extension 
is unique. 

If 8 is in C7’, (M) implies that 6(F) = B(F-S,) for all F in $7, so that y(F) = 
B(F.Ss), F « J, isin S and Bis an extension of y. Since a contraction is specified 
by its domain, y is unique. Moreover, B({t}) = y({t}) for all ¢, and since 
6 « S* and y €S, this is readily seen to imply the equality of the norms. 

At this point we wish to quote a result due to Hildebrandt” concerning the 
linear functionals over the B-space 87, the space composed of the real-valued 
functions 6(t) defined and bounded over T with |] 6 || = lub. | b(t) | . 


1” The theorem is implicit in Hildebrandt’s previously cited paper and explicitly stated 
in his Linear operations on functions of bounded variation, Bull. Amer. Math. Soc., vol. 44 
(1938), p. 75. See also H. H. Goldstine, Weakly complete Banach spaces, this Journal, 
vol. 4(1938), pp. 125-131. 
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2.2. Turorem (Hildebrandt). A functional f(6) over B" is linear if and only 
if there exists an a; in A™ such that for all b in B* 


(2.21) f(b) = [ b(t) day , 


the integral being in the Radon-Stieltjes sense. The norm of f is” || a; || 

As a result complementary to 2.2 and as another generalization to CT of a 
property of l, we have the following theorem, which also serves to state the 
generalized measure problem in terms of linear functionals. 

2.3. THEOREM. A necessary and sufficient condition that (M) hold for a 
given T is: 

(KK) A functional f(y) over C? is linear if and only if there exists a 6; in B* such 
that 


(2.31) fa) = [ b,() dy 


for all y in C7’, and \\f !| = || by ||. 

Suppose an element 6 of B" is given. 2.2 implies that equation (2.31) for y 
in A? defines a linear functional f*(y) over AT. If f* is considered only on C7, it 
then defines a linear functional f(y) over C7, and clearly 


(2.32) US| = UF* I] = lll. 
Now suppose f(y) is any functional linear over C™; for each t in T define 
_ [1 ifteF, 
(2.33) y(F) = 4 ; 
| 0 otherwise, 
and let 6,(t) = f(y). Then 6; is in B’, since 
(2.34) | b@) | SiS |i - lve || =iISil, 


and hence b, defines a linear functional 


g(y) = b(t) dy 
T 


over C’, with the equality 
(2.35) ay.) = b(t) = flys) 
holding for all ¢ in T, and 
(2.36) gi Silo Sis|| 


by (2.32) and (2.34). 


2° A functional (6) linear over B® is positive if 6(t) 2 0 for all t implies f(b) = 0; ef. R. P. 
Bailey, Convergence of sequences of positive linear functional operations, this Journal, vol. 2 
(1936), pp. 287-303. These functionals are clearly those defined by the non-negative ele- 
ments of AT, i.e., by the functions a(F) bounded and additive over ‘f7 and such that a(F) = 
0 for all F. 
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But if (M) holds for T, then the set of finite linear combinations of the elements 
y+ is dense in C™; since the linear functionals g and f coincide over this set by 
(2.35), we must have g = f and 


fy) = [ooa, 
T 


where b,(t) = f(y.); and from (2.36) 
WS i ” WG |i sa | by ||. 


This completes the proof of the necessity of (IX). 
Conversely, suppose (K) holds, i.e., 8" is adjoint to C™. The linear fune- 
tionals 


Jf (6) = b(¢) 


defined over B* form a total set of functionals, that is, f,(6) = 0 for all ¢ implies 
6 = 0; and these functionals are evidently those defined by the elements y, of 
C? given in (2.33). Thus if 8° is adjoint to C7, then the y;’s form in C? a total 
set of elements—if b(y) is linear over C? and b(y,) = 0 for all t, then b(y) =0. The 
set of y,’s must then™ have the set of its finite linear combinations dense in C*. 
But the limit of a sequence of such combinations will be zero on any set which is 
disjoint with the denumerable set of points consisting of all the spectral points 
of the members of the sequence. Thus (M) holds. 

2.4. Corottary. If T has its power smaller than the first inaccessible number, 
then f(y) is a linear functional over C* if and only if there is an element 6; in B* 
such that 


fy) = [ by(t) dy 
T 


and ,f | = | by. ; in particular this holds for T = (0, 1], under the hypothesis (J). 
The next two theorems extend to C? two more well known properties of 1. 
2.5. THrorem. Suppose (M) holds. If y, is in C™ (n = 1, 2,---) and 

lim y.(F) = yo(F) exists for every F in FT? then yo is in C*, lim Yn = Youn , 


and lim y,(F) = yo(F) exists uniformly in F. Hence under (M) weak convergence 


in C' implies strong, or norm, convergence. 
That yo is in C is due to a result of Nikodym’s.~ Since (M) holds, we have 
Yn = Gy, (n = 0,1, --- , J, «+ +); hence it is only necessary to show that lim ¢,, = 
n 


oc, Let G be the denumerable set consisting of all the spectral points of the 


Yo * 


y.3(n = 0,1, ---,j, +++). Since for every F 
lim [o,,(F) — o,,(F)] = 0, 


noe 
2! TOL, p. 58, Theorem 7. 
2 Sur les suites des fonctions parfaitment additives d’ensembles abstraits, Comptes Ren- 


dus, vol. 192(1931), pp. 727-728. 
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and each ¢,, is ¢.a., it follows that 


lim [DX ya(it}) — DX wl{t})] =0 
teG’ teG’ 


for every subset G’ of G. This, by a result of Schur’s,” implies 


lim DO | ya({t}) — vo({t}) | = 0, 


no te 


and hence lim || ¢,, — oy, || = 0, or lim y, = yo in C’. It is a consequence of 
n 


no 


this and of (0.2) that lim y,(F) = yo(F) uniformly in F. 


If {y,} is a weakly convergent sequence in C? and mp(t) is the characteristic 
function of an arbitrary F, then by 2.3 


lim y,(F) = lim [ mp(t) dyn = [ mp(t) dyo = yo(F) 


exists for every F in F*. By the first part of the theorem this implies that 
lim yn = Yo strongly in Cc. 


2.6. THeoreM. If (M) holds, then every function X(s) of bounded variation 
from a linear interval I = [s; , 8] to C* is strongly differentiable a.e. in I. 

By a theorem of Dunford and Morse” it is sufficient to prove that any function 
X(s), defined from I to C™ and satisfying a Lipschitz condition, is strongly 
differentiable almost everywhere in I. Let {r;} be the rationals in I, and let X 
be the separable closed linear manifold in C? generated by the elements {X(r,)}; 
since X(s) is continuous, the range of X(s) lies in X. But X is obtained by 
taking finite linear combinations of the X(r;) and closing. Since neither of 
these operations adds spectral points, it follows that the set consisting of the 
spectral points of all the elements of X is at most denumerable. Hence the 
spectral elements associated to the elements of X can be put in a 1-1 additive 
and norm-preserving correspondence with a subset Y of the space 1. Since (M) 
implies that each element of X is its own spectral function, the closed linear 
manifold X can be mapped onto Y by a 1-1 additive and norm-preserving 
correspondence K(x). The function Y(s) = K(X(s)) from I to Y evidently 
exists, since X(s) has its range in X. It now follows from the properties of 
K(x) that (1) Y(s) satisfies a Lipschitz condition and is therefore, by a theorem 
due to Clarkson,” strongly differentiable a.e. in I, and hence (2) X(s) is strongly 
differentiable a.e.in I. This ends the proof. 


3. The decomposition of completely additive functions. In this section the 
fixed family Fis supposed to be complete” with respect to a fixed non-negative 


23 TOL, p. 138. 

24 Remarks on the preceding paper of James A. Clarkson, Trans. Amer. Math. Soc., vol. 
40(1936), pp. 415-420; especially p. 415. 

25 Uniformly convex spaces, Trans. Amer. Math. Soc., vol. 40(1936), pp. 396-414; espe- 
cially p. 412. 

26 TI, p. 86. 
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element u(F) of C that vanishes for single points. Under these circumstances 
an extended Lebesgue integral can be defined” in terms of F and yu; the func- 
tions c(t) integrable by this definition will be denoted by &, and their integrals 
(which form a subset of C) by L. The symbol C° will represent the elements 
y of C that have the property y({t}) = 0 for all ¢. 

3.1. THEoreM. Suppose (M) holds. Then if y is in C, there is a unique B, 
in CT and a unique ¢, in &, such that 


(3.11) v(F) = 8,(F) + [oo du 


for every measurable F. Here B, is the extension of the spectral function o, of vy, 
and hence 


(F) = y(F-S,) + [ o,(t) du 


(3.12) 


2 vie) + [ ey(t) du, 


where S, = {t),} is the at most denumerable set of points t for which y({t}) # 0. 


Moreover, 


G13) irl = Dive + [ie@ldu = ioyll + lari 


where p,(F) = [oo du. 
F 


The family ‘F being additive and complete with respect to u, for each y in C 
there is a set H, of u-measure zero and ac, in &, such that™ 


v(F) = y(F-H,) + [sou 


y(F-H,) + u,(F). 


The function ¢,(t) may be supposed to have all its values finite. Since F is 
complete and H, has measure zero, the function 


B,(E) = 7(E-H,) 


is defined and c.a. over ‘F™; hence there exists a decomposition of the form 
(3.11). The measure function » being in C’, it follows that u, is also, since 
uy (it}) = ¢,(t)-uw({t}); in any decomposition (3.11) it is then true that y({t}) = 


27 QO. Nikodym, Sur une généralisation des intégrales de M. J. Radon, Fund. Math., vol. 


15(1930), pp. 130-179; or Chapter I of TT. 
28 TI, p. 33, Theorem 14.6. 
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8,({t}), implying from 2.1 that 8, in C™ must be the unique extension of o, . 
Hence 


o,(F) + u,(F) 
(F-8,) + / ey(t) du 


y(F) 


X v(iei}) + [su 
tleF F 


and this establishes (3.12). The uniqueness of c, follows from that of B, . 
The equality between norms results from 


Var (y, S,) + Var (y, T — 8,) 


lly {I 
= || oy || + |) wy |. 


3.2. CoroLuaRyY. Lnder the hypothesis (J) any y(F) c.a. over the Lebesque- 
measurable sets in [0, 1] can be decomposed into 


uF) = X vie’) + [ cy(0) dt, 
t*eF F 


where S, = {t'} is the at most denumerable set of points t for which y({t}) ¥ 0. 
3.3. THrorem. Under (M) the subspaces C°, C®, and L are all identical.” 
That CN = L has been proved by Nikodym.” The identity between C° and 

L follows from (3.12). 

3.31. Corottary. Under (M), if F is an additive family completed with 
respect to an element pu of C° and § is separable when metrized by 


(3.311) dist (F, G) = »(F — G) + u(G — FP), 


then F is separable when so metrized by any other element v of C°. 

If v is in C*, then by 3.3 it is a u-integral and hence is a.c. with respect to yu. 

3.32. Corottary. Under (J) a c.a. function of Lebesgue-measurable sets in 
[0, 1] is a.c. if it vanishes for single points; hence it is a.c. if it is continuous.” 

3.4. THEoreM. Under (M) a functional f(y) over C is linear if and only if 
there is a by in BT and an my; in M such that for all y in C 


fly) = [ 6y(t) dB, + [ mines ds 


= b0-v(14)) + [ my(t)es(t) dy, 


2° This seems to imply that when {Fis completed with respect to a function yu, non-nega- 
tive and c.a. over {Ff and vanishing for single points, then all measure functions c.a. over 
the new, completed family and vanishing for single points have precisely the same sets of 
measure zero. 

30 QO. Nikodym, loc. cit., in footnote 27, Theorem IV, p. 179; or TI, p. 36, Theorem 14.11. 

31 A function »(F) defined over the L-measurable sets in [0, 1] is continuous if lim »(F) = 
0 as 5(F), the diameter of F, tends to 0. 
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where y(F) = 8,(F) + [-o du, B, isin CT, and c, is in&,. The elements by 
and m; are unique and ° 
fi) = max [|| by ||, || my |! ]. 
If we write y in C uniquely as 
(3.30) Y=o,+ wy, 
with o, in S and yz, in L, then 
f(y) = Slo) + fluy) 
= filoy) + foluy), 
where f; and f2 are linear over the B-spaces S and L, respectively, and 


f = Lu.b. Sly) hi ly | fo | . 


On the other hand, 


Sly) | S | filer) | + | flay) | S | fill -lloy|] + || fell -|| ay |! 
S [\\oy)| + || ay {| ]-max || fi || = || y ||-max || fi||, 
i=1,2 t=1,2 
by (3.13). Hence || f |) = max || f; ||. 
From 2.1 and 2.3 there whine 6; in BT such that || fi || = || by || and 


fi(ey) = [0 48, 
T 


where 8, in C™ is the unique extension of ¢, ; hence 


filo,) = > 6,(t)B,({t}) = p> b,(t)o,({t}) = 2 6,(t)o4({t}). 


Similarly, fe(u,) being linear over L, there is a measurable and y-essentially 
32 
bounded m,(¢) such that 


So(uy) = [ m,(t)c,(t) du, 


with || fe || = || my 
The uniqueness of my, and 6, follows from that of the decomposition (3.30). 


4. Abstract-valued functions. We now consider the extensions of the the- 
orems of §1 and §3 to the case of functions x(F) defined over F and taking their 
values in a fixed B-space X. 

The definitions of additive and c.a. functions given in the introduction are 
formally retained. However, the definition of the norm of an additive function 


® O. Nikodym, Contribution a@ la théorie des fonctionelles linéaires, etc., Mathematica, 
vol. 5(1931), pp. 130-141, Theorem I. 
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must be altered if the closest parallelism to the real-valued case is to be reached. 
Let X = [f] be the space of linear functionals over X; then the norm, || x ||, 
of the function x(F) additive from F to X is defined to be 


(4.0) I] x |] = Lub. |] f@(-)) [las 
where f(z(-)) represents the function f(x(F)) considered as an element of the 


space of additive real-valued functions. From (4.0) and (0.2) it follows that 
for an additive x(F) 


|| 2(F) ||x = Lub. | f(x(F))| s ine. || f(@(-)) |la = || eI, 


and on the other hand 


\|a|| < lub. (2. 2 'f(x(F)) |) s Lu. b. (2. = || a(F) |!x), 


if |[=1 if\|=1 
whence 
(4.1) — \|a(F)||x < || a!) S$ 2-Lu.b. || c(F) |x. 
J 


An immediate corollary is that additive x(F) is bounded if and only if |x|! < «. 
As in the real-valued case, a c.a. function x(F) must be bounded. Suppose 
x(F) is ¢.a. Then 
UG) = f(x(-)) 


is an additive operation from X to C; moreover, since the operation U is closed, 
i.e., 


lim || fx —fo|| = 0 and lim || U(f,) — yo|| =O imply yo = U(f), 


33 


U must be linear.” Then Lu.b. |! f(x(-)) le = || U |] < ©, and hence zx(F) 
Pale 


is bounded.” 

Thus the linear space Ax, consisting of the functions 2(F) additive and 
bounded from ‘F to X, is also normed, by (4.0), and the c.a. functions form a 
normed linear subspace Cx. These two spaces are also complete, i.e., Ax and 
Cx are B-spaces.” If lim || am — 2, || = 0, then from the completeness of 

m,n 
X and from (4.1), 
lim z,(F) = 2o(F) 


no 


33 TOL, p. 41, Theorem 7. 

34 What has actually been proved is that if x(F’) is additive over {Fand f(x(F)) is bounded 
for every f in X, then x(F) is bounded. This is a particular case of a more general theorem 
the proof of which we have borrowed in the above; see N. Dunford, Uniformity in linear 
spaces, to appear in vol. 44 of the Trans. Amer. Math. Soc. 

35 This has been shown for Cx using the norm I.u.b. || 2(F) || ; ef. G. Birkhoff, 7ntegration 

pos 
f 


of functions with values in a Banach space, Trans. Amer. Math. Soc., vol. 38(1935), pp. 357- 
378; Theorem 10. 
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exists uniformly in F. The limit function 29(F) is clearly additive, and from 
the uniformity in F and the boundedness of each z, it also must be bounded; 
moreover, since 2o(F) is the uniform limit of {z,(F)}, 


ll Zn — Zo| = 0, 


ai 


lim 

no 
by (4.1). If the z,’s are in Cx, then from the uniform convergence over F 
the limit function z» must be c.a. also. Thus Ax and Cx are both complete. 

The subspaces AX and CX corresponding to the AN and C% of Theorem 1.3 
are also B-spaces, and Theorem 1.3 still holds. It is sufficient to take some 
real-valued ao(F) in AN — C% and an a in X with |! 2 || + 0; then 2-a0(F) 
is in AX — CX, and closed linear CX is nowhere dense in AX. The same method 
is applicable to Theorem 1.31. 

If x(F) is in Cx , then, as with real-valued functions, xr({t}) # 0 for an at 
most denumerable set 8, of points t; hence a c.a. x(F) has a spectral function rg(F). 
This, however, is not always true for the b.a. functions: the function z(F) from 
F* to B*, where T is the unit interval and the point z(F) in BT is the character- 
istic function of the set F, is bounded and additive; yet | xr({t}) | = 1 for every t. 

It is unnecessary to redefine (M) in terms of CX; the new (M) is implied 
by the old. Suppose « is in CX but  — zs # 0. Then there is an F’ in FT for 
which || 2(F’) — xs(F’) || ¥ 0, and hence an f’ exists in X such that 


S'(2(F’) — ag(F’)) | = || 2UF’) — ag(F’) || ¥ 0. 


But f(z — xs) vanishes for single points and f’(x — 2g) is c.a., and yet f’(x — 2s) 
~ 0; this contradicts (M). 

Thus 2.1 carries over. In 3.1 two alterations are made; ‘F is supposed sepa- 
rable with respect to wu, and the w-integral term in (3.11) and (3.12) becomes a 
set function that is a.c. with respect to u. The proof is short. The function 
y(F) = 2(F) — 2xg(F) is ¢.a. and vanishes for single points, i.e., is in C2; hence 
for each f in X the function f(y(F)) is in C’, and by 3.3 must therefore be a.c. 
with respect to u. Since is separable, by a theorem of Dunford’s” it follows 
that y(F) is a.c. with respect to wu. We then have the theorem: under (M), 
if ‘F is completed with respect to u and S is separable when metrized according to 
(3.311), then any function c.a. from F to a B-space X can be decomposed into 


(4.2) x(F) = 2s(F) + y(F) = 20 x(te}) + y(P), 

tte 
where xg(F) is the spectral function associated to x(F), 8. = {ti} is the at most 
denumerable set of points t for which || x({t}) || ¥ 0, and y(F) ts a.c. with respect 


to » and c.a. The y(F) term in this decomposition cannot be improved, at 
least in the direction of certain integrals: there exists a function ¢.a. and a.c. 


* Loc. cit., footnote 35. 
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from the L-measurable sets in [0, 1] to Hilbert space that fails to be an integral 
under any of several extensions of the Lebesgue.” 

Thus 3.2 and 3.3 also hold in the abstract case, provided that u-integrals are 
replaced by functions that are c.a. and a.c. with respect to wu. Corollary 3.31 
has its evident analogue, and 3.32 becomes: under (J) a c.a. function from the 
L-measurable sets in [0, 1] to a B-space X is a.c. if it vanishes for single points; 
hence it is a.c. if it is continuous. 


UNIVERSITY OF VIRGINIA. 


37 See On integration in vector spaces, to appear in vol. 44 of the Trans. Amer. Math. Soc. 











SOLUTIONS OF SYSTEMS OF DIFFERENTIAL EQUATIONS IN 
INFINITELY MANY UNKNOWNS BY INFINITE SERIES OF 
DEFINITE INTEGRALS 


By Jesse PIERCE 


Introduction. The method used in two papers by the author’’® can be ex- 
tended to systems of differential equations in infinitely many dependent varia- 
bles, but the integrands of the definite integrals appearing in the solutions 
consist of an infinite number of terms. F. R. Moulton has also examined the 
case where the right members of the differential equations 


(1) ot om Slt, (i,j =1,2,---) 


are analytic in the variables ¢ and z; and f,(0, 0, ---) = 0.° 

In all three of these methods the solutions are given in terms of infinite series 
each term of which is an infinite series. The methods are theoretically correct, 
but as each term depends upon the preceding terms, it is clear that a serious 
practical obstacle is encountered when the terms after the first ones are to be 
computed. 

Other known methods of approach to the problem are general analysis and 
infinite matrices. 

In the present paper the solutions are given in terms of infinite series of 
definite integrals each integrand of which has a finite number of terms. 

The system of differential equations to be considered has the form 


(2) GE =O) + 3 fis (Oats 2 yy =1,2,-->), 
=1 

where 4, --- , 4 are non-negative integers and 

(3) h = wi + Que + --- + mm, 


for all positive integral values of y. The above arrangement of the terms in the 
right members of (2) is made in order that every term with a finite number of 
the x, with finite exponents will appear after a finite number of terms. The 
path of integration for the definite integrals appearing in the solution functions 
is the interval (t , 4), where the variable ¢ is real and 
(4) li —t| =p. 

Received March 26, 1938. 

! This Journal, vol. 3(1937), pp. 616-622. 

* American Mathematical Monthly, vol. 43(1936), pp. 530-539. 

?F. R. Moulton, Differential Equations, p. 375. 
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For convenience the sequence 4; , --- , 4, will be represented by yu, and hence 
the coefficient functions fi,,,...,,() will be represented by fi,(t). The func- 
tions 6,(t), fi,(t) are real functions of the real variable ¢ which are integrable 
(Riemann), but not necessarily continuous or bounded, on the interval (t , ¢) 
and satisfy the following conditions. 

I. There exists a real positive function @(u) such that 


(5) | (t)| S Ou), =| fist) | S A,O(u) (¢ = 1,2,---), 
where the A, are real positive constants and the function @(u) is integrable 


(Riemann) on the interval (& , ¢). 
II. The series 


(6) i+ 242""™ (» = 1,2, ---) 
h=1 
converges and has the upper bound M when 
(7) |X| SR. 
III. The function @(u) satisfies the inequality 
(8) [ 6(u) +e = U(u) Ss LZ 
0 = 2M’ 
where c is a non-negative constant, and 
, d ™ 
(9) é | O(u) du = 0(u), 
du Jo 


except possibly at the set of points E of discontinuity of the functions 6,(¢), fi,(t). 

Formal solutions of the system of differential equations (2) are found in §1, 
and these series are proved to converge in §2. In §3 the formal solutions are 
proved to have derivatives at all points on the interval (é , t), except at the set of 


points E. 


1. Formal solution of the system of differential equations (2). The trans- 
formation 


(10) y= > or", (¢ ” 1, 2, ec -), 


m=1 


where K is an arbitrary parameter, reduces equations (2) to the form 


> Kort Ber = 6(t) + fa(Oyn K 


(11) + {faye + fior(t)ym + falyh} K? + --- 
= 6;(t) + )» [>> my? fin(O[11] eee [1m] wee [v1] ae [vm,]] a. 
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where [pq] denotes y with subscripts pg and exponent y,, ; wu’ represents the 
sequence wy, ---, Him; ,)*** » Met, *** » Mem, ; the m, ---, m, are positive 
integers less than m; the a, are positive constants; and > represents the sum 
of all of the terms for which 


(12) war + Qua + +++ + Mapim, + oes + Yn + ess + (+ mM, — 1) om, = m — 1. 


The parameter K is introduced in order that a convenient arrangement of the 
terms of the right members of (11) can be made. 

A formal solution of the system of differential equations (11) can be found by 
replacing K by unity and solving, sequentially, the system 














dya — 
[dua — an, 
ee = fa(Oyn, 
(13) @ 
ic = fa(Oye + Soor(t) yar + faldyin , 
> = Li img: Sint) [11] ++ [1m] «++ [1] «+ fom] (m = 2,3, ---). 


Equations (13) are obtained by equating the coefficient of K”**” in the left 
member of (11) to the coefficient of K"™ in the right member. The system of 
differential equations (13) has the solution 


a = [ocoa + c = nal), 


Yo = [somo dt = nalt), 
(14) 4 - 
_— [ LfaCt)ma(t) + for(tma(t) + faOnn()]dt = na(t), 





Yim = [ [>> com fiu(t) [11] «++ [Ima] -- + [v1] -- + [vm,]] dt = nim(t), 


where [pg] now denotes n(t) with subscripts pg and exponent u,, and where the 
c; are arbitrary parameters which satisfy the inequality 


(15) le| Se. 


Hence a formal solution of the system of differential equations (2) is 


(16) 4= D nin(t) (¢ = 1,2, ---), 


m=1 


where the functions ni»(t) are defined by (14). 
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2. Proof of the convergence of the series (16). In order to obtain a satis- 
factory dominating function, consider first the differential equation 


dX 
dU 
where h is defined by (3), » is an arbitrary positive integer and U is the inde- 
pendent variable. As n is a finite positive integer, it is clear that v is finite, 
whereas v takes on every finite positive integral value in (6). It follows from 
the assumption II that M is an upper bound of the right member of (17), and 
this right member will converge absolutely when the inequality (7) is satisfied 
for every positive integral value of n. Hence the right member of (17) can be 
arranged as a power series in X in the form 


(17) =14+ 2 4,3" (» = 1, ---,n), 
h=1 


(18) 4 =1+ 2) BX", 
dl k=l 

where B, is the sum of all the A, for which 
(19) Mt+ee tes) +m =k (v = 1,---,m). 
Hence 

( B, = A; + Aa + «++ + Ao...o1 (n terms), 
(20) { 

[B= A, (wi +--+ +u, =k; k = 1,2,---). 


A solution of the differential equation (18) can be found in terms of a power 
series in U in the form 


(21) X =U + 5B," + (2 Bi + 3B, )U* + (4 Bi + 5B: B: + 15s) Pris 


which will converge when‘ 
R 


(22) U< ou 


Consider now the system of differential equations 
dX; 
dU 
where h is defined by the relation (3). A formal solution of the system of 
differential equations (23) can be found by the method of §1 in the form 

1 


. , ] , — 1 oe. i . 
X;= + Aut + (Date + baa? + Lat!) + 


(23) =1+ > A, XT XE... XP (i,v=1,---,n), 


(24) e 
= bP Hi» (U) (¢ = 1, ---, my, 


m=1 


*F.R. Moulton, Differential Equations, p. 27, formula (12). 
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where 
( Ha(U) =U, 
— +2 
(25) H»(U) = sA,l 5] 
vy 
Hoa(W) -[ [amy Ay {11} --- {lm} --- {vm,}]dU, 
0 


where {pq} denotes H(U) with subscripts pg and exponent u,,. Hence 


(26) Hin(U) ry Hy, (U) (i ” 1, ioe 9 OR 1,2, vee) 


The integrands in the definite integrals of (25) are polynomials in the H,;(U) 
(¢ = 1,---,n;j = 1,---,m — 1), every term of which is of a degree equal to 
or greater than one except the H(U) which are of the first degree in U. As 
every term of the integrands in (25) are of at least the first degree in the H;;(U) 
and the H7(U) are of the first degree in U’, it follows, sequentially, that, after 
integrating, the Hi»(U) (m = 2, 3, --- ) will contain no term of the first degree 
in U. The H;,(U) that contain a term of the second degree in U arise from 
integrands which have a term of the first degree in U. In order that an inte- 
grand of (25) contain a term of the first degree in U’ the equations 


(27) Mur toss * + Mim, + ees + Met + +++ + bom, = 1 

and 

(28) Mig = ++ = Mim = es = We = +++ = Mom, = O 

must be satisfied. Equation (28) follows from the fact that the Hin(U) (m = 
2, 3, --- ) contain no term of the first degree in U. Under these conditions 
equation (12) reduces to 

(29) Mu + Quy + +++ + mn = m — 1. 


As v S n, it follows from (27) that there is only a finite number of values of m 
for which equation (29) can be satisfied. Hence there is only a finite number 
of the Hin(U) that contain a term of the second degree in U. Similarly it can 
be shown that there are only a finite number of the H;,(U) that contain a 
term of the j-th power of U (j = 1, 2,--- ). Therefore the right members 
of (24) can be arranged, formally, in a power series in LU’ every coefficient of 
which is a finite number. It follows from (25), (26) that the series (24), 
when arranged in power series in U, will satisfy the differential equation (17), 
and as the power series solution of this differential equation is unique, it is clear 
that the solution (24) is identically equal to the solution (21). Hence the 
solution (24) will converge when the inequality (22) is satified. 
The right member of the differential equation 


dZ 


sms > A grit te (v = 1,2,---), 
dl h=1 


(30) 
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where h is defined by (3), will converge when |Z! < R. The right member of 
(30), being absolutely convergent, can be arranged in a power series in Z in the 
form 


dZ _ — k 
(31) w= 1+ Lz, 
where the C; are defined by the equations 
(32) in = A, + An + Aor + -:- (an infinite number of terms), 
C. = > A, (ui + owe + --- +m, = kjk, vy = 1,2,---). 


A solution of the differential equation (31) can be found in terms of a power 
series in U in the form 


oj Seen re. ee i ee 1 4 
(33) Z=L teil +(Loi+ser)e +(4 i+ }oc.+4 ol + ---, 
which will converge when the inequality (22) is satisfied. It follows from (32) 
and (20) that 
(34) lim B, = C, (k = 1,2,---), 


no 
and hence 


(35) lim X 


n—0 U 


Z, 


where X is defined by (21) and Z is defined by (33). 

As the series (24) and (21) are identically equal in U when the inequality 
(22) is satisfied, it follows that the relation (35) is true when X is defined by the 
series (24). But the limit as n approaches infinity of the solution functions 
(24) is precisely the series obtained by solving the differential equation (31) by 
the method of §1. This solution is 


— , 1 F . ‘ 
(36) =U + SAU? + (LAtUt + PAu? + 3 Al) + 


= x Nin(U). 


Hence the series (36) will converge when the inequality (22) is satisfied. 
A formal solution of the system of differential equations 


ae 1+ LAZU ae... 2 Lee ER hi 


can be found by the method of §1 in the form 


(37) 


(38) Z=U+ 5 AU? +4 (date 4 5 An 0 + 3420’) wes 


= > N.,(U), 


m=1 
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where 
(39) Nin(U) = Nin(U) (@¢ = 1,2,---). 


As the right members of (38) are the same as the right members of (36), it is 
obvious that the series (38) will converge when the inequality (22) is satisfied. 

When the variable ¢ varies from é to t, the variable u varies from zero to u, 
and it follows from the relation (8) that the variable U varies from c, a non- 


negative number, to U. 
The function N;,,.(U) is defined by the definite integral 


Nin(U) = [ [>> cmp Ay {ll} --- {vm,}] dU 
(40) > [ [>> amy Ay {11} -++ {vm,}] dU 


- [ [do amy Ay {11} siti {ymy]} 0(u) du, 
where {pq} now denotes N(U’) with subscripts pg and exponent u,»,. It follows 
from (14) and (40) that 
(41) | nim(t) | S Nim(U), 
and hence the formal solution (16) of the system of differential equations (2) 


will converge when the inequality (22) is satisfied. 


3. Proof of the existence of the derivatives of the solution functions (16). 
The function im(t) has the form 


Tim(t) = [ [> my fin(O)(11] eee [vm,]] dt 


(42) : 
= [ Gin(t) dt, 
where 
(43) Gim(t) = Qo cme Sint) (11] - + - [vm] 
and 
(44) Gim(t) | S mp Ay ll} --- {vm,}0(u). 


The functions f,,(t), 6:(t), @(u), being integrable on the interval (4, ¢), are at 
most discontinuous at a set of points EZ of measure zero.° The functions nim(t) 
are continuous for all values of ¢ on the interval (4, t) except at the set of 


points BE. 


5k. J. Townsend, Functions of Real Variables, p. 212, Theorem IV. 
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The series (33) is a power series in U and hence has a derivative with respect 

toU. As the series (36) is identically equal to the series (33), it follows that the 
series (36) has the derivative 


dZ — d . 
(45) qu = Sau Nm), 
which is absolutely and uniformly convergent when 
(46) luis (R’ < R). 
~ 2M 


Evidently the derivative of Z with respect to u is defined by the series 


” dZ “~ d , 
(47) yi >> dU Nin(U) -0(u), 
for all values of ¢ on the interval (é , t) except at the set of points E of measure 
zero. Inclose the set E in a sequence of intervals (6;) the sum of whose lengths 
is less than ¢ which is arbitrarily small. Delete this sequence of intervals from 
the interval (4, #). It follows from the inequality (44) that the function 
Gim(t) is bounded and continuous on the deleted interval (& , t). Hence 


d 
(48) dt nim(t) _ Gim(t), 
for all values of ¢ on the deleted interval (t, ¢). The right member of (47) 


dominates the series 


(49) YF rnlt) = L Gnld) 

m=1 at m=1 
and hence the series (49) converges absolutely and uniformly on the deleted 
interval (t, ¢). Therefore the functions defined by the series (16) have de- 
rivatives at every point on the deleted interval (é , ¢).° As € is arbitrarily small, 
it follows that the functions defined by the series (16) have derivatives at every 
point on the interval (t , t) except at the set of points F of measure zero. 


Conclusion. By expressing the solution functions (16) of the system of 
differential equations (2) in terms of infinite series of definite integrals, the re- 
quired hypothesis involves the theory of definite integrals and infinite series, 
but does not require that the right members of the system of differential equa- 
tions be bounded or continuous on the path of integration. However, the 
points of discontinuity form at most a set of points of measure zero. 

The method of finding the solutions of the present paper is essentially the 
same as that used by the author in finding solutions of a system of n differential 


* Townsend, loc. cit., p. 363, Theorem I. 
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equations’ except that the arrangement of the terms of (11) is not the same as 
the corresponding equations (6) of the previous paper. 

A slight modification of the method of finding the solutions in terms of power 
series in a parameter yu, discussed by F. R. Moulton,’ for a system of n differen- 
tial equations will give the system (13) of the present paper. However, if the 
solutions are required to be power series in yw, then the c; of the present paper 
must all be taken equal to zero. It is to be noted that the properties of the 
right members of the differential equations as functions of the independent 
variable are not the same in this paper as those used by Moulton. 

The underlying principle of the present paper is to express the solutions as 
infinite series in the form 


(50) I= »> Yir 

such that when (50) is substituted in (1) the result can be arranged in the form 

(5 5 We oF alt, y, ik = 

51) — Vinlt, Yin) (j,k =1,---,h—-1), 
i= at h=1 


where the ~a(t, yj) are integrable when the y;, are continuous functions of t. 
Thus a formal solution is found by integrating the system 


- dy; . 
(52) “a = Walt, yin) (i, h = 1, 2,3, ---). 
The present paper is an example in which the yia(t, yj) are readily found 
and the convergence of the solutions can be proved. 
Solutions of a more general system of differential equations in infinitely 
many independent variables can be found by a treatment similar to that of §3 


of the author’s paper cited in footnote 1. 


HEIDELBERG COLLEGE. 


7 See reference in footnote 1. 
® Moulton, loc. cit., Chapter III. 














RELATIONS BETWEEN CERTAIN CONTINUOUS TRANSFORMATIONS 
OF SETS 


By R. G. Smmonp 


In a paper on are-preserving transformations’ G. T. Whyburn has shown that 
under certain conditions a transformation is a homeomorphism on each cyclic 
element of a compact locally connected continuum. The principal result is 
obtained by using a transformation which is arc-preserving and irreducible. 
After studying Whyburn’s theorems, the writer investigated the problem of 
finding conditions for a homeomorphism on the whole of any compact locally 
connected continuum and also of finding other conditions for a homeomorphism 
on the cyclic elements. In working with continua other than cyclic elements, 
it was found necessary to define some new transformations and to impose condi- 
tions on the sets obtained by the transformations. After true are-preserving 
and strongly irreducible transformations were defined, it was found that one of 
Whyburn’s proofs could be modified to give a proof of conditions for a homeo- 
morphism on any compact locally connected continuum. The writer has also 
defined a tree-preserving transformation and has found additional conditions 
which will make it a homeomorphism in both cases, first on the cyclic elements 
and then on the whole of any compact locally connected continuum. To do 
this, true tree-preserving and strongly monotonic transformations have been 
defined. After these various transformations were studied, it was found that 
certain relations existed between them, and theorems about some of these rela- 
tions are also proved in this paper. 

The writer wishes to express her appreciation for the help given by Professor 
W. L. Ayres of the University of Michigan, who suggested the investigation 
of this problem and gave valuable criticism and advice during the preparation 
of this paper. 

We shall assume throughout that our space is metric and compact. A knowl- 
edge of the theory of cyclic elements will also be assumed. Definitions of and 
theorems about cyclic elements may be found in an expository paper by Kura- 
towski and Whyburn.” 

The symbol (A) will mean a transformation ® on the set A, where A is a 
compact locally connected continuum. All of the transformations which are 
considered are assumed to be single-valued and continuous. For a single-valued 
transformation continuity is equivalent to the property that a closed set comes 


Received March 31, 1938; presented to the American Mathematical Society, April 9, 1937. 
1G. T. Whyburn, American Journal of Mathematics, vol. 58(1936), pp. 305-312. 
?C. Kuratowski and G. T. Whyburn, Fundamenta Mathematicae, vol. 16(1930), pp. 
305-331. 
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from a closed set, and, since compactness is assumed, it follows that a closed 
set goes into a closed set. These facts can be easily verified and have been 
found useful in the proofs of some of the theorems. 

The following types of transformations are used in the proofs of the theorems 
in this paper: are-preserving, true arc-preserving, tree-preserving, true tree- 
preserving, homeomorphic, contracting, irreducible, strongly irreducible, mono- 
tonic, and strongly monotonic. Four of these have been studied previously, 
but the remaining six, viz., the true arc-preserving, tree-preserving, true tree- 
preserving, contracting, strongly irreducible, and strongly monotonic trans- 
formations are defined for the first time in this paper. The definitions of these 
transformations will now be given and the reasons for introducing the new ones 
will be stated. 

If (A) = B, ® is said to be arc-preserving if the image of every simple arc in 
A is either a simple are or a single point in B.’ A true are-preserving trans- 
formation is defined so as to eliminate the possibility of an arc being carried 
into a point, that is, the image of every non-degenerate arc in A is a non-degener- 
ate are in B. 

To obtain a transformation which is a little more general, a tree-preserving 
transformation is defined as follows. If #(A) = B, ® will be said to be tree- 
preserving if the image of every subset of A which is a tree is either a non-degener- 
ate tree or a single point in B. As in the case of the arc-preserving transforma- 
tion, in order to eliminate the possibility of a tree in A being carried into a single 
point, a true tree-preserving transformation is defined as one in which the image 
of every non-degenerate tree in A is a non-degenerate tree in B. 

The definition of a homeomorphic or topological transformation is well known 
and will be omitted. A new transformation is introduced which only requires 
that when #(A) = B, B shall be homeomorphic with a subset of A. In this 
case ® is called a contracting transformation. 

Whyburn has used the idea of the irreducibility of a transformation in his 
paper on arc-preserving transformations. Given (A) = B, he defines ® as an 
irreducible transformation if no proper subcontinuum of A maps onto all of B.* 
In order to extend theorems for cyclically connected sets to the case of any locally 
connected continuum, it has been found necessary to define a new transforma- 
tion in which subcontinuum of A is replaced by any closed subset of A. That is, 
the condition that this subset of A be connected has been removed. Accord- 
ingly, given (A) = B, is defined as a strongly irreducible transformation if no 
proper closed subset of A maps onto all of B. 

In a paper on the structure of continua,’ Whyburn states a definition of a 
monotonic transformation. Given #(A) = B, ® is defined as a monotonic 
transformation if & '(b) is connected for everybe B. & '(b) is used to represent 


*G. T. Whyburn, loc. cit. 

*G. T. Whyburn, loc. cit. 

5G. T. Whyburn, Bulletin of the American Mathematical Society, vol. 42(1936), pp. 
49-71. 
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the set of all points z of A such that (x) = b, where be B. This idea has been 
used previously by C. B. Morrey.® A new definition has been introduced 
because the condition that @ '(b) be connected was found not to be sufficient 
in the case of locally connected continua not cyclically connected. A strongly 
monotonic transformation provides not only that @ '(b) be connected, but that it 
be arewise connected. 


A. Sufficient conditions for a homeomorphism. In his paper on arc-preserv- 
ing transformations’ Whyburn proved: “If A is a locally connected con- 
tinuum and (A) = B is irreducible and arc-preserving, then © is a homeo- 
morphism on each true cyclic element of A on which # is not constant”. In 
order to obtain conditions which will make @ a homeomorphism on all of A, 
the true arc-preserving and strongly irreducible transformations have been 
defined. 

The need of these stronger conditions may be seen from the following exam- 
ples. First let A be a set which is the sum of three ares B, C, and D such that 
B joins c and d, interior points of C and D, respectively. Let ® be a trans- 
formation which is are-preserving and irreducible on A and such that #(B) = 
&(c) = &(d) and #(C)-&(D) = (B). It is evident that ® is not a homeo- 
morphism on A, but since #(B) is a single point, © is not true arc-preserving. 
Next let A be the sum of three ares B, C, and D such that B-C = z,C-D = y, 
and B.D = 0. Let ® be a transformation which is true arc-preserving and 
irreducible on A and homeomorphic on B, C, and D, and such that 6(B).#(D) = 
#(C). If c is any interior point of @(C), ®'(c) contains three points of A. 
Therefore © is not a homeomorphism on A. But since #(A) can be obtained 
from a closed subset of A, namely, B + D, ® is not strongly irreducible. 

TuHEorEM 1. [If A is a locally connected continuum and ® is true arc-preserving 
and strongly irreducible on A, then ® is a homeomorphism on A. 

Let (A) = B. If is not a homeomorphism, then for some b « B, & '(b) 
contains at least two points z and y. Since A is arewise connected, there is an 
are zy in A, and since @ is true arce-preserving, ®(zy) is a true are. Select a 
point p ~ zx or y so that (p) is an endpoint of #(rpy). Since A is locally 
connected, U, and U, can be selected as arewise connected neighborhoods of 
x and y, respectively, and such that U,-U, = 0. Since under a single-valued 
continuous transformation a closed set comes from a closed set, & ‘(p) is a closed 
set. Therefore U, and U, can be selected so that U,-@'(p) = 0 and U,-® “(p) 
= 0. Since U, is open, A — U, is closed. Since ® is strongly irreducible, 
there is a point c in U, such that ®[@(c)] C Uz, for otherwise the closed set 
A — U, would map onto all of B. Similarly there is a point d in U, such that 
© '[@(d)] C U,. Therefore &(c) ¥ #(d). U, being arewise connected, there 


* C. B. Morrey, American Journal of Mathematics, vol. 57(1935), pp. 17-50. 

7G. T. Whyburn, loc. cit. 

* The proof of this theorem is a modification of the proof of the theorem by Whyburn 
which is stated above. 











578 R. G. SIMOND 


is an arc from c to z in U,. Let q be the first point on this are from ¢ to z 
which is also on the are zpy. Similarly let r be the first point on an are from 
d to y in U, which is also on the are rpy. 

Let M = cq + gp + pr + rd, whichisanarcin A. If @is true arc-preserving, 
(M) is an arc, and one of the three distinct points #(c), &(d), and ®(p) must 
separate the other two on this are. (qpr) is a subare of (zy) and this contains 
a subare N from #(q) to #(r) which does not contain #(p), for &(p) is an end- 
point of @(zy) and since U,-® ‘(p) = Oand U,-® ‘(p) = 0, &(q) ¥ ®(p) ¥ P(r). 
Since &(cq)-(p) = 0 and &(dr)-(p) = 0, &(cq) + N + (dr) is a connected 
subset of 6(M) which does not contain @(p). Therefore #(p) does not separate 
&(c) and &(d). (cq + gp) is a connected subset of 6(M) which does not con- 
tain (d), and therefore &(d) does not separate ®(p) and ®(c). Also @(dr + rp) 
is a connected subset of 6(M) which does not contain (c) and therefore #(c) 
does not separate @(p) and #(d). Since no one of the three points separates 
the other two on @(M), 6(M) is not an are. But this is a contradiction, and 
therefore ® is a homeomorphism on A. 

In order to obtain similar theorems by replacing an are-preserving by a tree- 
preserving transformation on A, it was found necessary to place a condition on 
(A). If (A) does not contain a free are,’ it is possible to have @ tree-preserv- 
ing and irreducible on A and yet not a homeomorphism. This is illustrated 
by the following example where A is a circle and #(A) = B is a universal tree 
of order four. 

The tree of order four which is described here is slightly different from the 
one described by K. Menger.” Let C be the portion of the (r, @)-plane which 
is bounded by r = 1. Let I be that portion of C which lies in the first quadrant. 
Let L be the line 6 = 45° and let I, and I, be the two portions of C into which 
I is divided by L. Let S be a segment of L with (0, 0°) as one endpoint and 
such that all of its other points lie within I. Select a countable set of points 
{b,} dense on S and not including the endpoints of S. At b; erect two perpen- 
diculars, Si and S}, such that all of their points except b; lie in the interior of 
Di and Dj}, triangles with b, as one vertex which lie in I, and I, , respectively, 
and are of diameter < 4. At by erect two perpendiculars, Sz and S;, such that 
all of their points except be lie in the interior of D? and Dj, triangles with b: as 
one vertex which lie in I, and I, , respectively, are of diameter < 4, and are 
such that D,-D2 = 0 (a = a, b). Continuing in this manner for all the 6,’s, 
in general erect two perpendiculars, Si and Sj, at 6; such that all of their points 
except 6, lie in the interior of Di and Dj, triangles with b; as one vertex which 
lie in I, and I, , respectively, are of diameter < 1/(i + 1), and are such that 
bi.> Di, = 0. Let T} = D Si. 

| ai 


On each S), select a countable set of points dense on the segment and not 


* An are zy of a set M is called a free arc if the are zy — (x + y) is an open subset of M. 
In other words, no interior point of the arc is a limit point of points of M not on the are. 
1° K. Menger, Kurventheorie, 1932, pp. 318-322. 
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including its endpoints, and at each of these points erect two perpendiculars, 
Sand S‘, (where the superscripts correspond to the numbering in the countable 
sets of points selected and the subscripts indicate in what portion of I the per- 
pendicular lies), satisfying conditions like those for the perpendiculars to S, 
so that 77 = >> Si, (8 = c, d) will not contain more than a finite number of 
ares of diameter > ¢ for any e. 

This process can be continued to obtain Tt, Tj. --- so that there is no free are 


Co} 
in By, where By = S + >> Tj. Let By, Buy, and Bry be similar sets con- 
i=l 


structed in the second, third, and fourth quadrants, respectively. Let B = 


IV 
> B;. Bis a universal tree of order four. 
i=I 

Let A be the circle r = 1, and let A be transformed into B in the following 
manner. Let % be a transformation which carries (1,0°), (1,90°), (1,180°), 
and (1,270°) into (0,0°) and such that each of the four ares into which A is 
divided by these points is carried into a polygon P} (¢ = I, --- , IV) lying within 
the part of C which is in the i-th quadrant, and such that a component of 
B — (0,0°) is wholly in the interior of it. Let , transform four points of Pt 
into b, and carry the four ares into which P{ is divided by these points into four 
polygons Pi; (¢ = 1, --- , 4) within P} and such that a component of B,; — 6, 
lies wholly within each, and let #, transform Pj; , Pi , and Piy in a similar way. 
Let ¢, be a transformation which carries four points of the Pj; in which by lies 
into be and the four ares into four polygons as above, and let #2 transform a Pi; 
in each of the other quadrants in the same way. If this process is continued 
for each branch point of B, then & = lim 4; is a transformation of A into B 
which is tree-preserving and irreducible, but not a homeomorphism. 

TuroremM 2. If A isa locally connected continuum which is cyclically connected, 
and & is a tree-preserving and irreducible transformation on A, and (A) contains 
a free arc, then ® is a homeomorphism on A. 

Let (A) = B. If @ is not a homeomorphism on A, then for some b ¢ B, 
& '(b) contains at least two points z and y. Let v # b be an interior point of a 
free are in @(A). Let v; be a point of & ‘(v). Since A is cyclically connected, 
there is an are zyy in A. Since ® is tree-preserving on A, ®(xny) is a tree. 
Let this be 7. T contains b = #(x) = (y) and v and therefore an are from 
b to v. Since v is an interior point of a free are in (A), there is a subare pe 
of the are bv such that p is an interior point of a free are in 7. Let p, be a point 
of ® '(p) on the are rvyy. 

Since py # %, pi: must be on the are yx or the are ny. Suppose p, is on the 
are ny. Select a neighborhood U,, such that it contains no point of the are 
vr. Since A being cyclically connected has no cut points, there is a U},, C U,, 
such that A — U}, is connected." Since is irreducible on A, there is a point 
cin U4, such that & "[(c,)] C U}, , for otherwise A — U},, would map onto all 


1! Ht. M. Gehman, Proceedings of the National Academy of Sciences, vol. 14(1928), 
pp. 431-433. 
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of #(A). Let the diameter of U}, be € and select a sequence of neighbor- 
hoods {U%,} such that U‘,, is of diameter < e ', and select a sequence {c;} such 
that @ “[#(c,)] C U},. Since p; is a limit point of {c;}, p is a limit point of the 
corresponding sequence {c;} in (A). Since p is an interior point of a free are, 
there is some c; on the are bv such that @"(c,) C U*S,. But the are »,2 is a sub- 
are of the are zy and therefore ®(v,2) is a subtree of 7’, and since 6(v,r) contains 
b and », it also contains cj. Since »,¢ contains a point of &'(c,), we have a con- 
tradiction, and therefore ® is a homeomorphism on A in this case. The other 
case may be proved in the same way. 

THEeorREM 3. If A is a locally connected continuum, and ® is a true tree-preserv- 
ing and strongly irreducible transformation on A, and every arc of (A) contains a 
Sree arc, then © is a homeomorphism on A. 

Let (A) = B. If ® is not a homeomorphism on A, then for some b « B, 
® '(b) contains at least two points z and y. Since A is a locally connected 
continuum, there is an are zy in A. Since @ is true tree-preserving, (zy) is a 
tree. Let &(zy) = T. Let v be any point of T other than b, and let »; be a 
point of @ ‘(v)-(are zy). Let p be some point of the are bv in T distinct from 
v and b and on a free are of (A). This is possible since every are of &(A) con- 
tains a free arc. Let p, be a point of ®'(p)-(are zy). Then p, ¥ »,, for ® 
is a single-valued transformation. 

Since p; * v , p,: must be on the are »,2 or the are yy. Suppose p,; is on the 
are ny. Let U}, be a neighborhood of p; which contains no point of the are 
wz. Since U), is open, A — U}, is closed. Since ¢ is strongly irreducible on A, 
there is a point ¢ in U}, such that ®“[(c,)] C U},, for otherwise A — U}, 
would map onto all of (A). Let the diameter of U},, be ¢ and select a sequence 
of neighborhoods {Us} such that c. is of diameter < e', and select a 
sequence {c;} such that #'[(c,)] C U},. Since p, is a limit point of {cx} in A, 
p is a limit point of the corresponding sequence {c;} in (A). Since p is on a 
free arc, there is some cy on this arc. ® "(c,) C U*,. But the are nz is a 
connected subset of the are zy and therefore #(v,x) is a connected subset of 7, 
and since #(v,x) contains b and », it also contains c.. Since the are v2 contains 
a point of ® *(ci), we have a contradiction, and therefore © is a homeomorphism 
on A, 

This theorem without the condition that every arc of &(A) contains a free are 
is not true. Let A be an are ab and let ¢ and d be any two distinct interior 
points of A in the order acdb. Let (ac) and (bd) be ares having only &(c) = 
#(d) in common, and let & be a homeomorphism on each of these ares. Let 
&(cd)- (ac + bd) = (c), where (cd) is defined in the following manner. 
Let %,(cd) = Y be the circle r = 1 in the example of the universal tree of order 
four described above, and let #, be such that for any y « Y except ®(c) = #(d), 
#;'(y) contains only one point of the are cd. Let #2 be a transformation which 
carries Y into a universal tree just as @ does in the example above. Let @ = 
$,-%,. Since (cd) is a universal tree, it contains no free are. ® is tree- 
preserving on A, for since (A) is a tree, every closed connected subset of (A) 
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is a tree, and @ is strongly irreducible on A, for ® is a homeomorphism on the 
are ac and on the are bd, and all of the are cd except its endpoints is needed to 
obtain (ced). But since (A) is not an arc, ® is not a homeomorphism on A. 

In order to find other conditions for a homeomorphism on a locally connected 
continuum, a strongly monotonic transformation has been defined, for it was 
found necessary to have @(b) not only connected but arewise connected for 
every b « B. 

TueoreM 4. If A is a locally connected continuum and ® is a strongly mono- 
tonic and true tree-preserving transformation on A, then ® is a homeomorphism on A. 

Let (A) = B. If ® is not a homeomorphism on A, then, for some b « B, 
@ '(b) contains at least two points z and y. Since ® is strongly monotonic on 
A, there is an are xy in A such that #(zy) = b. But since @ is true tree-preserv- 
ing on A, this is a contradiction, and therefore ® is a homeomorphism on A. 

This theorem is not true if ® is strongly monotonic but simply tree-preserving 
instead of true tree-preserving on A. If A is an are and (A) is a single point, 
# is strongly monotonic and tree-preserving, but is not a homeomorphism on A. 

In Theorem 4, if A is hereditarily locally connected, strongly monotonic can 
be replaced by monotonic. 

TueoreM 5. If A is a hereditarily locally connected continuum and ® is a 
monotonic and true tree-preserving transformation on A, then is a homeomorphism 
on A. 

Let (A) = B. For any b ¢ B, ® ‘(b) is closed, for a closed set comes from 
a closed set under a single-valued continuous transformation. Since ® is mono- 
tonic on A, @ '(b) is connected. Since  '(b) is closed and connected, it is a 
subcontinuum of A. Since A is hereditarily locally connected, any subcon- 
tinuum is arewise connected. Therefore # is strongly monotonic on A, and by 
Theorem 4, ® is a homeomorphism on A. 


B. Other relations between transformations. In order to prove other rela- 
tions between transformations, it has been found convenient to establish a few 
lemmas concerning a configuration which has been called a Y,-set and to intro- 
duce a new subdivision of a tree. 

A Y,-set is defined as the sum of n arcs, n = 3, having a common endpoint 
and such that this endpoint is the only point common to any two of the ares. 
The ares will be called the branches of the set, and their common endpoint will 
be called the center of the set. Thus Y; = A + B + C with center z will mean 
that A, B, and C are three ares having x as a common endpoint and A-B = 
B.C =A-C =z. : 

Lemma 1. Given Y; = A + B+ C with center x. If ® is arc-preserving on 
Y;, then ®(Y3) ts an arc or a single point, or ®(Y3) = (A) + #(B) + #(C), 
where (A), &(B), and ®(C) are three arcs having (x) as common endpoint and 
$(A)-&(B) = (B).&(C) = 0(A)-8(C) = (2). 

I. #(¥3) will be an arc or a single point if (A) C &(B + C). B+ Cisan 
are and therefore since # is are-preserving, (B + C) is an arc or a single point. 
But as 6(A) C 0(B + C), ®(¥3) = O(B + C). 
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II. If &(¥;) is not an are or a single point, it follows from I that (B) is not 
a subset of ®(C) and ®(C) is not a subset of ©(B), and therefore 6(B)-#(C) 
is a single point, or an are from some point s to some point ¢in the are &(B + C), 
where s and ¢ are endpoints of the ares @(C) and #(B), respectively. Since 
BOvandC Dr, $(B)-&(C) D #2). 

If &(B)-#(C) is an are st, let r be the other endpoint of ®(C). From I we 
know that &(A) is not a subset of 6(B + C), i.e., there is a point a ¢ A such that 
(a) is not an element of (8 + C). There is an are az in A and, since ® is 
arc-preserving, ®(az) is an are in ®(Y;). Let p be the first point that this are 
has in common with ®(B + C). Since (A + C) is an arc, p must be an 
endpoint of #(C). If p = r, then ®(C) C (A + B) and #(¥Y3) is an are 
by I. If p = s then (A + B) isnot anare unless s = t = (x). Therefore, 
since ® is arc-preserving and ®(A + B) must be an are, 6(B)-®(C) = (x) and 
(x) is a common end-point of &(B) and #(C). 

Similarly it can be shown that #(A)-#(C) = (x) and #(A)-#(B) = (2), 
and #(z) is the common endpoint of any two of the ares. 

LemMaA 2. Given a Y,-set with center x, if ® is arc-preserving on Y,,, then 
()',,) is an are or a single point, or &(Y,,) is the sum of the transforms of k of the 
branches of Y, (8 S k S n) having ®(x) as common endpoint and such that &(xr) 
is the only point common to any two of them. 

Let Y, = M, + Mz +.---+ M,. If there are two branches of Y,, Mi 
and Mj», such that $(M, + Mie) = *(Y,), then since My + Mis an are and 
# is arc-preserving, &(Y,,) isan arc or asingle point. If ®(Y,) = @(Ma + Me + 

- + My), where k 2 3, and no 6(M;,;) © ®(Ma + Me t+ --- + Mu — Mi), 
then by repeated applications of Lemma | we may show that ®(z) is the common 
endpoint of @(M,,), @(M x»), ---, (Mx) and is the only point common to 
any two. 

Corotiary 1. Given Y, = M, + Me + --- + M, with center x. If is 
are-preserving on Y, , and ®(Y,) is not an are (or a single point), then 

(a) &(M,) ts an are with &(x) as endpoint [or 6(M,) = &(x)]; and 

(b.1) af &(M,)-0(M,) = (2) for every M; # M;, then &(M,)-®(Y, — N;) 
= #(r), where N; = M; — xz, or 

(b.2) of ®(M,) and &(M,) have points other than (x) in common, cither 
&(M,) C &(M ;) or &(M;) C &(M,). 

Remark. Lemma 2 and Corollary | are true for z a point of orderw. If the 
center is a point of order w, the set will be called a Y,-set. 





Lemma 3. If A is a tree, then A = Z. A, where 


s=1 

(1) A, is any are whose endpoints are endpoints of A; 
ni—2 

(2) fors > 1, A, = >. D,; , where D, j ts an arc one endpoint of which is an 

j~l 

endpoint of A, and the other endpoint is a point of order n; and this is the only 
a—l 

point which D,, and >> Ay have in common, and the only point which two of the 
=I 


D,;'8 have in common; 
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(3) A— a A, consists entirely of endpoints of A. 

Let A; = L, be some arc joining two endpoints of A. Select the component 
of A — L, which has the largest diameter. Since there cannot be more than a 
finite number of components of diameter > 6 for any 4, the largest one can be 
selected. Let b; be the limit point which this component has on L,. Let the 
order of b; be m,. (If b; is a point of increasing order, n,; will be w, and there 
will be a countable infinity of components.) There will be n, — 2 components, 
C;, of A — ZL, such that C;-L = b,. Since C; + b, is closed and bounded, 
there is a point q such that p(b; , g) = p(b: , 7), where r is any other point of C; . 
There is an are De; with 6; and an endpoint of A as endpoints and containing q. 
Select an arc in this manner from each C; and let the sum of these ares be Az ; 
i.€., As = > Dz;. Let Le = A, + Ae. 

— 

Select the component of A — Lz which has the largest diameter as above, 
and let be be the limit point which it has on L.. Let the order of be be n.. 
Select an arc in the manner described above from each of the ne — 2 components 
of A ~ Lz having b: as a limit point. Let the sum of these ares be A; and let 


L; = >> A,. In general }; is selected so that it is the limit point on L; of as 
s=1 


large a component of A — L; as possible. Aj4: is selected so that it contains 
one arc, as large as possible, from each component of A — L; which has }, 


? 
as a limit point. L; = >> A,. 
s=1 


Any point p which is not an endpoint of A is an interior point of some are 
uv.” Let the diameter of the are up be «. The A,’s were selected in such a 
$1 
way that for any ¢ and for s; sufficiently large, no component of A — A; is of 
t=1 


$1 
diameter > ¢. Therefore some point e of the are up belongs to }> A. Simi- 
t=1 


larly some point f of the are vp belongs to >> A, for s2 large enough. Therefore 
t=1 


s 
both e and f belong to > A, for s equal to the Jarger of s; and s.. Since there 
t=1 
s 
is just one are from e to f, this is in }> A, and since this are contains p, p is a 


t=1 


point of >> A, for s large enough. This leads to the conclusion that A — > A, 


t=l1 s=1 


consists entirely of endpoints of A. 


Since each point of A — >> A, is an endpoint and all endpoints are limit points 
s=1 
oO 


of non-endpoints, A = >> A,. 





2G. T. Whyburn, Transactions of the American Mathematical Society, vol. 29(1927), 
p. 385. 
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TueoreM 6. Jf D is a locally connected continuum and ©® is arc-preserving 
on D, then is tree-preserving on D. 

Although this result is one that might be expected intuitively, we have not 
been able to find a short method of proof. As the proof is long and detailed, 
an outline of the method used will be given first. We wish to show that if A 
is a tree, and @(A) = B, and @ is arc-preserving on A, then Bis atree. This is 
done by using three monotonic transformations, ®, , @,, and #;. We let (A) 
= A’, &(A’) = A”, and #;,(A”) = A’”’. It is shown that A’, A”, and A’” are 
trees. is defined on A’, A”, and A’” in such a way that $(A’) = #(A”) = 
#(A’’) = B. Finally, A’” is obtained in such a way that is a homeomorphism 
on A’” and this leads to the desired result that Bis atree. If we use these three 
monotonic transformations, sets which have certain desired properties are ob- 
tained. , produces a set A’ on which © is true are-preserving. 4, produces 
a set A” such that if z e B has two distinct inverses on A”, they are both on the 
same free are. 3 produces a set on which @ is true are-preserving and strongly 
irreducible, that is, as was shown in Theorem 1, a set on which @ is a homeo- 
morphism. 


I 


Let A be any subset of D which is a tree and let (A) = B 

Since # is not necessarily true arc-preserving on A, there may be ares {a;} 
such that (a@;) is a single point. Let {8;} be the set of components of 
Let ®, be a monotonic transformation which is constant on each 8; , but not 
on any arc of A — }°8,;. Let (A) = A’. Since under any monotonic trans- 
formation, the image of a tree is a tree,” A’ is a tree. Let ©,(8;) = ki. Let 
{C;} be the components of A — > Bi. As #; is a monotonic transformation, 
connectedness is an invariant under #;',"* and therefore #,(C,)-®(C;) = 0. 
If for any point z e #,(C;), Pr ‘(x) contains two distinct points x" and 2”, 
#;'(x) contains the are from « ‘ to x” in A, as &, is monotonic, but since 4, is 
not constant on any are of C,;, this is a contradiction. Therefore 4;'(z) is a 
single point of A. If we define ® on A’ so that @(k;) = (8;) and (2) for x « 4 
(A — }°8,) so that (x) = 6[47'(z)], then 6(A’) = B and @ is true arc-preserv- 
ing on A’. 


II 


(A) Let {62} be the branch points of A’ such that (6?) is a point of order 
one or two in B. Let {b;} be the branch points of A’ such that 6(b;) is a point 
of order greater than two in B. Let Mj, be the are from b; to b;. Let M = 
il My. Since M is a closed subset of A’ and A’ is a continuous curve, the num- 
ber of components of A’ — M is countable.” Let {S,;} be the set of these 


“©. Kuratowski, Fundamenta Mathematicae, vol. 11(1928), p. 182. 
“«G. T. Whyburn, American Journal of Mathematics, vol. 56(1934), p. 295. 
“ R. L. Wilder, Fundamenta Mathematicae, vol. 7(1925), p. 360. 
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components and let s, be the limit point of S;;in M. Each s; must be a branch 
point of A’ or a point of M— >> M,;. Let sz represent an s, which is a bj, let 8k 
represent an s, which is a bj, and let s; represent an s, which is a point of M — 
> Mi. 

Case 1. Si + s,. This case is treated below in (B). 

Case 2. Sy: + s:. For any x ¢ S;, by Corollary 1(a), the arc rs, goes into 
an are with (s,) as an endpoint. 

Case 3. Si + s¢. Any s; is a limit point of {b;} and there is a subsequence 
of {b;} which approaches s; along an are of M. Let {b;;} be such a subsequence 
which is ordered on the arc. For any x € S;,;, by Corollary 1(a), every are 2b; 
goes into an are with #(b;;) as an endpoint. Since ®(zrb;,j.1) C (xb;;) and 
lim ©{b;;} = (s;), ©(xs;) is an are having (s,) as an endpoint by the Cantor 
Product Theorem. 

In Cases 2 and 3, let y be any point of S;; distinct from z. Since A’ is a tree, 
the are rs, and the are ys; have asubare incommon. As ® is true are-preserving 
on A’, (xs,) and &(ys,) have points other than (s,) in common, and by Corol- 
lary 1(b.2), one is a subset of the other. As ® on S,; + s is a continuous 
transformation on a tree, ®(.S;,; + s,) is a compact locally connected continuum. 
Since ©(S,;) contains no point of order greater than two, ®(S,;; + s,) is an are 
or a simple closed curve. We next show that it is an are. 

Let E be the set of endpoints of S;;. As E is separable we can let E = {2;} 
+ Q, where {z;} is a countable set and every point of Q is a limit point of {z;}. 
If, for any 2; , P(x jsx) = PCS, + 8), then since (x ;s;) is an are, ©(.S,; + s,) is 
an arc. In this case let N; be the are rjs,. If (xj) # &(Ski + 8) for any 
z;, then since either ®(2,s,) C ®(2;s,) or O(x;s,) C &(xis;), there is a subse- 
quence {x;} of {z,;} which can be ordered so that ®(x;sx) C (zx;413,) and such 
that for any x; not in {x;}, (z,s,) is contained in ©(x;s,) for some z;. 


lim (x}s,) = lim }> &(xjsx) = lim D> &(x js.) = (Ses + 5%). 


One endpoint of (2;s,) is ©(s,). Let e; be the other endpoint. As {e,;} is an 
ordered sequence on an are, it has a sequential limit point p. Let e;* be a point 
of @"(e;) on the arc x;s, and let {e;'} be a convergent subsequence of such 
points. Let q = lim {e;'}. If {e;'} converged to s; , the diameter of the ares 
{e;'s,} would approach zero and the diameter of the arcs @{e;'s,} would ap- 
proach zero, but ®(ej's,) = ®(xjs,) and ©(Sx; + 8) = lim (z;s,) cannot be a 
single point since @ is true are-preserving on A’. Therefore g ~ s,. For any 
e;' there is a q; such that are e;'s, + are qs, = arc qj + are q,e;' + are @,q, 
where no two of these three ares have more than g; in common. Since A’ is 
locally connected and q = lim {e;"}, the limit of the diameters of {q,e;"} is zero. 
As q; is on the are qs; , q = lim {q;}. 


lim @{e;'s.} = lim @f{e;"g;} + lim {qj} = (sx) 
and 
lim @{e;'s,} = lim ©{zjs,} = ©(Sa; + 82). 
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But #(qs,) is an are and therefore ®(S;; + s,) is an are. In this case let N; 
be the are qs, . 

Let K, = Nn: where N; is an N; which has an s; as an endpoint and such that 
#(N,)-@(M) = (s,). By Lemma2 there is a Ki © K, where Ki = 2LNj and 
the N;’s are N;’s such that (N7)- (Nj) = (s;) and such that (Ki) = ©(K;). 
Let H, be any N; which has an s; as an endpoint, and let H; be any H, such that 
©(H;)-(M) = #(s,). 

(B) A’ = M + D(Sui + st) + Do(Sui + 8x) + D(Sei + se). Let V = M + 
Ki+ LA. For some Ni, (Sci + s:) = O(N,). If this N; is not in Ki, 
then either #(N,) C #(N,), where N; does belong to K;, or &(N,) and 6(M) 
have points other than #(s;) in common. Let M, be an M;; such that 6(M ;) 
and #(N,) have points other than #(s,) in common. By Corollary 1(b.2), 
either (Mx) C #(N,) or &(N,;) C (Mx). If (Mj) is a proper subset of 
#(N,), then #(b;) is on ®(N,). The point b; is the center of a Y,-set, Y;. 
Since (b;) is the center of a Y,-set, 6(Y,;), there is a point z « @(Y;) — (Mx) 
and a point y e #(N,;) — ©(M,) such that #(b;), z, and y do not lie on an are, 
but for any z,; « ® ‘(x)-Y; and y, « ® '(y)-N;, the points 2, b;, and y; lie on an 
are and &(2,b;41) isanare. Therefore in this case 6(N,;) C (Mx). It follows 
that 4(S,; + s:) is contained in @(K;) or in &(M,,) for some My,. The same 
method of proof can be used to show that ®(S;; + s:) is contained in (Hj) 
or in &(M ;,) for some M,,. Any sf which is not an sy on M is an interior point 
of an M;;. Let W, be any are of S,; + sz which has s; as an endpoint. Since 
#(s?) is a point of order less than three and @ is true arc-preserving on A’, 
&(W, + M;,,) is an are. If &(W,) is not a subset of 6(M;;), then an are of 
W, + M,,; can be found which does not go into an arc, just as in the proof above. 
Therefore @(S;; + sz) is contained in #(M;,,). It follows that @(V) D (A’), 
but since V is a subset of A’, ®(V) = ®(A’). 

Let {y:} be the set of components of A’ — V and let g; be the limit point of 
y,in A’ — V. Let 4 be a monotonic transformation which is constant on each 
y;, but not on any are of V. Let #(A’) = A”. Since 4. is monotonic and A’ 
isa tree, A” isatree. Let &o(y;) = j;. For any point z ¢ #(V), &2'(z) is a 
single point of A’ (see proof above that ;'(x) is a single point of A). If we 
define @ on A” so that ®(j;) = #(g;) and #(x) for x e &(V) so that (7) = 
#[;'(x)], then 6(A”) = B. 


III 


Let X; represent any branch of a K; and let Z; represent any H;. Let A” = 
>> G; where each G; is a :(M;;), a &(X,), or a 4(Z,). It can be shown as 
follows that if G; contains z but not y and G; contains y but not z, then &(z) + 
(y). Let 2, = ;'(xz)-V and let y, = &2'(y)-V. 

(1) If M}; contains x, but not y; and Mi; contains y: but not 2, , the are 
from 2, to y; contains a b,. Select any b, and b; such that the are b:b; contains 
z, and the are b,b; contains y,;. By Corollary 1(a), the images of these two ares 
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each have (b;) as an endpoint. If they have another point in common, by 
Corollary 1(b.2), one is a subset of the other. The points b; and b; are centers of 
Y,-sets. Let these be Y; and Y;, respectively. Since ®(Y,) and #(Y,) are 
Y,-sets, there is a point a e ®(Y;) — ®(M) and a point c e 6(Y;) — ®(M) such 
that a, c, and #(b;) do not lie on an are, but for any points a; e ®“(a)-Y; and 
c, € ® ‘(c)-Y;, there is an are a;bice; and therefore ©(a;bic;) must be an are. As 
this is a contradiction, 6(b,b,) and (b/b;) must have only #(b;) in common, and 
(x) = B(x) ¥ P(y:) = Py). 

(2) If Mj; contains x, but not y; and X; contains y; but not 2, , select any b; 
such that the are from b; to b;, which is an endpoint of X;, contains z,. By 
Corollary 1(a), (b;b;) and #(X,) each have (b,) as an endpoint. If they 
have another point in common, by Corollary 1(b.2), one is a subset of the other, 
but there is an M rs which is a subset of the are bby and which has b, as an end- 
point and the X,’s were defined so that (X,)-@(Mj;) = (b,). Therefore in 
this case P(2,) ~ &(y). 

(3) If Mj; contains x, but not y, and Z; contains y; but not 2, , the proof that 
&(x,) # (y;) is the same as (2) with Z; substituted for X; . 

(4) If X} contains x, but not yi: and X? contains y but not 2, let b; and b; 
be the b;’s which are endpoints of X} and Xj, respectively. If b; = b;, 
(X})-@(X?) = 6(b;), for in this case X} and Xj belong to the same K;. Suppose 
b; ~ b; and (2,) = &(y:). There is an are from (z;) to (b;) in &(X}) and an 
arc from (y;) to &(b;) in &(X7) and therefore an are from (b;) to ©(b;) in 
(X}) + 6(X}). There is also an are from $(b;) to (b;) in ®(M). From (2) 
we know that &(X})-@(M) = (b;) and ©(X7)-@(M) = (b)). Therefore 
(2,:b;) + ©(bb;) + &(b;y:) contains a simple closed curve, but the image of the 
are xybibjy1 must be an are. Therefore &(2,) + ®(y;). 

(5) If Z; contains x, but not y, and Z? contains yi but not 2, , the proof that 
#(2,) ~ (y;) is the same as the second part of (4) (b; ¥ b;, for Z}-Z? = 0) 
with Z; substituted for X;. 

(6) If X; contains x, but not y, and Z; contains y; but not x, , the proof that 
P(2,;) + (y:) is the same as the second part of (4) (for b; # b;) with X; sub- 
stituted for X! and Z; substituted for X? and (3) used to show that #(Z;)-#(M) 
= (b;). 

Since these six cases cover all the possibilities, if for any z « B, @ '(z) contains 
two distinct points in > 4G,, they both belong to the same G;. Select any 6 and 
any G;. Let this be G,. If for any z; « B there are two points u and », of 
© '(z,;)-G, such that p(uw:) > 6 (where p(w) is the diameter of the arc 12), 
let c be any interior point of this are. Let e; and e be the endpoints of G;, , 
where u; is on the are ec and v, is on the are ce.. Let {x,;} be the set of all points 
on the are eu, such that there is a point y; on the are ve, such that &(z;) = 
’(y,;). From the continuity of the transformation, {2z,;} is closed and therefore 
there is a last point of {2z;} on the are from u toe. Let this be u’. Similarly 
there is a last point of {y;} such that (y;) = (u’) on the are from » to ée. 
Let this be v’. Let the are uv’ be T;. Let 7; be 7; minus its endpoints. If 
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for any x ¢ B there are two points uz and v of &*(z,)-(G, — 7) such that 
p(tv2) > 4, select an are us’, = T2 in the same way that 7; was selected. From 
the way in which 7; and 7, are determined, 7,;-7, = 0. Continuing in this 
manner, we shall have a finite number of 7;,’s > 6, for G,; cannot contain more 
than a finite number of mutually exclusive ares of diameter > 6. Next use 
46 and G, minus the sum of the 7';’s previously defined. Continue this process 


n—l 
with 46, }5,--.. Repeat with G. — G,,---,G, — }OG;,---. After this 
i—1 


has been completed for each G; , dG. _ Dm x4 will not contain two points u; and 
v; such that &(u;) = (»,). 

Let ; be a monotonic transformation which is constant on each 7; , but not 
on any are of A” — 27:. Let $,(A”) =A’. Since #; is monotonic and A” 
is a tree, A’”’ is atree. Let #;(7;) = h;. For any point z e #;,(A” — ZT, 
#;'(x) is a single point of A” (see proof above that #;'(z) is a single point of A). 
If we define on A’” so that (h,) is the image of the endpoints of 7; and #(z) 
for x ¢ &(A” — >-T;) so that (x) = &[4;'(z)], we can show as follows that 
@(A’’) = B. Let e& and & be the endpoints of G; and let u,v; be any are of G; 
such that @(u,;) = #(v,;)._ Let c be any interior point of the arc ujw;. Now, if 
© '(c)-are eu; = 0, &(c) is not on &(e,u;) and it must be on (v,e2), and there- 
fore @ '(c)-are veg ~ 0. Therefore (A’”) = @(A” — 7, + ©>,(T,) = 
$(A”) = B. 


IV 


If, for any point z e B, &;'(z) contains two distinct points z and y in A”, it 
follows from (1)-(6) above that they cannot belong to the images of two different 
G,’s and from the definition of 4; they cannot both belong to the same #,(G;) 
for any 7. Therefore at least one of them must be a point of #,(A” — 4). 
Suppose z is such a point. Let 2" be a point of #3'(x)-(A” — 4, and let 
y ' be a point of #;"(y). As a. contains all the points of #.(>.M;; +. Ki + 
> H;), and all the points of }> Ki — > Ki and of )> H, — > Hare in M,x isa 
point of @(M — 2,M;;). Let #;'(x')-V = 2. Since x ’ is a limit point of a 
subsequence {b;;| of {b;} which approaches x * along an are of M, x * is a limit 
point of 4){b;;} which approaches x’ along an are of 4:(M). As A” is a tree 
and z ‘ is an endpoint of 4(M), the are « ‘y' has a subare in common with this 
are of &(M) and there is a 4(b;) on this subare. Let #2(b;) = b/. Let I be 
the arc from z ' to by and let J be the are from y | to b:. These ares have sub- 
ares G, and G;, respectively, with b; as an endpoint. If &(/)-&(/) # (b;), 
then by Corollary 1(b.2), either (2) C (/) or 6(/) C (/), but this is im- 
possible for it has been shown above that if G;-G; = b;, then &(G,)- &(G;) = 
#(b,). Therefore & is a homeomorphism on A’, and since A’” is a tree, B 
is a tree. 

Tueorem 7. If A is a tree and * is true arc-preserving on A, then ® is con- 





tracting on A. 
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Let A’ = A, &(A’) = A” and #,(A”) = A’, where 2 and 4; are defined as 
in Theorem 6. Let V C A’, @on A”, and # on A’” also be defined as in The- 
orem 6. 

We know that 4, is a homeomorphism on V and that #(V) = A”. Therefore 
A”’ is homeomorphic with V. The transformation 4; is such that ®;(G; — >7T)) 
is an are. Any two ares are homeomorphic and therefore there is a transforma- 
tion y such that ¥(G,;) = 3(G; — > 77) and such that y¥ is a homeomorphism 
oneach G;. Since ;(G;)-#3(G;) = ©3(G;-G;), y is a homeomorphism on A” = 
> G;. As ¥(A”) = A’”’, A’” is homeomorphic with A”. As ® is a homeo- 
morphism on A’’’, B is homeomorphie with A’’’. Since B is homeomorphic 
with A’”’, A’” is homeomorphic with A”, and A” is homeomorphiec with V C A’ 
= A, @ is contracting on A. 
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COVARIANT CONFIGURATIONS RELATED TO ANALYTIC CURVED 
SURFACES 


By P. O. BELu 


I. Introduction 


In a study of the projective differential properties of a surface a canonical 
development for the equation of the surface and the geometric determination 
of the associated reference tetrahedron are of fundamental importance. Both 
of these problems were solved by Wilezynski.' To solve the latter problem 
he was led to introduce and characterize geometrically the quadric known as 
the canonical quadric. His method of characterizing this quadric, however, 
was very complicated. Bompiani’ has offered a distinctly different charac- 
terization, and Stouffer’ has found a simple method of locating the quadric. 
Green‘ obtained an expansion which serves to represent a series of canonical 
developments, including that obtained by Wilczynski. He used, however, 
Wilczynski’s determination of the canonical quadric to characterize a reference 
tetrahedron. The author’ presented, in a recent paper, a simple method of 
completing the determination of the tetrahedron associated with any one of the 
various canonical developments of Green, without using Wilezynski’s quadric. 
The immediate applications of this method to the theory of surfaces prompted 
the author to undertake the present investigation.” 

Let us consider a general curved surface S, referred to its asymptotic net as 
parametric, with the fundamental differential equations in Wilezynski’s canoni- 
cal form 


(1) Yuu + 2byo + fy = 0, = You + 2a’yn + gy = 0. 
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Using the notation introduced in the celebrated memoir by Green (loc. cit.), 
let us consider the parametric vector equations 


(2) y= y(u,v), p= Yu — BY, = Yo — ay, T= Yur — AYu — BY + ay, 


where @ and 8 are arbitrary analytic functions of u and v. Equations (2) de- 
fine the general homogeneous coérdinates of four points which we denote simply 
by y, p, ¢ and 7 when no possible confusion can arise. If the functions 8, a are 
chosen suitably, the expressions for p, ¢, and 7 become covariants, the points 
p, ¢, and 7 therefore become covariant points, the coefficients in the associated 
development become absolute invariants, and the development is said to be a 
canonical development. The geometric determinations of the covariant points 
p, ¢ Which correspond to various canonical developments are well known, but 
the problem of the characterization of the associated points r presents serious 
difficulties. 

The author’s characterization (loc. cit.) of a point + which corresponds to 
a general selection of points p and o is fundamental in this paper. The char- 
acterization may be described briefly as follows. Consider an arbitrary set 
of covariant points p; , 7; , 71; Whose general coérdinates are given by the forms 


Pi = Yu — BY, Fj) = Yo — AY, TH = Yuw — @Yu — BYo + a Buy. 


Let 1;; denote the line joining the points p; and ¢; and l;; denote its reciprocal 
(i.e., the line in the relation R, as defined by Green, with 1;;) with respect to 
Sata point y. In particular let J, and [j, represent the directrices of Wilezyn- 
ski. Similarly, the canonical edges of Green will be denoted by lz» and Tas « 
The two points 72 and 72; are characterized geometrically and are used as base 
points in the following theorem to locate the point 7, which corresponds to 
p, and o,. 

TuHeoreM I. The points ts, to and the point X*%, of intersection of the two 
lines l,, and l,, are collinear. 

Thus the points 7,,, 712 and the point X}? are collinear, as are also the points 
Trs, T , and X71. Hence 1,, is defined as the intersection of two lines each of 
which passes through two known points. 


II. Reciprocal flat pencils 


1. A sequence of perspectivities connecting reciprocal flat pencils. We 
shall call a pair of flat pencils whose lines are reciprocal with respect to a surface 
S at a point y reciprocal flat pencils or simply pencils in the relation R. Pencils 
in the relation R are projective inasmuch as their corresponding lines are recipro- 
cal polar lines with respect to any quadric of the pencil of quadrics of Darboux 
associated with S at y. We are concerned here with the problem of the geo- 
metric determination of a sequence of perspectivities connecting a general pair 
of flat pencils in the relation R. Let the flat pencils be denoted by l; and [; 
(¢ = 1,2,---). We shall, with Green, call the pencil of lines 1; a pencil of the 
first kind, and the pencil of lines I; one of the second kind. Let p; and o; denote 
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the intersections of the lines J, with the tangents to the » = const. and u = 
const. curves, respectively. Let t, denote the line’ yXi2 and ft, the line yX 2. 
Let N denote the intersection of & with l , and J denote the intersection of the 
lines piog and p;N. 

Theorem I shows that the points ry, 712 and p; are collinear. The points 
T2, Tig and oz are also collinear. Hence the plane determined by the points 
12, T and ty intersects the tangent plane in the line poz. The point J there- 
fore lies in this plane and hence the line Jr» intersects the line 7:72. in a point 
distinct from 7, and 72 which we denote by M. Let us denote the line yM 
by m. We shall show that m is identical with the line 1;. We are now ina 
position to write the sequence of perspectivities: 


N 
(4, h, l, 1) er (y, Ply P2, pi) ry (Xii, Pil, 2, J) 
x (Xi, Til, T22, M) > (te, li, i, m). 


Hence 

(i,h,h,l) * (e,u,hk,m). 
But 

4, h,,l) * ,h,h,h), 


since pencils in the relation R are projective. Therefore 


To define geometrically this sequence of perspectivities, it suffices to locate 
Tz and one point of the set 7, tx, M. The remaining points are thereby 
fixed with reference to these and the given points p; and o,. The points rz, 
7, and t correspond to known lines pyoz , px; and pyo2 and are therefore easily 
located by applying the method of Part I. As a result we have a new method 
of determining the tangent planes to the asymptotic ruled surfaces R“ and 
R” at points p and a, respectively. 

Theorem I may be used in conjunction with the geometrical determination 
of a single point 7 to give still another geometrical characterization of lines 
which are reciprocal to given lines in the tangent plane. The characterization 
may be described as follows. 

Let tT be a known point corresponding to a given line pjo,. It is well known 
that the quadric of Wilezynski may be geometrically characterized as soon as a 
single point +, which corresponds to a known line po, is located. We shall use 
the point 7 determined in the author’s paper (loc. cit.) for this. 

Tueorem 1. The quadric Q of Wilczynski is the unique quadric which has 
second order contact with the surface S at y, and which contains the lines pyr», and 


O2T12. 


? For the sake of brevity we shall denote a line determined by a pair of points by placing 
in juxtaposition the symbols denoting the points. 
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It may be easily shown that the equation 
XoX3 — 13%, = O 


for the quadric Q of Wilczynski is the same for all coédrdinate systems referred 
to reference tetrahedra whose vertices are points whose general coérdinates 
are of the forms y, p, ¢ and 7. Thus all points 7, whose coérdinates are of the 
form 

T = Yur — @Yu — BY + aby 


lie on the quadric. Then the point 7;;, where 7 + 1, which corresponds to a 
known line p;o; lies on the quadric, and by Theorem I is collinear with the 
known points 72 and 2 i2. But the point i, where j = 1, does not lie on the 
quadric Q. Hence the line 7.X%} intersects the quadric Q in exactly two points 
which are therefore the points 72, and r;;. The reciprocal line I; is determined 
by the points y and 7;;. The tangent plane to R'"’ at p; is the plane deter- 
mined by the point p; and the line I}. Likewise the tangent plane to R at o; 
is the plane determined by the point o; and the line I;. The point r;;is not 
determined in this way if j = 1 or j = 2. For in either of these cases X}}, 
72 and 7;; all lie on Q and therefore the line Xjir,2 is a ruling. 

The methods of this section have application to the characterization of the 
projectivity connecting a very important pair of reciprocal flat pencils, namely, 
the first and second canonical pencils (Green, loc. cit.). 


2. A geometric characterization of the locus of the points r which correspond 
to the covariant lines of the first canonical pencil. Let us denote by p; and 
a; the intersections of the canonical lines of the first kind with the asymptotic 
tangents yp and ye, respectively. Let us consider the flat pencils denoted by 
pro; and o,p; (r * s), whose centers are the fixed points p, and o, , respectively. 
Since the ranges o; and p; are perspective from the canonical point, the pencils 
pro; and o.p; are projective. They are not perspective since there is no self- 
corresponding line. The pencils, therefore, determine by the points of inter- 
section X}i a point conic C,, in the tangent plane to the surface S at y, cutting 
the asymptotic tangents in the points y, p, and ¢,. The conic C,, is geomet- 
rically determined with the location of the lines p,c, and p,o,. The conic C,, 
is one of a two-parameter family of such conics C;, corresponding to the number 
of arbitrary pairs of lines which may be selected in the pencil. From Theorem I, 
we see that the points X}} of the conics C;, are collinear with the points rz, and 
tii. Hence we have 

TueoreM 2. The cones of lines determined by the points rz, and the points 
Xi of the corresponding point conics Cz, determine by their common intersections 
the points ri; . 

The points 7,, lie in the canonical plane since they correspond to the canonical 
lines of the first kind. They therefore determine a point conic (non-degenerate 
since £ # ») which we shall call the conic C, of the determining canonical cones. 
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We shall not be concerned here with the residual intersection of these cones, 
for it does not contain points 7. Projective pencils which determine the conic 
C, may be obtained by projecting the pencils p,c; and ¢,p; on the canonical 
plane 7, from the point r,,, where the pair r, s is arbitrarily chosen from the 
pairs &, 7. 

THeoreM 3. The conics C;, are the conics which pass through the point y of 
the surface and are tangent at the points p; and a, to the canonical lines |; and l, , 
respectively, since these lines correspond to the common ray p;o, in the respective 
pencils. 

In particular, the conics of the family C,, , r = const., are tangent to the line 
l, at the point p, and the conics of the family C;, are tangent to the line J, at 
the point ¢, . 

TuroreM 4. The points r,, (r = const.) are collinear with the point p, (The- 
orem 1), and all lie on the quadric of Wilczynski. Hence the line described by 
Tr, constitutes a ruling of the quadric. Likewise the points r;, (s = const.) deter- 
mine a ruling. As r varies, the ruling p,t,, generates one regulus of the quadric, 
and as s varies, the ruling o,7:, generates the other regulus of the quadric. 

The plane determined by the lines p,r,, and ¢,7,, is tangent to the quadric of 
Wilezynski at 7,, since p,r-- and ¢,r,, are rulings. This plane intersects the 
tangent plane to S at y in the line l,. Moreover, the conics C,, are tangent to 
l. at p,. Hence we obtain 

TueoreM 5. The cones of lines X}it,_ (r = const.) are mutually tangent along 
the line determined by their vertices try, (r = const.) and their common tangent 
plane coincides with the plane tangent to the quadric of Wilezynski at the point 7, . 

An analogous relation holds with respect to the cones of lines X}irg. (s = 
const.) and the line determined by the points r;, (s = const.). 

The equation of a conic C,, of the family of conies C;, , referred to the points 


y, p, and ¢, , is easily found to be 
(8, — B,)xit2 + (a, — a) X23 + (a, — @.)(B, — B,)ters = O, 
where 
Ps = Yu — BY, = Pr = Yu — Bry, 


Ts = Yo — GY, o, = Yo — OY. 


Since the conies Cy of points Xj3 and Cx of points X2; are completely defined 
geometrically and the points riz and rt. have been characterized geometrically, 
we have the following theorem. 

Turorem 6. The conic C, of the points 14; ts characterized geometrically as the 
mutual intersection of the cones of lines Xj\a712. and X12 with the canonical plane 
(Theorem 1). 

The equation for the conic Cy referred to y, p, , and a, is 


(ach 2a'b,)(2ba‘, + a’b,)aers + 4a’b(2ba., + a’b,)r2, 
— 4a'b(ba, + 2a’b,)x,7; = 0, 
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and the equation for the conic Cy referred to y, pz , and o is 


(a,b + 2a’b,)(2ba’, + a’b,)xex3 — 4a’b(2ba,, + a’b, aire 
+ 4a’b(ba, + 2a’b,)x,¢3 = 0. 


III. Certain associated systems of curves in the tangent planes 


1. The sequences C,;, C;, and C7. Let C denote a curve, covariantly re- 
lated to a surface S at y, which lies in the tangent plane to S at y. Let us 
choose as vertices of the tetrahedron of reference for S four covariant points 
Y; P1, 01 , Tu, Which are to be chosen in a manner that will simplify the equation 
for C as much as possible, but such that the line p,o, does not coincide with 
any tangent line of C. A sequence of curves C; associated covariantly with 
S at y may then be determined by starting from C as follows. Let a variable 
tangent line to C be denoted by /. Let the intersections of / with the tangents 
to the v = const. and u = const. asymptotic curves of S be denoted by p and o, 
respectively. The point 7 corresponding to po describes a curve C’ as the point 
of contact of 1 moves over C. Let C’ be projected from the point tn , which 
does not lie on C’, onto the tangent plane to S at y. Let its projection be 
denoted by C;. Taking C; and repeating the process gives a curve Cz , likewise 
C; is obtained from C, , and if we continue the process, C, is obtained from C,_; . 

An associated sequence C* , C{ , C2, ---, Cs is determined by the intersection 
of the developable surfaces whose edges of regression are the curves C’, Cj, 
C:,---,C, with the tangent plane to S at y. The correspondence between 
the points of C; and C? is one-to-one and continuous. We shall say that the 
curves of C; and C? are in the relation R* with respect to S at y. 

THEeoREM 7. Jf C and C* are any two curves in the relation R* with respect to 
S at y, the points of C* lie on the tangent lines of C whose points of contact are the 
corresponding points of C. 

To prove this let po denote an arbitrary tangent line to C. Let r denote the 
point of C’ corresponding to pe. We must show that the tangent line at + 
to the curve C’ intersects the line pe. Now by Part II the curve C’ lies on the 
quadric Q of Wilezynski since it is a locus of points 7 whose general coérdinates 
are of the form 


T = Yur — GYu — BYo + apy. 


Also in Part II it was shown that the tangent plane to the quadric Q at the 
point 7 intersects the tangent plane to S at y in the line poe to which it cor- 
responds. Therefore, since the tangent line to C’ at r lies in the tangent plane 
to Q at 7, this tangent line intersects the line pe. This is what we wished 
to prove. 

Let us apply the above methods to the study of a number of important co- 
variant curves. In each case we shall obtain the curves C’ and C; which are 
associated with the given curve C in the manner described above. We then 
investigate the geometric relations which these curves have with important 
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covariant points and lines of the tangent plane which have been defined by 
geometers heretofore. 


2. The four-point conics of the projected asymptotics. Let us consider 
first a general conic of a pencil of four-point conics having contact of the third 
order with each other. For definiteness let C., denote an arbitrary four-point 
conic of the projected asymptotics (Green, loc. cit.) which correspond to the 
v = const. asymptotic curve of S at y. If the points y, p2, o2, 722, whose 
general coérdinates are of the forms 


Ys P2 = Yu — By, o2 = Yo — OY, Te = Yu — O2Yu — BoYv + anfry, 
respectively, are chosen as vertices of the reference tetrahedron, the equation 
of the conic with which we are concerned is 
(1) 3b'x3 + 3br.23 — (b, + 4bB2)rexz3 + wr; = 0, 


where 2b is the coefficient of y, in the differential equations for S and w is an 
arbitrary parameter. By choosing pcg to be the first canonical edge of Green 
we obtain the simple form for the equation: 


(1.1) 3b°x3 + 3bx,23 + wx} = 0, w = arbitrary parameter. 


Let w’ = w/b. The equation becomes 


~ 


(1.2) 3baz + 3x23 + w'x3 = O, w’ = arbitrary parameter. 


The parametric equations for the conic C., may be taken in the form 


(x, = —4(w’ + 300), 
(2) {ie = f, 
(zs = | 


The equation for a general tangent line / to the conic C,, is 
32, + Gbtxe + (w’ — 3bt°)z3 = 0. 
The intersections of this tangent with the tangents to the asymptotic v = const. 
and u = const. curves, respectively, are the points p and o whose coérdinates 
are given by 
p = Yu — (B2 + 2bt)yy, 6 = yo — (ae — bt')y. 
The corresponding point 7 therefore has general coérdinates given by 
+ = t~ — [4(w’ — 3bt")|o2 — 2btor + [}(w’ — 2bé*)][2bily. 
Hence a parametric representation of the curve C.,, is as follows: 
(x, = }(@’ — 3bé°)(2bt), 
(3 )% = (30? — w’), 
3) i ao 


z% = 1. 
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The equations of the cone generated by I’ as ¢ varies is found, by eliminating ¢ 
among 22, 23, and 2%, to be 


(4) 12bax, — 323 + 4w’bxi = 0. 

The projection of C., onto the tangent plane to S at y from the point rx 
is a cubic curve, I',, , whose equation is found by eliminating ¢ among 2; , 22 , 23 
of equations (3). The equation is 
(5) Sazx; — 4bw’x3a; — 12bz,23 = 0. 

When w’ = 0, this cubic degenerates into the first canonical edge of Green and 
the conic whose equation is 
(6) x23 — 4br3 = 0. 


Equation (5) shows that the cubic I’, has a node at the point ¢,. The equation 
for the Hessian of I’,, is 


(7) 24b7w'2,23 + 3bw’xiz; + 9bri — 4b°w'x3z; = 0. 
The intersections of this with the cubic I',, consist of points of inflection of I,’ 


and the node of T,,. The points of inflection are therefore the points whose 
coérdinates are 


(0, i, 0), (—4w, 6V/ —», b), (4, 6+/ —w, —b), 


where w = bw’. Clearly the three points of inflection are collinear and determine 
the line whose equation is 
(8) ba, a 4w23 = 0. 


The coérdinates of the points of inflection of I’, are such that the truth of the 
following theorem is immediately apparent: 

THEOREM 8. One of the points of inflection of I.» is the intersection of the first 
canonical edge of Green with the tangent to the asymptotic v = const. curve, and the 
remaining two points of inflection of 1... lie on conjugate tangents to S at y. 

The tangents to the cubic I’, at the node (0, 0, 1) have the equations 


(9) V3x — 2wm = 0, V3x + wr = 0. 
Therefore 
TueorEeM 9. The nodal tangents of the cubic T, divide harmonically the tangent, 
2% = 2; = 0, to the v = const. asymptotic curve and the first canonical edge of Green, 
y= % = 0. 
The curve C%. , which is in the relation R* to C.: is a conic whose parametric 
equations may be taken in the form 
= 3 bw’ - 60’, 
Ze 2bt, 
(10) z3 = — 2b, 
4 = 0. 
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Eliminating t among 2 , 22 , 23 , we obtain the equation for c 
(11) 9bzz — 32x; — w'ri = 0. 


TueoreM 10. The conics C,» and C%. intersect the tangent, x, = x4 = 0, tothe 
asymptotic u = const. curve in the same points, whose codrdinates are (1, 0, 0, 0), 
(—w, 0, 3, 0). The conics C. and C%. are both tangent at y to the asymptotic 


v = const. curve of S. 
Results similar to the above are obtained with the réles of the asymptotic 
curves u = const. and v = const. interchanged if we replace the four-point 


conics which we have used by the four-point conics tangent at y to the u = 
const. asymptotic curve. 


3. The conics passing through a point y which are tangent to neither asymp- 
totic curve of Saty. Let us take as a second example a general conic C which 
passes through the point y of the surface S but which is tangent to neither 
asymptotic curve of S at y. If we choose y and the two other intersections 
p, and o, of the conic with the asymptotic tangents as the three vertices of the 
reference triangle, the equation of the conic C is of the form 


(12) 2122 + Ax x; + Brox3 = 0. 
A parametric representation is easily found to be 

(a1 = A + Bt, 
(13) , 4 i = (A + Bt), 

(23 = —f}, 


The equation for a tangent line to C at a point having the parameter value ¢ is 
Bx, + Az, + (A + Bt)’x; = 0. 


The general codrdinates of the points of intersection of this tangent with the 
tangents to the asymptotic u = const. and v = const. curves are given respec- 
tively by 


o = yo — [a + (A + Bt)’/Be ly and p= y, — [8 + A/Be ly. 


Hence the points + which lie on the lines which are the reciprocals with respect 
to S at y of the tangent lines to C have general coérdinates of the form 
r= t, — (A + Btl/Bt)p, — (A/BO)o, + (ALA + Bil /B ty. 
A parametric representation for the locus of points 7 is, therefore, given by 
(x, = A(A + Bo)’, 


ES BE(A + Bt)’ 
(1: / : , 
54) Ly ABE, 
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The homogeneous equation for the cone determined by y and the locus of points 
r corresponding to the tangent lines to C is found, by eliminating ¢ among 22 , 
x3, and 24, to be 
(15) 4A Bay, + (Azs — Buy — 22)’ = 0. 
The projection of the locus of points 7 onto the tangent plane from the point 71 , 
which corresponds to p,0; , is a curve C; whose equation, obtained by eliminating 
t among 2 , 22, and 23, is found to be 
(16) 4A Bayrox§ + (24% — Axx; + Baez; = 0. 
This is a tricuspidal quartic C, having cusps at each vertex of the triangle of 
reference in the tangent plane to S at y. The equations of the cuspidal tangents 
at the points y, p; , 7; are respectively 
te — Az; = 0, x, + Brs = 0. Az, + Br, = 0. 
TuHeoreM 11. The three cuspidal tangents of the quartic C, intersect in the 
point whose local codrdinates are (— B, A, 1). 
The tangents to the conic C at the points y, p, , and o, have the respective 
equations 1 
eo + Ax3 = 0, m+ Brz = 0, Ax, a Bre = 0. 


Hence, we have 

TuroreM 12. If C is any conic lying in the tangent plane to S at y and having 
as tangent line at y a line distinct from either asymptotic tangent to S, the associated 
curve C, is a tricuspidal quartic curve whose cusps are at the points y, p, , and o, , 
which are the intersections of the conic C with the asymptotic tangents. The cuspidal 
tangents at p, and o, coincide with the tangents to C at these points. The cuspidal 
tangent to C, at y and the tangent to C at y are harmonic conjugates with respect to 
the asymptotic tangents to S at y. 

Let us apply the results proved above to the particular case in which the 
conic C is the covariant conic Cy which we have studied in an earlier section. 
The equation for this conic is of the form (12), where 


_ ba; + 2a’b, B = be + 2a'by 


A= —+, = “__ . 
a’b, + 2ba,, 4a’b 





The equation for the associated tricuspidal quartie C, is 
(17) 16a’b(a’b, + 2ba’,) (ba, + 2a’b,)°x,22%3 — [4a’b(a’b, + Qba’, ax 
+ 4a’b(ba, + 2a’b,)aizs + (ba, + 2a’b,)r2a3) = 0. 


THrorem 13. The intersection of the cuspidal tangents to C, is the canonical 
point. The cuspidal tangent to C, at y is the first canonical tangent t,. The 
cuspidal tangents at the points p, and og are, respectively, the first directrix of 
Wilczynski and the first canonical edge of Green. 
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BOOLEAN FUNCTIONS OF BOUNDED VARIATION 
By Wituram D. DutTHIEe 


Introduction. The properties of the relation 
aAdb = ab’ + a’b 


suggest its use in framing a definition of a Boolean function of bounded varia- 
tion similar to that for the real function of a real variable.’ It is the purpose 
of this paper to frame such a definition and deduce the restrictions imposed 
on the function by it. These conditions in turn make possible a re-interpreta- 
tion of many of the properties of the A-relation in terms of this restricted class 


of functions. 
I. Functions of one variable 


DerinitTion 1. The Boolean function f(x) is said to be of bounded variation 
in the domain (0, B) provided the sum 


(1) »» [fla) A fla)] 


j=1 


ts different from 1 (the universal class) for all a; , a; subject to the conditions 


(2) 0 <a < B, 
(3) Dd a; = B, 
i=l 
(4) aja; = 0 fori # j. 


DerFiniTion 2. If the sum (1) is null (= 0), f(x) is said to be an improper 
function of bounded variation in the domain (0, B). 

TueoreM |. A necessary and sufficient condition that the function (in normal 
form) 


f(z) = ax + br’ 
be a function of bounded variation in the domain (0, B) is 


(5) (ad b)B #1. 


teceived May 14, 1938; in revised form, June 25, 1938. 

' For a detailed discussion of the properties of the A-relation, see Stone, Postulates for 
Boolean algebras and generalized Boolean algebras, American Journal of Mathematics, 
vol. 57(1935), pp. 703-732 
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Proof. 


>» [f(a;) A f(a;)] = pa [flai)f’(a;) + f'(a)f(a;)] 


II 


= (aa; + be:)(a’ a; + b’ a;) + >> (a’ a; + b’ «;) (ae; + ba’) 


i,j=l ij=l 
n n n n 
, , , , 
=> a’ baja; + i ab’ a; a; + bh a’ ba;a; + } k ab’ cee; 
j=l ‘j=l ijl j=l 


(ab’ + a’b) > a; 0; + (ab’ + a’b) > aja, 
‘j=l ‘jal 


= (a Ab) ya a; > a; + (a Ab) ; om a; > a; 
i=1 j=l i=l g=i 


Il 


(a Ab)B D> a; 
i=l 


(a A b)B, 


" n , 
since ), a, = (II x) = 1 by condition (4) of the definition. This result is 
i=1 i=1 
clearly independent of the manner in which the a; , a; were chosen; hence all 
the conditions of the definition are fulfilled. 

An immediate consequence of the above result is the following 

Corotiary 1. Any Boolean function whatever is of bounded variation in the 
domain (0, B), if Bis # 1. 

Therefore if any restriction is to be imposed on the function itself, the domain 
of definition must be enlarged to (0, 1). When the domain is (0, 1), the fune- 
tion is said to be of bounded variation everywhere. 

Hence we have 

Coro.iary 2. A necessary and sufficient condition that the function 


f(x) = ax + be’ 
be of bounded variation everywhere is 
(5’) (a db) # 1. 
The condition (5) is equivalent to each of conditions a # b’, a’ # b separately. 
Improper functions of bounded variation. It will be of some interest to de- 
termine the most general domain in which the function f(7) = ar + ber’ is an 


improper function of bounded variation. By Theorem I, the most inclusive 
value of B for which the sum (1) vanishes is 


B= (adb)’ = ab+a'b’. 
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if > [fla:) A f(a;)]| = 0, then [f(a;) A f(a@;)] = 0 for any a;, aj. Hence 


td 


fle.) = fla,) and f(r) remains unchanged for all values of x in the domain 
(0, ab + a’b’). Therefore all the variation of f(7) will occur in the domain 
(0, ab’ 4+- a’b). This domain is called the “effective range” of 2 by Schmidt, 
who used a different method to arrive at his results.” 

The condition that a function be an improper function of bounded variation 
in the domain (0, ab’ + a’b) is from Definition 2 


(6) (a A b)(ab’ + a’b) =a Ab=0 
or 
(7) a = b. 


The function f(7) then takes the form 
f(x) =a =), 

and all improper functions of bounded variation in the domain (0, ab’ + a’b) 
are constants. 

Note. Throughout the remainder of this paper when no domain is specified, 
it is understood to be the domain (0, ab’ + a’b) or (0, 1). 

TueoreM Il. The product of any function by an improper function of bounded 
variation different from | is a function of bounded variation. 

Proof. cf(x) = acx + bex’. By Corollary 2, ef(x) will be of bounded variation 
ifacAbe #1. But’ ac Abe = (aA b)e.. Hence ac A be # Life #1. 

Tueorem III. Jf f(x) ts a function of bounded variation, f(x’) is also a function 
of bounded variation. 

Proof. Let f(z) = ax + be’. Then f(z’) = br + ax’. But® (a db) = 
(b Aa). 

Tureorem IV. The complement of a function of bounded variation is a function 
of bounded variation. 

Proof. Let f(z) = a’x + b’z’. Then® 

(a’ Ab’) = (a’ Ab)’ = ((aAb)’)’ =a Ab. 


A similar theorem may be stated for improper functions of bounded variation, 


The proof is the same as that of Theorem LV. 


Functions not of bounded variation. As in the case of improper functions 
of bounded variation, it is possible to determine the conditions that a function 
not be a function of bounded variation. 

If the function 

f(x) = ax + be’ 

? Schmidt, The theory of functions of one Boolean variable, Transactions of the American 
Mathematical Society, vol. 23(1922), pp. 212 222. 

* For proof of the following relation see Stone, loc. cit 
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is not a function of bounded variation, then 
aAb=1. 


Hence a = 0’ and all functions which are not functions of bounded variation 
take the form 


(8) f(z) = ar +a’z’. 
The function f(x) has the property 
(9) f(z) = f(z’). 


From this relation and Theorem III, we have 

THeorEM V. The complement of a function which is not of bounded variation 
is a function not of bounded variation. 

An odd property of these functions is the following 

TuHeorem VI. The product (sum) of two distinct functions not of bounded 
variation is a function of bounded variation. 

Proof. Let the functions be 


f(x) = ar + a'r’, g(x) = br + b’r’ 
with a = b. Then 
S(x)g(x) = abr + a’b’z’. 


Assume f(xz)g(x) is not of bounded variation. Then ab A a’b’ = 1. Hence 
ab = (a’b’)’ = a+ banda = b. This contradicts the assumption that a ¥ b. 

By Theorem V, f(x) and g’(x) are not of bounded variation. Therefore 
f'(z)g'(z) is a function of bounded variation and 


S(x) + gz) = [f'@)9’@)I’ 


is a function of bounded variation, by Theorem IV. 


Summary. The results of Section I may be summarized as follows. 

Let C denote the class of functions of bounded variation, C; the class of im- 
proper functions of bounded variation, and D the class of functions not of 
bounded variation. Then C; < C, CD = 0. 

If f(x) « C (C,, CCi, D) (e = “is a member of”), then f’(x) ¢ C (C; , CCi, D). 

If f(x) € C, , f(z) ¥ 1, g(x) arbitrary, then f(x)g(x) € C. 

If f(x) « D, g(x) € D, f(x) ¥ g(x), then f(x)g(x) € C, and f(x) + g(x) € C. 

Sums and products of functions of bounded variation are not necessarily of 
bounded variation ; for example, the sum of the functions 


f(z) =a’x, = g(x) = ar’, 


where a ~ 0 anda’ + 0, is not a function of bounded variation. 
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II. Notation and a lemma 


Before we extend the concept of bounded variation to functions of two vari- 
ables, an abbreviated notation is introduced. 
A Boolean function in normal form 


, ', ’ 
f(a, Le, +++ , Fn) = 02,22 +++ In + MeXy Xe +++ In + +++ + Agnd Xe +--+ Ly 


is determined when its coefficients a; , dz, --- ,@ are known. Hence the 
ordered-set of Boolean elements 


(10) [a, , 2, «++ , Aan] 


may be used to designate the function f(x , t2, --- , n) in normal form. 
The following properties of the symbol (10) are simply restatements of well 
known properties of functions in normal form: 


(11) (a; , G2, +++, Gen)’ = (as, ae, -++ , aan], 
(12) [a; , de, ~~~ , Aon] + [br , be, --+ , Dan] = [a + bi, Ge + de, --- , don + dal, 
(13) [ay , Ge, “72 , Agn][b; , be , whe » Don] - (a,b; , debe , +++ 5 Gon bon]. 


In cases where the same indices are used repeatedly the symbol (10) will be 
further abbreviated to 


[a;] (¢ = 1,2,---,2”). 
Relations (11), (12), and (13) will then be 
(11’) [ai’ = [ai], 
(12’) [a;] + [bi] = [ai + bi], 
(13’) {a;|[bs] = [asd,] (¢ = 1,2,---, 2"). 


With the above notation it is now possible to state and prove in a compara- 
tively brief manner the following lemma, which is a generalization of relations 
(11), (12), (13). 

Lemma. If 


[a,;] = Si(ai , Ze, +++ On) = On 2122 +++ In + AeX, 22 coe En fH ces 
+ Gert, ---2, (i =1,2,---,k) 
is a set of k functions (in normal form) of n variables, then the arbitrary function 
(fi, fz, -- » Se) 
has the form 
((a1; , aaj, --+ , M;)] (j = 1,2, ---, 2"). 


Proof. Since any arbitrary function ¢ is formed by means of a finite number 
of operations of the types (11), (12), (13), the j-th coefficient of the function @ 
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will be made up of the same operations on the j-th coefficients of the k func- 
tions [a,;]. 

The notation (10) is also useful in indicating special forms of a function. 
For example, it is well known that a function (in normal form) of n variables 
can be considered as a function (in normal form) of one variable whose co- 
efficients are functions (in normal form) of n — 1 variables. Such a form of the 
function is indicated by 


[ay »UW2,°*, Ggn—1}, [Gan—141 » Gen-1g2,*°*, zn]]. 
Each of the inside brackets may in turn be indicated by a pair of brackets, etc. 


III. Functions of two variables 


As in the case of real functions, there are several ways in which the concept of 
bounded variation may be extended to Boolean functions of two variables. 
The method used in this section was selected because of its comparative brevity. 

DeFINiTION 3. <A Boolean function of two variables 


o(x, y) = axy + ba’'y + cry’ + dz’y’ 
= [a, b, c, d] 
is said to be of bounded variation with respect to the variable y if the function 
[[a, b], [e, d]] 


is of bounded variation for all values of x. 
THEeoreEM VII. A necessary and sufficient condition that the function [a, b, c, d] 
be of bounded variation with respect to the variable y (x) is that the expression 


(adc)+(bAd) ((a4b) + (cAd)) 


be different from 1. 
Proof. Consider the function in the form 


[[a, 6], [c, a]. 
Then by Corollary II, Section I, 
[a, b] A [c, d] ¥ 1 
which is equivalent, by the lemma of Section II, to 
(14) [(a Ac), (bAd)] #1. 


Since (14) must hold for all values of z, it must hold for x = a Ac and condi- 
tion (14) must be strengthened to 


(15) (adc) + (bAd) #1. 
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The sufficiency of the condition is obvious. 
By a repetition of the above process, considering the function in the form 
[[a, cl], [b, d]], 


we get the condition 


(16) (ad b) + (cAd) #1. 
Derinition 4. If conditions (15) and (16) hold simultaneously, the function 
la, b, ¢, d] 


is said to be of bounded variation. 
Conditions (15) and (16) may be combined into a single sufficient condition 


a+b+c+d#l. 


This is not a necessary condition, however. 

Analogues of other definitions of Section I may be stated for functions of 
two variables. Likewise theorems similar to those of Section I may be stated 
and proved, but the similarities are so marked that these definitions, theorems, 
and proofs are omitted. 
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INTERIOR TRANSFORMATIONS ON CERTAIN CURVES 
By G. T. WHyBuURN 


In this paper a study will be made of interior transformations as applied to 
compact metric continua. Also results will be established concerning such 
transformations defined on certain particular classes of curves, such as dendrites 
and boundary curves. A single-valued continuous transformation T7(A) = B 
is said to be interior [2]' provided the image of every open set in A is a set open 
in B. All continua referred to in this paper are assumed to be compact; and if 
R is an open set, the boundary of R, i.e., the set R — R, is designated by F(R). 


1. Conditions for lightness. A transformation 7(A) = B is said to be light 
[5] provided that for no b « B does T~'(b) contain a non-degenerate continuum. 
Inasmuch as the property of being light is assumed by Stoilow [2] for all interior 
transformations, it is of interest to determine certain classes of continua on 
which all interior transformations are necessarily light. 

(1.1) TuHerorem. [f A isa locally connected continuum such that the boundary 
of every region in A is totally disconnected, then every interior transformation which 
does not carry A into a single point is light. 

Proof. Suppose, on the contrary, that there exists an interior transformation 
T(A) = Band a point p ¢ B such that T”'(p) contains a non-degenerate con- 
tinuum H. Let R be a component of B — p and let R,, Re, --- , R, be the 
components of T '(R). Then since T is interior, we have 


H C F(R) + F(R2) + «++ + F(R). 


Accordingly, for some i S n, F(R:)-H must contain a non-degenerate con- 
tinuum, contrary to hypothesis. 

(1.11) Corotuary. If A is either (i) a dendrite, (ii) a locally connected 
continuum no cyclic element of which has a continuum of condensation, or (iii) 
a continuum every subcontinuum of which contains uncountably many local sepa- 
rating points of A, then every interior transformation on A is light. 

(1.2) Turorem. In order that a continuous transformation T(A) = B be 
light (where A is compact), it is necessary and sufficient that for any « > 0aéd > 0 
exists such that if X is any continuum in B of diameter < 6, each component of 
T'(X) is of diameter < «. 

Proof. The sufficiency is immediate. For if we suppose the condition satis- 
fied and that there is a non-degenerate component H of T”'(p) for some p ¢ B, 


Received May 30, 1938. 
' The numbers in brackets refer to the bibliography at the end of the paper. 
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taking « < 6(H) we can find a continuum X in B with p e X, 6(X) < 6, whereas 
the component of T”'(X) containing X is necessarily of diameter > . 

To prove the necessity of the condition, let us suppose on the contrary that 
there exist a sequence X,, X,,--- of continua in B with 6(X,;) — 0 and a 
sequence H,, Hz, --- of components of 7” '(X,), T”'(X2), --- , respectively, 
with 6(H,) 2 « > O for each 7. Clearly we may suppose the sequences [X;] 
and [H,] convergent. But this gives lim X; = p ¢ B, lim (H;)) = H CT (p); 
and since 6(H) 2 «, this is contrary to the hypothesis that T is light. 


2. Separating point theorems. We begin with a general theorem on cut 
points of the image space under an interior transformation. - 

(2.1) Turorem. Suppose T(A) = B is interior, where A is a locally con- 
nected continuum. Let p be any point of B and let Q, , Qe , --- be the components 
of B — p. (The number a of these may be 1, any n, or So.) If I is any infinite 
subset of T'(p), there exist components R, , R2, --- of T'(B — p) such that for 
each i, T(R;) = Q; and for each i and j, F(R;)-F(R;)-1 ts infinite. Thusifa> 1, 
there exist a true cyclic element C of A and components C-R,, C-R.,--- of 
C — C.-T '(p) such that F(C-R;)-F(C-R,)-I is infinite for each i and j. 

Proof. T'(Q,) consists [5] of just a finite number of components of A — 
T*(p); and since T“(Q,) > T~‘(p) D I, some component, say R; , of T~'(Q:) 
is such that F(R) contains an infinite subset J, of J. Likewise (if a > 1) there 
exists a component R, of T~'(Q2) [which is a component also of A — T'(p)] 
such that F(R:) contains an infinite subset J; of J;. In the same way (if @ > 2), 
there is a component R; of T~'(Q;) whose boundary contains an infinite subset 
I; of Iz, and so on. If we continue this process indefinitely, or until a set 
R. is found, clearly our theorem is satisfied by the sets R, , Re, ---. 

Now if a > 1, clearly all points of J, are conjugate, since J, C F(R,)-F(R:). 
Hence, if C is the cyclic element of A containing J2 , the latter part of the theorem 
is satisfied. 

Our theorem yields the following corollaries. 

(2.11) If pis acut point of B, there exist a finite number of cyclic elements of A 
whose sum contains T”'(p). 

Proof. Take Q, and Q2 as in the theorem. Let the components of 7~'(Q,) 
and 7 '(Qe) be Ri, R2, ---, RL, and Ri, R2, --- , Ri,, respectively. Let F} be 
the set of points F(R})-F(R?) (j S m, i Sm). Then for every set F} there 
exists a cyclic element C} of A containing F}. Furthermore, since there are 
only n,m sets F;, and since >> Fy = F(T "'(Q,)| = FIT '(Q.)] = T'(p), it 

1 


i=l j= 
ne wm" 


follows that }> >> C} DT '(p) as required. 
t=—1 j=l 
(2.12) If every true cyclic element of A is a linear graph, the inverse of each cut 
point in B is a finite set. 
(2.13) If pisacut point of B such that T'(p) cuts no true cyclic element of A, 
then T'(p) is a finite set. 
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(2.2) THrorem. Let 7(A) = B be interior, where A is a locally connected 
continuum. If x is a point of B such that B — x has just a finite number of com- 
ponents R,, Rz, --- , Ry, and if, for each i, n; is the number [5] of components of 

k 


T '(R,), then T(x) contains less than n = > n; cut points of A. 


Proof. Since any set of n cut points of a connected set A cuts A into at least 
n + 1 mutually separated (open) sets and since no open set can map into z, 
it follows that if T~'(x) contained as many as n cut points of A, we would have 


A — T(z) = A, + As + --- + Anu; 


where the sets A; are disjoint and open. But clearly this is impossible, since 
each A; must contain at least one component of A — 7” '(x) and there are only 
n such components because each one is [5] a component of 7” '(R,) for some 7. 

(2.21) If A is locally connected and T(A) = B is interior, and if x is a point 
of B such that T™'(x) cuts no true cyclic element of A into infinitely many com- 
ponents, then T'(x) contains at most a finite number of cut points of A. 

For by (2.1) it follows that there can be only a finite number of components 
of B — x. Hence (2.2) applies to give (2.21). 

(2.22) If A (hence also [5] B) is a dendrite and T(A) = B is interior, then 
for each x « B, T(x) contains only a finite number of cut points of A. Thus if x 
is any non-endpoint of B, T~'(x) is a finite set. 

It will be noted that the latter statement is also a consequence of (2.11) or 
of (2.13). 

(2.3) THrorem. If A is a compact continuum and T(A) = B is interior, 
then for each b « B, T~'(b) contains at most a countable number of local separating 
points of A. 

Proof. Suppose on the contrary that 7~'(b) contains an uncountable set G 
of local separating points of A. Then [4] G contains a point x of degree 2 rela- 
tive toG. Hence 6 is of order S 2. Accordingly there are at most two com- 
ponents B, and B, of B — b. Now for any e > 0 we can find an e-neighborhood 
U of xin A such that F(U) consists of just two points of G and U -G is uncount- 
able. Since T(U) # b, there must exist a quasi-component Q of A — 7’ ‘(b) 
so that Q C U, since T”-'(b) D F(U). But by a former theorem ({5], result 
(1.4)), either 7(Q) = B, or T(Q) = Bz; and clearly this is impossible for all 
e> 0. 

It may be observed that (1.1) is also a consequence of (2.3). 

(2.4) THrorem. If x is a local separating point of a continuum A, if T(A) = 
B is interior and if x and y = T(z) are of the same finite order’ k in A and B, 
respectively, then y is a local separating point of B. 

Proof. For ¢ sufficiently small, any «neighborhood of z or of y must have 
at least k boundary points. Hence if U is a sufficiently small neighborhood of 
xin A such that F(U) consists of exactly k points 27, 72, ---,a%,V = T(U) 
will be an e-neighborhood of y in B with boundary F(V) = y; + ye + --- + Ye, 


2 The term order of a point as used in this paper refers to the Menger-Urysohn order. 











610 G. T. WHYBURN 


where y; = T(x,). Furthermore, U and V are continua, and for U sufficiently 
small, U will be the sum of two continua U; and U2 such that U,;-U, = z and 
U,-F(U) #4 0 4 U2-F(U). 

Now since every point y; of F(V) is a limit point of B — V, it follows that, 
for each i, 2; = U-T ‘(y,). Accordingly the transformation T(U) = D is 
interior. 

Now let us suppose, contrary to what we wish to show, that V — y = R is 
connected. Since this set is open in V, it follows by a theorem of the author’s 
({5], result (1.4)) that every quasi-component of 7”'(R) maps onto all of R 
under T. But clearly this is impossible, since l’; contains a quasi-component 
Q of T~'(R) and there is at least one integer m such that z, C U2, so that 
T ‘(ym)-Q = 0. This contradiction proves our theorem. 

(2.41) Coroxtuary. If every subcontinuum of a continuum A contains un- 
countably many local separating points of A, the same is true of any interior image 
of A. 

For let T(A) = B be interior and let K be any subcontinuum of B. Since 
K contains a subcontinuum irreducible between some two points, we may 
suppose K is irreducible between two points.’ Let H be any component of 
T ‘(K). By hypothesis H contains an uncountable set G of local separating 
points of A. Since all but a countable number of the points of @ are [3] of 
order 2 in A, and since not more than two points of K are of order < 2, it follows 
that G contains an uncountable subset G, such that, for every x « G,, both z 
and T(z) are of order 2. Thus by (2.4), any y ¢ T(G,) is a local separating point 
of B; and since, by (2.3), for no y « T(G) is T-'(y) -G uncountable, it follows that 
T(G,) is uncountable. 


3. Dendrites. Let 7(A) = B be interior where A is a dendrite. For each 
z ¢ B let k(x) be the multiplicity of z, i.e., the number of points in T~'(x). Also, 
for each integer n, let B(n) denote the set of all z ¢ B with k(x) = n. 

THEeorEeM. For any two points a, b « B and any point x on the arc ab of B we 
have 

(i) kz) S k(a) + k(b) — 1. 

Proof. Suppose, first, that z is a point of order 2, interior to ab. Then there 
are just two components R, and R, of B — zx and these contain a and b, respec- 
tively. Now it follows by a former theorem ((5], result (1.4)) that each com- 
ponent of A — 7 '(x) maps onto either R, or R,. Hence there can be at most 
k(a) of these components mapping onto R, and at most k(b) mapping onto R, . 
Accordingly there are at most k(a) + k(b) components of A — T(x); and since 
each point of 7” '(z) must be a point of order = 2 and hence be a cut point of A, 
it follows by (2.2) that k(x) S k(a) + k(b) — 1. 

Thus every interior point z of ab of order 2 satisfies (i). Since such points 


° Actually, since A is hereditarily locally connected and this property is invariant under 
interior transformations, we could suppose, without loss of generality, that K is a simple 
arc. 
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are dense on ab and the points z with k(x) < any integer form a closed set, it 
follows that (i) holds for any z on ab. 

We have the following corollaries. 

(3.1) If k(a) = k(b) = 1, then k(x) = 1 for each x e€ ab. Accordingly the set 
B(1) is a continuum, as is also T[B(1)]. 

(3.2) In general, for any m, there exists a dendrite K in B such that 


B(m) C K C B(2m — 1). 
(3.3) If k(a) = 1 [or k(b) = 1), then k(x) S k(b) [or k(x) S k(a)]. Thus if 
B(1) # 0, then for each m, > B(i) is a dendrite. 


4. Boundary curves. A locally connected continuum is called a boundary 
curve provided every one of its true cyclic elements is a simple closed curve. 
By a node of a locally connected continuum M is meant either an endpoint of 
M or a true cyclic element of M containing at most one cut point of M. 

(4.1) THrorem. The property of being a boundary curve is invariant under 
interior transformations. 

Proof. Let A be a boundary curve, let 7(A) = B be interior, and let By be 
any true cyclic element of B. If Ao is any component of T~'(Bo), then T'(Ao) = 
Bo, and on Ao, T is interior [5]. Hence by a theorem of the author’s ((6], 
result (3.2)), any node Ey of Ay maps onto all of By) under T. Since Ep is a 
simple closed curve, By can have at most one point of order # 2; and hence Bo 
is also a simple closed curve. 

(4.2) TuHerorem. [f A isa locally connected continuum, T(A) = B is interior 
and B is cyclic, then any simple closed curve node of A maps interiorly onto B. 

Proof. Let E be such a node of A and let p be the cut point of A on E. 
Order the points of C-T~'[T(p)] cyclically on E, p = pi, po, +--+, De, Pr- 
(These points are finite in number since there can be only a finite number of 
components of A — 7 "[T(p)].) Let q’ be any point of B — T(p). Each of 
the arcs p:pi4; of E maps onto B and hence contains a point q; of T”'(q’). No 
are p:pi410f E can contain two points of T'(q’) since each component of A — 
T ‘(q’) must contain a point of 7 "[T(p)]. Thus we have the cyclic order p;, 41, 
P2,Q2,°**,DPk,Q,p~r- It follows that there are just two components R and S 
of B — (p’ + q’), where p’ = T(p); and p.9q; maps topologically onto R + p’ + q’, 
%:P2 maps topologically onto S + p’ + q’, peg onto R + p’ + q’, and so on to 
qxp: Which maps topologically onto S + p’ + q’. Accordingly, T(Z) = B is 
interior. 

It will be noted that (4.2) may be made to yield (4.1) as a ready consequence. 


5. 1-dimensional images of 2-dimensional pseudo-manifolds. We consider 
a compact 2-dimensional pseudo-manifold A, i.e., a set A which can be sub- 
divided so as to form a regularly connected homogeneous 2-dimensional com- 
plex every 1-simplex of which is on at most two 2-simplexes [1]. As has been 
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remarked in an earlier paper ((7], p. 488) it is possible to map a sphere interiorly 
into any dendrite by sending certain indecomposable continua into points. 
However, if we require that the inverse of each image point be locally connected, 
we get the following result. 

Tueorem. If A is a 2-dimensional pseudo-manifold, T(A) = B is interior 
and for each b « B, T~*(b) is locally connected, then if B is 1-dimensional, it is 
either an arc or a simple closed curve. 

Proof. Since the 1-dimensional connectivity number of B cannot exceed 
({6], (6.4)) that of A, it follows that every cyclic element of B is a linear graph. 
Thus if Y denotes the set (which we will prove to be vacuous) of all points of 
B of order > 2, it follows that any y ¢ Y locally separates B into at least three 
components. Thus, for any y ¢ Y, there exists a region R in B containing y 
such that there are at least three components R, , R, , R; of R — y each having 
y as a limit point. Since 7” '(y) is locally connected, it follows that for each 
p « T ‘(y) there exist components S,, S:, S; of T”'(R,), T (Re), T”*(Rs), 
respectively, such that p is accessible from each of the sets S,, Sz, S;. Now 
since‘ there can be at most a finite number of points accessible from each set of a 
given triple S, , S: , S; , and since the total number of such triples of components 
is finite, it follows that T~'(y) is necessarily a finite set. This being true, it 
follows at once that every point of 7” '(y) is a local separating point of A; and 
since there are only a finite number of local separating points of A, it follows 
that Y and 7”'(Y) are finite sets and furthermore that A — T~'(Y) is con- 
nected. Hence B — Y is connected. 

Since every point of B — Y is of order 1 or 2, it follows at once that Y can 
contain at most two points. But if Y contained two points a and b, then if 
ab is an are in B, we would have ab = B; and if Y contained a single point y, 
y would be on a simple closed curve J in B and we would have J = B as y is 
not a cut point. In either case Y would actually be vacuous. Thus every 
point of B is of order 1 or 2 and accordingly, B is an are or a simple closed curve. 
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INTEGRAL INEQUALITIES CONNECTED WITH DIFFERENTIAL 
OPERATORS 


By I. HALPERIN AND H. R. Pitt 


1. Introduction. Suppose that the measurable functions f(z), f,(x), 9-(z), 
r.i(Z), P(x), c(x) are defined in the finite or infinite interval a < zr < a+a, 
that fo(x), fi(x), --- , fn-s(z) are absolutely continuous in every closed sub- 
interval and that almost everywhere’ in (a, a + a) 


So(x) = qo(x)f(z), 


. 


(1.1 r 

' Sess(x) = f(x) + > Gr i(@)fi(x) + Gri(z)f(z) (r =0,1,---,n—1), 
(1.2) Tf(x) = p> p(x)f-(x) + e(x)f(z), 

| ari(z)| <= My (j = 0,1,---,r;r=0,1,---,n—1), 
(1.3) | gr(x) | Ss Mi, |p-(x) | s M2, (r = 0, 1, reeyn), 
|c(z)| S Mz, 

(1.4) |qo(x)| «> 0, |pr(x)| De > 0. 
We write 


as 4=[[in@rar]”,  B=[ [i m@rar]”, 


where p 2 1. 
Our object in this paper is to prove inequalities of the form 


(1.6) A, S F(Ao, Az), A, S F(Ao, B), 
and to use them to prove certain results about differential operators. 
2. Integral inequalities. 


(2.1) THetorem 1. Suppose that (1.1), (1.2), (1.3), and (1.4) are satisfied 
and thatn > 0. Then 


(2.1.1) A, S nB + KAo (r= 0,1,---,n— 1), 


Received June 10, 1938. 
1 The words ‘‘almost everywhere’’ will be understood in similar statements that occur 


in what follows, although they will be frequently omitted. 
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where K = K(e, M,, M2, Ms, n, n, a) < @ ts a decreasing function of a for 
fixed «, M,,Mz2,M3,n,n. In particular, if p,(z) = 1, p(x) = 0(r = 0,1, ---, 
n — 1), then 


(2.1.2) A, S nA, + KAo (r = 0,1,---,n — 1). 


First we observe that by replacing f(z) by qo(x)f(x) and making suitable 
changes in p,(zx), q-,;(z), we may assume that qo(z) = p,(z) = 1, c(x) = 0, and 
q(x) = O(r = 1,2,---,n). Secondly, it is sufficient to establish the inequali- 
ties (2.1.1), (2.1.2) for the closed subintervals interior to (a, a + a) (for which 
the A,’s are clearly finite), since the general validity of (2.1.1), (2.1.2) will 
follow by a straightforward limit process. Thus we may suppose that a < 
and that a = 0. 

We now prove two elementary lemmas. 

(2.2) Lemmal. Leth > 0 and suppose that f(x) belongs to L?(a,b +h). Then 


6 h Pp b+h 
(2.2.1) [ f S(z+ dt drs w | | f(x) |? dz, 


(2.2.2) i { (h — Of(x + bt) dt| dx < - [is |? dz. 


These inequalities are special cases of a well-known theorem of W. H. Young.’ 
(2.3) Lemma2. If0 <h < ja, then 





(2.3.1) a,[ —= - iat] SF Aya +3 Ar + Mill + 4h) p> mm 
Let 
woz) =F arrsedfC2 (r = 1,2, ---,), 
so that 
(2.3.2) fAz) = fia(z) + g-(z). 


Also, by Minkowski’s inequality 


(2.3.3) | [ ‘be rac] <M, > Ay. 


Now letO <h S§S5a—h. Let 


y(z) = [1 + tj dt (0sx<é-h), 
=0 (¢-hs2x<é£+h), 
= [ie -ow (+h SzrSa). 


? See A. Zygmund, Trigonometrical Series, p. 71, 4.16. 
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Then ifO0 <2 <ét—h, 


hf-(z) [ fe + at - [ Usle + 1) — f.lz)lat 


y(z) - [ (h — t)fi(x + t) dt. 


Similarly, if +h < z <a, 


hf, (z) = y(z) + [ (h — t)f-(x — t) dt. 


If we use Lemma 1, it follows that 


: + [. |hf-(z) — y(x)|? dx 


(23.4) = [ - 


2p Fs 2p fa 2p @ 
sf it@ra + [itera =" [ine rae 
0 & 0 
Now by (2.3.2) 





[o — Of (e+ Oat de +f") [oo — Ofi(e - Oat! de 


[we +itddt= [ac + t) + 9,(x + t)]dt 


= tifcle +B) — f.s60)) + [ g(a + t) dt 


It follows easily from this and (2.3.3), by use of Minkowski’s inequality, that 


gh a 1/p r—1 
(2.3.5) [ [ + [ . | ¥(x) Par < 2Ay_1 + hM, be A;. 
0 + 


j=0 


Also, by (2.3.2), (2.3.3) and Minkowski’s inequality, 


(2.3.6) | [ iL) rac] < Ana + MD A;. 


=0 


If we combine (2.3.4), (2.3.5), (2.3.6) and use Minkowski’s inequality again, 
we obtain 


f-h a l/p r—1 2 r 
[ [ + i | hf-(x) Par | . 2Ay-1 + hM, bY A; + ; | Ares + M, bs As] 
0 E+h =O 7=0 
Hence 


r—1 Pp E+h 
A? < ke + 5 Ara + a A, + M,(1 + *) x As] + a | felx) |? dx, 
2 4 
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and if we integrate this inequality over the range h S — S a — hand use Lemma 
1, we get 
2 h hM 
(a — 2h)A? Ss i; Aya + 5 Art + 2 1A, 


1 


+ m,(1 + *) > A] (a— 2h) + 2hA?. 


7=0 
Hence 
a — 4h\"” =| 2 h ‘) > 
; anit ee “3 “ A;, 
a,| (2=$) 5 | Sp Aeat54en + Mill +5 2d Ai 
an inequality which is stronger than (2.3.1) since a — 4h < @ — 2h. 
(2.4) Proof of (2.1.2). As we use different values of », it is convenient to write 
K(n) for any function which depends only on e, M,, M2, n, n, a and is a de- 
creasing function of a for fixed «, M,, Mz, n, ». The proof is by induction. 
Suppose that for any yn’ > O andr = 0,1, --- ,m — 1 we have 


(2.4.1) A, S 'An + K(n’)Ao. 
It follows from Lemma 2 that 
n—l 
(2.4.2) An S n”Anu + K(n”) D> A;. 
= 


If we combine (2.4.1) and (2.4.2), we obtain 
An S 1” Anu + nK(n")[n'An + K(n')Al, 
A,{1 — nn’K(n”)] S 1” Anyi + 2K(n")K(n’)Ao , 
and when 7’, 7” are suitably defined, this can be written 
An S Any + K(n)Ao. 
It follows from this and (2.4.1) that 
(2.4.3) A, © 1Anyi + K(n)Ao (r = 0,1, ---, m). 
(2.5) Proof of (2.1.1). From (1.2) and (1.5) we derive by means of Min- 
kowski’s inequality 


n—l 
A, s B + M: > A, 


r=0 


B + Mzn[n'A, + K(n')Aol, 


lA 


by (2.4.3). Hence 
A,{1 — nMon’] S B + MmK(n’)Ao. 


By suitable choice of n’, 7” we can use (2.1.2) to deduce that 


A, S n”(1 — nMen’) "|B + nM2K(n’)Ao] + K(n”)Ao S 1B + K(n)Ao 
(r ann 0, 1, + ale , n). 
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(2.6) THEorem 2. Suppose (1.1), (1.2), (1.3), (1.4) are satisfied and Ay, B 
are finite. Then f(x) (r = 0, 1,---, m — 1) converges to a finite limit f,(a), 
respectively f(a + a), as x approaches a, respectively a + a, and this limit is 0 
if a, respectively a + a, is not finite. 

By Theorem 1, f,(z) belongs to L” for r = 0, 1, --- , n and from (1.1) and 
Minkowski’s inequality it follows that f;(x) belongs to L? for r = 0, 1, ---, 
n— 1. Now let (a;, bs) (¢ = 1, 2, 3, --- ) be any sequence of mutually ex- 
clusive subintervals of (a, a + a) such that Rf,(x) is non-vanishing (it is con- 
tinuous) in every a; < x < b;. Then 


> || Rf-(b:) |? — | Rsf-(a,) |?| s > [ (| Rf-(x) |?) | dx 


= > # p | Rf-(x) |? | Rf (x)| dx 


. [ " p lfela)!? [fer (@)| ax 


spf [incor ac || [reer ae)”, 


by Hdlder’s inequality. Since f,(x) is continuous, it follows easily that | Rf-(x) |”, 
and with it | R/,(x) | , converge to finite limits as z approaches a, respectively 
a + a, and that the limits are equal to 0 if a, respectively a + a, is not finite. 
Since Rf,(z) is real and continuous, the preceding statement holds for Kf,(x) 
also. Similarly it holds for Sf,(r). Hence it holds for f,(z). 


3. The case M, = 0. 
(3.1) If each q,,;(x), q-(x) vanishes in (1.1), the function f,(x) reduces to the 


r-th derivative of f(z) and 


(3.1.1) pe | [ ea)? ax)” 


In this case, we can prove more precise inequalities than those of Theorem 1. 
We shall prove the following results. 

THEOREM 3. Suppose that f(x) is defined in (a, a + a) and that its (n — 1)-th 
derivative function f"'(x) exists and is absolutely continuous and that Ao, An, 
defined by (3.1.1), are finite. Then 


(3.1.2) A, S$ K(n) [Ava + As™”" AZ") (r = 0,1, ---, 0), 


where K(n) < @ depends only on n. 
This has been proved by Hardy, Littlewood and Landau [1] in the case when 
a is infinite. The inequality for finite intervals enables us to deduce 
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THeoreEM 4. Suppose that A, is defined for r = 0, 1, --- , n by (3.1.1), that 
Ag ts finite, and that 


(3.1.3) | pe (x) | <C (r = 1,2,---,n), 
(3.1.4) Th(z) = f"(2) + »» Pa» (x)f'(2), 

(3.1.5) B= | ir pte)|? ae |” < @, 

Then 

(3.1.6) A, S K(n) [Ao(C + a") + Ay" B"") (r = 0,1, ---,m). 


The finiteness of the A, for the case p = 2 of Theorem 4 has been proved (by a 
somewhat different method) by J. von Neumann and the proof has been ex- 
tended by one of the authors to apply to certain problems in the theory of 
differential operators {2}. The case p = ~ (in which A, is to be interpreted as 
the upper bound of f’(z) | in (a, a + a) was considered by Esclangon and Lan- 
dau {3).° 

We first prove two lemmas. 

(3.2) Lemma 3. Let x be real, a, 2 0, and 


n—l 


a” sD Get’. 


r=( 


Then 
For if 


we have also 
z>a" (r = 1,2, ---,n), 


so that 


nm 
1 I/r - -1 1 
2? >2*" Dal” => 22" "al" 


r=1 r=1 
n n—l 
> Do 2"a, = Daz’. 
r= r=0 


(3.3) Lemma 4. With the hypotheses of Theorem 3, 
Ay S MAga' + 2 AAs. 


* See also R. P. Boas, Jr., this Journal, vol. 3(1937), pp. 637-646, especially footnote 1. 
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Putting M, = 0 in Lemma 2, we have 


249 , hAz|[a— 2h] _ [2Ay , hAs 2h 
as [+ S| [a]-Ft+ ab +a) 


Let h = min [}a, 24/A,/A,]. Then either 
h= 2 Ao/ As = 4a, 














ee 2h _ 4h 8 
Bot gy = 2V Ads Cg SG mg VV Ae/Asi 
or 
h = fa S 2V/A)/Az, 
24o , hds — 1640 ” 2h i 
Ete ety sas 


In each case, 
A, S 24Aga™ + 24/Ay A. 


(3.4) Proof of Theorem 3. The proof is by induction. We suppose that (3.1.2) 
holds with n — linsteadofn. That is, 


(3.4.1) A, S K[Aga” + AQ? a l@) ( =0,1,---,n—1). 
In particular, 
(3.4.2) Ans S$ K[Aga"”* + Ag” Any”). 
By Lemma 4, 
A,1 S KA,2a* + KAN, AN”. 

Hence, using (3.4.2), 
iwastiia’+ig”6C cA” SE 

4 KAVA OO? 4 gMRO—D1 4 (n-2/12—D 1) 
and an application of Lemma 3 gives* 

An. & K[Aoa"** + Av?Aj? ag @?? + Aad) 
< K[Aga**' + Ay"An"), 

since” 


=f ~ +1) —n+ly (n— -1) 
A V2 gla (n—2)/2 __ (A (w Din 4 Ueyalte MI Aya n+ y 2)/{2(n—1)] 


< aa + Aetna. 


‘Choose z = AUKe-0) in Lemma 3 and use the inequality (u + v + w)' Ss 


K(ur + vo? + w*) for u, v, w 2 0 and r integral. 
5 Use the inequality u + v 2 ut fora, 8, u,v 2 Oanda+ 8 = 1. 
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This proves the inequality (3.1.2) forr =n — 1. (3.1.2) holds trivially if r = n, 
and for other values of r we can use (3.4.1) and deduce that 
A, < K[Aya” + Ai te-8 gvite-a) 

< K[(Ava”’ 4 Att" 4.6°™ 4 Aree gy) 

< K[Aga” + Ay”"AQ"). 
(3.5) Proof of Theorem 4. As in the proof of Theorem 1, we can suppose that 
the A,’s are finite. We have 

\f"(@)| s ime) + Dem |s'@, 


and using Minkowski’s inequality and Theorem 3, 


n—l 
A. = B+ > CA, 


r=0 


n—l 
< B + K p> C" [Aya + Agar 


r=0 
a—! n—l 
< B+ KC"A, > (aC)" + K > (CAY")*"A"!* 
= r=0 
n—1 
=< B+ KAj(C + a)” +K > > (CAM*)*" 0!" 
r=0 


It follows from Lemma 3 that 
4 < KCA}" + [B + KA,(C + ef" 


< Kai"(c + *) + KB". 
Using Theorem 3 again, we have 


A, < K| Asa’ + as-as"(C + 1)’ + asp | 


lA 


K{A(C + a") + Ag"B™ 


4. Differential operators in L’. 
(4.1) Let D be the linear space of those functions f(z) belonging to L’(a, 6) 
for which the relations (almost everywhere in the finite interval (a, b)) 


So(x) = qo(x)f(z), 
Sfess(z) = fix) + qerlz) f(z), (r =0,1,---,n—1), 
(4.1.2) 'g(z)| 2€>0, lqr(x)| SC, (r = 0,1,---,n) 


(4.1.1) 








n) 
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define functions f,(x) absolutely continuous for r = 0,1, --- , n — 1 and belonging 
to L’ forr = n. Let T be the quasi-differential operator in L” with domain D, 


(4.1.3) Tf(z) = Ly polwdfece) + ela)f(e) 


with 


(4.1.4) | pa(t)| 2e>O0, | p(w) SC, je@)| SC @=0,1,---,n). 


(Since f(x) and f,(x) belong to L’, (2.1.2) shows that f,(x) belongs to L” for 
r = 0,1, --- , n; the boundedness of p,(x), c(x) then implies that Tf(x) belongs 
to L” for every f(x) in D.) 
Let Do be the set of the f(x) in D for which f(a) = f,(6) = Oforr = 0,1, ---, 
n — 1 (see Theorem 2). Let 75 be the operator T restricted to the domain Dp . 
We shall show that Dp (and a fortiori D) is dense in L” and we shall determine 
explicitly the adjoint and closure operators of T and T) . 
(4.2) Let D* be the linear space of the functions g(x) belonging to L’'(a, b), 


where : + 2 = 1, for which 
Pp Pp 


go(x) = qo(x)g(z), 


(4.2.1) . a 
Groi(z) = gr (x) + qrur(z)g(z) (r =0,1,---,n—1) 

with 

(4.2.2) q; (x) = (—1)' p,-(x) (r sai 0, 1, wh n) 


define functions g? (x) absolutely continuous for r = 0, 1, --- , n — 1 and belong- 
ing to L”’ forr = n. Let 7* be the linear operator in L”’ with domain D*, 


(4.2.3) T*9(z) = > p*(z)g*(z) + c*(2)g(2), 
where 
(4.2.4) c*(x) = c(z), p; (x) = (—1)'qn--(2), (r = 0, 1, oe2 ,n). 


Let Do be the set of g(x) in D* for which g-(a) = g3(b) =0(r = 0,1,---, 
n — 1) and let 73 be the operator 7* restricted to the domain Do. 

TueoreM 5. Do is dense in L? and Do is dense in L”’. 

TurorEeM 6. 1 > and T* are the adjoint operators of T and To, respectively. 
T and T» are closed operators. 

Theorems 5 and 6 have been proved for the case p = 2 by one of the authors 
{[2]. These theorems show that the processes of taking closures and adjoint 
applied to the class of ordinary differential operators in L” lead to the more 
general class of quasi-differential operators but that this latter class of operators 
is closed under these processes. A general discussion of linear operators in L’ is 
given by F. J. Murray [4]. 
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We require the following lemmas. 
(4.3) Lemma 5. If f(x), o(x) are integrable over the finite interval (a, b) and 
Q(z, z) is measurable and bounded ona S x,z S b, then 


(4.3.1) fe) = [ tele) ~ Qe, 2e)lae 
is equivalent to 

(4.3.2) fiz) = [ " K(z, 2)o(2) de 
with ; 


K(z, 2) = K(Q,z,2) =1- / "Q(x, 2) dz, + [ "e [ "Q(x, 22) Q(2s, 2) des 


- [ae [ea, adda [e, 2s) Q(2a, 22) dzy + +++. 


The series for K(Q, x, z) can be obtained by successive substitutions for f(z) 
in (4.3.1) with suitable changes in the order of integration. The uniform 
convergence of the infinite series and the verification of the lemma follow easily 
from the boundedness of Q(z, z). 

(4.4) Lemma 6. Let (a, b) be a finite interval and let K;,,(x, z) be defined by induc- 
tion by 


(2) 


Koa(z,z) = K(Q,2,z) with Q(z,z) = aa(2)’ 


Krru(t,2) = K(Q,2,2) with Q(z, 2) = [ * Koslts, 2) aes ie 


(4.4.1) 
(r = 1, 2, +++,n—1), 


Kjru(2, z) = [ K;,(2, 2) Kerrss(ea, 2) dar 
(j =0,1,---,r—ljr=1,2,---,n—1). 


The kernels K;, have the following property. If f(x) is in D with f(a) = 0 
(r = 0,1, ---,n — 1), then 


— Jolz) 
J(@) = qo(x)’ 
(4.4.2) f(z) = [ * Kila, 2) f,(z) dz 


(j = 0,1,---,r—1;r=1,2,---,n). 


Conversely, if g(x) is any function belonging to L”, then (4.4.2) with f,(x) replaced 
by o(x) determine a unique f(x) in D for which f,(z) = ¢(x) and fa) = 0 for 
r=0,1,---,n-—1. 
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The proof of this lemma follows from applying Lemma 5 to the relations 
fila) = [Uessle) — arse) $0) de 


and using suitable changes in the orders of integration. 
Lemma 7. The K;,-(x, z) of Lemma 6 satisfy 


(4.4.3) hee S is bounded (s = 0,1, --- 7); 
Kk. (0 (s =0,1,---,r-—ljs#r—j-1) 

(4.4.4) E= ®] - lie 
az pez +1 (s =r—j-—1). 

The proof is by induction. For n = 1 the lemma is easily verified. If now 
the lemma is proved for 1, 2, ---,m — 1, then it is easily proved for n by using 


(4.4.1) and induction on j = n — 1,n — 2, --- , 3,2, 1,0. 
(4.5) Lemma 8. Let M be any linear subspace of L” and WM’ the set of ¢(zx) 
belonging to L”’ for which 


b 
[ ¢(xz)y(z) dx = 0 
for every ¥(x) in M. Suppose f(x) belongs to L” and that 
b 
[ S(x)o(x) dx = 0 
for every ¢(x) in M’. Then f(x) is in the closure of M. 
The proof of this theorem for complex L’-space is due to Murray [4] (see 
Theorem 1.3 there). In particular, if I consists of the single function ¥(x) = 0 


(multiplied by an arbitrary numerical factor), then f(z) = 0 almost everywhere. 
(4.6) Lemma 9. If (xr) belongs to L”’ and 


[ f(x) g(x) dx = 0 


for every f(x) in Do , then g(x) = 0 almost everywhere. 
By Lemma 6 


[ g(a) dx [ o.n (2, 2)fn(z) dz = 0, 
that is, by a suitable change in the order of integration, 

[10 dz [ Kon (2, z)g(x) dx = 0, 
for every f,(z) in L” for which 


[ Kent, z)f.(z) dz = (r = 0,1, ---,n — 1). 
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Since the finite-dimensional linear subspace of functions of the form 
= Cr Ky.n(b, 2) 
is closed, we have by Lemma 8, 
[ Ko.n(z, z)g(x) dz = = ¢, Ky.n(b, z). 


Setting z = 6 after partial differentiation r times with respect to z gives, with 
the help of Lemma 7, c, = 0 (r = 0,1,---, — 1). Differentiating n times 
with respect to z gives 


e(z) = + [ Maat #) (x) dx 


a relation which implies, by Lemma 5 and (4.4.3), that g(x) = 0 almost every- 
where. 
(4.7) Lemma 10. 


(4.7.1) [ Ti(z)ga de — [ fla) F*g@ dr = E (=D aor @e 


for all f(z) in D and g(x) in D*. 

This identity, giving the extension of the well-known bilinear concomitant of 
ordinary differential operators® to quasi-differential operators, can be verified by 
repeated integration by parts. 

(4.8) Proof of Theorem 5. From Lemmas 8 and 9 it follows that the closure of 
Do in L” is L”, that is, Do is dense in L?. Similarly, Do is dense in L”’. 
(4.9) Proof of Theorem 6. Let T’ be the adjoint operator to T. Then T’g(x) = 
h(x) is equivalent to 

g(x), h(x) are in L”’, and 
(4.9.1) b _— b ete ; 
[ Tf(x)g(x) dx = [ S(x)h(x)dx forall f(z) in D. 
By Lemma 6, (4.9.1) implies 


[ {palpate + Dplr) [ " Keala, e)fa(e)de oe ate) a Kon(e, eyaledaeh a G@de 


= rep Ko,n(2, z)fn(z) ae) 5G ae 


for arbitrary f,(z) in L’. By suitable changes in the order of summations and 
integrations, which are easily justified, this can be written 


[ n(x) {azo +d 4 K,,n(z, ) py(z)g(z) dz 


+f Ko.n(z, 2) - oe) gte)de -[ Co.n(z, 2) 1) 42) - 0 


® See E. L. Ince, Ordinary Differential Equations, pp. 123-124. 
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for arbitrary f,(xz) in L”. Using Lemma 8, we deduce that the expression in 
braces equals 0 almost everywhere. Repeated differentiation and the use of 
Lemma 7 show that g(x) is in D* and g?(b) = 0 (r = 0,1, --- ,n — 1). Inter- 
changing the réles of the end-points a, b we deduce that g(x) is in De. Since 
Do is dense in L’, T”’ is single-valued (see Murray, Theorem 2.6, [4]). Now 
Lemma 10 shows that 7’9(x) = Tog(x). From the same Lemma 10 it is plain 
that T¢g(x) = h(x) implies that 7’g(z) is defined and equals h(x). Hence To 
is the adjoint operator to 7. 

Applying the preceding paragraph to 7* (in place of 7’), and using the theorem 
that the adjoint of the adjoint is the closure (Murray, Theorem 2.6, [4]), we ob- 
tain that 7* is the adjoint operator to 7) and that T and T) are closed operators. 
(4.10) The extension of Theorems 5 and 6 to infinite intervals and the discussion 
of linear boundary conditions can be carried out here in precisely in the same way 
as has been done in the case p = 2 in [2]. 
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INTERIOR SURFACE TRANSFORMATIONS 
By G. T. WHyBuRN 


In a previous paper’ it was shown that when a 2-dimensional manifold A 
(with or without boundary curves) undergoes a light interior transformation 
7T(A) = B, the resulting image B is likewise a 2-dimensional manifold. In this 
paper it will be shown that under these circumstances the Euler characteristics 
of the original and resulting manifolds are connected by a simple numerical 
relationship involving integers dependent only on A, B and the transformation 
T (see §2). Numerous examples and applications of this result follow in §§3 
and 4. In the concluding section there is developed a method which effects 
the extension of this as well as other results concerning interior light trans- 
formations to the case of 2-dimensional pseudo-manifolds. 


1. We consider a light interior transformation 7(A) = B, where A (hence 
also’ B) is a compact 2-dimensional manifold. Let a and 8 denote the bounda- 
ries (if any) of A and B, respectively. By a previous theorem’ it follows that 
there exists an integer k such that the inverse of every point in B consists of k 
or fewer points. We define the least such integer k to be the degree of T. In 
other words, the degree k of T is the maximum multiplicity of T. Also from 
the theorem just cited it follows that there is only a finite number of points of 
B — 8 whose inverse contains a point where T is not locally topological. Thus 
if Z denotes the set of all such points of B — 8, it follows that on the set A — 
T'(Z) — T-*(8), T is locally topological ; and since this set is connected, 7 must’ 
be exactly k to 1 on this set. Thus k might also be defined as the multiplicity 
of T on the set A — T ‘(6 + Z). 

Throughout this section the letters used above will retain their significance 
as there defined. Also x(X) will stand for the Euler characteristic of the com- 
plex or surface X. We proceed to establish two lemmas. 

Lemma 1. If N C Bisa graph dividing B into only a finite number of com- 
ponents, then T'(N) is a graph. 

Proof. Since all but a finite number of points of N are of order 2, T'(N) 
has at most a finite number of end points. Since A — 7” '(N) has only a finite 
number of components (each of which maps onto a component of B — N), it 
follows that 7” '(N) contains only a finite number of simple closed curves. 


Received July 9, 1938. 

1 See my paper in the American Journal of Mathematics, vol. 60(1938), pp. 477-490. 
2 Ibid., Theorem (5.2). 

2 See Eilenberg, Fundamenta Mathematicae, vol. 24(1935), p. 36. 
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Thus each cyclic element of a component C of 7” '(N) is a graph, and as C 
can have only a finite number of nodes, C is a graph and so is 7” '(N). 

In particular, 7” (8) is a graph, since B — 8 is connected. 

LemMa 2. There exist simplicial subdivisions K and H of A and B, respec- 
tively, such that each simplex of K maps topologically onto a simplex of H. 

Proof. Let Z be the set of all points of B — 6 whose inverse contains a point 
at which 7 is not locally topological. For each point q « T'(Z), where T is 
not locally topological, let (see footnote 2) E,, be a 2-cell neighborhood of g on which 
T is equivalent to the transformation w = z‘ on | z| < 1, and let G, be the graph 
consisting of the part in EZ, of the inverse of the set corresponding to v = 0, 
—1 <u <1, wherew =u+ iv. Asthe number of points in T'(Z) is finite, 
we may suppose the graphs G, are disjoint and do not intersect 7” '(8). 
Let G be the graph consisting of T”'(8), T”'(Z) and all the graphs G,. Let 
W=T (8) +T ‘(Z). 

(i) There exists ad > 0 such that if # is any region in A not intersecting G 
and such that p(E, W) < d > 4(E), then T is topological on E. 

Proof of (i). Let Q =a ++ --+ + 4m be the points of 7”'(Z) where T 
is not locally topological. Now (see footnote 2) the set V = 7 '(Z) — Q+T7™' (8) 
can be covered by a finite number of 2-cells D, + D. + --- + D, such that the 
part, if any, of T”'(8) within D; divides D, into a finite number of 2-cells on each 
of which T is topological. Now there exists ad) > 0 such that any subset A’ 
of A such that 6(A’) < dy and p(V, A’) < dy lies wholly in some one of the sets 
D;. Foreachj < m, let d; be less than half the distance from q¢; to the bound- 
ary of E,,; . 

Finally, letd = mind;,0 Si < m. If E is any region in A of diameter < d 
not intersecting G and such that p(Z, W) < d, it is seen at once that E lies 
wholly in some one of the sets D, or in one of the sets Z,, ; and, in either case, 
since the interior of E does not intersect G, it follows that 7’ is topological on E. 

(ii) There exists a number e > 0 such that if K is any subdivision (simplicial 
or cellular) of A of norm < e whose 1-dimensional structure includes all points 
of the graph G, then on any simplex of K, T is topological. 

For if we take a sufficiently small neighborhood U of 8 + Z in B, we will have 
W cT'(U) CV.(W). Hence on the set T'(B — U), T is locally topological. 
Accordingly, there exists a number f > 0 such that on any subset of 7~'(B — U) 
of diameter < f, T is topological. Let e = min (d,f). Then if K is any sub- 
division of A of norm < e whose 1-dimensional structure inciudes G and if E is 
any 2-cell of K, we have either E C T'(B — U) or p(E, W) < d; and since 
the interior of E cannot intersect G, it follows in either case that T is topological 
on E. Hence surely T is topological on any cell of K. 

Since T is light, we have 

(iii) There exists a number A > 0 such that if H’ is any graph in B including 
8 + Z and such that every component of B — H’ is of diameter < h, the diam- 
eter of every component of T~'(B — H’) = A — T"'(H’) is < e. 

Let H be a simplicial subdivision of B whose 1-dimensional structure H’ is 
such a graph. 
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Since every point of Z is a vertex of H, it follows that T-'(H’) = K’ contains 
a graph G, about each point g; of g. Thus by (iii) and (ii) the closure of each 
component of A — K’ is a 2-cell mapping topologically onto a simplex F of H. 
Thus if for each such E we select edges and vertices by the (topological) trans- 
formation 7” '(F) = E, it is clear that we obtain a simplicial subdivision K of A 
with 1-dimensional structure K’ such that 7 is topological on each simplex of K. 

Corotiary. If B is a closed orientable surface, so also is A.* 

For we have only to assign to each 2-simplex in AK the orientation of its image 
simplex in H, where H is “coherently” oriented.’ Then since each 1-simplex 
in K is on exactly two (see reference in footnote 1) 2-simplexes and these have 
distinct images, it follows that K is coherently oriented. 

Thus non-orientability is invariant under light interior transformations 
between closed surfaces. That this is not true for surfaces with boundary will 
be seen below in §3, example (iii). 


2. Tueorem. Jf A is a 2-dimensional manifold and T(A) = B is a light 

interior transformation of degree k, then 

kx(B) — x(A) = kr — n — m, 
where r and n are the numbers of points in Y and T"'(Y), respectively, where Y 
is the set of all y « B such that T“'(y) contains either a branch point of T~'(8) or a 
point of A — T*(8) at which T is not locally topological, and where m is the number 
of components of T'(8) — T“'(Y)-T (8) — a which are not simple closed curves. 

Proof. Let K and H be subdivisions of A and B given by Lemma 2. Let 
a’ and 8’ (¢ = 0, 1, 2) be the number of 7-dimensional simplexes in K and H, 
respectively. 

Since T is k to 1 on the set A — T”“(Z) — T'(8), we have 
(i) a’ = kp’. 

Since for any 1-simplex x' of K which is in 7”'(8) but not in a the two 2- 
simplexes on x' have the same image, it follows that if ¢ is the total number of 
such 1-simplexes z' in K, we have 
(ii) a’ = kp’ — t. 
For the same reason, if s is the number of vertices of K on the set T”’(8) — 
T'(Y)-T (8) — a, we have 
(iii) a’ = kp’ — (kr — n) — s. 

Now let E,, Ex, ---, Em, Emsi, ---, Eq be the components of T™*(8) — 


pl , v1 

T'(Y)-7 — a, where E,, Ey, ---, 2m are open ares and Ensi, Emss, ---, 
’ ? 

E, are simple closed curves. 


* Compare with Stoilow, Compositio Mathematica, vol. 3(1936), pp. 435-440. 
5 For a definition of this term, see Alexandroff-Hopf, Topologie, Berlin, 1935. 
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Let ¢; and s; be the number of edges and vertices respectively of K on E, 
(0<isq). Then 


q 
Dt = t, > «5 =s. 
1 


Further, for i > m, t; = s; ; and fori S m,t; = s; + 1, whence 


t-s=DG-) =Lb-) + D-9) 
(iv) ; 1 m+1 
=>1+0=m. 


Now, by (i)—(iii), we have 
eo —ata’=k(se — B+ B) - (kr —n) +t—-s. 
Whence, by (iv), 
x(A) = kx(B) — (kr — n) + m, 


or 
kx(B) — x(A) = kr — n — m. 


3. Examples. (i) Let A be a sphere with center at the origin in 3-space 
with a cylindrical coérdinate system (p, 6, z). Let T be the transformation of 
A into a sphere B effected by identifying the points (p, @, z) and (p, @ + 2z/k, z), 
where k is a positive integer. We have k = k,r = n = 2,m = 0, so that both 
sides of the equation in our theorem reduce to 2k — 2. 

(ii) Let 7, be the transformation of a torus A into a circular ring R effected 
by merely flattening the torus onto a plane which cuts it into two rings. Let 
T: be the transformation of R into a 2-cell B, effected by folding R across a line 
cutting R into two 2-cells. Finally, let T = 72:7,. For T; we have: k = 2, 
r=n=m=x(A) =x(R) =0. ForT:: k=2,r=n=4,m = 2, x(R) = 0, 
x(B) = 1. ForT: k = 4,r = n = 4,m = 8, x(A) = 0,x(B) = 1. 

(iii) Let T be the transformation of a projective plane A into a 2-cell B, 
effected as follows. Cut A into a Mébius band M and a 2-cell EZ, each bounded 
by a simple closed curve J. Regard M as generated by an interval ab moving 
“parallel” to itself with its ends on J. Now in M identify points on ab equi- 
distant from the midpoint of ab; and on E let T be equivalent to the trans- 
formation w = zon |z| < 1. We have: k = 2,r = n = 1, m = 0, x(A) = 
x(B) = 1. 

(iv) Let T be a transformation of a torus A into a sphere B effected as fol- 
lows. Cut A into a 2-cell E and a “handle” H each bounded by a simple closed 
curve J. On E let T be equivalent to w = 2’ on |z| < 1. Let H be mapped 
into a 2-cell F as follows. On B select three points u’, v’, w’ inside F and join 
each to the edge of F by 2 intervals, thus dividing F into 4 regions. On H 
select three points u, v, w which will be branch points of order 2; for convenience 
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these may be taken with u and v opposite points on one generator of the torus 
and w opposite v on the other generator. Now join each of these points on 
H to J by 4 intervals so that H is divided into 8 regions. If selected properly, 
T can be defined so as to map these in pairs topologically onto the four regions 
of F. For this transformation we have: k = 2,r = n = 4,m = 0, x(A) = 0, 
x(B) = 2. 


4. Applications. 

(i) If m = 0 [as for example when a = T~'(8)] and x(A) = x(B), either T is 
topological or r = x(A). 

For in this case our equation in §2 takes the form 


(k — 1)(x(A) — r) =r — 2; 


and since the right member is S 0, we have either k = l orr 2 x(A). 

Thus, for example, any non-topological light interior transformation of a 
sphere into a sphere has at least two singular points in the image sphere [see 
example (i)]; and any such transformation of a projective plane into a 2-cell or 
another projective plane or of a 2-cell into a 2-cell [see example (iii)] has at 
least 1 singular point in the image set. 

(ii) Jf x(A) = x(B) < 0 and m = 0, the transformation is necessarily topo- 
logical. 

For our equation takes the form 


(k — 1)x(A) = kr — n; 


and as the right member is 2 0 and x(A) < 0, it follows that k = 1. Obviously 
this conclusion does not hold for surfaces of characteristic = 0. 
(iii) If kr = n and m = 0 (as for example when T is locally topological’), 


kx(B) = x(A). 


Thus x(A) and x(B) vanish or fail to vanish together and if x(A) = x(B) # 0, 
T is necessarily topological. 

It is interesting to note that the conditions imposed here do not restrict T to 
a local homeomorphism—see the transformation 7, under example (ii) in §3. 

For the surfaces of positive characteristic we have the following striking 
consequences. If A is a sphere, x(A) = 2 and hence k = 1 or 2 and x(B) = 
lor 2. Thus B is either a sphere, projective plane or 2-cell and all are possible 
(a known result, see my paper in footnote 1) under such a transformation. If 
B is a sphere, k = 1 and the transformation is topological; if B is a projective 
plane, then k = 2 and T' is locally topological and exactly (2, 1); if B is a 2-cell, 
k = 2 and 7 is not locally topological. Thus the only exactly (k, 1) interior 
transformations on a sphere are the topological transformation into another sphere 


® This conclusion was established in the case of a local homeomorphism on a linear graph 
by A. D. Wallace. See his abstract in the Bulletin of the American Mathematical Society, 


vol. 44(1938), p. 202. 
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and the (2, 1) non-singular transformation into a projective plane (identifying 
diametrically opposite points). For no value of k other than 1 and 2 does there 
exist a (k, 1) interior transformation on a sphere. 

If A is a projective plane or a 2-cell, x(A) = 1 and hence x(B) = k = 1. 
Thus the only transformation satisfying our conditions on A is a homeomor- 
phism. In particular, it follows that there exists no exactly (k, 1) interior trans- 
formation on a projective plane or a 2-cell other than a homeomorphism. 

For surfaces of characteristic < 0, of course, no such conclusions hold. For 
example, it is easy to define transformations of a torus into a torus or of a circu- 
lar ring into a circular ring which are locally topological and exactly (k, 1) for 
every positive integral value of k. Also, it is easily seen that for any n = 0, 1, 


2, --- and any k = 1, 2, --- we can map the closed orientable surface of char- 
acteristic —2kn into the one of characteristic —2n by a (k, 1) local homeo- 
morphism. 


In the case of a 2-cell or the projective plane, even without the assumption that 
kr = n, we have k — 1 = kr — n; thus r = 1 gives n = 1 so that if there is 
only 1 branch point in B, the same holds for A; and in the case of a 2-cell, T is 
equivalent to w = zon |z| < 1. 


5. Extension to pseudo-manifolds. In this section it will be shown that 
any light interior transformation on a 2-dimensional pseudo-manifold (see foot- 
note 5) reduces essentially to a light interior transformation defined on a mani- 
fold. This reduction will be made with the aid of a transformation previously 
studied by the author’ which makes use of the relative distance space introduced 
by Mazurkiewicz.* If M is a connected metric space of finite diameter, the 
relative distance space M* of M consists of the same points as M, but the 
metric p*(x, y) is defined, for z,y « M*, as the greatest lower bound of [4(C)], 
where C is any connected subset of M containing x + y. 

In the author’s paper just cited it was shown that if M has property S (i.e., 
M is the sum of a finite number of arbitrarily small connected sets), and if, in 
general, for any metric space X, X, denotes the space obtained by “completing” 
X, then the spaces M. and M? are compact and the change of metric from M* 
to M generates a continuous transformation 


W(M?) = M. 


which maps M* onto M topologically and uniformly continuously and maps 
M? — M onto M, — M. 

Lemma. Let R be connected and have property S and let W(Rz) = R., where 
R* is the relative distance space for R. If for any pe R. — R and any « > 0 we 
let n(e, p) be the number of components of R-V.j3(p) having p for a limit point, 
then W ‘(p) is the sum of n(e, p) closed sets each of diameter < ¢ and any two of 


7 See my paper in the American Journal of Mathematics, vol. 54(1932), pp. 367-376. 
8 See Fundamenta Mathematicae, vol. 1(1920), pp. 167-168. 
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which are at a distance apart > te. Thus W is light and if lim n(e, p) = n(p), 
«0 


then n(p) is equal to the number of points in W ‘(p) if either of these numbers is 
finite. 

Proof. Let R,, Re, ---, Rave.p) be the components of R-V.j3(p) having p 
asalimit point. For each i, let F; be the set of all points z of W ‘(p) such that 
if 2, , %2, --- is any sequence in R* converging to z, then almost all of the points 
W(2,), W(a2), --- are in R; and of course the sequence converges to p. Since 
for any z « W ‘(p) and any sequence x, — x, where x, ¢ R* for all k, there exists 
an 7 such that almost all W(z,) lie in R; (because we have p*(y; , y; = $e for 
yi €R,-Viee(p), y; € Ry- Vee(p)), it follows that 


W"'(p) = Fit Fao+ +++ + Free: 
Now if ze F;, y « F;, we have 
p*(x, y) = lim p*(zx, yx) = lim p*[W(ax), W(yx)] 2 te, 
where 4% — 2, yk > y. Te, yx € R*. Hence 
e(F;, Fj) 2 te. 


Thus since W~'(p) is closed, each F; is closed. 

TuHeorem. Let T(A) = B be interior and light, where A is a compact 2-di- 
mensional pseudo-manifold. There exist compact 2-dimensional manifolds <A’ 
and B’ and continuous transformations 


W(A’') = A, T’'(A’) = B’, Z(B’) = B 


such that 

(1) W ts topological except at f points which map into s points of A, 

(2) Z is topological except at e points which map into t points of B, 

(3) 7” ts interior and light, and 

(4) ZT’'W = T. 

Proof. Let P denote the (finite) set of all local separating points of A and 
let R = A — P. Then R is connected and has property S. Let R* be the 
relative distance space for R and set R? = A’. Then since R, = A, we must 
have 


W(A’) = A. 


Furthermore, since for each p ¢ P there exists a closed neighborhood of p which 
is the sum of a finite number n, of 2-cells intersecting by pairs only in p, it fol- 
lows by the preceding lemma that there are exactly n, points in W '(p) and 
each of these points has a closed 2-cell neighborhood. Thus since W is topo- 
logical on A’ — W'(P), it follows that A’ is a 2-dimensional manifold and as- 
sertion (1) holds. 

The transformation 7°(A’) = B’ is given by the following continuous de- 
composition G of A’ into disjoint closed sets G,. For any x ¢ A’ such that 
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W (2) is not a local separating point of A, let 
G, = WT T(z). 


For an z € A’ such that W(z) is a local separating point of A, let Z, be a 2-cell in 
A’ containing z so small that W is topological on E,. Let 2, 22, --- be ase- 
quence of points in EF converging to z, and let G, = lim (G,,). Clearly G, is 
independent of the sequence z; , since it consists merely of all y « A’ such that 


TW(y) = TW(a) =z 
and 7'W(£,) is essentially the same as TW(£,), i.e., z is interior to the common 
part of these sets relative to their sum. For the same reason it follows that any 


two distinct sets G, are disjoint and that the decomposition G of A’ into the 
sets G, is continuous. Let B’ be the hyperspace of this decomposition and let 


T’(A’) = BR’ 
be the associated (light interior) transformation. Then B’ is a 2-dimensional 


manifold, since (see footnote 1) 7” is interior and light. 
Finally, if for each xz ¢ B’ we define 


Z(x) = TWT’ (2), 


clearly we get Z(B’) = B and (4) holds. Also, from the definitions of Z and T’ 
it follows that if z,y « B’ — T’[W'(P)], x ¥ y, we have 


Z(x) ¥ Zy). 


Hence (2) holds and our theorem is proved. 

Coro.tuary. The image of a 2-dimensional pseudo-manifold under any light 
interior transformation is itself a 2-dimensional pseudo-manifold. 

Now to extend our theorem of §2 to pseudo-manifolds, we let T(A) = B 
be a light interior transformation where A (hence also B) is a 2-dimensional 
pseudo-manifold. Let a, 8, k, Y, r, n, m be defined for T exactly as in §§1 and 2, 
where now the s and ¢ points of A and B mentioned in the preceding theorem 
are included in the n and r points of A and B, respectively, given by T'(Y) 
and Y. (Note that the existence of the integers k, r, n, m follows from their 
existence in the manifold case by virtue of the preceding theorem.) 

Now from the transformations W and Z we have by virtue of (1) and (2) 


x(A’) = x(A) +f - 8, 
x(B’) = x(B) +e — 4. 
By §2, the transformation 7’(A’) = B’ gives 
kx(B’) — xX(A’) = kr —t +e) -(n—s+f)—m 
= k(r — t) — (n — 8) + ke —f — m. 


(i) 


(ii) 








634 G. T. WHYBURN 


Now, by (i), 
kx(B’) — x(A’) = kx(B) — x(A) + ke — f — kt + 8, 


whence, by (ii), 
kx(B) — x(A) = k(r — 8} — (n — 8) —m+hkh—-s8 
= kr—n— m. 


This is identically the same relation as in the theorem of §2. 


Thus we have the 
Tueorem. If T(A) = B is interior and light, where A is a 2-dimensional 


pseudo-manifold, then B is a 2-dimensional pseudo-manifold, and if k, r, n, m 
are defined as in §§1, 2, we have 


kx(B) — x(A) = kr — n — m. 


UNIVERSITY OF VIRGINIA. 
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FUNCTIONS OF INTEGRABLE SQUARE IN SEVERAL COMPLEX 
VARIABLES 


By S. BocHNER 
As in two previous notes’ we consider in the space C, of k complex variables 
z= (4,---,%), 4= ity, 


point sets of a special nature which we call tubes. A point set T of C; is a tube, 
if there exists a point set S in the space R, of real variables x = (a, --- , 2%) 
such that 7 consists of all k-dimensional planes 


(1) t= 2 (-2o <y, < w3K =1,---,k) 


for which (x}, --- , 22) is any point of S. The set S is called the basis of 7, 
and we also denote T more explicitly by T's. The tube 7's is open or closed in 
C, if and only if S is open or closed in R, ; it is convex if and only if S is convex, 
and the convex hull’ T of a tube T is again a tube whose basis S is the convex 
hull of S. 

We say that a function f(z) = f(z, --- , 2) is of integrable square in T if the 
function 


Sey) = f(a + tyr, «++, te + tye) 


belongs to the Lebesgue class Lz over the y-space, for every x C S, and if more- 
over there exists a constant AK such that 


(2) i el / \fely) |2dv, < K, 


for all x C S, the symbol dv, denoting the Euclidean volume element dy; - - - dy . 
In our first note we proved the following theorem. If f(z) is analytic and of 
integrable square in an open tube 7’, then it also exists and is of integrable square 
in T. In the present paper we shall extend this theorem to the case of tubes 
which are not necessarily open. 
AssumpTions. (1) The basis S is such that any two points P, Q of S have a 
finite Euclidean distance D(P, Q) on S in the following sense. Corresponding to 


Received May 6, 1938. 

1S. Bochner, Bounded analytic functions in several variables and multiple Laplace inte- 
grals, American Journal of Math., vol. 59(1937), pp. 731-738; A theorem on analytic continua- 
tion of functions in several variables, Annals of Math., vol. 39(1938), pp. 14-19. I am in- 
debted to H. Behnke for pointing out to me that the theorem of the second note can be 
proved in a much simpler fashion. See K. Stein, Zur Theorie der Funktionen mehrerer 
komplexer Verdnderlichen, Math. Annalen, vol. 114(1937), p. 557. 

2 This is the smallest convex set containing 7; it is not necessarily closed. 
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any « > 0 there exist points Py, P,, --- , P, in S, with the following properties: 
(a) Po = P, Px = Q; (8) the Euclidean distance P,P,,, is < ¢€, forv = 0,1, ---, 
n — l;and 


(y) PoP: + P:P: + --- + P,iP, S D(P, Q). 


(2) The convex hull S of S is k-dimensional. 

(3) The function f(z) is analytic and bounded in some (2k-dimensional, open) 
domain’ U of C, containing Ts , and is of integrable square in T s . 

AsserTION. The function f(z) exists and is of integrable square in the conver 
hull T of T. Also, it satisfies relation (2) in S for the same constant K as in S. 

This theorem includes our previous theorem bearing on open tubes. In fact, 
if T is open, assumptions (1) and (2) are trivially fulfilled, and assumption (3) 
is satisfied for l’ = 7’, subject to the inessential qualification that f(z) is not 
necessarily bounded in the whole tube 7 but is so in every closed tube interior 
to it. 

For the proof of the theorem we may assume that S is bounded. Otherwise 
we take a fixed point O of S, a sequence of spheres ¥, in C;, with centers at O 
whose radii tend to infinity, and, for each n, the set S, consisting of those points 
of S which, in the sense of assumption (1), can be connected with the point O 
within >, . Obviously S, tends to S, and Ts, tends to 75. Thus it is sufficient 
to prove our theorem for S = S,,. 

Another specialization is less trivial, and will be justified afterwards; we 
assume that 


(3) fla, ---,2) =O(yit---+y) °°") asyi +--- + yi @, 





uniformly for z C U. 

As a consequence of (3), there exists a constant A such that 
(4) fla, -++,% + ta,---,m) S$ Aa 
for« = 1, --- ,k, and 

(21, -+:,% #ta,---,%) CU. 


Corresponding to any a > 0 there exists in R, an (open) neighborhood S, of S 
such that the point set 


(a, >: ,&) Cs (-a<y.<aj;x =1,---,k) 
of C;, is contained in l’. We may assume that S, is contained in a sphere 
x 2 2 2 
(5) m+---+USa 


whose radius @ is independent of a. We now introduce the function 


¢a(z, t) = [ Rei [ ‘ f.(y) -exp b (x, + ivdte| dv, 


* Which need not contain an open tube. 
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for z C S, and arbitrary real points t = (4, --- ,&). We are interested in the 
partial derivative of this function with respect to z,. The integrand on the 
right is an analytic function of x; + iy, , hence its derivative with respect to x 
is, but for the factor —7, its partial derivative with respect to y , thus 


ols, -i[".. [2 {rc exp [> (x, + ivdte |} doy, 


Carrying out the integration with respect to y, , we obtain 


a a k 
nal [ -++ | fe(@, yo, «++, Ye) EXP | (a + ia); + D> (a + iva. dyz --- dyx 
—a —a x=2 
and a similar term with —a instead of a. Using (4), we obtain, for x C S,, 
dga(z, t) < A(a, ta” 
Ox, 
and in general, 
dga(z, t) - 
eo S Ala, Da (x = 1, +++, 2), 
where A (a, ¢t) is independent of a. If x’ = (ai, --+, 2) and 2” = (2},--- , te) 
are any two points of S, and if the connecting segment 
t, = pt, + (1 — p)te (0S pS 1) 
lies in S, , then 
* 
' oS ee, 
lgel2’, t) — vole”, )| S$ Do max | 20% 9) 2 — at 
«=1 O<psl Or, 


k } 
< kA(a, p> (’ — “| a” 
«=1 


Consequently, by assumption (1), 
| ga(x’, t) — ga(x”, t) | S k-A(a, )D(z’, 2”)-a™, 


for any two points x’, x” of S. Letting a — ©, we conclude that the integral 


[fr exp [= (a, + iva dv, 


which we can set up for all points z C S is actually independent of z. We de- 
note it by ¢/(t). 
By Plancherel’s formulas we have, for x C S, 


6) fl) ~ gir [2 [0 ow | - Be. + tude [an 


fe fisarea, = Ay ff ie Pexp| -2X 2st Jan. 
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Thus, by (2) 
(8) iP | g(t) | ‘exp (— 2> si t.) do, < (2r)‘K 


forx CS. The function in (8) is the limit, as a — «, of 


[- ff. g(t) |’ ‘exp (- 22 rts) de 


The latter function is convex along any straight line in R,. Therefore it is 
< (2r)‘K for all  C S. We hence conclude that (8) holds for all x C S. 
Therefore we can construct the analytic function 

k 
(9) g:(y) = g(z) = oa yi fe: | g(t) exp | - 2X r+ inate | do, 


the integral converging absolutely and uniformly in every closed tube in the in- 


terior of T. Also 
iE . | ge(y) dv, =< K forz CS. 


The next step is to identify the functions f(z) and g(z). Comparing (6) and 
(9), we easily see that they are identical if some point z° of S is an inner point 
of S. Otherwise, if S lies on the boundary of S, there exist k + 1 points of S 
on the boundary of S such that the rectilinear simplex with these points as 
vertices is k-dimensional and part of S. 

Any non-singular linear transformation 


Az, = 4421 aa eee + Agk 2 
with real coefficients a,, carries a tube into a tube, and the basis of the one tube 
into the basis of the other. In particular, we can choose the transformation 
in such a way that (after the transformation) our simplex contains the basis of 
a tube 
(10) a<nuSutn 8 6-2 <y< @, 
the point zf being a point of S. Our function g(z) is analytic inside (10) and 
defined by (9), whereas f(z) is analytic in a neighborhood of (1) and defined by 
(6) on (1), the function g(t) being the same in both cases. As in the case k = 1, 
we now readily conclude 


(11) boo fe 7 | f(t) — g(t) P dy, = 


But the function fly) is continuous in a neighborhood of (1), hence by (11), 
for every finite a > 0, 


(12) tim, fo f. 6,(t) |dy, = 0, 


*k. C. Titehmarsh, /ntroduction to the Theory of Fourier Integrals, Oxford, 1937, p. 130, 


Theorem 97. 
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where 


6(z) = f(z) — g(2) 
is defined in the point set 
n<2uSsn+n, 0S (| y| S 3a, 


for » sufficiently small (depending on a). For 0 < ¢ < a, the function 
. rar ‘ , ; : : 
d*(z) = al vee | 6(a + tyr + tt, ---, Le + tye + tux) do, 
0 


is analytic and bounded in 


(13) a<aSutitn OS sy] S 2a, 


and on account of (12) it tends to 0 as x, > 2 
such that 


OS\y%|/ Sa, OF ~% S max (I, 7), 
the function 
A(w) = S(xi + iy + mu, ---, re + tye + mw) 


of the complex variable w = u + iv is analytic and bounded in the rectangle 


Il 


o< «8 i, —asvez_a 
and tends to0asu—-0. Hence dA,(w) = 0. In particular A,(1) = 0, or 


(zi tm+in,---,r% +m + ix) =0 


. For any fixed numbers y, , 
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ur 


for all values (13). Thus 6‘(z) vanishes on a 2k-dimensional set and is therefore 


identically zero. But 4(z) = lim 6‘(z), and hence 6(z) = 0, or f(z) = g(z). 
«0 


This completes the proof of our theorem under the additional assumption 


If f(z) is bounded, 
f'(2) = f@) exp [o(zi + --- + 2] 
will satisfy (3) for 0 < o < 1, and since, for (5), 


fe] \fi(y) Pde, S A(a) fe] \fe(y) |? dv, 
lim fz-f | fz(y) Pde, ot ff | f-(y) Pdey, 


our theorem holds for f’(z), and for f(z) itself. 


and 


PRINCETON UNIVERSITY. 


(3). 











APPROXIMATION TO THE SOLUTION OF A NORMAL SYSTEM OF 
ORDINARY LINEAR DIFFERENTIAL EQUATIONS 


By W. C. RisseELMAN 


1. Introduction. This note is concerned with certain problems of approx- 
imation on a given finite interval a < ¢ < b to the solution of the system of 
ordinary equations 


fd. F 

= Balthar +--+ + im(t)am + O(t), 

(1) dt ‘i = 1, +--+, m), 

| wi (to) = G, 

where a S & S b. Let there be given an infinite sequence of functions ¢;,(t) 

which are defined and linearly independent (in finite subsets) on (a, b). Let 
Yin; (t) = cagi(t) + oat ae + Cinyn;(t) (¢ ies 1, wibah.s , mM). 

One may consider the problem of approximating to the solution of the system 

(1) by means of a set of m linear combinations y;,,(¢) satisfying the initial con- 

ditions so as to minimize the sum 


b 
[ | yin, — OnYin, en eT — Oin Yuan — 6,|" dt + eos 
(2) 


b 
+ / | Yon, saa Ami Yin, a Oram Y marin — Om ie dt, 


where the r; are given constants > 0. Another problem is that of approximat- 
ing to the solution by means of a set of m linear combinations y;n,(¢) so as to 
minimize 


m 6 
> a; | xi(to) Po Yin, (to) |""** + [ | Yin, ed 11 Yin, —s Phe eee Aim Ymnm re A \"? dt 
i=l a 


(3) b 
of eee = [ | Ymtim — Omi Yin, — ese — OamYnn, — Om \"™ dt, 


where the r; and the a; are given constants > 0. Under further suitable hy- 
potheses regarding the functions involved in these problems, questions of exist- 
ence and uniqueness of approximating sets of functions will be discussed. 
The problem of uniform convergence as n; — ~ of the y;,,(t) to the z,(t) will be 
discussed only in case the y;,, are polynomials of degree at most n;, in t. 

A number of papers’ have been written recently dealing with similar problems 


Received October 7, 1937. 
!W. H. McEwen, Trans. Amer. Math. Soc., vol. 33(1931), pp. 979-997; Bulletin Amer. 
Math. Soe., vol. 38(1932), pp. 887-894. For other references to the literature see these 


papers by McEwen. 
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of approximation to the solution of a system consisting of a single m-th order 
linear differential equation and linearly independent two-point boundary con- 
ditions. The present problems, which are more general in certain respects 
and in which the initial conditions may be applied in the interior of the interval 
in which the approximation is made, have not yet been studied. 


2. Preliminary theorem on existence and uniqueness. 

Derinition. The m sets p:;(t), ---, ps;(t) (j = 1, ---, m) of s functions each 
will be said to be properly independent on (a, b) in case each of the functions is 
defined and measurable on (a, b) and at least one of the expressions ¢ip; ;(t) + --- 
+ c.p,;(t) (j = 1, --- , m) is different from zero on a subset of (a, b) of positive 
measure if the c; are not all zero. If there exists a set of c’s not all zero such 
that all of the expressions vanish almost everywhere on (a, b), the m sets p;(t), 
--+ , psj(t) will be said to be essentially dependent on (a, b). 


Lemma. Let there be given m sets of s functions each p;;(t), --- , ps;(t) which 
are defined on (a, b) and which satisfy the following conditions: 
(a) The functions p;,--- , ps; belong to the Lebesque class L"'(a, b) (j = 1, 


- ,m), where the r; are given numbers > 0. 
(b) The m sets are properly independent on (a, b). 
Let 


b 


T= / |cipu + Cepa + +++ + ¢rpa |" dt + --- 


6 
+ [ | C1 Pim + C2 pom +--+ Cs Psm t- dt. 


Then all the c; for which | c;| = 1 satisfy | c; | < (T/To)"", where Ty is a constant 
> 0 and r, is one of the r; which is at least as small as any other r. 

Proof. Let E denote the set of points (c; , --- , c,) in s dimensions such that 
|e;| = 1 for some 7 and |¢;| S< 1 for alli = 1, 2,---,s. Since T is a con- 
tinuous function of the c’s, since the set E is closed, and since the sets of func- 
tions are properly independent, it follows that 7’ has a minimum 75 > 0 on E. 
Now let the c’s be arbitrary. Suppose that the absolute values of the c’s are 
not all < 1 and that c; is one of the c’s whose absolute value is at least as great 
as that of any other c. Then the coefficients in (¢e1p1; + --- + c.ps;)/cx belong 
to E. Since |c,| = 1, it follows that |c,| < (7/To)""*. Therefore all c’s 
for which | ¢;| = 1 satisfy |c;| < (7/T>)"* and the proof of the lemma is 
complete. 

Next the following preliminary theorem will be proved. 

TueoreM A. [f the functions p,;(t), --- , ps;(t) and 6,(t) are defined on (a, b) 
and belong to the class L’'(a, b) (j = 1, --- , m), and if the m sets pi; , «~~ , psj 
are properly independent on (a, b), then there exists at least one set of values of the 
c’s for which 


b b 
S= [1% - aon - eee — espa dt oo + [8m — ex0im sti ted — Cs Pom |" dt 
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is a minimum. If all r; satisfy rj; > 1, the set of minimizing functions is 
unique. 

Proof. If the m sets pi; , --- , ps; , 0; of (s + 1) functions each are essentially 
dependent on (a, b), there is a unique set of c’s for which S = 0. Suppose that 
this is not the case. Then by virtue of the lemma all c; for which | ¢;| 2 1 
satisfy |c;| S (S ‘So)"""*, where So > 0 is the minimum of 


b 
s = | Co, — Cipu — +++ — Copa | dt + --- 
a 
b 
+ [ CoOn — CAipin — *°° — Cs Pam |"" dt 
a 
on the closed set in (s + 1) dimensions for which | c; | = 1 for somezand | ¢; | S 1 
for alli = 0,1, ---,s. Since S is a continuous function of the c’s, and since 


the values of the c; for which S is not greater than some specified number lie 
in a closed region, it follows that a set of minimizing functions exists. If all 
of the r; are greater than unity, there is a unique set of minimizing functions, 
for the argument that if there were two sets of minimizing functions {2;,(t)} 
and {y;,(t)}, then the set |(z;, + yis)/2} would give a smaller value to S applies 
here. 


3. Existence and uniqueness of minimizing functions corresponding to the dif- 
ferential system. In this section the following assumptions will be made re- 
garding the functions 6,,;(t) and 6,(t): 

(a) Each of these functions is summable on (a, b). 

(b) If any of the r; (¢ = 1, ---,m) are greater than unity, the functions 
6;,(t) and 6,(t) belong to the class L"'(a, b). 

Besides the conditions imposed in the introduction the functions ¢;(¢) will be 
assumed to satisfy the following conditions in this section: 

(a) Each of these functions is absolutely continuous on (a, b). 

(b) If any of the r; are greater than unity, and if r, denotes one of the r’s 
which is at least as large as any other r, each function satisfies the condition 
that the sum > gi(t, — h,) — eit.) |"*h?-* taken over any finite or enumerable 
system of non-overlapping intervals on (a, 6) is bounded. 

Under the conditions imposed on the functions 6;;(t) and 6;(t) there exists a 
unique set of absolutely continuous functions 2(), --- , z(t) which satisfies 
the system (1) almost everywhere on (a, b).? One may then consider the prob- 
lem of approximating this solution. The hypothesis (b) regarding the functions 
¢;(t) is necessary in order that these functions may have derivatives belonging 
to the class L’*(a, b).* 

In the discussion of the existence of a set of m combinations y;,, (0) satisfying 


2 W. M. Whyburn, Annals of Mathematics, (2), vol. 30(1928-29), pp. 31-38. 
3 See, for example, E. C. Titchmarsh, The Theory of Functions, Oxford, 1932, pp. 384-386. 
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the initial conditions which minimize the sum (2) the following cases will be 
distinguished: 
(a) The c; are all zero and each function ¢;(¢) vanishes at t = & . 
(b) The c; are all zero but some of the ¢’s do not vanish at t . 
(c) The c; are not all zero. 
Let 
dx; 


Li(ai, +++, tm) = Fe — Balan — -+- — Gim(O Em. 


Then the sum (2) may be written as follows: 
b b 
[ | 0:(t) cot Li(yin, ae the dt + ae + [ | Am (t) — Lan, » sina a dt. 


Let lix(t) = L(0, 0, --- , eg, --- , 0), where the notation means that the j-th 
argument is g, and all the other arguments are zero. Then 


Lilytn, Pals Sane) = ) > > Ci Liza (t). 

7=1 k=1 
Now, in case (a) the m sets of m: + me + --- + nm» functions each, which are 
obtained here, are properly independent. For if the Li(yin, , --- , Yn») Vanish 
simultaneously almost everywhere on (a, b), provided the c, are not all zero, 
then the homogeneous system Li(m , --- , 2m) = 0, 2i(to.) = O has a non-trivial 
solution on account of the linear independence of the g;. This is impossible. 
It follows from Theorem A that for each set of values of the n; there exists a 
minimizing set of combinations and that, in case the r; are greater than unity, 
this set is unique. 

Case (b) will now be considered. Let g(t) be the first of the functions ¢; 
which does not vanish at &. If there are any values of 7 for which n; < k, 
each of the ¢’s in the corresponding y;,,;(¢) vanishes at f&. If there are values of 
i for which n; = k, then c;,, = 0 in the corresponding y;,,. Consider the values 
of ifor which n; > k. Let 


vd) = elt) — 2 oy G=1,---,8« RRS ee 
ox (to) 

Then each of the functions y¥;(¢) vanishes at ¢ = t&. From the linear inde- 
pendence of the ¢; it follows that the y; are linearly independent on (a, b). 
For the values of i for which n; > k the approximation is to be made in terms of 
linear combinations of the ¥;. Thus it is seen that in this case either the yin, 
are identically zero or else, as in case (a), the approximation is to be made in 
terms of m properly independent sets of functions, and therefore by Theorem A 
there exists a minimizing set of combinations which is unique in case the r; 

exceed unity. 
In the consideration of case (c) it is to be noticed that if for each z for which 
c; ~ 0 there exists a ¢,(t) with k < n; which does not vanish at t , cigx(t)/ge(to) 
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is an admissible combination which satisfies the initial condition. Then the 
problem is that of approximating the set 6:(t) — Li(erwr(t)/gn(h), ---, 
Cmpn(t)/gu(to)) with a set Li(Yin,, --+ , Yn), Where the Y;,; vanish at &. If 
there is a value of 7 such that c; + 0 and all the ¢g’s with subscripts < n; vanish 
at to , the initial conditions cannot be satisfied. 

Next it will be shown that for each set of values of the n; there exists a set 
Yin, Which minimizes the sum (3). This set is unique in case the r; (¢ = 1, --- , 
2m) are greater than unity. If for a given set n; each of the ¢g; in question 
vanishes at t) , the set that minimizes the sum (3) is the same set that minimizes 
the sum (2) and satisfies yin,(t) = 0. If some of the ¢; do not vanish at 4, 
let yg, be the first function in the sequence which does not vanishthere. Then 
for all values of ¢ for which n; 2 k one has 


Yin (t) = cavrlt) + ++ + Cun penlt) + Crsidenr( + °° 


b 
+ Cin; Wn, (t) + a % ex(t), 
gx (to) 
where the ¥; have the same meaning as before. One has yin,(f) = 0;. On 
account of the initial conditions imposed, one need consider only values of the 
b; for which 6;| S some bound M. For each value of i one may write 


bi bm , 
as myy °° * 9» Ymn = L; - Dk t “betes 7 k t L; } me **” 5 F win ’ 
Li(yin, Ymnm) (>. g(t) gallo) gx( )) + L(V il 


where each of the functions in the Y;,, vanishes at & and the b; are zero in case 
k > n;. It follows from the previous work that for each fixed set of values 
of the b; a minimum m(h,, --- , b,,) of (3) exists. But this function is a con- 
tinuous function of the b; and one needs to consider only a closed region. In 
this region a minimum of m(b, , --- , b,.) exists and this is the minimum of (3). 


4. Convergence in case 7,,---,7r,, are 21. In the study of the problem of 
convergence it will be assumed at first that the functions 6;;(t) and 6,(t) are 
continuous on (a, b) and that the approximations to the z,(t) are to be made by 
polynomials P,,.(t) of degree at most n;. Use will be made of the following 


auxiliary theorem: 


TueoreM B. Let K be a given real number 2 0; let a, , --- dn and tna, +++, 
Tom be given real numbers > 0, and let r,, --- , tm be given real numbers = 1. 
Then if u;(t), --- , u(t) are any set of m functions which are defined and have 
continuous first derivatives ona S t S b and which satisfy the relation 

b 
. , 
s- | Uy — Oy — +++ — OimUm — 0!" dt + --- 
a 
b 
, tm 
+ [ Um —~ 9 ms a ee ae -_ ia — Om | dt 
a 


+ > a; | zit) — u(t) |""** < K, 
i~l 
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there exist constants M;; (i = 1,---,m; 7 = 1, --+ ,2m) independent of the 
functions u;(t) such that 

| a(t) — u(t)| < Mi K™" + --+ + MianK""™" on (a, b) (¢ = 1, -+-,m). 
Let the functions 7;(t) be defined on (a, b) by the equations 


du; 





(4) i Bin(t)ur +--+ + Bim(t)Um + O:(t) + ni(t) (i =1,---,m). 
Let q:(t) = u,(t) — x(t). By subtraction one obtains from equations (1) and (4) 
(5) * = Balt)gr + +++ + Oim(t)um + ni(t) (i =1,---,m). 
By virtue of the relation which the u; satisfy by hypothesis 
3 — 
(6) | qi(to)| = | te(te) — us(to)| S (*) : 
Let the functions ¢; ;(t) be the fundamental set for the system 
Ot = Olt) + +++ + Onl lm (i = 1, -++,m) 
which satisfy the initial conditions gii(f) = 1, ¢gij(l) = 0 if ¢ ¥ 7, where the 


notation means that one has a solution if a fixed value is assigned to j. Let 
D(t) denote the determinant | ¢;;(¢) | and let w;;(¢) denote the cofactor of ¢;;(¢) 
in this determinant. Then 


D(t) = exp | > 64:(t) at| 


to t=1 


is continuous and does not vanish on (a, b). 
The solution of the system (1) is given by 


ait) = cigalt) + +++ + Cmeim(t) 


m m 


@) “+2 (Ownlt) “+ 2 O()uin( 
a= ape r = 
+ galt) J. Dib) dt + + gim(t) J. Di) dt. 
It follows that the q;(0) satisfy the equations 


alt) = gillogalt) +--+ + qm(to)eim(t) 


+ gu(t) | KE forest em | a fore 


“t 
ual Wim rae Nm Umm 
+ gim(t) i | dD + + D Jae 


0 
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By a straightforward process in which use is made of the Hélder inequality 


b b W/r; 
[ nj(t)| dt = (b — a)(r; — 1)/r; | / | nj (t)|"? at| : 


it is found that 


b I/ry b I/rm 
q(t)! S Ma | [ m nat] + --- + Min | | | 12m |"™ a| 
8S) a a 


+ | qi(to) gin (t)| +--+ + | dm (to) pim(t) |, 


where M;; is the maximum on (a, b) of (b — a)“*"? } Aw | gu(t)|, and A» 
k=1 


is the maximum on (a, b) of the continuous function | w;,D™' |. But it follows 
directly from the hypothesis that 


b 1/rj; 
eee 


Let Nx equal the maximum of | g(t) | on (a, b). Then from (6) 
qu(lo) vix(t) < (Ka;’')' rmtk N:, (i = a itt ,m;k = 1, ght ,m). 


In the last relation let the coefficient of K'""** be denoted by M;; (i = 1, --- , 
m;j = m+ 1,---,2m). Taking (8) into consideration, one may now write 


|qi(t)} = | a(t) — wilt)| S Ma KY" + --- + Mion K™"™ 
on (a, b). 


Hereafter a set of polynomials | P;,,| which satisfies the initial conditions and 
minimizes the expression (2) will be called an approximating set of the first kind, 
and a set {P;,,{ which minimizes (3) will be called an approximating set of the 
second kind. 

A way has now been prepared for the discussion of convergence problems if 
Ty, +++ ,T%m are = 1. Since the z,(t) are continuous and have continuous first 
derivatives on (a, b), it follows as a corollary to Theorem B of McEwen’s paper‘ 
that there exists a set of polynomials {P;,,} satisfying the initial conditions, 
corresponding to each set of positive integers {n,;} such that 


z;(t) = Pin (t) 9 €in; 5 x, (t) o Pin, (b)| 4 €ing 


where lim ¢;,, = 0. 


nie 


Let fi(t) = x(t) — Pin,(Q). Then the f,(t) satisfy the system 


df = O(Ofi +--+ + Bim(Ofm + y(t), 


dt (i = 1, ---,m), 


(fille) = 0, 


* MeEwen, Transactions, loc. cit., p. 983 
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where the y;(t) satisfy | y:(t)| S (m + 1)Die,. Here D; is an upper bound 
of the bounded functions 1, | 6 | , --- , | Oim | , and €, is the largest of the num- 
bers €in,. Now the P;,,(t) have the property that they make the sum S of 
Theorem B equal to 


; “b 
[ | y(t) "at a cee + i | ym(t) ™ dt. 


This sum is less than or equal to 
Sin) = m(b — a)[(m + 1)D]"*e;" y «<1, 


where D is the largest of the numbers D;, r, is the smallest of the r;, and r, 
is the largest of the r;. Since an approximating set of the first kind {P;,,} 
makes the sum S less than or equal to 6, if the n; are sufficiently large, it 
follows from Theorem B that for such values of the n; 


|ai(t) — Pin, (t)| S Masih" +--+ + Mandi[2" (¢ = 1, -+-,m). 


Since 6(,,) ~ 0 as n; — &, one has the following result: 

TueoreM I. If {P;,,(t)} denotes an approximating set of the first kind, if 
e > 0 is arbitrarily assigned, and if the functions 6;;(t) and 6;(t) are continuous 
on (a, b), then there exists an integer N, such that, if the n; are = N,, then | x(t) — 
Pin,(t) | < € for all values of t on (a, b). 

Re-examination of the proof of Theorem I will show that one immediately 
has the following: 

TueoreM II. If {Pin,(t)} denotes an approximating set of the second kind, 
if « > 0 is arbitrarily assigned, and if the functions 0; ;(t) and 0;(t) are continuous 
on (a, b), there exists an integer N, such that, if then; are = N,, then | x,(t) — Pin,(d) | 
< efor all values of t on (a, b). 

The hypotheses on the functions 6; ;(t) and 6;(t) will now be made more restric- 
tive. One may prove the following theorem: 

TueoreM III. If each of the functions 0;;(t) and 6,(t) satisfies an ordinary 
Lipschitz condition on (a, b), and if {Pin,(t)} denotes an approximating set of the 
first kind, then there exists a constant G independent of the n; such that for every set 
of positive integers {nj}, | x(t) — Pin,(t) | S @/ni on (a, b), where r is the smallest 
of the numbers r;/r; (i = 1, ---,m;j = 1,---,m), and n, is the smallest in- 
teger n; . 

Since each of the functions 6@;(t) and @,,(¢) satisfies an ordinary Lipschitz 
condition on (a, 6), the functions 2;(t) satisfy a Lipschitz condition on this 
interval. Then it is a corollary to Theorem D of McEwen’s paper’ that for 
each set of positive integers n; there exists a set of polynomials { P;,,(é)} satis- 
fying the initial conditions such that 

, C ,, , — 
la(t) — Pin (| S ss jai(t) — Pin (| S = (¢ = 1, «++, m) 


* McEwen, Transactions, loc. cit., p. 985. 
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for all values of ¢ on (a, b), where C is a constant independent of the n;. The 
rest of the proof is similar to the proof of Theorem I. The expressions C/n; 
now take the place of the €;,; used in the proof of that theorem. Among the 
points to be noted are the facts that C/n; is less than unity if n, is sufficiently 
large, that 5,,,) is less than unity if n, is sufficiently large, and that one may 
choose each of the numbers r,41, --- , Tm less than the r; in the expression to 
be minimized. 

In like manner one obtains the following result: 

TueoreM IV. If each of the functions 0;;(t) and 6;(t) satisfies an ordinary 
Lipschitz condition on (a, b), and if | Pin,(t)} denotes an approximating set of the 
second kind, then there exists a constant H independent of the n; such that for every 
set of positive integers {n:}, | x(t) — Pin,(t)| S H/ni on (a, 6), where r is the 
smallest of the numbers r;/r; (¢ = 1, ---,m;j = 1, ---, 2m) and n, is the smallest 
integer n; . 

A further result obtained by the same method of proof is the following: 

Tueorem V. [f each of the functions 0;;(t) and 0,(t) has a k-th derivative 
satisfying an ordinary Lipschitz condition, and if | Pin,(t)} denotes either an ap- 
proximating set of the first kind or an approximating set of the second kind, then 
there exists a constant ¥ independent of the n; such that for every set of positive 
integers {n;}, | e(t) — Pin,(t) | < &/nS“*”" on (a, b), where r and n, have the same 
meaning as they have in the corresponding cases in Theorems III and IV. 

In the proof of this theorem one notices that it follows from the hypotheses 
that z,(t) has a (k + 1)-th derivative satisfying an ordinary Lipschitz condition. 
Use is made of the remark made after Theorem D of McEwen’s paper.® 


5. Convergence if the r; are < 1. In the treatment in the preceding section 
of the convergence problem use was made of the Hélder inequality, a relation 
which is not applicable if some or all of the r; (¢ = 1, --- , m) are less than unity. 
Consequently a different method must be used in this section. This method, 
which is an extension of the method which McEwen used’ to treat the corre- 
sponding case in his problems, is not restricted in application to cases in which 
the r; are < 1, but the bound which it assigns to the errors in case the r; are 2 1 
is not as good as that obtained by the preceding treatment. It does, however, 
prove the convergence of the set { Pin, | to the set fai} as well as the convergence 
of the set { Pin, | to the set {2;} as then;— ~. 

In the proof of the convergence theorem use is made of the following result: 

Tueorem C. If any set of polynomials |x j,,(t)} satisfies the initial conditions 
Tin,(lo) = dy, if the 0;; and the 6; are continuous on (a, b), and if 5, is one of the 


numbers 6; which is at least as large as any other 6; , where 6; = max | Li(min, , --+ , 

Trn,) ona St Sb, then 

(a) | wie, | < 0( +d /a!) (k = 0, 1); 
i=l 


* McEwen, Transactions, loc. cit., p. 986. 
* McEwen, Bulletin, loc. cit., pp. 891-894. 
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and if the functions 0;;(t) have bounded first derivatives 
(b) |S Laem, +++ ang) | 3 bni(, + © |4s!) (¢ = 1, ---,m) 
for all values of t on (a, b), where C and D are constants independent of the n; and 


of the coefficients in the rin; . 
The proof of this theorem is similar to the proof of McEwen’s Auxiliary 


Theorem.” Let Z;(t) = Liltin, » +++» %mn,)- Then the set {zin,} is the solu- 
tion of the system 
Li{t,---,t%m) = Z,(0), rill) = di, (¢ = 1,---,m). 


Therefore z;,, is given by the formula (7). The remainder of the proof of state- 
ment (a) can be supplied readily. In the proof of conclusion (b) use is made of 
Markoff’s theorem on the derivative of a polynomial. 

The following theorem on convergence can now be proved. 

TueoreM VI. If the functions 6;(t) are continuous on (a, b), if each of the 
functions 6;;(t) has a bounded first derivative on (a, b), and if {Pin,(t)} denotes 
either an approximating set of the first kind or an approximating set of the second 
kind, then there exists a constant C’ independent of the n; such that for every set of 
positive integers {n;} 


|x?) — PLO | < C'ng!* (k = 0, 1) on (a, b), 


where ny is the largest of the n; , r, is the smallest of the r; (¢ = 1, --- , m), 8 is the 
smallest of the numbers r;/r; (¢ = 1, --- ,m; Jj = t, --+ , 2m), and «, ts the largest 
of the numbers €in,, where €in, is an upper bound of the error with which ri” (t) can 
be approximated by polynomials p\2,(t) (k = 0, 1) of degree at most n; satisfying 
the initial conditions. 

The proof, which will be omitted, is similar to the corresponding proof of 
convergence given in McEwen’s paper.” 


ARIZONA STaTE TEACHERS COLLEGE. 


8 McEwen, Bulletin, loc. cit., pp. 891 and 892. 
® McEwen, Bulletin, loc. cit., pp. 892-894. 











SOLUTIONS OF A DIFFERENTIAL EQUATION OF THE FIRST ORDER 
AND FIRST DEGREE IN THE VICINITY OF BRANCH 
POINTS OF THE SOLUTION 


By Jesse Prerce 


Introduction. In this paper a method previously developed’ for solving 
systems of differential equations about an ordinary point is applied to the 
equation 
(1) ae = 3 fia" (i) # 0), 

dt = i=o 
which has a singularity at z = 0. 

The coefficients f,(t), which for convenience will be represented by f, , are 
assumed to satisfy the following conditions: 

I. The functions f, (h = 1, 2, --- ) are real and are dominated on the interval 
(to, t:) by a function f of t. The functions f, (A = 0, 1, --- ) are integrable 
(Riemann) and their only points of discontinuity belong to a set EK of measure 
zero. 

II. The function f is integrable (Riemann) on the interval (é , ¢,) and is equal 
to unity for all values of tf < t&. The points of discontinuity of f belong to the 
set E. The definite integral of f on the interval (t , fo) where t < & is repre- 
sented by 


to 
(2) [osu an-bacz0, 
to 


III. The function f, is real and satisfies the inequalities 


{ t t 
O< / fodt < | fdt, 
1 9 


| 
(3) | A? 


lA 


A‘ 
| t t FP ’ 
fodt+e i fdt+e 


\ to 


where A is a real constant satisfying the inequality A = 1 and the zeros of the 


function F belong to the set £. 
1. Formal solutions of the differential equation (1). The transformation 


x 


(4) z= Dyk", 
h=1 
teceived December 15, 1937; in revised form, October 7, 1938. 
! J. Pierce, Solutions of systems of differential equations in terms of infinite series of definite 
integrals, this Journal, vol. 3(1937), pp. 616-622. 
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where K is an arbitrary parameter, reduces equation (1) to 


oo h oo h—l 
(5) 2 2K" De ypyr—ves = fot De KD Sayir via“ ia 
= p= =2 q= 
(i; tig +--+ +%=h-21D), 
— dy; 
where y; = dt: 


A formal solution of the differential equation (5) can be found by solving the 
following system of linear differential equations and then replacing K by unity: 


(Qyiyi = fo, 


| ok h—1 
(6) 42 > YoYr—pi = > SaiYin “°° Yig 
p= q= 
(ii +ig +--+ +i, =A —1;h = 2,3, ---). 


Equations (6) are obtained by equating the coefficient of K"™' on the left of 
(5) to the coefficient of K"”' on the right. 
The first differential equation in (6) has the solution 


(7) yi = [ fodt +c, 


where c is defined by (2). Let » be a definite square root of the right member of 
(7). Since there are two choices for n, there are two distinct values for y;, one of 
which will be represented by 

(8) Y= . 

The other differential equations in (7) can be solved, sequentially, in the form 


lv = Hal fin dt, 
(9) { c 


1 tfr-l1 l h—1l 
Yr = fart *** 18 — — 2 ies (h = 3,4, ++). 
2n t ¥ 2 


o La=t 2n p=? 
Hence two formal solutions of the differential equation (1) are represented by the 


series 


(10) z= p> Yr (yi = n). 
h= 
In order to obtain a satisfactory dominating series, consider the differential 
equation 
a“ Af STA: ete F | dX 
ae gate) = 9% + | Ge gy + BMPS 2 at 


-. peed ay 
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When the right member of (11) is expanded in a power series in X, it can be 
written in the form 


5 [A°FX] = as fA'x" + b A‘F*hX* + 2A°FX — 


h=0 


IX — AF] EK = = \- 


A‘ F dX 
2 | dt 
(12) 
at 2F 

The transformation 


(13) X = A*FK + DY, K* = 2) Y,K" (Y, = A’P) 
h=1 
reduces the differential equation (12) to 


«x h—l 2 h—l 
DKS (AFY,) = AS + DOD AVY Veg t DK DL YViot 
h=1 h=2 q=1 h=3 p=2 
a Mw h-l ‘ {‘F? ‘ 
+ D> Ke Ex Y¥i-» — oe rin] 


(14) . ions E 
+> Aes YY. + 2 APO, «++. Yen Ms; : 

h=2 p=l h=3 

, 2 x “ r 244 
+ 2-DAIS ey, + kK - pae DK. + © ay 
2h h=2 h=2 2 
where the function G,(¥:,---, Ya-2, Yi,--:, Y;_2) is the coefficient of K* 
in the expansion of 
(15) {x atea| & xtys |} > Kyi} 
3 S\ 

as a power series in K. It is clear that the function G, is a polynomial in the 
Y, and Y; (i,j = 1, --- , hk — 2) with positive coefficients. 

A formal solution of the differential equation (14) can be found by replacing 
K by unity and solving, sequentially, the system 


a (A*FY)) = AY, 


d 2Qnu 4eur 2nuw = 
mq 4 PYs) ASY, + 2A°FY, — Ws. 


h—1 A 
|e (A*FY,) = D) AYY.,Yi, «>> Yi, + > Y,¥i—ps1 
(16) - ol rn 
| 


ee AFL, 
+ 2A*f »» VpVi-n — “a Yas 


| 

h—2 
| + A‘F’ Zz YY; pi + APG ACN, «++, Yous, Yi,--, 
| p= 


(i + --- +%=h—I1;h 





SOLUTIONS OF A DIFFERENTIAL EQUATION 653 


Equations (16) are obtained by equating the coefficient of K* in the left member 
of (14) to the coefficient of K* in the first sum in the right member plus the 
coefficient of K"*' in the second sum plus the coefficient of K” in the third sum 
plus the coefficients of K"' in the fourth and fifth sums. A formal solution of 
the system of differential equations (16) is 


Y; p | suns A’_,, 


4 
Y; a [ [Hif + {2FH, — 4F*} Hi)dt = 3% A‘F? = A‘He, 


2h t -—} 
* - I Ez + Hi + 2F 2) Hpi — Hi 


+F° EHH. pa + F°G,-4(Mi, --+, Ass, Mi, -°:, Hi) | dt 


p= 
a h— 
+ 5p. } H, Hypa 
= a,A“F" = A”™'H, (h => 3, 4, alias -), 
where the a, are known constants. Hence the differential equation (11) has 
the formal solution 


(18) X= 2, A’ a, 
h=1 


which is a power series in A*F. 

The differential equation (11) has the general integral 
(19) gA‘F? — 1 — 2A°FX — 3A‘F’X + 2A4°FX* + X* = C(1 — X)e*, 
where C is an arbitrary parameter. If we replace C by —1 and expand e* in a 
power series in X, equation (19) takes the form 


[—2A°FX + gA‘F* + 3X7] 


0 
+ | - $A'F°X + 24°F X* — DO 
: h=3 = 

It follows from the theory of implicit functions that equation ae can be 
solved for X as a power series in A*F in two and only two distinet ways.’ In 
one of these series the coefficient of A*F is unity and in the other the corre- 
sponding coefficient is three. As the coefficient of A*F in (18) is unity, it 
follows that the series (18) is the same as the expanded form of (20), which has 
the coefficient of A*F equal to unity. Hence there is a radius of convergence 
r > 0 for which the series (18) will converge when 


(21) A’F <1 


?F. R. Moulton, Differential Equations, p. 85. 





(20) 
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As 


(22) Pe [sates [sat [sae fsa, 


it follows that to make A’F < r the interval (é , ¢) will, in general, have to be 
limited to certain values; say t — ts < R. The point t lies between to and ¢, 
hence the sum of the lengths of the intervals (é , t)) and (t , ¢) must be less 
than R if the series (18) is to converge. 

It follows from the inequalities (3) that 


(23) nsH,s AM. 
The second equation in (17) can be written in the form 
t 
(24) Y, = A’ ~ j. [AH\F + A{2FPH, — 4F*} Hj) dt. 
to 


The quantity 

(25) 2FH, — 3F* = 3F° 

is positive and as AF’ = n ‘ (by (3)) it follows from (23), (24), (17) and (9) 
that 


(26) y2| S A’He. 

By induction it is readily proved that 

(27) ys A‘, , 

and hence 

(28) y.| S A™H, = Yi (A = 1). 


Thus the series (10) will converge when the inequality ¢ — t) < R is satisfied. 
When t; = &, then c = 0 and the initial value of each of the two distinet 
functions represented by the series (10) is zero. 


2. Proof of the existence of the derivative of the series (10). Enclose the 
set EF in a sequence of intervals {6;} the sum of whose lengths is less than e, 
which is positive but arbitrarily small. Delete this sequence of intervals {6;} 
from the interval (4, 4). It follows, sequentially, from (9) that every y, is a 
continuous function on the deleted interval (t, 4). It follows from (3) and 
(28) that the integrand in the definite integral defining y, is bounded on the 
deleted interval (t , t;). Hence every y, has a derivative at every point on the 
deleted interval (t , t). 

If we compare (16) with (6), it is clear that 


(29) y,| < A™M,. 











SOLUTIONS OF A DIFFERENTIAL EQUATION 655 
wo 
- ° , ° . 
The series >> A”H;, converges uniformly on the deleted interval (t% , t), for 
h=1 


which the series (18) converges, and hence the series bm y, converges absolutely 
h=1 


and uniformly on the deleted interval (& , &). Therefore the function defined 


by the series >> y, has a derivative at every point on the deleted interval 
h=1 


(to , tg), and this derivative is defined by the series b y,. This is true for 
h=1 


every « > 0, and hence the function defined by the series (10) has a derivative 
at every point on the interval (& , t2) except at the set E of measure zero. 

It follows from the way in which the series (10) is derived that the function 
defined by this series satisfies the differential equation (1). 


Conclusion. As there are two distinct solutions with the initial conditions 
x(to) = 0 (series (10) with ¢c = 0), the point & is a branch point of the solution 
of the differential equation (1). As t%& can be any point in the interval for 
which the assumptions I, II, III are satisfied, it is clear that at every point on 
this interval there are two distinct solutions of the differential equation (1) 
which have the initial value z(t) = 0. 

The case where the reciprocal of the right member of the differential equa- 
tion (1) is analytic in x and t is well known.’ It is evident that the conditions I, 
II, III do not depend upon analyticity and hence the method of this paper is 
more general. 


HEIDELBERG COLLEGE. 


’ Ludwig Schlesinger, Einfitihrung in die Theorie der gewéhnlichen Differentialgleichungen 
auf funktiontheoretischer Grundlage, p. 38. 











FACTORIZATION IN PRINCIPAL IDEAL RINGS 
By H. Sersin 


Factorization theorems in a ring K[z] of polynomials over a field K have been 
obtained by several writers [1, 3].' We consider this problem in the present 
paper for associative rings of a more general type, namely, rings (with unit 
element) in which every left ideal is a principal left ideal. We prove that two 
similar elements in such a ring which are factored in some way into a product of 
elements in K[z] possess further factorizations which are essentially alike. The 
relation of two-sided ideals to left ideals is also considered for special rings. 
The latter leads to a generalization of a theorem due to N. Jacobson [2]. 


1. Examples of rings which are principal left ideal rings. Among such are: 
(a) K[z], a ring of polynomials a = 7 k,x‘ (n = 0,1, 2, --- , kn # 0) in one 
i=0 
indeterminate z over a field K (non-commutative in general). The degree of 
a equals n. One assumes [3] that there is an associative and distributive (over 
addition) multiplication defined such that 
(1) deg (a-8) = deg a + deg B 
for each pair a, 8 of elements of K[z]. Condition (1) implies 
ra = ax +a’. 

Cf. [2]. 

(b) &, , the square matrix ring of degree n with elements from R, where R 
is itself a principal left ideal ring with unit element. 

To show this, let I be a left ideal in R, and consider the set of all vectors 
(ay, @2, --*, @n), Where a, = ay (k = 1, --- , nm), the matrix (ay) being in /. 
This set forms an R-left module M when addition is defined by 


(a , a2, -+- ,@n) + (Bi, Bo, --- , Bn) = (a1 + Bi, ae + Bo, --+ , an + Bn) 


and ° 
play, G2, +++, Qn) = (pay, paz, +++ , pan), pel. 


The first components of all the vectors in M thus form a left ideal in R generated 
by some element, say a, which must therefore be the first component of some 
vector A; in M. Ifa = 0, then choose A, to be the null vector (0, 0, --- , 0). 
Every vector of M is congruent (mod A,) to a vector in which the first com- 


Received January 31, 1938. 
' Numbers in brackets refer to the bibliography at the end of the paper. 
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ponent is zero. The vector A: is defined as one with first component zero and 
with second component a generator of the left ideal of all second components 
of vectors with zero first components. Continuing in this way, we obtain a 
sequence of vectors A; , Az, --- , An, some of which may be null vectors, such 
that 

M = 0 (mod A;, Az, --- , An) 


so that A,;, Az, ---,A, forms an R-basis. Then the matrix (a;;) of degree 
n in which a;; is the j-th component of A; is the required generator of the left 
ideal J. 

In the following, then, R will denote a principal left ideal ring (with unit 
element) which will be regarded upon occasion as an Abelian group under addi- 
tion with left operator ring R itself [4]. The notation for the group theory and 
ideals as by van der Waerden [4] will be used here unless otherwise indicated. 
Thus the symbol (a) will mean the left ideal generated by a ¢ R, the symbol 
(a)/(8) for (a) > (8) the quotient group in which (a), (8) are considered as 
normal subgroups of R. ‘ 

In addition, a bar will be used to denote annihilators. More exactly, if 6 « R, 
then the left ideal of all elements y such that y8 = 0 will have a generator which 
will be denoted by 8. 


2. Factorization by left ideals. If an element ae can be expressed as a 
product aja. --- a, , then we will say that a@ is factored, its factors being a; , a, 

-,@,. A factor a; will be trivial if (ajajyy -- + an) = (ajar +++ Gn). 

LemMMA 1. a@ = £*8 is equivalent to (8) > (a). 

LemMa2. a = 86; 8: --- Ba is equivalent to (a) € (81) C (Be) C --- CK (Byr-1), 
where B, = BrviBeys for k=0,1,---,n—1, Bo =a, 8. = Bro. 

Lemma 3. If a = 6*8, then 


(8)/(a@) > R/(8*, B) (operator-group isomorphism). 


Since the first two lemmas are evident, only the third will be considered. 
The correspondence y — y8 (mod (a)) defines a homomorphism R ~ (8)/(a). 
The totality of elements y of R going into the zero consists of all those such that 
7B = 0 (mod (a)) or 


vB = 0 (mod (6*8)), 
that is, 
vB = s*B8 for some X, 
whence 
(y — \8*)6B = 0, 
or 


y — \s* = 0 (mod (8)). 
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This gives finally 
y = 0 (mod (6*, 8)). 


The result follows readily. 
As usual, similarity is defined as follows: 
DerinitTion. Two elements a and £ in R are similar in R if 


R/(a) = R/(8). 


Similarity is thus seen to satisfy the equivalence relations. A notable dis- 
tinction between equality and similarity, however, lies in the fact that although 
a and 8 may not be similar in a ring R, they may be so in a ring R containing R. 
Such can occur in the case of differential polynomials. 

Example. Let K be the field of rational functions of a variable ¢ over the 


field of rational numbers. Consider the ring of differential polynomials > az", 
i=0 


where x = s and a;¢K. Multiplication is defined as is usual for linear differ- 
ential operators. Primes denote differentiation with respect to ¢. 

If P and Q are similar polynomials, then there are polynomials (see Theorem 3 
below) P; , Q; such that PQ, = P,Q. If Q, is of higher degree than Q, write 
Q, = SQ + T, where the degree of T is lower than that of Q. Then PT = 7,Q, 
where 7; = —PS + P,. In particular, if P = z — a, Q = x — b, where 
a, be K, then T and 7, are in K. But since (x — a)T = Tx + T”’ — afl, 
T,; (x — b) = Tx — 7), it follows that T = T, and T’ = T(a — b). Conversely, 
if 7 ¢ K satisfies this condition, then z — a, x — b are similar (Theorem 3). 
Hence, if a = 1, b = 0, we conclude that x — 1, x are not similar. On the other 
hand, if K is enlarged to include e‘, these polynomials are similar. 

THeoreM |. If a@ is similar to 8B and if a = "1 Y2 eee x, ga GE «... S. 
then the factorization of each product can be continued so that 


(2a) @ = aaz -+- an, 
(2b) B = BiB2 --- Br. 


Moreover, the new factors a* in (2a) can be paired with those B* in (2b) so that, if 
* * ° 
a; and 6, are corresponding factors, 


R/(aj, &;) = R/(Br, Bx), 


where &; , By are annihilators of the products a; 4 --- an, Bes -*- 8. , respectively. 

Proof. Consider the group S( R/(a) = R/(8)). According to Lemma 2 
we can construct a factor series of subgroups between (a) and FR from the fac- 
torization given for a; similarly one for (8) and R. There are thus two factor 





Ae 
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series between the null-group 0’ of S and S. Apply Schreier’s theorem [4] to 
these two series. They possess isomorphic refinements. 


(3a) 0’ C (a;) € (az) C (a3) C--- C (an) = S, 
(3b) 0’ C (61) C (B2) C (83) C--- C Gra) = S. 
Let (a;) be the left ideal containing all elements of R going into (a;) under the 


homomorphism R ~ R/(a). Similarly with the 6’s. Interpret the series (3a) 
and (3b) in terms of (a;) and (6,). 


(4a) (a) C (a1) C (a2) C (as) C --- C (ana) = R, 
(4b) (8) C (B:) C (B2) C (Bs) C--- C (Bu) = R. 


Since (a;)/(a;-1) & (e;)/(a}_) and similarly for the 8’s, Schreier’s theorem 
implies that the factor series (4a) and (4b) are isomorphic. Hence, under a 
suitable pairing of quotient groups, 

(a;)/(aj1) = (Bx) /(Br-). 
(Among such isomorphisms is R/(a@n-1) & R/(Bn1).) Let aja = aja;, Bra = 
Br Bx (j,k =1, 2, ---,m — 1), ana = any Bnt = Bn, a = a, Bo = B, and apply 
Lemma 3. The preceding isomorphisms give 
(5) R/(aj, &;) = R/ (Br, Bi). 


Before we proceed with a refinement of the theorem, it is convenient to state 
two lemmas. 

Lemma 4. If (a, 8B) = (6), then a = a6, 8B = Bid and R = (a, Bi, 4). 

Proof. For any particular p « R there exist elements (’), (”) in R such that 


pb = (’)-a + (")-B 
by hypothesis. Lemma 1 gives a = a6, 8 = 8:6. Hence 
pd = (‘jad + (7) 615, 
and this gives p — (Ja, — (”)8; = 0 (mod (6)). Hence 
p = 0 (mod (a, f;, 4)). 


Lema 5. If a = B*8, then (6*, B) = R is equivalent to (a) = (8). 

This follows from Lemma 3. 

In the following, the symbol (y, —) to be used in connection with a definite 
factorization 6, --- 5;-1ydj.. --- 6, will denote the left ideal (y, Sj41 --- 6x). 
It is evidently independent of the factors preceding y. The quotient groups 
R/(a}, &;) will be denoted therefore by R/(a;, —). 

We have the following 
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TueoreM 2. The factorizations (2a) and (2b) of Theorem 1 may be replaced by 
(6a) oe Wiis 0 « Ba 
(6b) 8B = uupe--+ Mn, 


in which \; is similar to wu, for the pairs j, k as defined by Theorem 1. The factors 
and x are trivial, i.e., 


(7) (a) = (Aide «++ An), (8) = (8:82 --- Bn), 
or what is equivalent 
(8) R = (A, -), R = (u, —). 

Proof. The equivalence of (7) and (8) follows from Lemma 5. Start with 
the factorization (2a) a = aa, --- a, , in which the asterisks have now been 
discarded. Let j be one of the numbers 1, 2, --- ,n — 1; let 
(9) (a;, —) = (aj), 
and, consequently, 

a; = Yay, O41 On = bar; 
By Lemma 4, 
(10) R = (y, 4, &). 
Then 
C1 j00 41 +++ On = YOjOj41 +++ On. 


Consider (y, —). Evidently (y, —) > (v7, 4, &;) = Rby (10). Hence (y, —) = 
R. By Lemma 5, this gives 


(11) (cr j00j41 +++ On) = (ajay «++ On). 
Now takej > i. Then 


, , , " 
R/(aja, —) & Wajajy --- an) / (a; 1YQjHj41 ++ * An) 


(12) ae i 
= (ajerjsy --+ On) /((aj-ry)ajajys --- On) ~ R/((aj-r), —) 


if we apply Lemma 3, then (11), then Lemma 3 again. Therefore the fac- 
torization 


(13) Of = jy +++ Of 4OjOjy1 +++ An 
is replaced by 

/ 
(14) = = eee *** (ce j xy oejee jai +o* Ge 


in which the (j — 1)-st factor is a;,y, the j-th being a;. What of the corre- 
sponding quotients R/(*, —)? (12) shows that these quotient groups correspond- 
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ing to the (j — 1)-th factor are isomorphic before and after the replacement of 
a; and regrouping. But (a;, —) = (a;, —) = (a;) from (9). Hence 


R/(a;, —) = R/(aj, —) = R/(a). 


The final result follows immediately. Start with 7 = n — 1 in the factorization 
(13) and perform the replacement (13) — (14). Repeat for 7 = n — 2, ete. 
Finally we arrive at the factorizations of (6a) and (6b). Equation (11) gives 
(7) and (8) of the theorem. 


3. Similarity. The following theorem gives a well-known interpretation of 
similarity in terms of operations and elements of the ring R itself. 

THeoreM 3. If R has a unit element 1, then all of the following statements are 
equivalent: 

(a) R/(a) = R/(8). 

(b) There is an element 6 in R such that (i) (a@) = [B, 6], (ii) (8, 0) = R, and 
(iii) every left annihilator of 6 is in (a). 

(c) There is an element ¢ in R such that (i) (8¢) = [a, ¢], (ii) (a, ¢) 
(ili) every left annthilator of ¢ is in (8). 

Proof. (b) and (c) can be obtained from one another by interchange of a, 8 
and ¢, @. 

Assume (b). Then (b), (iii) implies that (a, 6) = (a). Then 


R, and 


(15) R/(a) = (8)/(a0) = (6)/[B, 6] = (8, 0)/(8) = R/(8). 
The isomorphism R/(a) ~ R/(8) is seen to be given by 
(16) y (mod (a)) = y@ (mod (8)). 


Assume (a). Then 1 (mod (a)) = @ (mod (8)) for some @in R. Since y = 
i 1, 


(17) y (mod (a)) = 76 (mod (8)), 
and, in particular, a (mod (a)) = a@ (mod (8)) so that 
(18) a@ = 0 (mod (8)). 


The isomorphism implies that there is a ¢g ¢« R such that 

¢@ = 1 (mod (8)), 
(19) (6, 8) = R. 
But the correspondence (17) is such that if y¥@ = 0 (mod (8)), then y = 0 (mod 
(a)). This gives (iii) of (b). Finally, that (i) follows can be shown by con- 
sidering a sequence of isomorphisms as in (15). We see that (@)/(a@) = 


(6)/[8, 0] under the correspondence y@ (mod (a@)) — y@ (mod [8, 6]), and this 
gives the desired result. 
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If R/(a@) were homomorphic to a subgroup of R/(8), we would have merely 
(18). Hence we have 

THeoreM 3a. The set H of homomorphisms of R/(a) into itself forms a ring 
which is isomorphic to the ring (mod (a)) of elements 0 of R such that a@ = 0 
(mod (a)). 

THeoreM 3b. If (a) is divisorless, then H is a field. 


4. Two-sided ideals. Let (a) be a two-sided ideal in R. Consider the quo- 
tient ring R//(a). There is a (1-1) correspondence between left (right) ideals 
of R which contain (a) and all left (right) ideals in R//(a). The ring R//(a) 
is subjected to the following 

Condition. R//(a) satisfies a descending chain condition for left ideals. 
This is satisfied if R is a principal left ideal and principal right ideal ring which 
is a domain of integrity. . 

TuHeoreM 4. Let R be a domain of integrity, (a) a two-sided ideal such that the 
above condition is satisfied. If (a) is not divisible by any two-sided ideal other than 
(a) and R, then a can be written as a product a = ajaz --- a, , where each a, can 
be factored no further. All the a,’s so obtained are similar. 

This is a generalization of a theorem of N. Jacobson [2, p. 199]. 

Proof. R//(a) is a simple ring satisfying descending and ascending chain 
conditions for left ideals. Then 


R* =~ R//(e) zh +h+h+--- +h, 


where the /’s are minimal left ideals which, considered as groups with left oper- 
ator ring R//(a), are operator-isomorphic to each other. To the series of 
composition in R* 


0O<k<hth<--- ¢ghtht+--- +l, = R* 
there corresponds a series of composition in R 
(20) (a) < (ai) < (a2) < --- < (an) = R, 
where (a;) is the left ideal in R consisting of all elements going into 4, + le + --- 
+ I, under the ring homomorphism p — r defined by R — R*. Hence 
(21) (ax)/(ara) > ht h+---+W/ht+ht---+ha) eh, 


the isomorphisms being for addition. Now R* is a group under addition with 
left operator ring R*. It can also be defined as a group under addition with 
left operator ring R. For this, let p bein R,ain R*. Then define 


p-a=r-a, 


where p — r under the homomorphism Rk — R*. Also, the isomorphism of the 
minimal left ideals gives rise to an isomorphism between the subgroups R-l, . 
For if a, el; , a, € such that a; — a, in the isomorphism |; ~ |, (preserved 
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under the operator ring R*), then pa; = pa,. Since (a;) is the totality of ele- 
ments of R going intol, + --- +; = R*(,+---+k) = RG+--- +k), 
then the isomorphism of (21) is also an operator-group isomorphism. The result 
follows by an application of Lemmas 2 and 3. 


We also obtain 
THEOREM 5. Under the conditions of Theorem 4, a is the left (right) least com- 
mon multiple of a, , a2, ---,a@,. The a’s are left (right) relatively prime in the 


sense (a; , ax): = R((a;, ax), = R). 
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NIL-RINGS WITH MINIMAL CONDITION FOR ADMISSIBLE 
LEFT IDEALS 


By Cuarues Hopkins 


The main theorem of this article is stated in $1 and proved in §2. Possibly 
the corollaries of this theorem are of more interest than the theorem itself. Let 
© be any ring with minimal conditions for left ideals. From our main theorem 
it follows that (1) the radical of © is nilpotent; (2) the ring © is semi-primary 
(or semi-simple) ; (3) any subring of © containing only nilpotent elements is itself 
nilpotent. This third corollary is a conjecture of Kéthe, which Levitzki' proved 
by assuming both the minimal and maximal condition for right ideals of ©. 


1. Definitions and assumptions. Let 9 be a nil-ring—i.e., a ring in which 
every element is nilpotent—and let 2 denote a set of operators for R, each 
element of 2 being a left-hand operator for ®. We shall assume that (1) ® is 
not the null-ring and that (2) the set 2 contains all the elements of R. Thus Q 
will contain as right-hand operators the elements of (and possibly elements 
not belonging to ®). We assume the following postulates: 

(a) E(u +v) = gu + év for all Ee Q and u, vin NR; 

(a) (én)u = &(nu), provided that &y exists in Q; 

(ae) (E+ nu = gu + qu, if + 7 is defined in Q. 

For those elements of 2 which are right-hand operators for R we assume the 
analogues of (ao)-(ae) above; e.g., (a;) asserts that u(tn) = (ué)n, provided that 
the product &y exists in 2 and is a right-hand operator. 

If an element 6 of Q is not a right-hand operator for 8, we shall need the addi- 
tional postulate: 

(a3) O(uv) = u(6v). 

At this point we mention three useful relations which are consequences of 
(2), (a1), and (a1) above: 

(8) &uv) = (Eu)v; 

(y) (vé)u = v(fu); 

(6) (vu)E = v(ué). ; 

We derive (8) from (a), and (y) and (6) from (a@;), by regarding the element 
u of R as an operator (see (2) above). Obviously (8) holds for all & in 2, while 
(vy) and (6) are valid only when ¢ is a right-hand operator. In connection with 
(a3) we point out that if € is a right-hand operator we do not deny (a;)—we 
merely do not assume it. 


Received February 28, 1938. I am indebted to members of the Mathematics Seminar 
of Tulane University for useful suggestions regarding the phraseology of the proofs. 
! Math. Ann., vol. 105(1931), pp. 620-627. 
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By the term admissible left ideal of R (a.l.i.) we shall mean a left ideal of R 
which admits all the elements of @ as left-hand operators. 

Fundamental Hypothesis. We assume that the descending chain condition 
(minimal condition) holds for admissible left ideals of ®. 

PrincipaL THEOREM. The ring R is nilpotent. 


2. Proof of the Principal Theorem. Our proof will depend upon the following 
auxiliary theorems: 

2.1. The ring KR” (m = 0, 1, 2, --- ) admits the elements of Q as operators 
and satisfies the same assumptions and postulates (relative to 2) as does KR itself 
(with the possible exception of (1)). 

2.2. If RK" D0, then KR” D (R")’. 

Our main theorem will be a direct consequence of these two lemmas; for 2.1 
implies that each ®,, (= M°") is an admissible left ideal of R, and since the 
minimal condition holds for admissible left ideals of 9, we know that in the chain 
R = NM VR: DV --- we must have the equality sign after a finite number of 
terms. But from 2.2 we know that 2,, can equal ®,,4: only if R, = 0. Hence 
® is nilpotent, and its exponent does not exceed 2”. 

Proof of 2.1. Evidently %" is a two-sided ideal of 9 for all positive integral 
values of n. Let € and x22 --- 2, be any elements of 2 and R", respectively. 
From (8) of §1 we have 


9” 


E(xit2 «++ In) = (Ex1)(2 «++ In) ER". 
If € is a right-hand operator of , then, using (6) of §1, we obtain 
(are +++ In)E = (21 - ++ Ln-1) (Tut) ER". 


Hence a left-hand (right-hand) operator for § is a left-hand (right-hand) opera- 
tor for R". In particular, R" is an admissible left ideal of R. Since MN” is a 
subring of &, all the postulates which are satisfied by the elements of R are 
automatically satisfied by the elements of 2”. 

That the minimal condition holds for admissible left ideals of R" follows from 
the fact that every a.l.i. of R” is an a.l.i. of MR (see (2) of §1). 

Proof of 2.2. We assume that ®, (= 8°") is not the null-ring. We wish 
to show that ®,, D R2,. Since ,, and M satisfy the same postulates relative 
to @ (see 2.1), we may drop the subscript and prove 2.2 for R alone. We shall 
need the following lemmas, the proofs of which we shall postpone. 

2.21. If tis a minimal non-zero admissible left ideal of R (m.a.1.i.), then Rt = 0. 

Derisxition. The right annihilator of R is the set of all elements u in ¥ for 
which Nu = 0. 

2.22. The right annihilator N of R is (a) a two-sided ideal of R and (b) an 
admissible left ideal of MN. 

We know that 2% D 0, since N must contain every non-zero m.a.Li. If R = R, 
then 9° = RN = O CMR, and our proof is ended. So we assume R CR. Since 
M is a two-sided ideal of R, there exists the quotient-ring RW’ = R/N. Let 2’ 
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denote the element of 9’ that corresponds to the element x of ® in the homo- 
morphism ® ~ R’. We shall find it convenient to denote the element zx’ by the 
class x + ® of elements in ®; in particular, the null-element 0’ of 8 will be 
the class 9. 

Since ® is an a.l.i. of R, we may define the product éz’, for all & €Q, by the 
equation &%’ = tr + N = (éx)’. If € is a right-hand operator of MR, we have 
the corresponding definition’ x’& = (zé)’. 

Thus a left-hand (right-hand) operator for 9 is a left-hand (right-hand) 
operator for %’. Every element of ®’ is nilpotent; for if p is the exponent of z, 
then 2” = (x + MN)’ = 2° +N=NR = 0’. One can easily verify the fact that 
®’ satisfies the same postulates relative to 2 as does § itself. It is known that 
the minimal condition for a.l. ideals of a ring © implies the minimal condition 
for a.l. ideals of any quotient-ring ©’ = ©/a (it being assumed, naturally, that 
© and ©’ have the same domain of operators). Hence we may deduce, from 
2.21 and 2.22, the existence of a right annihilator 3’ > 0’ (for the ring ®’) 
which is an a.l1.i. of R’. 

Let 2, denote the set of all elements in R which correspond to elements of J’ 
in the homomorphism R ~ M’. Since MN’ D 0’, we have RN, D Me. 

Now 2, corresponds to RW’N’ (= 0’) in the homomorphism MR ~ MR’; hence 
RN, SR. Therefore R°N, S| RN = 0. But RR, ¥ 0; otherwise, we should 
have 2; & MN, from the definition of the right annihilator N. Since RI ~ 0 
and ®’2, = 0, we must obviously have the inequality R D KR’. 

Proof of 2.21. Let { be any non-zero m.a.Li. of R and let u denote any non- 
zero element of . Now Quis an a.l.i. of R, and since lis minimal, we must have 
either Ru = lor Ru = 0. We exclude the first alternative by proving that Ru, 
which is contained in [, cannot contain u. Suppose that u = au for some a in ®, 
and let p denote the exponent of a. Then we should have u = au = au = 

- = a’u = 0, contrary to our assumption u # 0. Since u represents any 
non-zero element of {, we conclude that Rl = 0. 

Proof of 2.22. We wish to show that the right annihilator N of M is (a) a 
two-sided ideal of and (b) an admissible left ideal of #. Since Q contains 
all the elements of ®, it will be sufficient to show that (i) a left-hand operator of 
® is a left-hand operator of N; (ii) a right-hand operator of ® is a right-hand 
operator of N. 

Let &, z, and u be any elements of 2, ®, and N, respectively. 

(i) If — is not a right-hand operator of ®, then, using postulate (as) of §1, 
we obtain z(fu) = (ru) = —-0 = 0. That is, éu annihilates every element of 
® on the right, and is therefore contained in MN. 

If is a right-hand operator of ®, then, from (y) of §1, we have x(gu) = (xé)u 
Ru = 0. 

(ii) If isa right-hand operator, then, from (6) of §1, we have x(ugé) = (au)é = 
0-¢ = 0; that is, ué « N. 


? In the proof of 2.22 we shall show that N admits every right-hand operator of M. 
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3. Consequences of the Principal Theorem. Let © be any ring with minimal 
condition for left ideals, and let R denote the radical of ©. In what follows © 
assumes the réle of 2 above. 

3.1. The radical of D is nilpotent. 

This result is obviously nothing more than a restatement of our main theorem 
for the case 2 = ©. 

3.2. A ring © with radical and with minimal condition for left ideals is semi- 
primary. 

By definition, a semi-primary ring is one for which the quotient-ring with 
respect to the radical is semi-simple. Let ©’ denote the quotient-ring ©/M. 
Since the minimal condition for left ideals holds in ©, it will hold in D’. Let us 
suppose that ©’ contains a radical R’ D0’. From 3.1 we know that 9 and §’ 
are both nilpotent. Let p and p’ denote the exponents of 3 and %’, respectively. 
Now the set 9, of all elements in D which correspond to elements of MR’ is a two- 
sided ideal of ©. Since Ri”? | RK’ = 0, we see that N, must be nilpotent. But 
the radical R of O must contain every nilpotent two-sided ideal; we must have, 
accordingly, R 2 %,. But if RW’ D 0’, then R, OD KR. It follows, therefore, 
that O/R is a ring without radical and with minimal condition for left ideals— 
i.e., © is semi-primary. 

3.3. In a ring D with minimal condition for left ideals any subring S containing 
only nilpotent elements is itself nilpotent. 

(i) If © is semi-simple, then it is well known that the maximal condition 
holds for left ideals of . In this case, therefore, Levitzki’s proof is available.° 

(ii) If S is contained in the radical R of O, then © is necessarily nilpotent 
(see 3.1). 

(iii) We assume R D Oand S FM. 

Let T denote the set of all elements xz, + y,,27,€S, y,eR. Since R is a two- 
sided ideal of ©, it is easy to see that T is a ring containing both ® and © as 
subrings. 

Let T’ denote the subring of OD’ which corresponds to T in the homomorphism 
OD ~ OD’ = O/R. Let o denote the exponent of z,. Then (x, + y,)’ € R, since 
® is a two-sided ideal of D. It follows, then, that every element of T’ is nil- 
potent; since ©’ is semi-simple (see 3.2), we conclude from (i) above that T’ is 
nilpotent. Let p’ and p denote the exponents of T’ and ®, respectively. Then 
Tt’? CR’ = 0. That is, T is nilpotent. And since S is contained in f, it 
follows immediately that © is also nilpotent. 


TULANE UNIVERSITY. 


3 See footnote 1. 











INFINITE SYSTEMS OF LINEAR EQUATIONS AND EXPANSIONS OF 
ANALYTIC FUNCTIONS 


By P. W. Ketcuum 


Introduction. In the present article we emphasize a mutual relationship 
existing between the theory of the solution of infinite systems of linear equations 
in an infinity of unknowns and the theory of the expansion of an analytic fune- 
tion in a series of analytic functions. In the first two sections we show how 
known expansion theorems can be used to give theorems on the solution of 
infinite systems of equations. In particular, an expansion theorem of Birkhoff' 
yields a theory similar to that of von Koch’ on normal determinants. 

In the remainder of the paper we apply known theorems, or suitable modifica- 
tions of known theorems, on infinite systems of linear equations to new situations 
so as to obtain generalizations of certain types of expansion theorems. These 
expansions are similar in character to those of Pincherle,* who was the first to 
show that any function f(x) analytic at z = 0 can be expanded in a series of the 
form 


(1) fiz) = Lo emz™Gn(z), — Gn(0) = 1, 


provided the functions G,,(2) are analytic and uniformly bounded in some 
neighborhood of x = 0. 

We have adopted in this part of the paper a point of view initiated by I. M. 
Sheffer,‘ according to which a known expansion theorem is generalized by 
replacing the functions, in terms of which we are expanding, by linear combina- 
tions of those same functions, the coefficients of these linear combinations being 
restricted by appropriate conditions so that the resulting sums will be “close to” 
the original functions. 

In the expansions of Pincherle, the n-th term has a zero of order n at the 
origin. Our expansions differ from those of Pincherle principally in that the 
n-th term has n zeros not necessarily coincident. 


Received April 8, 1938. 

‘ Comptes Rendus, vol. 164(1917), pp. 942-945. 

? See F. Riesz, Les Systemes d’Equations Linéaires 4 une Infinité d’Inconnues, Paris, 
1913, Chapter IT. 

* Memorie della Accademia delle Scienze dell’ Istituto di Bologna, (4), vol. 3(1881), 
pp. 151 ff. 

* American Journal of Mathematics, vol. 57(1935), pp. 587-614. 
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1. Let f(x) and F,,(x) be given functions of the complex variable z, 


(2) f(z) = > anz", 
(3) F,,(a2) = } banat (m= 0,1,---), 


where the radii of convergence of these series are not zero. If it is possible to 
have the uniformly convergent expansion 


(4) f(z) = dX Cm F'm(x), 

then, according to the Weierstrass double series theorem, the coefficients of the 
various powers of x, obtained by substituting the expansions of f(x) and F,,(z), 
must be equal on both sides of the equation. In other words, the equations 


(5) z Caden = An (n = 0, 5 +++) 
m=0 

are valid. When the a’s and b’s are regarded as given, these form an infinite 
system of linear equations in the infinity of unknown c’s. Under our hypoth- 
esis that the expansion (4) holds uniformly in some neighborhood of x = 0, 
the system (5) has a solution. Moreover, information concerning the asymp- 
totic behavior of the solution is given implicitly, but none the less definitely, by 
the condition that the inequality 
(6) lim sup | ¢mFm(x)|"" < 1 
hold for z in the region of convergence of (4). 

In important classes of cases we may translate this implicit relation into an 
explicit condition on the c’s. For example, suppose that the functions F,,(z) 
are such that 


(7) lim | F,,(x) |" = (2) 


for x in a region S, about the origin, in which f(x) and every F,,(x) are analytic. 
It is understood that ¢(z) may have infinity as a value. Suppose further that 
(4) holds uniformly in S. Then 


(8) lim sup | em |'’" < L, 


where L is the lower bound (finite or infinite) of ¢(z) in S. We can thus state 
TueoreM I. The infinite system of equations (5), with the c’s as unknowns, 

has a solution provided (4) holds uniformly in some neighborhood of the origin. 

This solution satisfies (8) provided (4) is satisfied uniformly in a region S about 

the origin in which f(x) and F,,(x) are analytic and (7) holds. 

If the equations (5) are such that the functions f(x) and F,,(x) exist, then 
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these functions will be said to be associated functions, that is, associated with 
the system (5). If the associated functions do not exist, it may be possible to 
divide the equations by appropriate constants so as to get a new system for 
which they do exist. In particular, if all but a finite number of them exist, 
then one can always find multipliers such that the new system will have a com- 
plete set of associated functions. 

As an example of an application of Theorem I, consider the particular system 
of equations (5) in which a, = 1, ba = 1, bon = 0, > 0, and b,,,, form > 0, 
n > 0 is the sum of all possible products of 3, 3, --- , 1/m taken n at a time 
(allowing repetitions). Since b,,,, does not approach zero, the infinite deter- 
minant | b,,, | is not normal, nor can it be made normal by introducing multi- 
pliers for the equations. The associated functions are 


f(z) = (1 — 2)", 


rio-[0-90-)--3 


The expansion (4) will then be an expansion in Stirling’s series, which will be 
valid and uniformly convergent on any closed set of points in the half plane 
R(x) < 1. Moreover, (x) = 1. Hence this particular infinite system of 
equations has a solution satisfying the conditions 


F,(z) 


i 


lim sup | c, |" < 1. 
2. As another application of Theorem I, we use the following expansion the- 
orem of Birkhoff: 


If the functions f(x) and F,,(z) are analytic for | x | S a, and if 


co] 


(9) > | F(z) — 2"|\a"" 

m=0 
converges uniformly for | z | = a to a value less than a‘, then (4) holds uni- 
formly for the same circular region | z| S a. 

Hence we have the following corollary to Theorem I: 

TueoreM II. If the functions associated with the given equations (5) are such 
that (9) converges uniformly to a value less than a“ for a region | x | S a in which 
f(x) and F(x) are analytic, then (5) has a solution satisfying (6) in that region. 
Furthermore, if (7) is satisfied for | x | < a, then the solution will satisfy (8). 

The special case of Theorem II where a = 1 is of interest because of its simi- 
larity to the classical theorem of von Koch that (5) has a bounded solution 
provided the a’s are bounded and the determinant of the equations is normal 


and different from zero. The condition that (9) converge for | z | = a = 1 
resembles the condition that the determinant of the equations be normal. Thus, 
for a = 1, Theorem II requires that the series (9) for x = 1, 


ye yp» (bm.n — Sm.n) , 


n=O 
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converge, dm,, being Kronecker’s symbol; while the condition that the deter- 
minant be normal is that the series 


m=0 n=0 


converge. 

Theorem II possesses certain advantages over von Koch’s theorem in that 
the condition imposed on the a’s is less restrictive, and it may be easier to show 
that (9) has a value less than a than to show that the determinant of the 
coefficients does not vanish. 


3. We now consider the problem inverse to that just discussed. Suppose 
that the equations (5), in which the c’s are regarded as unknowns, have a solu- 
tion. Then (4) will be a formal expansion of f(z). Suppose, moreover, that 
the solution of (5) is known to satisfy the condition 


(10) lim sup | ¢m |" < L 


for some number L, and that f(x) and F,,(z) are analytic in a region S about 
the origin. Then the expansion will be valid uniformly in any closed region 
about the origin, in S, where 


(11) lim sup | F,,(z) |" < K < L™. 


We can now state 

TuHeoreM III. Let the equations (5) be such that there is a solution satisfying 
(10). Suppose further that the associated functions exist and are analytic in a 
region S, about the origin. Then (4) will be a valid uniformly convergent expansion 
in any closed region, about the origin and in S, where (11) holds. 

As an application of Theorem III, we may suppose that the determinant 
| bm.» | is normal and different from zero. If, then, the a’s are bounded, there 
will be a solution with the c’s also bounded. In this case L < 1. 


4. From this point on, we propose to restrict attention to a special class of 
equations (5) which are, in fact, merely recurrence relations. In such a case 
there is, of course, no question as to the existence of a solution. The problem 
of determining the asymptotic behavior of the solution is, however, of as much 
interest for this case as for the more general class of equations. The equations 
are as follows: 


Co = a, 


Borco +O = , 
i i a aaa 
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They may be obtained by writing 
«2 
G(x) = De Bm Bn.o = LE 


and equating coefficients of corresponding powers of xz in Pincherle’s expansion 
(1). Corresponding to Pincherle’s theorem, stated in the introduction, we have 
the following 

TueoreM IV. If in the equations (12) 


(13) Bam = O(p ™) uniformly in n, 
(14) a, = Or”), 

then there will exist a y such that 

(15) Cm = Oy”). 


This is a special case of the following theorem, which corresponds to an 
expansion theorem of Takenaka.” 
Tueorem V. If in the equations (12) 


(16) Bam = O(p™), %.¢.,| Bam | S Map ™, 

(17) am = O(r'”), 

then, letting « be any positive number and M = lim sup M,,, we have 
(18) Cm = O(max[p "(M +1+ 6€—)",r™)). 


Proof. Consider the sequence of systems of equations obtained from the 
system (12) by modifying the right members so that a; = 4;,; for the j-th member 
of the sequence. Let {c{”} be the solution of the j-th such system. Evidently 
c\” = Ofori <j. The solution of (12) will be given by the sum 


(19) G = b ce? a;. 


7=0 


We first estimate the numbers c!”. We have 


Bia l 0 tee 0 0 
Bj.2 B; +1,1 1 wal 0 

c2, = (—1)’ : ee cee rey ‘3 : 
Biv -1 Bist 2 Bisa» 3 ies B; +v—2,1 1 
Bi» «= Birt—t Bjzan-e2 Bj tee 2 Byaoaa 


Denote this determinant by A,. Let b,,,, be any set of positive numbers such 
that b..m 2 | Bam |. We modify A, by first replacing 6,,,. by b,,,. and then 


5 Proceedings of the Tokyo Physico-Mathematical Society, (3), vol. 13(1931), pp. 
111-117. 
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agreeing to expand the resulting expression by the determinant rule except that 
every term is to be positive. If the resulting array is called D,, we have 

A, | = D,. Expanding D, by the elements of its last column and putting 
bam = M,p ™ we get 


|e}, | = (M j45-1 + 1)D,sp~ 
(M j4v-1 + 1)(Mj5-2 + 1) itis (M jas oa 1)M;p~” 
A(M+1+6)’p”. 


IA WA 


lA 


From this estimate and the relations (19) and (17) it follows easily that 
le; | S Ap (M +14 6)'+ Br’, 
and the proof is complete. 


6. Consider the linear space Z of functions f(x) defined as follows: 

I. There exists in FE a sequence of functions 4(7), @(”), --- , all defined over 
a set S of real or complex numbers, which form a complete basis for E; that is, 
if f(x) is in E, then 


(20) fiz) = ¥ 0,04(2) 


uniformly over some subset S’ contained in S. 
II. There is a positive number r such that for every f(x) in E 


(21) a, = O(r "). 


III. There exists at least one set [in S such that if g,,.(x) and f(x) are fune- 
tions in E expressible over [ by uniformly convergent series in the @’s, and if 


(22) f(z) = DL gn(x) 


uniformly in I, then the expansion of f(x) in terms of the 6’s can be obtained 
by expanding each g,,(x) and collecting the coefficients of like 6’s. 

Condition III is the analogue of the Weierstrass double series theorem. As 
an immediate consequence of Theorem V we have 

Tureorem VI. Let E be a space of functions satisfying conditions 1, II, and 
III, and T a set satisfying U1. Let Fo(x), Fi(x), --- be in E and defined in T 
by the uniformly convergent series 


x 


(23) Fn(z) = DS BminOmsn(2), Bmo = 1, 


n=0 


where 


(24) Ltne! & Maa, lim sup M, = M < x ° 
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Suppose that for x inT, 


(25) lim sup | F,,(x) |" < min (x —_ 

a , ( )| é l + M , 
for some positive number & less than 1. Then any function f(x) which is in E and 
has a uniformly convergent expansion in terms of the 0's for x in T also has an 
expansion in terms of the F’s: 


(26) f(x) = Lo emF'm(2), 
m=0 
which is uniformly convergent in T. 


7. As a simple application of this theorem, we suppose that the 6’s have 
the form 


A(x) = Opo(z), 


27 
waa On(z) = (x — a)(x — ae) --- (x — Am )Om(x) (m = 1, 2, ++), 
where the functions 0,,(z) are analytic and non-vanishing for | z | S o. The 
points a; , a , --- need not be distinct, but are confined to a region |x| S [ < ¢. 
It is assumed that the a’s and 0’s are such that any function f(z) which is 
analytic for |x| S A, A > ¢, can be expanded in a uniformly convergent series 
(20) for | | S py S X, px > &, where p, is independent of f(x). Thus, as far 
as condition I is concerned, we may choose for E the space EZ) of all functions 
analytic for | z| < A, Stheset | xz! S o,and S’:|z7!/ S py. 
The @’s may be normalized so that 


(28) On (@msi) = 1. 
We assume that this has been done. Let 

_ Vn(zx) 
(29) Ym(z) = Qri(x — a)(x — az) -*+ (2 — ams)’ 


V,, (x) =1+ kma(a faa Om+1) too + kaa(S se a) eae (x si Om+1), 


with the k’s to be determined. Then, if m > n, the product 6,,(z)y,(x) will 
be analytic for zx | S o; and the integral 


lan | onterva(e) dr, C: |z| =e, 


will vanish. Obviously, we can orthogonalize y,,(x) successively with respect 
tO Om—a(2), Omo(2), «++ , Oo(x) by choosing the k’s successively in the order 
Kemnay Kms ++ 5 hmm. This makes Inn = 5m,» for all m and n; and the two 
sets {y,.(x)} and {8@,,(z)} are biorthogonal. 

We now make the additional assumption that the polynomials ¥,,(z) are 
uniformly bounded: | ¥,,.(r) | < K for | «| < o. Multiplying the uniformly 
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convergent series (20) by y,,(z) and integrating term by term over L:| z| = R, 
{ < R S&S py, we get 
(30) On = / I(x) bm (x) dx. 
L 
But, if | z | > ¢, then 
K 
| _, =. ae 
Wol@)| S az] — FF 


and so 
|am | $ NKpx(o. — $)-"", 


where N is the upper bound of f(z) on | z! = p,. Thus £) satisfies condition II 
with r = py — ¢. 

Let f(x) and g,,(x) be analytic for | x | < X and let (22) hold uniformly for 
|z|SRep,,R>b¢. Then 


dm(t) = Do Bain da) 


uniformly in the region | z | S R; and (20) holds uniformly in the same region. 
The coefficients a, are given by (30), which, on combining with (22), reduces to 


an = Z [ Im(x)Wn(x) dz. 


Hence, 


an = Zz Ban, 
and E) satisfies condition III if © is the set |x| < R. 
Choosing F,,(x) as in (23) and (24), we have 
F,,.(z) = (2 — ay)(% — az) «++ (2 — am)H (2). 


We assume that the functions H,,(z) are analytic and uniformly bounded for 
|x| = .. The expansion (26) will then be valid for|z| <5 R,f < RS py, 
if the following inequality is satisfied for that same region: 


lim sup [|2 — a| |2 — ae] --- |2— aml!" <é min (r, tn): 
In particular, if ¢’ = lim sup | a, | , the expansion will be valid in the circle 
|2| < min (o — f, i +a) = ¢ 
provided the right member of this equation is larger than ¢. 


Starting with a set of 6’s for which we already know the possibility of expand- 
ing f(x) in form (20), we are led to conclude the possibility of expanding f(x) 
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in terms of the more general functions F,,(x). Thus, starting with an initial 
set of @’s, we may be able to iterate the process so as to get successively more 
and more general results, by choosing at each stage the preceding F’s as the 
new @’s. 

Since much is known from other considerations about the possibility of 
expanding a function f(x) in terms of Newton’s interpolation series, we state 
in our final theorem the result of the above procedure for the special case where 


the initial expansions are of that form, i.e., the case 9,,(z) = 1. 
THeoreM VII. Let a, a2, --- be a bounded sequence of points in the complex 


plane. Let& 2 \a,|,f' = lim sup! a, |. Suppose that any function f(x) 
which is analytic for |x| Sd, > A> A = BW + ¢’, has an expansion of the 
form 


f(z) = a9 + Dd an(z — a)(z — a2) «+> (2 — am) 


m=1 

which is uniformly convergent for |x| S px, px = 26+ 6 +6,,65, > 0. Let 
Fo(x) = 1 + ho(z), 

F(z) = (x — a)(x — a) --- (x — a,)[1 + hy (x)] (m = 1, 2, ---), 


where hy(@mii) = 0, hy (x) is analytic and bounded in absolute value by N, for 
zi Su,\w<u<,,limsupN, = N < «,andi, > M(o + ¢’), M = No, 
(p, — ¢)'. Then f(x) also has an expansion of the form 


f(z) = Dd en Fn(x) 


which is uniformly convergent for 


6, — M(c + a 


zg £R<¢+min E i+M 


The proof parallels the general argument just given. The functions h,,(z) 
can be expanded in the form 


Iimn(2) = > Bmn.nOm.n(X), Om.n(x) = (t — amas) +++ (2 — Comyn). 
nol 


For biorthogonal sets we have 


‘ ’ 
2ni(L — Gms) **° (x— Om+-n+1) 


Ym.n(Z) = W(x) - Wo.n(z). 


Hence 
Ban = [ baler) 
i 


n—l 


Bm s| & Nim Pul Py — ¢) ’ 


and the theorem follows. 
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For the particular case a; = a, = --- = 0, the hypotheses of the theorem 
are obviously satisfied for p, = 4, 0 < \ < ©; so we get Takenaka’s theorem 
to the effect that any function f(z) which is analytic for | x | S \ may be ex- 
panded in the uniformly convergent series 


f(a) = Da*[ + hala)], —ha(0) = 0, 
in the region 


l< i as 
lr| SR < min (x, “5, 


where h,(x) is analytic and bounded by N, for | x | S uw and lim sup N, = N. 
Takenaka’s theorem has been shown to include a large number of special expan- 
sions which occur in the literature,’ of which the Neumann expansions in 
Bessel functions are best known. 


INSTITUTE FOR ADVANCED Stupy. 


6G. S. Ketchum, Transactions of the American Mathematical Society, vol. 40(1936), 
pp. 208-224. 











TERNARY TRILINEAR FORMS IN THE FIELD OF COMPLEX NUMBERS 
By R. M. Turatu anp J. H. CHANLER 


1. Introduction. The specific problem of this paper is a classification of 
ternary trilinear forms with coefficients in the field of complex numbers. The 
complete solution is given by the table on page 689, and Theorem 12 gives 
necessary and sufficient conditions for the equivalence of two ternary 
trilinear forms under non-singular linear transformations on their sets of 
variables. 

However, the authors consider the introduction of geometric methods to the 
study of trilinear forms of more importance than the specific results obtained. 
A trilinear form defines certain algebraic transformations between subspaces 
(manifolds) of the spaces of the variables. These subspaces may in general be 
curves, surfaces, or even isolated points; but for ternary trilinear forms they 
are plane cubic curves and the transformations between them are birational. 

Consider the general trilinear form 


F(z, y, 2) = 2 Bij Ln Yiz; , 


where there are r, 2's, 7; y’s, rj 2’s and the a,,; are arbitrary complex numbers. 
Associated with the form is the three-way matrix (a,;;), called the matrix of 
the form. We suppose that the numbers 7, , 7;, 7; are the smallest numbers 
of x's, y’s, 2’s, respectively, in terms of which the form can be expressed.’ Two 
forms F and F’ are called equivalent, and we write F ~ F’, if F can be sent 
into F’ by non-singular linear transformations on the sets of variables taken 
separately. The totality of forms equivalent to a given form F is said to 
constitute a class of forms denoted by [F]. If F ~ F’, then [F] = [F’]. 

For a given three-way matrix (a,;;) there are six ways in which sets of 
variables z, y, z can be associated with the elements a,;; to produce trilinear 
forms.’ Two trilinear forms derived from the same matrix are 


F(x, y, 2) = Quitiyrts + Quetiyize + QusXiyr2s + AinTiYeti + AieeLiyrte + AiesLiy22s, 
with r, = 1,7 = 2,7r; = 3, and 
F(z, z, y) = F’(2, y, z) 

= Ay D2Yi + Ay2li21Ye + AnsLi2ZiYs + AinLizZeyi + Ai22Lr2Z2Y2 + Aie3XiZ2Ys, 


Received January 17, 1938; presented to the American Mathematical Society, September 
10, 1937. 

' These numbers are equal to the h, i, j index ranks introduced by R. Oldenburger, IV. 
That these index ranks are the smallest numbers of variables in terms of which the form 
can be expressed was noted by H. R. Brahana, III, pp. 190-191. (Roman numerals refer 
to the bibliography at the end of paper.) 

2 VI, p. 3&4. 
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with r, = 1, 7; = 3,7; = 2. We say that two forms F and F’ possess general 
equivalence and write F ~ F’ if F ~ F’, where F’ is one of the six forms asso- 
ciated with the matrix (a;;;) of F’. The totality of forms generally equivalent 
(or g-equivalent) to a given form F are said to constitute a general class (or 
g-class) denoted by {F}. 

The fundamental problem in the classification of trilinear forms is twofold: 
(1) the determination of necessary and sufficient conditions for equivalence 
(or g-equivalence) of two given trilinear forms; (2) the determination of a set 
E(r,, ri, 7;) of forms which includes one and only one form from each class 
(r,, r:, 7). The solution of (2) obviously implies that of (1) although the 
converse is not true, as can be seen for the case of ternary trilinear forms by 
comparing Theorem 12 with the table of g-classes on page 689. (1) is listed asa 
separate problem, since it may have a simpler solution than (2), and is of some 
interest in itself. 

If the r, are all different, the g-classes with invariants‘ r,, r;, r; are deter- 
mined by the classes for any particular ordering of the r,. In such cases we 
order the numbers so that r, > r; > 7; ; then the set E which includes one 
and only one form F from each class (r, , 7; , 7;) will also include one and only 
one form from each g-class with invariants r,. If, however, some of the 
numbers r, are equal, such a basis E for the classes of forms (7, , 7; , 7;) may 
give more than one representative for certain g-classes, although it will still 
include at least one for each g-class. Evidently if a g-class has more than one 
representative in E, it has 2, 3, or 6. In general, to determine the g-classes 
with invariants r,, we first obtain the set E for some one of the orderings of 
the r, and then find what g-classes are thereby multiply represented and in 
what manner. 


2. Trilinear forms (3, 3, 3); general geometric theory. It has been shown’ 
that the problem of determining the classes of forms is abstractly identical 
with the problem of classifying the matrices® 


M(x) = (xis) = (2 ansj4) 


under multiplication on left and right by non-singular constant matrices and 
linear transformations on x. Instead of M,(r) we could use 


M,(y) = (yni) = (2 asi) or M,(z) = (zi) = (2 Quii2}). 


3 L.e., a class with two-way rank invariants ra, ri, 1). 

‘The two-way rank invariants of any form considered as unordered numbers are in- 
variants of the g-class to which the form belongs. 

° VI, pp. 385-387. 

® This matrix was introduced by H. R. Brahana (III, p. 196) and later named A-charac- 
teristic matrix by R. Oldenburger, V, p. 673. The use in V of variables py instead of 2 
seems unnecessary in view of the meaning of this matrix as discussed in this paper and in 
VI, pp. 385-387. 
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The projective invariants of the ternary cubic | M,(x) | = X(x) = 0 are there- 
fore invariants of the trilinear form F = >> anijtnyiz;. Hence if F ~ F’, 
then X(xr) = 0 is projectively equivalent to X’(z) = 0. Furthermore, any 
cubic projectively equivalent to X(x) = 0 will serve as X’(x) = 0 for at least 
one member F”’ of the class [F]. We may therefore choose one representative 
from each projective class (or case) of ternary cubics and insist that the member 
of E(3, 3,3) from any class [F] have one of these canonical cubies (or a constant 
multiple of it) for X(x). Any ternary cubic is projectively equivalent to one 
of the following: 


3 


(1) m1, = 0; 

(2) zit, = 0; 

(3) 2122(xX1; — Xe) = 0; 
(4) M2323 = 0; 

(5) x3(zi + a2t3) = 0; 

(6) an(zi + Xer3) = 0; 
(7) = < 323 = 0; 

(8) xi + 23 — 2%at3 = 0; 
(9) an elliptic cubic; 
(10) a cubic identically zero. 


We shall say that M,(a) is an z-section of M,(x), the form F, and the matrix 
(a,;;) and define &, », and ¢, respectively, to be the numbers (not necessarily 
finite) of z-, y-, and z-sections of rank one of a givenform. We shall use the 
symbol [£, 9, ¢] to describe the form.’ We now prove some important pre- 
liminary theorems. 

Tueorem 1. If M,(a) is of rank one, then a is a multiple point of X(x) = 0. 

For the linear polar of X(z) with respect to a can be written as the sum of 
determinants each involving two columns of M,(a). Since M,(a) is of rank 
one, each of these determinants vanishes. 

Tueorem 2. If for three collinear points a‘, a”, a®, M.(a‘”) is of rank one, 
then for all the points a on their line, M,(a) is of rank one. 

We normalize by taking a” = (1, 0, 0), a” = (0, 1,0), anda” = (1, 1, 0). 
Then, since M,(1, 0, 0) and M,(0, 1, 0) are of rank one, we can find non-singular 
matrices P and Q such that 


‘x, ax, O 
P-MAn, I, 0)-Q = (Te bz 0 ’ 
\ 0 0 O 


’ The invariance of these and other numbers similarly defined was proved in VI, p. 386. 
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where ac = 0. Then for M,(1, 1, 0) to be of rank one we must have b = 0, 
and the theorem follows. 

TuroreM 3. If the determinant | M.(x) | vanishes identically, M(x) cannot 
have more than two sections of rank one. 

The proof is similar to that for Theorem 2. 

Immediate corollaries to these theorems are: 

Corotiary 1. Jf X(x) = 0 is elliptic, M.(x) has no sections of rank one. 

Corouiary 2. £ is finite unless X(x) = 0 is projectively equivalent to xix. = 0, 
or ri = 0. 

Coro.iary 3. Unless & ts infinite, it is 0, 1, 2, or 3. 

Coroutiary 4. If & = 3, X(x) = 0 is projectively equivalent to x,:22r3 = 0, and 


Tz; 0 0 
M,(x) ~|0 re 0 
0 0 X3/ 


Given F(x, y, 2) = >> aagxayiz;, suppose that we ask for values # and 2 
of x and z such that F(z, y, 7) = 0 in y. The condition for this is that the 
coefficients of y:, ye, ys, Which are bilinear forms in x and z, should vanish 
for x = #,z = %. Setting these coefficients equal to zero, and treating the 
result as three homogeneous linear equations in 2, 22, z3, we see that the 
necessary and sufficient condition for a non-trivial solution in z is the vanishing 
of the determinant M,(x). Thus for each @ such that X(#) = 0, there will 
be at least one Z for which F(z, y, 7) = 0. If M,(%) is of rank two, there will 
be just one such point Z corresponding to Z; if M,(#) is of rank one, there will 
be two independent solutions 2, and therefore a line of points in the z-plane 
for which F(z, y, 7) = 0. M,(%) can not be of rank zero for & + (0, 0, 0); 
else r, would be less than 3. The locus of # such that M,(%) is of rank two or 
less is given by X(x) = 0. 

Since the conditions on ¥#, 2 for F(z, y, 2) = 0 are symmetric with respect to x 
and z, all the arguments concerning M,(x) apply to M.(z). In particular the 
locus of points 7 such that there exists a non-trivial # for which F(%, y, 7) = 0 
is the curve Z(z) = 0." Hence the trilinear form sets up a correspondence 
between the points of X(r7) = 0 and those of Z(z) = 0. To consider this 
correspondence more precisely, let us return to the linear equations which 
determine z. If X(#) = 0, one of these three equations, say the third, is 
dependent on the other two. It is well known that two bilinear forms in r 
and z determine a quadratic Cremona transformation, say z = 2z(r), between 
the x- and z-planes. As x runs through the points @ of X(7) = 0, 2 = 2(#) 
will run through a locus corresponding to X(2) = 0 under this quadratic trans- 
formation. But since X(#) = 0, F(%, y, 2(#)) = 0, hence 2(%) lies on Z(z) = 0. 


§Z(z) = | M.(z)|, Y(y) = | M,(y) |. 
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Now if & = ¢ = 0, the correspondence between the points of X(z) = 0 and 
Z(z) = 0 will be (1, 1) without exception and will be given by the transforma- 
tion z = 2(z). Instead of using the first two equations to define z = 2(x), we 
might use, say, the last two, obtaining another quadratic transformation, 
z = 2’(x), which coincides with z = z(x) for X(z) = 0. We have therefore 

TueoreM 4. Foré = ¢ = 0, X(x) = O and Z(z) = 0 are birationally related. 

The equations relating the points of X = 0 and Z = O can be found by 
setting F(x, y, z) = F(x, y®, z) = 0, where y™ and y™ are any two different 
points y. Hence the trilinear form defines ~* or a net of quadratic trans- 
formations which transform the points of X(z) = 0 in the same way, but which 
have no other common image. Since — = 0, there is no fundamental point 
common to all the members of this net. (Indeed the number of fundamental 
points common to all the members of the net is always precisely £.) 

TueoreM 5. For é = ¢ = 0, X(x) = 0 is projectively equivalent to Z(z) = 0. 

If X(x) = 0 is elliptic, so is the birationally related Z(z) = 0. But two 
elliptic cubics which are birationally related are projectively equivalent.’ If 
X(x) = 0 is rational or degenerate, it follows from the analyticity of the trans- 
formations that X = 0, Z = O must have the same number of irreducible 
pieces; i.e., they must both be irreducible, or they must both factor into a line 
and a conic, or they must both factor into three lines. Furthermore, the 
transformations must be (1, 1) on the points of X(z) = 0, considered either 
as a point set or as points of an algebraic manifold; i.e., a nodal point counts 
once as a member of the point set, but twice as a point of the manifold. Hence, 
the number and nature of the singularities of X = 0 and Z = O must be the 
same. But if this is true, the curves are projectively equivalent. Finally if 
X(z) = 0, the analyticity of the transformations insures that Z(z) = 0. 

An important consequence of this theorem is that by non-singular linear 
transformations on z and z we may insure that X = 0 and Z = 0 are constant 
multiples of one of the canonical cubics listed above. That this is possible 
follows from the fact that linear transformations on y and z replace M, by 
PM.Q and so replace | M,| by | P|-|Q|-|M.| = c| M,|. When X and Z 
are so transformed, the quadratic transformations become those of a cubic into 
itself. In the case X = 0, Z = O, the algebraic transformation from z to z 
induced by the trilinear form is (1, 1) without exception throughout the pro- 
jective plane. It must therefore be a projectivity of the plane into itself, and 
by a linear transformation on z we may insist that it be identity. Then since 
F(z, y, z) = O in zg and y, we have 


0 Ys Ye 
My) ~ My) =|-y O ml, 
\-yz2 —y O 


° I, p. 51 
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which has no y-section of rank one; so 7 = 0. To show this, we write 


F(z, y; z) = p>» Yrj Tr2; - 


Then M,(y) = (y,;) is the matrix of a bilinear form in x and z. The condition 


F(x, y, x) = 0 requires that y,; = —yj, ; whence 
0 Yo Yu 

M,(y) = | —yx 0 Y23 |- 
—Yys3 —Yx3 O 


Now saying that F(z, y, z) can be expressed in terms of three and no fewer than 
three y’s is equivalent to saying that all of the y,; can be expressed in terms of 
some three of them. In this case yy, y:3, yes must be independent. Hence 
M,(y) ~ M,(y’), where ys = y2, y2 = Ys, Yi = Ys. Since Y(y) = 0 and 
M,(y) ~ M.(y) ~ M,(y), we have 


TueoreM 6. There is just one g-class [0, 0, 0], X(x) = Y(y) = Z(z) 
and it is uniquely defined by the conditions § = ¢ = 0, X(x) = 0. 


Ih 


0, 


3. Trilinear forms (3, 3, 3) with sections of rank one. We now remove the 
restriction £ = ¢ = 0. 

TueoreM 7. If M,(a) and M,(a’) are sections of rank one, and if I(x) = 0, 
U'(z) = 0 are the lines in x and z corresponding to z = a’, x = a, respectively, 
then the line I(x) = 0 and the point x = a are incident or not according as the 
line l'(z) = 0 and the point z = a’ are incident or not. 

The proof is similar to that for Theorem 2. We shall refer.to Theorem 7 
as the incidence theorem. 

TueoreM 8. Jf t = 3, thenn = ¢ = 3. 

For we saw that 


v1 0 0 
M,(z) =|0 2 0 
0 0 Z3 


TureoreM 9. If = «, then one of n and § is ©, and the other is 1 or 2, there 
being just two g-classes in this case. 

We have seen that £ = © implies a line of double points in X(r) = 0. Let 
this line be z; = 0. Then by the argument of §2, we obtain 


1 0 0 0 1 0 
(1) M,(x) ~ MS"(x) = (aya +f 0 0 0 2 + 0 0 0 Xs, 
0 0 0 0 0 OF 
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or 
‘1 0 0 00 0 
(2) Mir) ~ M2'(2) = (asa. +{0 0 Ofare+]1 0 O] as. 
0 0 0 0 0 0 
(1) and (2) give different classes but the same set of g-classes. In (1) 7 = @, 
and in (2)¢ = «x. To establish the second part of the theorem, it is sufficient 
to show that (1) gives rise to two classes, with ¢ = 1 and ¢ = 2, respectively. 


We consider 


Ze 0 0 


Since M}’'(0, 0, 1) is of rank one, ¢ = 1. The point at which z2 = 23 = 0 
will give a section of rank one. If ¢ = 1, this point must be (0, 0, 1); whence 
Qj33 = G33 = 0. Since z; must appear, ay; # 0. Then there exist non-singular 
matrices P and Q such that 


PMS’Q=(2 0 Of, 
22 0 0 


and we have only one class, whose rank invariants are [«, *, 1]. Similarly, 
if the point zj2 = 2:3 = 0 is not (0, 0, 1), we may take it to be (1, 0, 0) giving 


Qin = dy = 0, and 


\Z2 0 0 
giving just one class[«, «, 2]. In both cases Z(z) = 0. 
Suppose X 0 and Y has no multiple line. Then unless Y(y) = 0, it 
cannot possibly have enough pieces and double points to map into the whole 


z-plane. Hence there are exactly three g-classes for which any of X, Y, Z 
vanish identically: the two given by the theorem just preceding, and the third 
for which € = n = (=0,X =Y22Z2=0. 

Having disposed of the g-classes for any one of £, n, ¢ > 2, we now consider 
one of them equal to 2. 

Tureorem 10. The condition & = 2 implies that n, ¢ 2 1. 

We may evidently suppose that M,(1, 0, 0) and M,(0, 1, 0) are the x-sections 
of rank one. Then the line z; = 0, joining these double points, must be a 
factor of X(xz) = 0 and corresponds to one or more sections of rank one in 
M, and M,. 
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4. Determination of the g-classes (3, 3, 3). Theorems 8, 9, 10 imply that 
for any form two of the numbers &, 7, ¢ are equal. We shall therefore get at 
least one member of each g-class if we list a representative of each class with 
¢ = ¢. Hence we need consider only classes with the following rank invariants: 
[0, 0, O}, (0, 1, O}, [1, O, 1], [1, 1, 1], [1, 2, 1], [2, 1, 2], [2, 2, 2], [3, 3, 3], [<, 1, 2], 
[«, 2, «]. We have already proved that there is just one class for each of 
the last three possibilities. We shall now consider the canonical cubics listed 
in §2; taking each in turn as X(x), we shall determine for it the classes [£, n, &]. 

For X(z) = zi, and for X(x) = azjze, the geometric methods used for the 
other cases break down due to the double and triple lines; we have therefore 
entered in the appended table of g-classes, for Cases 1 and 2, results obtained 
previously.” 

Case 3. X(x) = cxyx2(a1 — 22). Since X(x) = 0 has only one multiple 
point, € = Oor 1. For [0, n, 0] we may suppose Z(x) = «X(xr). To each 
piece of X(x) = 0 will correspond a piece of Z(z) = 0, and we can choose 
coérdinates in z so that 1 = Oy = O; 272 =OOxn= 0; —-m=00 
Zz, — 22 = 0. We recall that if two rational curves with parameters ¢ and r 
respectively are in birational correspondence, this correspondence can be ex- 
pressed by a relation between the parameters: r = (at + 8)/(yt + 6)."  Ap- 
plying this theorem to z; = 0 and z; = 0 written respectively as pr, = 0, 
pt, = 1, prs = ty ; pz: = 0, pz. = 1, p23 = 1, we have 7, = (at; + B)/(yti + 8). 
Since the triple points x = (0, 0, 1) and z = (0, 0, 1) must correspond, we have 
i = © <> = © ory = 0. Similar arguments apply when we write 2, = 0 
as px, = 1, pre = 0, px; = te, and 2; — 22 = O as px; = 1, pre = 1, px3 = bs, 
and the same for z with 7; instead of ¢;. Thus we may write 


(1) Ti = ati + Bi (i = 1, 2, 3). 
Now for z = 2x(t;), z = 2(71) = z(ats + Bi), (¢ = 1, 2, 3), we have 
F(ti, y) = F(x(t), y, 2(ats + 8) = F(R, y, 2(2)) = 0 
in y and ¢t;. The automorphisms of X(x) are generated by 
Ai: t3 = ax, + bre + 23; Ag: 23 = cds. 


Under A; , t; is replaced by t} = 4. + b, aby &@ = & + a,t:by§ = t +a+; 
under Ag, ¢; is replaced by ¢; = ct; (i = 1, 2,3). We may evidently use these 
transformations on t; and 7; to modify (1) above. We get 
(1)’ n=ati; 2 =at2; t= t +83, (8 = 0orl). 
Then the conditions 

F(t, y) = yoo + yselt + yosti + ysstirs 
(2) = yoo + (ysr + aryesdtr + arysstr’ = 0, 

F(t, y) = Fs, y) =0 


VI, p. 409. 
"II, p. 140. 
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. . . . , / 
yield the respective sets of equations (when we write a; , 8; for a; , Bi): 


Yor = Y33 = Ys + MY = O, 


Yu = Yss = ais + yn = O, 
(3) 
Yu + Yo + Ya + Yo + Bs Ys + Bs Y23 


= Ya + Yrs + Ys. + Yrs + Bsyss = Yss = O. 


Hence 
0 


M, = Yr 
—a@2ii3 = a Yes 
where 
(4) ye + yn + Bsyis + Bsyx = 0, (1 — ae)yis + (1 — ar)y23 = 0. 


Unless equations (4) are dependent, there will not be the three independent y;; 
which are necessary if r; = 3. If a = a = 1, Bs = 0, we have | M,| = 0. 
Hence 8; = 1, and the sole class is represented by 

0 

M,=|-ym-yw-—ys 0 

—ys —ys 0 
where Yi = Yn, Ys = 3, Ys = yx. We note that 7 = 0 as a consequence of 
§& = ¢ = Oand X(z) = cx,22(%) — 22). 

Next consider [1, 7, 1]. Using the incidence theorem, we may suppose 
xr = (0,0,1) ~ 2 = 0;z = (0, 0, 1) > x = 0; whence yx = ys = ys = 0. 
Then z2 = 0 and x, — ze = O must correspond to distinct lines in Z(z) = 0, 
and the intersection of these lines in z must correspond to the intersection of 
te = Oand x; — x2 = 0;i.e., it must be on z, = 0. Since it is the only multiple 
point of Z(z) = 0, this intersection must be z = (0, 0, 1), in accordance with 
our initial supposition that M,(0, 0, 1) was of rank one. Hence we may choose 
coordinates so that Z(z) = «X(x), and so that 2 = 0 2% = 0,% — m= 
0 <> z, — z = 0. Expressing this correspondence parametrically, we have 
rt, = at; + B; (¢ = 2, 3); by means of the automorphisms of X and Z, these 
transformations can be modified to tz = t, 73 = als. The conditions 
F(t, y) = F(t, y) = O give us yn = Ys + Yn = Yu + Yr + Yu + Yr = 
G@xi3 + Yn = 0. These four relations imply that r; < 3 unless a; = 1. We 
have therefore the single class with 


a. Y2 Ys 
M,=|y¥e— yn yo O |, 
—Yi3 0 OF; 
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Case 4. X(x) = cx,rex3 , where the lines are parametrically represented as 
px, = 0, pre = 1, prs = ts; pti = tr, pte = 0, pxs = 1; pt, = 1, per = bh, 
pt; = 0. For (0, n, 0] we may suppose xz; = 0 <> z; = 0 expressed by 7; = ait; 
(i = 1, 2,3). The automorphism z; = p.z; (¢ = 1, 2, 3) produces the trans- 
formation 

i — Pah = ha. 
po 
sO we may assume 7; = (cxyoxg0x3)'. Imposing the condition 
F(t;, y) = 0, we have 
0 Ye — ays 


M,(y:a) =| —-ayvr 0 Y23 ’ 
Y31 — AY23 0 
M,(y:a) ~ M,(y:wa), 


Interchanging z and z, we get” F(z, y, z: a) = F(z, y, z: a"), since then r’ = 
‘a’. Interchanging y and z gives no new g-equivalence relations. Hence 
for (0, », O], X(x) = cxyrers , F(z, y, 21a) = F(z, y, 2:8) if and only if p* + 6° = 
a + é. 

For [1, », 1] there are two cases possible: (1) with incidence; (2) without 
incidence. If (1) holds, arguments like those above show that there is just one 
g-class. It has 7 = 1, Z(z) and Y(y) in Case 4. Similarly if (2) holds, we 
have just one g-class, with » = 2, Y(y) in Case 6 and Z(z) in Case 4. For 
[2, », 2] we have just one g-class, with » = 2 and Y(y) and Z(z) in Case 4. 
We have already treated [3, 3, 3]. 

The methods of investigation for Cases 5, 6, 7, 8 are those just applied to 
Cases 3 and 4. Hence we shall merely list the g-classes for these cubics in the 
appended table,” except for the two instances where [£, n, ¢] and the case of 
X(x) does not uniquely define the class. These instances are: 

Case 6. X(x) = cxi(xi + xen), [E, 2, ] = [0, 0, 0], 


(l—a@)ys ye Ye 
0 — ayr3 |, 


0 


where a 1, 0, and F(z, y, z:@) = F(x, y, z: 8) if and only if 8 = a or a’; and 
Case 8. X(x) = e(x} + x22 — 2x,2er3), with rank invariants [0, 0, 0], 


(a’ - 1) ye3/a Yr — aY/31 
M, = — aye (a? ‘ag! 1)ysi/a Y23 ’ 
Yai — AY28 0 


" Le., the semicanonical form defined by M,(y: a). 
'S Representatives of these g-classes are included in V1, pp. 397-411. 
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where a ¥ 1, F(z, y, z: a) = F(a, y, 2: B) if and only if a +a = 6° + B™. 

Before turning to the elliptic case we shall give an outline of the method 
followed in all the cases where X(z) is rational and without a multiple factor. 
We have — = ¢, where — cannot be greater than the number of linear factors 
of X(z). The steps of our procedure are as follows: (1) we determine the pro- 
jective case of Z(z); (2) set up the correspondence between the parameters of 
the pieces of X(z) = 0 and Z(z) = 0; (3) normalize this correspondence by 
means of the automorphisms of X(z) and Z(z); (4) determine the y,; so that 
F(t, y) = 0, where ¢ is the parameter of X(x) = 0, and so get M, (here we rule 
out any correspondence set up in (2) which puts more than six independent 
conditions on the y,;, since r; must equal 3); (5) investigate the classes thus 
obtained for g-equivalence. 

Case9. eX(x) = 42} — gerzi — gst} — xia3 = 4Z(x). We give an analytic 
treatment based on the fact that the only birational transformations of a 
generic elliptic cubic into itself are: (1) the involutions interchanging the mem- 
bers of every pair of points collinear with some fixed point of the curve, and 
(2) the products of two such involutions."* We write X(z) = 0 parametrically 
as pr; = p(u), pre = p’(u), prs = 1, and dothe same for Z(z) = 0, using param- 
eter ad. The transformations from zx to z are then given by u + &@ + a = 0, 
where the plus sign goes with (1) and the minus sign with (2). This trans- 
formation is an automorphism (i.e., a collineation) if and only if a@ is a third- 
period. Since the automorphism z; = —2z: replaces u by —u, we may always 
suppose our relation to beu + a@+a=0. F(2x(u), y, 2(a)) = Fu, y) is an 
elliptic function of order six. Its vanishing identically in u and y is expressed 
by at most six conditions on the y,;. That the six conditions are independent 
is seen by expanding F(u, y) as a Laurent series about the poles u = 0 and 
a = —u — a = 0 and equating the coefficients of negative powers of u and @ 
and the constant term to zero. We get eight linear homogeneous equations in 
the y,; whose matrix is of rank six. Denoting by F(z, y, z: a) a trilinear form 
with @ = —u — a, we ask for what values of b is F(z, y, z: a) ~ F(z, y, z: b)? 
Such values of b must come from automorphisms, which can be expressed, as 
we have seen, by u = tu’ + 40, a = +a’ + 40’, where Q, © are any periods 
of p(u), giving equivalence if and only if b = +a + 39; i.e., for 18 values of b. 
Geometrically, this means that if the points of X(z) = 0 are grouped into 
sets of 18 in such a way that the sum or difference of the parameters of any 
two points in a set is a third-period, then there is one class for each such set. 
Interchanging the sets of variables gives no new g-equivalence. We have proved 

Turorem 11. A class or g-class for which X(x) = 0 is a generic elliptic cubic 


“The word “generic’’ here excludes only the harmonic and equianharmonic cubics. 
To obtain the additional birational transformations of these cubics into themselves, we 
take certain collineations and the products of these collineations with each of the trans- 
formations (1) and (2) above (see II, pp. 151-155). Hence for these cases also we get the 
semicanonical form by considering only the involutions. However, new g-equivalences 
will be introduced among the points of the parallelogram of Theorem 11. 
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has two arithmetic invariants; one is the absolute invariant of X(x) = 0, and the 
other is the group of values of a defining the set of points from which the center of the 
involution is obtained. If w; , we are the periods of p(u), then there will be a class 
of forms F(x, y, z: a) for each point a in the parallelogram whose vertices are 
0, d01 , G1 + fwe, fue. 

Case 10. X(x) = Y(y) = Z(z) = 0. This case has already been considered. 


TABLE OF G-CLASSES FOR 7, = rj; = Tj; = 3 


[0,0,0] (0,1,0] (1,0,1)  [1,1,1) — [1,2,1] [2,1,2] [2,2,2] [3,3,3] [2,1,2] [,2, 0] 








aa re ae ae ae (10) | 
@®/@) | (@@ Me) | ao), 
of! | | je; | { [| / 
(4) | (4)* | (4) 6) | | (4) | (4) | | 
| 6/M)@) | i ia Rk Gye eres, 
(6) | (6)* 6) (4) | | | | 
(7) | @ | ms | a of * ce. 
‘@)) oF | | | | 
(10) | (10) | | : ; ae 


The entry numbers on the left refer to the projective cases of X(x), Z(z) of 
the cubics in §2. The starred cases contain an infinite number of g-classes. 
There are no forms for the blocks without numbers. The numbers in the 
blocks give the projective case of Y(y), there being just one class for each num- 
ber except in the starred cases. 


5. Conclusions and generalizations. The results of the preceding section give 
the following 

TuroreM 12. A necessary and sufficient condition for the g-equivalence of two 
ternary trilinear forms F and F’ is 

(1) that &, », ¢ equal ’, n’, ¢’ in some order and X(x), Y(y), Z(z) be projectively 
equivalent to X’ on hd Hy), We ) in that same order; and 

(Il) that if &, = 0, 0, 0 and X(x) is projectively ly equivale nt to (a) Titats , 
(b) a(ai + bed (c) zi + 22 — 20ers, or (d) 423 — garizs — gars — ries, 
then in the semicanonical forms F(x, y, 2: «) and F'(x, y, 2: B) of F and F’ (a) 
+p" = a +a . (b) 8+ p= ata “! () p+ .,° ~ a + aor 
(d) 8B = +a + 49, where Q is a period of p(u | ge, gs). 

This theorem solves problem (1) for ternary trilinear forms. The above 
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table together with the semicanonical forms for (a), (b), (ce), (d) gives a com- 
plete solution for problem (2). 

As was indicated in the introduction, a major purpose of this paper was the 
application of well-developed geometric theory to trilinear form classification. 
Accordingly, we. shall here indicate certain parts of the preceding theory which 
are susceptible to direct generalization. We shall limit ourselves in these 
generalizations to cases where r; = r;. 

Then Theorem 1 becomes 

TuHeoreM 1’. Jf M,(a) is of rank r; — 2, then a is a multiple point of the 
“surface” X(x) = 0. 

Theorem 2 remains true as stated. Corollaries 1, 2, 3 are replaced by 

Corouuary 1’. €& (the number of x-sections of rank r; — 2) does not exceed 
the number of multiple points on X(x) = 0. 

If r, = r; = r;, Theorem 4 becomes 

Tueorem 4’. Foré = ¢ = 0, X(x) = O and Z(z) = 0 are birationally related. 

The direct analogues of Theorems 5 and 6 will not be true. 

The theorems of §3 do not generalize directly, although there will be theorems 
of somewhat the same character to take their places. 
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EQUIDISTRIBUTION OF RESIDUES IN SEQUENCES 


By MarsHauit HA 


1. Introduction. A sequence of rational integers », v1, --- satisfying a 
rational integral linear recurrence 


(1.1) Un¢k = AyUngear + +++ + Aely 


a" ° — ° ° ° 
is periodic modulo an arbitrary prime p, that is, 


(1.2) Unter = Up (mod p) 

for a fixed 7 and all n = no(p). The polynomial f(x) = 2* — qa** — .-. — a 
is called the characteristic of (1.1). This paper is concerned with the distribu- 
tion of the residues 0, 1, --- , p — 1 (mod p) in sequences satisfying (1.1). 


This distribution has been investigated in two papers, one by Ward’ supposing 
f(x) to be a cubic irreducible modulo p, and another by the author’ supposing 
f(x) to be any polynomial irreducible modulo p. 

Here it is shown that if f(x) is the product of a linear factor and an irreducible 
factor modulo p, the number of zeros in the different blocks will satisfy equations 
similar to those found in H. (Compare equations (2.3) in this paper with 
equations (13.8) in H.) 

By a simple device these results may be used to show that when f(x) is irre- 
ducible modulo p and the period of (v,) is 7, an arbitrary residue a (mod p) will 
occur rp ' + c, times in any r consecutive terms of (v,), where | c | < p'“~”. 

The notation and terminology throughout are those of H. 


2. Distribution of zeros. Suppose 


(2.1) f(x) = (a — d)h(x) (mod p), 
where h(x) is irreducible modulo p and at least of second degree. A sequence 
(2.2) (vn) = g(x) 


Received April 28, 1938. 

'R. D. Carmichael, On sequences of integers defined by recurrence relations, Quarterly 
Journal of Mathematics, vol. 48(1920), pp. 343-372. 

* Morgan Ward, The distribution of residues in a sequence satisfying a linear recursion 
relation, Transactions of the American Mathematical Society, vol. 33(1931), pp. 166-190. 

* Marshall Hall, An isomorphism between linear recurring sequences and algebrate rings, 
Transactions of the American Mathematical Society, vol. 44 (1938), pp. 196-218. This 
paper will be referred to as H. 

* For second order sequences see Marshall Hall, Divisors of second order sequences, Bul- 
letin of the American Mathematical Society, vol, 48(1987), pp. 78-80, and the note to 
Theorem 13.5 of H. 
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will satisfy no recurrence modulo p of lower order than (1.1), if g(x) is rela- 
tively prime’ to the double modulus p,f(x). Such a sequence is said to be 
regular modulo p. We shall investigate the distribution of zeros in the reduced 
cycles of the totality of regular sequences satisfying (1.1). 

We note first that if (v,) is any sequence satisfying a recurrence of charac- 
teristic f(x), and if s is any integer prime to p, then (s"v,) is a sequence satis- 
fying a recurrence of characteristic f,(z) = s‘f(x/s). The zeros modulo p of 
(s"v,) oceur in the same positions as those in (v,). Moreover, the reduced 
period of both sequences is the same. This is true for any f(x), but will be used 
here only to simplify the proof of Theorem I. 

TueoreM I. If f(x) = (x — d)h(x) (mod p), where h(x) ts irreducible modulo p, 
then 


(2.3.1) > b = 


i=1 


3 


(2.3.2) > 6b -— 1) = (u - m)p*, 
t=1 


{up* ~ r F 0 (xi), 


(u - m)p*, r = 0 (x), 


(2.3.3) > bdiee = 
i=1 


(2.3.4) (u,p— 1) =m, p—1=mu, “= mu, kK = WK, 


where b; is the number of zeros in a representative reduced cycle of the i-th block of 
regular sequences satisfying (1.1), provided the « blocks have been appropriately 


ordered. 
The subscripts in (2.3.3) are naturally taken modulo x. 
Under the secondary isomorphism 


(2.4) x"g(x) > vp 


the regular cycles (v,) modulo p satisfying (1.1) form the cosets of the cyclic 
group {zx} in the group of residues prime to [p,f(z)] (Theorem 13.1 of H). 

Since f(x) = (x — d)h(x) (mod p), where h(z) is irreducible modulo p, the 
group @ of residues prime to [p,f(x)] is representable as 


(2.5) G = rz’ G=u@---,p—-hju@.:---,¢ -%, 


where r is a primitive root modulo p and hence of order p — 1 and z is of order 
k-1 
p —1. 
By definition of the reduced period u 


(2.6) x’ = b (modd p,f(z)), 
where 6 is rational and 
(2.7) yw =p —1. 


§ See page 604 of Morgan Ward, The arithmetical theory of linear recurring series, Trans- 
actions of the American Mathematical Society, vol. 35(1933), pp. 600-628. 
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Hence for z; = 2° with c some integer prime to p — ] 
(2.8) zi = sx (modd p,f(z)), 
where s is rational and 
(2.9) G = r'zh. 
Hence the (s"v,) cycles are obtained by taking every «-th term of the (w,) 
cycles, where zi} — w, by the secondary isomorphism (Theorem 13.2 of H). 
Because of (2.9) there is but one z block of reduced cycles prime to [p,f(x)]. 
Let (c,) be a cycle of this block. The z, cycles are all regular except the cycle 
which is identically zero, the cycle whose g(x) = 0 [p,h(x)] which contains no 
zeros, and the cycle (« — d)z? — y, which modd p,f(x) is the same as the cycle 
z} modd p,h(x). Wenow apply Theorem 13.4 of H to the cycles (je,) (j = 1, ---, 
p — 1) and (y,). Here n = 0, --- , p’ ‘ — 1 and to obtain the same length 
we must take p — 1 reduced cycles of (y,) since zj (modd p,h(x)) has as its 
reduced period (p*' — 1)(p — 1)7' by Lemma 1 of Theorem 13.5 of H. By 
Theorem 13.4 of H for z? modd p,h(x) there are (p — 1)[(p** — 1)(p — 1)"] 
= p** — 1 pairs of zeros differing by a in position in (y,) if 0 < a < p*" — 1, 
a #0 (p’' —1)(p — 1)" and p** — 1 if a= 0 (p*' — 1)(p— 1)”. Forall 
z, cycles modd p,f(x) there are p'* — 1 pairs of zeros differing in position by a 
for 0 < a < p** — 1. Excluding the zeros in the (y,) cycle and dividing by 
p — 1 we find that in (c,) there are p*~* pairs differing by a if a 4 0 (p** — 1) 
(p — 1)" and none if a = 0 (p** — 1)(p— 1)". The termse,,,; (n = 0, ---, 
u» — 1) are a reduced cycle of the 7-th block of (s"v,.) cycles, and these have, as 
remarked above, the same reduced period and position of zeros as (v,) cycles. 
We now count the differences in positions of zeros in (c,) in terms of the differ- 
ences of positions of the cycles (s"v,) = (¢nsi). If there are b; zeros in the 
i-th block, there will be >> b;(b; — 1) differences in the same (s"v,) cycle. But 
i=1 

these are the differences = 0 (mod x) in (c,) and there are » — m of these differ- 
ences # 0 ((p*" — 1)(p — 1)°), where m is determined by (2.3.4). This 
yields the equation (2.3.2). Similarly, equations (2.3.3) enumerate the differ- 
ences congruent to r modulo « in terms of the b’s. Equation (2.3.1) merely 
gives the total number of zeros in the (c,) cycle. 

Tueorem II. Under the assumptions of Theorem 1, b; = p* 


2 


-1 
k + ¢;, where 





lc; | < = I 4/2 —™ FN ee <p . 
K K 


If we define quantities ¢; by putting b; = p*’«' + ¢; in equations (2.3), 


we find 
Ee 


Ean p= tO 


A 


0, 
(2.10) 


whence Theorem II follows immediately. 
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3. Distribution of arbitrary residues. 

TueoremM III. Let f(x) be irreducible modulo p, and let the period of (1.1) 
modulo p be r. Then the residue’ a # 0 (mod p) will occur in a cycle of (Un) na 
= rp + C, times, where | c. | < p**”. 

If (u,) satisfies (1.1), then (v,) = (u, — a) satisfies a recurrence of char- 
acteristic (x — 1)f(x) and n, the number of residues congruent to a in a cycle 
(r terms) of (u,) will be the number of zero residues in 7 (v,) terms. But both 
the period and the reduced period of the (v,) sequence are equal to r. For 
Uniy = Un implies v,,, = v, and conversely, whence r is the period of (v,). The 
reduced period yu of (v,) is the least solution of 


(3.1) x* = b (modd p, (x — 1)f(z)), 
whence x” = b (modd p, x — 1), 1 = 6 (mod p). Consequently, 
(3.2) x’ = 1 (modd p, (x — 1)f(2)) 


and uw = + the period of (v,). 

Now Theorem II may be applied to the (v,) cycle. , is the number of zeros 
in a (reduced) cycle of (v,). Here (v,) satisfies a recurrence of order k + 1 
and 


k-1 


(3.3) Na a + Ce; 


§(k—1) 


where | c, | < p But here r = » and ux = p* — 1, whence 


k-1 
ot | Met 
(3.4) mea (Fe i) +e, 
This gives 
T 


T 
Me ep ens +. 
Pp P(p* — 1) 
Hence from Theorem II n, = rp" + ca, where | c| < p'“~”. 
Note that equations of the type 


(3.5) ~a=0, Yad=M 


yield not only an upper bound on the magnitude of the c’s | ¢; | S « xe — 1)'M! 
but also require that, for at least one c, | ¢; | 2 « 'm? (x even), |e; | = (« — 1)¢*mM 
(x odd). If the c’s are regarded as statistical variables, these equations give 
their mean and standard deviation. 

* The number of zeros in (u,) is given by Theorem 13.50f H. According to this theorem 


. | ! 
in » terms of (u,) there are up~! + co zeros where | cy; < pi". 
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As an example of the application of Theorem III consider 


(3.6) Unss = —Unst + Up (mod 5). 


_ 


So 


uu 
U2 
U3 
Uu4 
Us 
U16 


ow 


- 


oro 


~ 
~~ 


~~ 
~ - 
- 


U8 
Uig 
U20 


~~ 


~ 
~ 


hi wt wh ww wm We w 
nnn nw ow wo we mm 
—— mm DD OO > — - Ww 


Or OW PN 


Hi th wt th oh mh ow mm oe 
WO SO ee 


= 


Here the n, will be equal to 6; of a recurrence of fourth order in which p 
=5,4=7=31,k = 4,m = 1,x = m = 4,and the equations (2.3) for the 


distribution numbers are 
bh +bhe +b; +d, 
bi +b; +05 +05 
bibs + bobs + babs + dadr 
bibs + bobs + bsbi + babs 
bibs + bob: + babe + bibs = 


Of these equations only three are independent and the solution associated with 
(3.6) is b} = 9, be = 3, bs = 6, bg = 7. These are respectively the number of 
residues congruent to 1, 2, 4, and 3 in (3.6). 
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ON THE FACTORIZATION OF GENERALIZED QUATERNIONS 
By Gorpon Pai 
1. Afundamental theorem in the arithmetic of Lipschitz’ integral quaternions 
(1) v = V9 + ty, + tev. + O30, 


where the v,; are rational integers and the 7, are the familiar Hamilton units 
2 ° ° ° . ° 
(t, = —1, ete.), is that any proper v (i.e., one in which vo , - -- , vs are coprime), 


whose norm )> v; is divisible by an odd positive integer m, has exactly eight 
right-divisors ¢ of norm m, these forming a class of left-associates 


(2) +t, +i, +tel, + ist. 


In this article a connection is set up between the problems of factoring ‘“‘gen- 
eralized quaternions” (defined in §3) and of representing the number 1 in a 
certain quaternary quadratic form S. Hence the problem is reduced to that of 
equivalence of quaternary quadratic forms. However, the order and genus of S 
is readily identified. Hence in all cases where there is but one class in this 
quaternary genus, a theorem of the type quoted above will follow; and when 
several classes occur in that genus, some similar theorem may be deducible. 

Our definition of generalized quaternion, based on Hermite’s identity,’ con- 
nects the theory with ternary and quaternary quadratic forms, rather than with 
binary Hermitian forms as in Dickson’s definition. For results similar to ours 
in Dickson’s generalized quaternions, perhaps the best reference is Ideals in 
generalized quaternion algebras, Trans. Amer. Math. Soe., vol. 38(1935), pp. 
436-446, by C. G. Latimer. 


2. Our method is based on a process of Hermite’s,’ who in turn was guided by 
Gauss’s algorithm for reducing the representation of numbers in a binary 
quadratic form to the solution of a quadratic congruence and to identifying 
the class of a form constructed from the solution. We shall introduce the 
method by exhibiting a similar device for quadratic fields. We shall confine 
ourselves, however, to fields in which the integers are of the form 


(3 ’ Vy + vw, vy and », rational integers, 
where w D is « non-square rational integer. There is no difficulty in 
extending the theory tow + 0+ 4(1 A) = 0. Similarly, in this article we 


Keceived May 16, 1995 
i. Lipeehitz, Jour. de Math, (4), vol. 2056), French translation by J. Molk 
*( Hermite, Jour. fir Math, vol. 47054), pp. 313 330; Ocurres, vol. 1, 1905, pp. 200 
ZB), expecially p. 212 
‘Hermite, Jour fur Math, vol. 4701854), pp. 34% 445; Oeuvres, vol. 1, pp. 244 237. 
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shall treat only the simpler case of quaternions associated with Hermite’s 
identity." The extension by means of Brandt’s generalization’ of Hermite’s 
identity is being investigated by students of the writer. 

Let p be an odd prime not dividing D. How many divisors of norm p does v 
possess? For this we must consider 


(4) Vo + vw = (Uo + Uw)(to + tw), tj + Dti = p 


On taking norms we see that p must divide Nv = v5 + Doi. Assuming this 
and multiplying both sides of (4) by t = to — tw, we get 


(vo + vw) (to — tw) = 0 (mod p), 
(5) volo + Dot; = 0, Vilo — vol; = 0, (mod p). 


Now assume that p does not divide both (and hence either) of v,v,. Then 
the condition p | Nv makes either of conditions (5) imply the other. Either 
of them reduces to t) = et; (mod p), where e is an integer = v/v (mod p). 

Thus if p | No, (5) will be satisfied if and only if 
pXo + eX, 
t; = NX, ’ 


to 
(6) 


in integers Xo, X, ; and then vt = 0 (mod p), vt = pu, vtt = put, v = ut, pro- 
vided for the last step Nt = it = t) + Dt; = p. If we substitute from (6), the 
condition Nt = p becomes 


(7) pX + 2eNoNX, + fN} 


where f = (e° + D)/p. The form [p, 2e, f] is of determinant D, and will repre- 
sent 1 if and only if the prime p happens to be represented in x6 + Dzj; and then 
the number of divisors ¢ of norm p of v will be 2 if D > 1, and 4 if D = 1; if 
D > 1, the divisors are +/, if D = 1 they are +¢and +it. When there is only 
one class in each genus, the condition for p to be presented in xi + Dai can be 
expressed simply in terms of Legendre symbols. 


l, 


3. With a symmetric matrix @ = (aq3) of order 3 in a field §, we associate a 
system of quaternions 
(8) t= to + tit + tate + tls, 
where the ¢, range over § and ¢,, ¢: , ts satisfy the following multiplication table, 
Ags denoting the cofactor of ays ina: 


2 eae 

ta ; (a = 1, 2, $). 
(9) tats Mos + yt + igt, + aysts , 
tgty Age yt Qyyly Qigts , 


* See footnote 2 
*H. Brandt, Math. Annalen, vol, 91(1924), pp. 808 309 
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isi; , etc., being obtained by permuting subscripts cyclically. Multiplication by 
scalars (in §) is defined in the obvious way, addition by adding corresponding 
coérdinates. Addition is commutative and associative, and scalar factors can 
be taken in and out of products. Multiplication is distributive over addition. 
In general, uf = v is given by the formulas (which are essentially those of 
Hermite) :* 


3 
Uo = Ul — Aas Uals, 
a p=1 
3 
(10) 

Va = Uta + Ualo + > Ws Asa (a = 1, 2, 3), 

s=1 
uv = Ug ls one Ugle, uve = Ugly “= Uy ls, w3 = Uy le — Ugt,. 


Seeing that multiplication is associative reduces to verifying 
(11) (iais)iy = ta(isiy) 


for all choices of subscripts 1, 2,3. Forming the products by means of (9), we 
readily find 


(tatalis = taltats) = —Aaais, 
ta(tgts) = (tata)is = —Aggta, 
(12) (tatg\ta = taligta) = —2Aasia + Aaals , 
(iyt2)tg = ty(tots) = —A — Aogts + Aste — Anis, 
(igt:)t3 = to(tits) = A+ Aseti — Aist2g — Aarts, 
isist; , etc., being obtained by cyclic permutation. Here A = | dag |. 
We define conjugates by 
(13) t= to — tit — tote — ists, 
so that by (9), is’2 = i273 , and readily obtain 
(14) t= tt = + D> Aastals, 
which we call the norm of t, or Nt. Since ints = (—is)(—ia) = igte ; and 


i+ u =i + @, we see that the conjugate of (wo + > uata)(to + >> tsis) is 
(4 — > tgig)(uo — bis Uala), that is, 

(15) ul = ta. 

Hence from v = ut follows 6 = ta, whence vd = utti, or 

(16) Nv = Nu-Nt. 

This is Hermite’s identity. 


® See footnote 2. 
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4. In case the agg are rational integers we define an integral quaternion by (8) 
with rational integral t;. By (9) the sum and product of integral quaternions 
are integral. If v = ut in integral quaternions, we call ¢ a right-divisor of v. 


Then by (16), Nt! Nv. 
If ¢ is a right-divisor of v, ¢ is a left-divisor of 0. If t; = te = ts = 0 so that t 
is a rational integer, ¢ is a right-divisor of v if and only if ¢ | v; (¢ = 0, 1, 2, 3), and 
we can write ¢ | v. 
For a given v such that p “ v but p | Nv, how many right-divisors of norm p 
does v possess? From 
(17) v= ul, Nt = p 
follows vt = up, vt = 0 (mod p), or (ef. (10)) the system of homogeneous, linear 
congruences in fy , t; , tg , ts with the matrix W obtained from 


0 Dd Arava Dd Arata Dd Asata 
Vy «3, V2 — A103 =, V3 — Ag, = =A210; — Ay) V2 


Ve G32V2 — A2203 A203 — A32V, Gee; — Aj2V2 








V3 3302 — As3V3 = j3V3 — A330, = 31 — A302 | 


by adding vu, —vo, —, —v to the elements of the principal diagonal. In 
general if p | Nv, W is of rank 3, (mod p). If p| », W becomes V and the crux 
of our method lies in 

Lemma l. If p|m,p|Nv = >> Aasvavs, and p * Av, then two and at most 
two rows in V are linearly independent (mod p). 

To show that two rows are independent, it suffices since p / v to show that 
one of }-Agava is prime to p; if this were not so, p would divide 


X By } Agava = Av, (y = 1, 2, 3), 


contrary to hypothesis. For the rest, it suffices to show that every three columns 
are linearly dependent. For the second, third, and fourth columns we use the 
multipliers v; , v2, , and vs , and adding obtain (Nv, 0,0,0). For the second, third, 
and first columns we multiply by i Aeaa, — A» Aja¥a, and Av;, and on adding 
obtain (0, ag,:Nv, a32.Nv, a33Nv). If these multipliers are all 0 (mod p), a glance at 
V shows that the second and third columns are proportional. 

Corouuary 1. With the hypotheses of Lemma 1, if of the conditions 


(Dd Arava + --- = 0, nto + (as ¥2 — Gas) + --- = 0, 


(18) 
Volo + (dz2¥2 — deed3)t; + --- = O, Uslo + --- = 0, (mod p), 


the first is satisfied together with the a-th one of the others, where p 4 va, then all 
four conditions are satisfied. Further, for all such t; , 


(19) p|Nt =t + D> Aastals. 
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To secure (19) we need only observe that pvt, p | vit, p | v(Nt), p | Nt. 

Conversely, any solution ¢ of (18) satisfying Nt = p is a right-divisor of v. 
For, vt = pu, vit = put, v = ut. 

For definiteness we can suppose that }> A,.v. is prime to p, and solve (18) 
in the form 


(20) h = at. od bts P t; = Cle ot dt; . (mod P), 


where a, b, c,d are certain integers. Then (18) is equivalent to 


to = pXo + aXz + DX;, te = Xe, 
(21) 
t; = pX, + cX, + dX;, tj = X;, 
in integers X;. Substituting these expressions in t} + >> Aastats = p, we get 
3 
(22) is ryXiX; = p. 
i,j7=0 


By (19), p >> r.;X;X; for all integers X;, whence p divides every ri;; set 
rz; = ps:;. Thus (22) reduces to the equation 


(23) >> 3i;X:X; = 1. 


The number of divisors equals the number of solutions of (23). 

Let P denote the matrix of transformation (21), which has determinant p; 
let g, s denote the matrices of the forms Q = & + = Aastats, S = > 8; X,¢X;. 
That the determinants of q and s are equal follows from 


(24) ps = P'qP. 


We shall see that the orders of Q and S coincide. Since the index is unaltered 
by the real transformation (21), this will follow if we show for k = 1, 2, and 3 
that the g.c.d. of the principal minor determinants and the doubles of the non- 
principal minor determinants of order k is the same for q and s.”_ Let denote a 
subsequence of k elements of (1234); for any matrix FR let R{o,02.| denote the 
minor determinant whose rows have the positions indicated by o,, and the 
columns those of a,. Then by (24) and a simple determinantai theorem, 


- k 
(25) psloiee) = DL qloo’] Ploos| Plo’osl, 
aa’ 
° 4cv \2 P ° 
where the summation ranges over the ((C,)° pairs a, 0’. Since p { A, p cannot 
divide every g{ea’}; if o, = o2, the terms with q[eo’] and qlo’o] are equal; hence 
the g.c.d. of the glea|] and 2q[eo’| divides every s{aa] and 2s[ao’]. The converse 
follows on solving (24) for q in terms of s. 

In terms of the order invariants’ recently introduced by the writer, let the 
divisor and o-invariants of the ternary form f > Gas tata be dy, 01, and og. 
Since the au, are assumed integral, d; is even if o, is odd. The order invariants 

G. Pall, Quart. Jour. of Math., vol. 611935), pp. 30 51, Theorem 2 


* Same ax footnote 7, Theorem | 
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of the primitive form Q, and therefore of S, are found to be (0;d;, 02, 0:). De- 
note the primitive concomitants by Q: = Q, Q2, Qs;. The genus of Q is char- 
acterized by the values of the principal characters (Q; | w:) for the odd primes wx; 
dividing 0:d}, 02, 0, respectively, and possibly certain supplementary char- 
acters (—1|Q), (2|Q:), or (—2/Q,).” It is evident that if (Qs\w) is a character the 
same is true of (Qi\w). It is not difficult to verify also, by using a canonical 
form 


2 2 2 2 2 A 
Pimizi + 2°*moxt + 2°*msx?2 or mize + 2°(maxo + m’xex3 + naz) (mod 2") 


for f, that if any of (—1\Qs), (2|Qs), or (—2/Q3) is a character, the same is true 
of Q,. It should be observed that the simultaneous characters need not be 
considered here, since for forms in less than five variables their values are fixed 
by those of the others." Further, since Q represents 1, the value of any char- 
acter due to Q, is +1. 

Finally, it is evident from the process by which S was derived (or from (25)) 
that if S, represents n, then Q; represents p‘n. Hence the characters due to S: 
and Q: are equal, while the values of those of S; (or S;) are obtained from those 
of Q; (or Q;) by multiplying by the quadratic character of p. The form S will 
therefore not represent 1 unless for each character (Q;\w), (—1/Q:), (2/Q:), and 
(—2|Q:) which may happen to be an invariant of Q, the value obtained on sub- 
stituting p for Q,; is +1. When this holds, we may say that p is consistent with 
the genus of Q. 

Integral quaternions of norm 1 are called units. Their number, possibly 
infinite, is equal to the number p of solutions of 


(25’) t + >> Aastats = 1. 


If @ denotes an arbitrary unit, the p quaternions @¢ are called left-associates. 
If ¢ is a right-divisor of v, the left-associates 6¢ form p right-divisors of the same 
norm. We have now proved the following theorem in the case p | v , and shall 
remove this restriction in $5: 

TuHeoreM |. Let (das) be a symmetric matrix of order 3, the Gas integers, 
(Aas) the adjoint. Set Q = t + D> Aastats. Let p be an odd prime not dividing 
| das |, v an integral quaternion of the type defined in §3 and the beginning of §4, 
p|Nov, p { v. Then v has no right-divisors of norm p unless p is consistent with 
the genus of Q, and then the number of right-divisors is equal to the number of 
representations of 1 in a certain form of the same genus as Q. If this genus contains 
but one class, there are exactly p right-divisors of norm p, these forming a class of 
left-associates. 

Corouiary. The last sentence of the theorem holds with p replaced by m, 
where m ts a product of primes cach consistent with the genus of Q, and 


(26) m is prime lo 2A, m | Nv, and m, vo , 0), 2 , ts are coprime. 


*H. J. S. Smith, Coll, Math. Papers, 1, pp. 513-514, 
'? Same as footnote 7, Lemma 3. 
"HH. JS. Smith, loc. eit., p. 515 (relation (A)), 
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We prove this by induction assuming the theorem as stated. Assume the 
corollary to be true for products m of h or fewer primes consistent with the genus 
of Q and dividing neither 2A norv. Let p be such a prime. 

Existence. From v = ut, Nt = m, pm| Nv = NuNt, follow p | Nu, u 
where Nz = p,v = w(2t), N(at) = pm. 

Uniqueness. If v = ux = wy, Nx = Ny = pm, then x = at andy = bt’, 
where Nt = Nt!) = m, t and ¢’ are left-associates since they are both right- 
divisors of v; by absorbing the unit factor on the left we can make ¢t = ¢’; thus 
ua = wh, where a and b are both of norm p and hence are left-associates. 
Consequently, z = at and y = bt are left-associates. 

There are no characters (Q;\w), (—1,Q,), (2/Q:), (—2!/Q,) if and only if 


d, = 1, = 40r8, 16 / 62; or 
(27) d, = 1, o = 4, 16 | 02, (—1\f2) = —1;or 
d, = 2, Qj = 1 


’ 
fe denoting the reciprocal of f = Dddastats . In these cases then, if there is but 
one class in the genus of Q, there will be exactly p right-divisors of norm m, for any 
positive m satisfying (26). An attempt to extend the theorem to such an m in 
any case seems to fail because of the difficulty of securing that some minor 
determinant of order 2 in V is prime to m. 

We may note that if m were negative we would have —1 at the right of the 
equation corresponding to (23), since we would divide by |m| to keep the 
index unaltered. It may be worth while observing also that the chain of 
leading principal minor determinants in the matrix of (23) is p, Aup’, pass 4, 
A’; which are independent of v. 


we, 


5. The problem is reduced to the case p | vo by two lemmas: 

Lemma 2. If v and w are integral quaternions, and m an integer prime to Nw, 
then v and wv have the same right-divisors of norm m. 

For if v = ut, wo = (wu)t. Conversely, if wy = ut, and Nt = m is prime to 
Nw = k, then kv = (®u)t, kot = Dum, 


vt = Du(m/k) = integral quaternion. 


Hence the coérdinates of Hu are each divisible by k, v = (Wu/k)t. 

Lemma 3. Let p be an odd prime not dividing A, nor all of v; , v2, 03. Then we 
can find a pure quaternion w such that Nw is prime to p but the real part of wv is 
divisible by p. 

It is clear that the condition on v, , v2 , v3 is satisfied if p| Nv, p 4 v. Tam 
indebted to R. Fk. O’ Connor for the following simple proof of this lemma. The 
problem is to find integers w, , wz , ws to satisfy 


(> Ajgd4)U +- (> Aog Vg) We 4. > Ag04)Ws 0, 


(28) 
DA asWas # 0, (mod p). 
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Using matrix notation, we can write these in the form 
(28’) w’Av = 0, w’Aw # 0, (mod p), 


where A is a symmetric matrix of order 3 with integer elements, of determinant 
prime to p, v and w are vertical vectors and the prime denotes transposition. 
By a sequence of elementary transformations we can find a matrix C of integer 
elements, non-singular (mod p), such that C’AC = B (mod p), where B is a 
diagonal matrix, no diagonal element being zero (mod p). Then (28’) becomes 


(29) z’Bu = 0, x’Br # 0, (mod p), 
where u = C'vandz = C''w (mod p). Hence we have only to solve 
(30) a, U2 + A2UeXe + A3U3x3 = 0, a2; + aor + a3z; # 0, (mod p), 


where the a, are prime to p, and at least one u, is prime to p since p / (2; , v2 , 03). 
By symmetry we can suppose p / wu, , and solve for x, from (30) in the form 


xX, = dxz2 + ex; (mod p). 
Substituting this in a, 2, + aexs + a373, we get 
(az + ayd’)x3 + 2dexex3 + (a3 + aye*)z3, 


which has a coefficient prime to p, the first if d = 0, the third if e = 0, the second 
if de #0. This completes the proof of Theorem 1. 


6. We shall give a few special cases, making use of Charve’s table” of positive 
quaternary quadratic forms of determinant < 20. Instances of our theory 
will undoubtedly be far more numerous among indefinite forms, where one class 
in the genus is the rule rather than the exception; and among forms in which 
some cross-product coefficients are odd, which may be attained by extending 
our results through Brandt’s generalization of Hermite’s identity. 

Starting with the matrix (a,3) of the ternary quadratic form (2, 2, 2, 1, 1, 1) 
of determinant 4, we have Q = é) + 3¢] + 3t3 + 3¢3 — tots — 2tst, — 2kte, and 
find for the adjoint, 

4Q® = 4(4x5 + Qri + Qre + Qi + Broxs + Brzx, + 2,72). 
Since Q” is improperly primitive, and there is only one such form of determinant 
16 in Charve’s table, it belongs to a genus (and order) of one class. The same is 
therefore true of Q. Since no generic characters are due to Q and Q® (Q® 
however represents only (Sn + 3)’s), S is equivalent to Q. Since Q represents 1 
for two values tf , --- , és, quaternions v with the multiplication table 


1 =t% = 13 = —3, lots = 1 + Qt, + to + ts = tgte, ete. 


" Charve, Comptes Rendus, vol. 96(1883), pp. 773-775 
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have exactly two right-divisors (¢ and —?t) of odd norm m, where m (>0) is 
assumed to divide Nv but to have no prime factor dividing all of u , v1; , v2, 03. 

Similarly we find that p (the number of right-divisors) is 2, if m is prime to 
2A, for the quaternions arising from 2zj — 2x,r2 + 2x23 + x3 (having A = 3), or 
from 2x} + 223 + x3 (having A = 4). But p = 4 if mis prime to 2d (and the 
divisors are +t and +%,¢) in the cases of Az] + 2; + x} (A = 2 or 3), for which the 
multiplication table is 


2 2 es ° “2 
4 = —l, ig = 13 = —2, tle = 13 = —t2t,, 
(31) ast.” oi 2 2 ' ™ 
ig3t) = lg = —Y23, lolg = Aly = —Isle. 


For ordinary quaternions (A = 1), p = 8 as stated in the introduction. 
If there is more than one class in the genus, as for \ = 5, when there are at 
least the two classes represented by 


2 2 = 2 ~ 2 2 2 2 2 
Xo + 2) + 5xe + 5z3, 275 — 2xor, + 3x, + Q2re — Zrexzs + 323, 


we may replace the requirement Nt = p, in connection with (22), by Nt = 2p 
(or hp) and deduce that 2v has right-divisors of norm 2p (or a like theorem). 

We mention one type of application. The general solution of hm? = YA asValg 
may be obtained by observing that the pure quaternion v = iv; + t2v2 + 1303 
has its left-divisors the conjugates of its right-divisors, whence v = twt, where w 
is pure and of norm h, and Nt = m. For a given k all solutions w of Nw = h 
can be written down. 


7. B. W. Jones and G. Pall” have used the results for \ = 1, 2, and 3 above in 
proving certain “automorphisms” among the representations of numbers 8n + 1 
or 24n + lin Az? + 23 + 23. E. Rosenthall and C. Solin employ these results 
in McGill University theses together with that for f = 27] — 2xyr. + 2x3 + 2} to 
obtain an arithmetical proof of Glaisher’s™ result for 4(4n + 1) = 227 + 23 + 23, 
and of new automorphisms for 24n + 1 = f, 24n + 1 = 32, + 323 + x3, and 
2(24n + 1) = 327 + 23 + Zi. 


McGitit UNIversirty. 


1” B. W. Jones and G. Pall, to appear in Acta Mathematica. 
“J. W. L. Glaisher, Quart. Jour. Math., vol. 20(1884), p. 84. 














CERTAIN DIFFERENTIAL EQUATIONS FOR TCHEBYCHEFF 
POLYNOMIALS 


By H. L. Kray 


1. Introduction. The classical orthogonal polynomials of Jacobi, Laguerre, 
and Hermite satisfy a differential equation of the form 


(Lex® + Ine + loo)yn(2) + (lu + Lo)yn(z) + looyn(z) = rnyn(2), 
where the {1,;;} are constants and A, is a parameter. By repeated iterations 
of this equation one can obtain other differential equations of higher order 


which have these orthogonal polynomials as solutions. For example, the 
Legendre polynomials satisfy 


(2? — 1)yn(z) + 2xyn(z) = n(n + Iya(z), 
(x* — 1)*yi¥(x) + Sx(x* — 1)yn’'(x) + (142° — 6)y(x) + 4zyh(z) 
= n(n + 1)*y,(z). 


However, all the iterates have a special form, namely, the coefficient of the r-th 
derivative is a polynomial of degree S r. 

In this paper we shall look for polynomial solutions, in particular, for orthog- 
onal polynomial solutions, of the general differential equation of this type: 


(1) L(y) = > ( luz’) ys) (x) = Anyn(x), 
=0 


i=0 \j= 
where 
An = lo + nly + n(n — 1)leo + --- 
We also consider an extended definition of orthogonal polynomials which we 


call a Tchebycheff set. 
DeFINITION. (Given a set of real or complex constants {c,} such that 


co 1 C2 Cn-1 
C1 C2 C3 o oe Cn 

(2) Ana TS sce meses ees eeeesessees = 0 (n = l, 2, vee), 
Cn-1 On Cnet CIn—2 


Received May 21, 1938. The author takes this opportunity to thank Professor I. M. 
Sheffer for his many suggestions. 
' It is obvious that there would be no loss of generality in assuming that Jo. = 0, for this 


term can be absorbed in the A, . 
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the polynomials 


Co C( C2 Cn 
C1 C2 C3 Cn+1 
(8) We) cecceeeeeeee 1 yl) = C0, (m= 1,2, +++) 
Cn-1 Cn Cn+i Con-1 
1  F ” 


form a Tchebycheff set. 

The condition A,,, # 0 assures us that the degree of y,(x) is exactly n. This 
definition becomes the usual definition of orthogonal polynomials if a weight 
function ¥(z) and an interval (a, b) exist such that 


C= [eww (n = 0,1, ---). 


However, the existence of a function ¥(z) is not implied here. 
Our purpose is to find conditions on the coefficients {l;;} in order that the 
differential equation (1) will have a Tchebycheff set of polynomials as solutions. 


2. Formal relations; the function D,(t). We use the symbol L(t, x) for the 


power series 
Lit, z) = > L,(2)t", 
n=O 


Ln(z) = Ino + lar zt + Inge +--+ + Ian” (lac =O if n>vr). 


Rearranging this series to give a power series in z, we obtain 


Lit, z) = D&(t)z", Pat) = Tnnl™ + Unga EH +> 
n=O 

This gives a second operator Y: 

¥(u(t)) = + & (ow). 

j=0 
There exists’ a unique (except for constant multipliers) set of functions 

T,(t)} (n = 0,1, --- ) such that 

¥(D,(t)) AnDall) 
or 
(4) De ijt’ Dit) = AnD, (0), 

i—0 j—0 


where 7 ,(t) is a formal power series having no powers of t of degree less than n. 
} 


?J. M. Sheffer, On the properties of polynomials satiafying a linear differential equation, 
Part |, Transactions of the American Mathematical Society, vol. 35(1933), pp. 184-214 
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Using a result of Sheffer’s, we can obtain the relation’ 





i 
(5) D,() = > Ai K"(t), 
a 
where 
— d’K “¢ 
~ ~ 4 RK? t = eee ~ m+p : 
(6) K() = =o m! ) dtp ~~ x m! 
and 
Co (1 Ci-1 Ci+1 Cn 
C1 C2 acct Ci Ci+2 Per Cn+1 
(7) Ans TF | ccece ecco eeeeeeeneeens P05 ’ 
Cri Cr Cn+i-2 Cnsi Con-1 
Ao = 1, (n = 1,2, ---;¢=0,1,---,n —1). 


rT ° . 4 
ro prove relation (5) we use Sheffer’s relation 


> SE a) Dall) Lr _ Da _ DY Aen t™ & ‘Se "> 2 Dal Anm 


n=0 0 Ann Ans, n+l n=0 Ann An+1, n+1 m=0 m=0 n=m Ban datrurt a, 





Equating powers of x, we have 


t™ a 


aie nm Dn(t) 
= an 


m Aan Antinti 


Then 


. m i 2° 2° Df 
. AipK?(t) = b> Ap dm” we EY | meen din Dal) 
= — 


m==0 m! 0 m=0 n=—m Ann Antin+1 


. 9.0 cd 
x > —™ = 2 De Criplliplen 


n=O Ann Matt, n+l p=0 m=O 





But A,, is the cofactor of ¢,,; in the last row of Aysi..41 ; consequently, 


n | 0, p<n, 
Cu+ pam = 7 
man (Angt.a4t, p = nh. 


2 1fl,, # 0, the formal series, used here, all converge (see Sheffer). If /,, = 0, the series, 
even though they may be formal, may be used, since we equate powers of ¢ or © and only a 
finite number of terms are necessary to determine the coefficient of any power of ¢ or r 


. wo 
For example, the relation e ~ bm Unl(L)DaACOATIA, Jaya States that the coefficients of xt 
m=0 
are equal, Only j terms are necessary to find the coetlicient on the right side while the co- 
efficient on the left side is zero if ¢ # jand (i!)"'if ts = 7. We use > to denote the equality 
of two formal series, 


*The D,(¢) used here is a multiple of the D,(0) used by Sheffer. In fact, here D.(f) = 
Anytayil® & «++, while in Sheffer's paper D,(0) = 0 4 
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Thus 
: Aip > Cm+pAnm = 0, n> J, 
— p=0 m=0 
Xu a Cm+pAjpAnm = » Paes de Cnrplien = 0, j>n, 
Ai Aja in, n =j. 





And finally 
p> Aj, K?(t) = Dt). 
oul 


Substituting the relation for D,(¢t) in (5) into (4), we get 


>> 3 } list’ Ane K'**(t) = An i Anu K'(t). 
i=0 


i=0 j= l=0 


Using the expansion for K”(t), we get 


ye i en, Anat! de Do y ave 


i=0 j=0 Il=0 m=0 i=0 m=0 
If we replace m by m — 1, this becomes 
r n x re 4 
: Cm- i+l+) m™ = Cm+t m 
: a pAurt SS Xo Ant ; t 
i=0 7=0 l=O0 m=i (M— i)! i=0 m=0 m: 


Equating the coefficients of t" and agreeing to drop terms containing negative 


factorials, we have 


> “> by Ant (rT = De > day mH, 


7=0 l= 


Letj = 12 — u, then 


> ee ar oe Be ps Ant =H. 
(7 —_ $ 


u=0 (=O 


Multiply both sides by m! and use the notation 


(%) i g(g 1) (x n+ 1); L I. 

We have, assuming (as we may) that ly 0), 

(Y) Bm) > Bat -: \ 2 i “eo >. AniCmyt = 0. 
(—t i~l uO i—60 


The first relation By(m) 0 is sufficient to determine the fe,} in terms of ep , 
henee the other recurrence relations are extra conditions on the {[l,,;]. These 
conditions 2,(m) = 0, together with 4,, 7 O(n = 0,1, --- ), are necessary and 
sufficient for the existence of a Tehebycheff set satisfying the differential equa- 
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tion. To prove the sufficiency we assume (i) B,(m) = 0, (ii) Ann. ~ O(n = 
0, 1, --- ) and proceed as follows. 


Set 
” 5 AnmDa(t) 
mt = a | a me ams + Qm+i(t), 
where 
Qm+1(t) = > Gotmat™ 
Then 
i i 2 
Dit) = DAK" & YX dip D men 
— = b—- 4 
= AnmDalt 
> > Ain z ro p> D. Aan Da(t) + Quid}, 
p=0 n=m Ane Ansi.att n+in+l 
Also 


Di) = > DO -~ PT nceiliitic 


n=0 rane een n+1 p= m=0 


nm t) 
= & Mn 3 coer Aon Ds t 


n=m Aan Att. n+ ‘1 


These two relations give us 


7 20 
> Ajp Z. Cmep Qn il) = 0, > Qmii(t) x A;, »Cmep = 0. 
p= m=O 


m=O 


We get for 


O : Aco D> Cm Qmyilt) = 0, 


J = 
m=O 
j= /- Qmyi(b) fem Aio + Cmyi An} = Au > QmitlDemer 2 0, 
m=O m=O 
J = 3 ° > Qn y(b | Cm Aso + Cm Asn + Cm42 Ace} = Ase } > Qmarlbemss = 0. 


m=O m0 


In general, since A,, = 0, 


p>» Qmai(Demss = 0 


m=O 
os) 20 
0 = yy "= nt 
— Cmte 4 stam — Cmie Qmpirqil 
m=O m=O im—m 


0 => > "iis b> Contd bal Cope 


4-0 = 
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x Qm+i,k+iCm+e = 0. 
Since A,, # 0, we have for 
k = 0,8 = 0: que = 0, qn = 0; 
k = 1,8 = 0: qico + quer = 0; 
k = 1,8 = 1: qe: + Gooee = 0, G2 = Geo = O. 
It follows at once that Q,..,(t) = 0, and then 


“ on > Anm Dn(t) 


ae , 
m! n=m Ann An+in+i 








> yn(x)D,(t) er > Dnt) _ bs Mam” 


n=0 Ann An+1,0+1 n=0 Ann An+-1,n+1 m=0 


a a ~ x msm 
~ > 2” ts Dr(QAnm ~ . > zt ~ e’™. 
oy m=0 n=m Bea lbast.ari tig m=0 m! a 


Since B,(m) = 0, the function D,(¢) must satisfy (4). Sheffer has shown that 
vie") = Lle*). Accordingly, 
=~ L(yn(x)) Dal = yn(L)L(Dn 
L(y,(xz))D,(t) » Lle*) = ee") = YY (x)&(D, (2) 


n=O Aan 4nti.n+1 n=0 Ann An+i.n+1 


= D> An Yn(x)D,(b) 


~ a= Ban Antintt : 
Equating the coefficients of D,(), we get finally 
L(y,(z)) = AnYn(Z). 


If we find a set of {c,| and {l;;{ which satisfy B,(m) = O and A,, # 0, we can 
immediately write out the differential equation and the solutions {y,(z)}. 
The classical polynomials furnish us with examples of equations of any even 
order; however, the question of the existence of equations whose solutions form 
a non-classical Tchebycheff set is more difficult. In order to answer this ques- 
tion we proceed to replace (9) by equivalent recurrence relations which are 


much simpler. 
3. Some lemmas. We shal! use the following well known formulas: 
Alu(m)-v(m)| = ulm + l)o(m + 1) u(m)v(m) 
u(m + 1)Av(m) + v(m)Au(m), 


A(m + a)" k(m + a)! 








DIFFERENTIAL EQUATIONS FOR TCHEBYCHEFF POLYNOMIALS 711 


Lemma 1. 


i—l ° 
mm? — 1% a (m — 1) = (-0'(? sa seas om os 1) AY 9 J 
k=0 


Proof. We consider the right side, R, 


‘—1 , 
AnR = (m+1—2) > (-1)* * hg ~ ') {(m +1 — 2k)*-* km*? 1” 
k=0 


+ (2i — 2k — 1)(m +1 — 2k — 1)? m™ 1} 


i—1 2; oe k aad 1 
+2 (-»'( s a +1 — 2k — 1% m1), 


k=0 


et , c— 9; ob es? P ) ) 
A:AnR = (m —1) >> (-'(? . yum +l — + 1) PP er 


i= k 
+ (2i — 2k — 1)(m +1 — 2k) km* 1 
+ (26 — 2k — 1)(m + 1 — 2k)? m™ EI” 
+ (2i — 2k — 2)(2i — 2k — 1)(m + 1 — 2 — WY mT} 


— k 2i-—-k-1 2i—2k—1) (k—1) p(k) 
+ >, (—1) ( k Jirim ti ie U 


k=0 
— (25 — 2k — 1)(m +l — Be — 1) 
+ (me +1 — EO ae 
+ (2i — 2k — 1)(m + 1 — 2k — 1)° m1}. 


These eight terms can be simplified as follows. The sixth and eighth terms 
eancel. The second and third terms give 


(2i — 2k — 1)(m +1 — 2k)? km 1" '(m + 1 — 2k + 2) 
= k(2i — 2k — 1)(m + 1 — 2k + 1) me” 
+ k(2i — 2k — 1)(m +1 — 2) am” |”. 
The fifth and seventh terms give 
k(m + 1 — 2k) fm 1°” — m1} 
= (m — Dk(m + 1 — 2k) mye 
= (m — Dkm™ "I? {(m + 1 — 2k + YE” 


— (25 — 2 — 1)(m +1 — 2) )}. 
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Thus, since two more terms cancel, 
i—l . _— 
A:AmR = (m — 1) (oi? : ') 
k=0 
{(m + = 2k 4. | ileal alee! wis 3 + k(2i = Ch an 1) 7 k) 
+ (2i — 2k — 1)(2i — 2k — 2)(m +1 — 2k —1)%*? m™ I} 


i-—1 . 
> > (1? i ') 
k=0 
{k(t —_ k)(m + l wan 2k + "| i atincadiaes altea! eiia 
i—l . ' 
+@-bF (—*(” se ') 
k=0 
{(2i — 2k — 1)(2i — 2k — 2)(m +1 — 2k — 1) *? m™ 1}. 


If we replace k by k + 1 in the first summation, we get the negative of the 
second. Accordingly, A.A, = 0. Since R is a polynomial in m and I, it 
must be of the form 


R = f(m) — g(l. 
Setting m = 0 we have g(l) = I’; setting 1 = 0 we have f(m) = m™’. This 
proves the lemma. 
LEMMA 2. 
i—l . 
m2) — [%-Y 2 (m — 1) _ (—o'(? : Nim +1—2k— 1)” 2k 2m. 
k=0 
We omit the proof of this lemma, for it is almost identical with the proof of 
Lemma 1. 
LEMMA 3. 


n—l . _ 
m” —(m—1) > (- y'(' : ') (me + 1 — 2k — 1) me 1 
k=O 


(9, when 1=0,1,---,n—-—1, 


(—prat(’ a 2 Ym’ ", when l=n, 


wheret > 2n > 0. 
Proof. lf iis even, replace « by 27 and the left side becomes 


n~l € ye ’ . 
L =m” — (m — I) Se (—1)* ‘ : cm fo — Crm ar 
k= ¥ 


i—! ‘ — 9 9 
= [*’ + (m — l) > (-0(? : Yom +1 — 2% -— 1) * mi. 
k=n 
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Since /“’ = 0 when 1 = 0, 1, --- ,k — 1, we have L = 0 when! = 0,1,--- , 
n—1. Whenl = n, we have 


lI 


L (m = n)(—1)" r _ : ae ') (m + n — 2n — | lina vad aa 


= ("nt (? ie aii ') a, 


n 


If 7 is odd, replace i by 27 — 1, and we get 


n—l * pe aa , 
L = mn?» _ (m ae 1) > (—1)' 21 _ k 2 (m + l a 2k: =e ger a he 
k=0 k 


i-1 ° 
= [%» + (m — I) > (—1)* y : = *) (m+1—2k — 1) PA 9g) 9%) 
k=n 
As before, L = 0 when! = 0, 1, --- ,m — 1, and whenl = n, 


L = (m — m=? ae 7 P *) (m + 2 — 9n — 1)? 


= (—rnt(” a *) mar), 


n 


4. Fundamental recurrence relations. Let 


(10) S,(m) 


ys (' a ee ') (m — 2n — 1)" i, i_u¢m—u, When 2n +17, 
= t—2n+1 u=0 n 
0, when 2n +1> Yr. 
Then (see (9)), we have 
Lemma 4. 
n n—l 
B,(m) — DY Au(m — Dd (—1)¥ m1 Si(m + D 
1=0 k—=0 
(11) n—l 
= (—1)"n!tAnnm*” S,(m + n) + ) K(n, Dems: 
i=0 
where 
n-—l ltu " 
K(n, 1) _ > 2, Aatsall + u)™ ks. u + > dul” ro n lig. 
uml t=wu tl 


The particular form of K(n, J) is unimportant for our purpose. However, 
it is important that A(n, 2) does not depend on m and that the last summation 
on the right of (11) extends from] = Otol = n I 
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Proof. First assume 2n + 1 S r. Then let 


a—l r 2n-—1 2n ‘ 
Q = > (—1)'m 1" Sim + I) = =( > +d’ + rag bs Ho}), 


k=O \i=2n+1 t=2k+1 t=2k+2\u=0 


where 


H(i) = (-»*(' ~ 4 = ') m1 (om + 1 — 2 — 1) hk nt 





and >.’ denotes summation through odd (or even) values of i. 


n—l r n—1 n—1 24+1 —1 n—1 21+2 


Q=5 Y LawH+ LOL we+y+ LT yz weai+2 
r n—l i 2+1 i 28+2 

= y SEao+ LES aei+y+ ELE aera, 

(12) Q= Y SLaw+ DET wa-v+ YE Fae. 


Also from (9) 


B,(m) = s Ani I( : +> . yy \(z mles-eeasis) | 


t=2n+1 i=1 t=—2 u=0 


- p> Ant og n a Pe 


i=l 
If we set F(t) = mI ¢-umst—u, this becomes 
n r i n 2i--1 
B,(m) = >> auf > dX ro+dD Dd Pau — 1) 
(13) i=—0 i=2n+1 u=0 tl a . . 
+ 2 Py F(2i) — D> n taeass | 


If we use (12) and (13), the left side, L, of (11) becomes 


t=2n+l und 


L=> Auf S + {ry — (m — 1) : TOY 
n 23 il 
+ > > 4 F(2i 1) — (m — I) Zz. H(2i — D} 
i u k=O 
1 | 
+> >} ‘p (2i) — >> M2) > 0 n tear | 


at | k=O 

















or 
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Lemmas 3, 2 and 1 apply to the terms in braces; hence, 
a eS * (-p'nt( i eae bY mh atta 
i=2n+1 u=0 nm 
+ > 7 dul 2 3 > ain af le 1,2i—1— uCm+l— u 


i=l u=0 


+ ps > baad Cm+l—u — ys ncaa | 


i=1 u=0 i=1 


L 


(—1)"Annn! m"*?S,(m + n) 


n 2n i n 
+ > an 25 p oo — ps ncaa | 


t=1 u=0 i=1 


We separate the term for which u = 0, use the fact that l“ = 0 when i > l, 
and get 


n 


l i 
L = (—1)"Annn! m*?S,(m + n) + Dm ) a > bal "hie Casts 


i=1 i=1 u=l 


+ = Aa > U — n cays. 


l=0 i=l 


Since u < i S l, the first sum contains no c, whose subscript is less than m; 
also the greatest subscript in this sum is m + n — 1. In the second sum, the 
coefficient of c,.,, is zero, so rearranging the terms we have 


L = (—1)"Anan!m*? S,(m + n) + > K(n, Dems. 


To obtain the exact form of K(n, 1), rearrange the second term as follows: 


> > y aul” l; i—uCm+i-u = > > > Anil —u Cmil—u - 


uml dieu i—u 


Replace | by 1 + u; this becomes 


~u l+u n—l l+wu 
S 3 b> 2 An.teu(l + uw)? ] Us --uCm4t —_ : > ys Aa tull o u)“ Cust 
and 
n—l liu 
K(n, D0 = DO DY Antgull + we) isu + Ant = 1m — ably. 
uel imu im] 


Now assume 2n + 1 > r. We define ];,. = O for? > r, and the proof is the 


same as the above. It also follows from this definition that S,(m) = 0 for 
2n+1>-Yr. 
Tueorem |. If A,, # O(n = 0, 1, --- ), then, in order that 


(14) B,(m) = 0 (mon =O, 1,---), 
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it is necessary and sufficient that 





;m = 2n + 1, 2n + 2, --- ). 





(15) S,(m) = 0 (n = 0,1,.--- 
Proof. First assume (14). We shall prove (15) by induction. We have 


from (11) 













mSo(m) = > b mI iu €m—u = Bo(m). 


i=l u=0 





Hence S,(m) = Oform = 1,2,---. Assume S,(m) = 0(k =0,1,---,n —1; 
m= 2k+1,2k+2,---). Wehave (from Lemma 4) 






n n—l 
=D Anim — 1) & (-1)'m™ I Sim + D 
i—0 


k=0 





(16) 





n—l 
= (—1)"Annn!m**” S,(m + n) + >. K(n, Demis. 
i=o 





Now (m — l)m“'l'*’'S,(m + 1) is zero if m < k because of the factor m“’; it is 
zero if | < k because of the factor I’; it is zero if m = 1 = k because of the fac- 
tor m — l; it is zero if m + 1 > 2k because of the factor S,(m + 1). (16) re- 










duces to 
n—l 
(—1)"Annm*” S,(m + n) + >> K(n, Demy = 0. 
i=0 
Substitute m = 0, 1,---,n — 1 in this relation. The first term is zero be- 
cause of the factor m'""”’, and we get n equations in the n unknowns K(n, 1) 
(l= 0,1,---,n — 1). Since the determinant of the coefficients, A,,, , is not 









zero, all the K’s must be zero and 


S,(m +n) = 0 (m=n+I1,n+2,---) 
















(m = 2n + 1,2n + 2,.---). 





S,(m) = 






Now assume (15). Then (11) becomes 





n—1 
B,(m) = p K(n, ems. 
1-0 






The function B,(m) can be written in the form. 


B,(m) = i > mk; p> AniCm4t .| a ay Do AatCm+t: 
i=-0 t-0 


t~l uO 





When m 0, 1,---,m 1, the term in brackets is the summation of the 
elements of one row of A,.;..4, multiplied by the co-factors of another. Hence 





nl 
D> K(n, Dems: 0 (m= 0,1, ---, 1). 
Jad 
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Since A,,, + 0, we have K(n, l) = 0, and 
B,(m) = 0 (m = 0,1, --- ). 


THEOREM 2. In order that there exist a Tchebycheff set \y,(x)}, satisfying the 
differential equation 


r 


(17) > (lio + lane + lex? +--+ + Lisa’ )yS? (x) = AnYn(2), 
where rx = lo + nly + n(n — I)le + --- , it ts necessary and sufficient that (i) 
the moments satisfy the recurrence relations 


S.(m)= > > (’ ate ') (m — 39n — 1)° "kon = 0 
i=2n+1 u=0 n 
(Qn +15 7r; m = 2n+1,2n4+2,---), 


and (ii) Ann # O(n = 0,1, --- ). 

This theorem follows at once from Theorem 1 and from the fact that {y,(z)} 
satisfy (1) if and only if the conditions B,(m) = 0; A,, = 0 (n = 0,1, ---) 
are fulfilled. 


5. Application of Theorem 2. Let us first consider the case when r is odd. 
The recurrence relation with 2n + 1 = ris 
| a + | a ee + sili tins + ite = 0. 


If we multiply the first row of (3) by lo, the second row by J, , --- and add 
to the r-th row, we get a row of zeros. Accordingly, y,(7) = 0 when n > r. 

TuHeoreM 3. There is no differential equation of type (17) of odd order having 
a Tchebycheff set as solutions. 

However, if r is even, we do get something new, i.e., there are differential 
equations of even order with non-classical orthogonal polynomial solutions. 
If we look for a non-classical fourth-order differential equation with 0 = ¢ = 
C3; = --- , we find the example 
(x* — 1)*y¥(x) + Sa(ax? — Dyn’'(x) + (da + 12)(2? — Dyi(x) + Saryi(z) 

= n(n + 1)(n® + n + 4a — 2)y,(2), 
where @ is an arbitrary parameter. The recurrence relations can be reduced to 
(m + 1)(m + @ — len — (m — 1)(m + @ + Dene = 0, 

(m + 1)en — 2(m — L)em2 + (m — Bena = 0. 
We find that 
2m f l + a a ) Co Co = tm 
= so = xr" d¥(zr) 
” (1 + a@)(2m +o” ( ¥ one +1/l+a l+aJu ay 


(co arbitrary, n 2 1), 
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where 
| I+a, when z = 1, 
v(x) = az, when —1 < z < l, 
—(1 + a), when x = —1. 


As a particular case, take a = 1, then ¥(z) is monotonically increasing, and 
we know from the classical theory that A,, > 0. In this case we have 
(18) L(y) = (a? — 1)*yi(x) + 8a(2? — Dyn’ (x) + 16(2* — Dy (x) + 8ryi(z) 
= n(n + 1)(n*> + n + 2)y,(z). 
It is easy to verify that the above weight function ¥(x) (with a = 1)° generates 
a Tchebycheff set which satisfies (18). To do this we notice that 
+1 
il ful(u) — ub(v)!} dy(x) = {eL(u) — uL(v)} 1 + fol (u) — uL(v)} 21 
=) 
+ {(12z2” — 4)(uv’ — vu’)}t} = 0. 


Let |P,(x)| be the Tchebycheff set generated by (xz), and let G,_,(z) be an 
arbitrary polynomial of degree n — 1. Substitute u = P,(z),v = G,4(2) in 
the above relation. Since L(G,_,(z)) is also a polynomial of degree n — 1, we get 


+1 
Q0= {G,1(z) L(P,,(2)) = P,(z)L(G,_1(2)) } d(x) 
mm 


a [ Gala) L(Pa(2)) dv(a). 


It follows that the n-th degree polynomial, L(P,(z)), must be a multiple of 
P.(2), i.¢., 
L(P,(2)) = AnP (Zz). 
PENNSYLVANIA STATE COLLEGE. 


* It is interesting to note that this ¥(z) is obtained from the ¥(z) for Legendre poly- 
nomials by adding 2 masses (= 1) atz = +1. 














PROPERTIES OF INVARIANT SETS UNDER POINTWISE 
PERIODIC HOMEOMORPHISMS 


By D. W. Haut anp G. E. ScHWEIGERT 


A single-valued continuous transformation T(M) = M of a compact metric 
space onto itself is said to be pointwise periodic provided that for each point z 
in M there exists a positive integer n such that T"(x) = x. It follows directly 
from this definition that such a transformation is one-to-one and hence is a 
homeomorphism of M onto itself. W. L. Ayres has recently studied this type 
of homeomorphism together with other related types on locally connected 
continua.’ His generosity in discussing these results has interested the authors 
in this type of transformation and thus led to the present paper. 

In contrast with previous papers we require only that the space be compact 
and metric. 


1. Definitions and preliminary lemmas. Let M be a compact metric space 
and T(M) = M a pointwise periodic homeomorphism. Let L (or Lo) be any 
closed invariant subset of M, i.e., any closed subset of M such that 7(L) = L. 
Denote by p(7’, x) the period of any point z in M under 7, i.e., the least positive 
integer n such that T"(x) = x. Let ZL, consist of all those points x of L such 

“that for any positive integer N and any neighborhood U' of x there exists : 
point y (distinct from x) in U’ for which p(T, y) > N. In other words, L, 
consists of all points of L at which p(7’, x) has an unbounded limit superior. 
If Lg has been defined for all ordinals 8 less than a given ordinal a, we may 
define L. as follows. In case a is an isolated number, let L. consist of all those 
points z of La at which p(7, x) has an unbounded limit superior (7 is con- 
sidered as being defined only on Le). If @ is a limit number, define L, = 


I] Ls. Thus we have defined for every ordinal a a set Le. 
Bea 
Lemma 1. For every a the set Lq is closed and invariant. 


Proof. The proof will be by transfinite induction. Assume the lemma true 
for all ordinals 8 < a. Then if @ is a limit number, L, is closed, being the 
product of closed sets. It is also invariant, since if p «La then p ¢ Ls for all 
B <a. Thus T(p) «Lg for all 8 < a@ since all these sets are invariant by 
hypothesis. Consequently, T(p) « Lq so that this set is invariant. 

On the other hand, if @ is an isolated number, then L,-; exists. For any 
point p « L. we may find a sequence of points {p;} in L,-; such that lim p; = p 


Received August 12, 1938. The first-mentioned author is a National Research Fellow 
'See Bulletin of the American Mathematical Society, vol. 44(1938), p. 329, abstract 
no. 172; Bulletin of the American Mathematical Society, vol. 43(1937), p. 20, abstract no. 3; 
and a forthcoming article in Fundamenta Mathematicae. 
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and p(T, p;) is monotone increasing with 7. By hypothesis L.-; is closed and 
invariant, so 7(p,) ¢ Las for all 7 and lim T(p;) = T(p), some point of La. 
Now, since p(T, pi) = p(T, T(p,)) for all 7, it follows that this function is 
monotone increasing with 7. Thus 7(p) e La by definition of this set. There- 
fore, L. is invariant. It is closed as an immediate result of its definition. It 
is evident that the initial step in the induction is possible. Consequently, 
Lemma 1 is established. 

Lemma 2. For every ordinal a for which La is non-vacuous, we have that 
La — Lai is also non-vacuous. 

The proof is an immediate consequence of a result of Montgomery.” 

Lemma 3. There exists an ordinal a of the first or second number class such 
that L. = 0. Moreover, the smallest such ordinal is an isolated number. 

The proof is an immediate consequence of Lemma 2 and two well-known 
theorems for sets with countable bases, namely, the Baire-Hausdorff Theorem 
and the Durchschnittssatz of Cantor.’ 


2. The principal theorems. 

Tueorem I.“ Jf M is a compact metric space and T(M) = M a pointwise 
periodic transformation, then every closed invariant subset L of M is either vacuous, 
connected, or has the property that for every separation 


L=L'+L 


there exists an integer N such that T*(L') = L‘ (i = 1, 2). 
Proof. If the theorem is not true, there exist a closed invariant subset L* 
of M and a separation 


(1) L=L'+L 
such that for no k is 7°(L’) = L’. It follows that for every k we have 
T(L') 4 L' and T*(L’) # L’. 


Let LL = LL (¢ = 1, 2) for every a. Let @ be the smallest ordinal such 
that for some integer k we have T*(Li) = LL. Such an integer k must exist 
by Lemma 3, and @ must be of the first or second number class by the same 
lernma. Henceforth k shall always denote this integer. 

(i) a is a limit number. 

Otherwise L, ; exists and we consider it to be our space. By Lemma 1, 
L, ; is closed and compact, hence 7” is uniformly continuous on this set. It 


?See Deane Montgomery, Pointwise periodic homeomorphisms, American Journal of 
Mathematics, vol. 5911937), pp. 118-120. See in particular the first sentence of the proof 
of the lemma of this paper 

' See Alexandroff and Hopf, Topologie, I, pp. 79 and 85, respectively. 

* Suggestions by the referee have enabled the authors to shorten materially the proof 


of this theorem 








POINTWISE PERIODIC HOMEOMORPHISMS 721 


follows easily from this that there exists an « > 0 such that* 
T*(S(Li, )) CLA and T*(S(Li, 2.) CL. 


By definition of L. we have that p(T, x) is bounded on La, — S(La, 6); 
hence let N be its least upper bound on this set. 

From the definition of a, we have that L}_, is not invariant under T*"*. 
This means that there exists a point z in L}_; or L2._, such that T*'*(z) is in 
the other one of these sets. We assume, without loss of generality, that z 
is in Li_,. Thus 7”'*(r) eL2_,. It follows that p(T, z) > N, therefore 
xeS(Li, ©). Using the fact that every image of x has the same period as z, 
we have at once that all the points 7*(x), T(x), T™(zr), ---, T*'*(z) lie in 
S(Li, ©). This contradicts the definition of x, and completes the proof of (i). 

Since a@ is a limit number of the first or second number class, there must 
exist an infinite sequence of ordinals 8; < B < --- < a such that 


0 
L. = [[ Ly. 
n=1 
From the definition of a we have that for every pair of integers A and n, 
T*(Ls,) * Lj, - 


If we recall the definition of k, it follows as in the proof of (i) that there exists 
an e > 0 such that 


T’(S(Li, 2)) CL' and T*(S(L2, 2) CL’. 


(We are here considering L as the space.) Choose n large enough so that L3, 
is contained in S(Li, &). Letting x be any point of 13, , we have that z is in 
S(L1, ©, hence T*(z) is in L'. But T*(x) is in Ls, since this set is invariant 
under all powers of 7’, by Lemma 1. It follows that T(x) is in L3, , whence 
this set is invariant under 7“. This is impossible as 8, < a. 

This completes the proof of Theorem I. 

Notation. By an orbit under T we shall mean the finite set of points con- 
sisting of a point x of M and all the images of x under T. A finite set of points 
X which lie in the same orbit G under T are said to be consecutive points under T 
provided they may be ordered so that T(2,) = xe, T(a) = 23, ete., using the 
positive integers consecutively. 

TureoreM Il. Jf M is a compact metric space, T(M) = M a pointwise periodic 
transformation, {Gy} a@ convergent sequence of orbits under T with limit set L, 
and if there is in L a connected set B such that T(B) = B, then L is connected. 


®* We say that MW o= Rk 4 Sis a separation of VM provided neither R nor S is vacuous and 
RS = 0 = RS, where N is the closure of a set N. The symbol S(M, d) denotes the set of 
all points « of a given metric space A containing M such that p(x, m) < d for some point 
meM. 
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In order to establish this theorem we shall make use of two lemmas which 
we now prove. The notation is that of Theorem II. 
Lemma 4. For any separation of L 


L=L'+L with p(L’, Ll’) = 4e>0 


and for any 6 < e there exist two integers r, N such that for all k > N, 
G,S(L', 5) and G,S(L’, 6) are invariant sets under S = 1". 

Proof. Since L is closed, invariant, and disconnected, it follows from 
Theorem I that there exists an integer r such that L' and L’ are both invariant 
sets under the transformation S = 7”. The existence of the integer N follows 
at once from the continuity of S and the convergence of the sequence {G;,} to L. 

Lemma 5. If 


L=L'+QL with p(L’, L’) = 4e>0 


is any separation of L, and L’, L* are invariant sets under T” = S, then there 
exists an integer N’ such that for every k > N’ the orbit G, under T has at most 
(r — 1) consecutive points in S(L", 6) for i = 1, 2, where 6 is preassigned and 
less than e. 

Proof. Since L = Lim G;, there exists an integer M such that for allk > M, 
G, intersects both of the sets S(L", 6). Let N’ be the larger of the two numbers 
M and N, where N is chosen as in Lemma 4. Assume that there exists a 
k > N’ such that G, has r consecutive points p, (h = 0, 1, 2, ---,r — 1) in 
one of the sets S(L', 6), say in S(L’, 4) for definiteness. For any point q in G, 
we have g = T™(po) for some integer m, by the definition of G,. Let 
m = nr + t define n and t, where these two symbols represent positive integers 
or zero andt <r. Thenqg = S"(p) by the definition of the transformation S. 
Consequently, by Lemma 4, we have that q « S(L', 6), so that, since q was 
arbitrary, G, C S(L', 6). This contradicts the fact that k > N’ = M and 
proves the lemma. 

Proof of Theorem I. If the theorem is false, there exists a separation 


L=L'+L — with p(L', L’) = 4e > 0. 


Choose any 6 < ¢ and the corresponding integers r and N’ as given by Lemmas 
4 and 5. Let {p;} be a sequence of points converging to b « B such that for 
every i we have p; e€ Gy; S(L’, 6). By Lemma 5, for every 7 there exists an 
integer t; < rsuch that 7*(p,) is not an element of S(L', 6). Since the sequence 
of integers }t;} assumes only a finite number of different values, infinitely many 
of the terms of this sequence must be equal to some positive integer s < r. 
Consequently, we may find a subsequence |p,} of {p;| such that for every i 
we have T'(p.) is not an element of S(L’, 6). Since lim p. = band 7°(b) = 
b’'« BC S(L’, 4), this contradicts the fact that the transformation 7” is con- 
tinuous. This completes the proof of Theorem IL. 

Corouiary. Tf, in addition to the hypotheses of the theorem, we also assume 








~ 


is 7 


1e 
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that there exists an integer I such that for every k the orbit G, contains at most I 
points, then L consists of exactly one fixed point. 

Proof. Let b be any point in B and let zx be any point of L which is not in the 
orbit determined by b. This is possible when the corollary is assumed to be 
false since both B and L are connected. If we now let {b;} and {z;} denote 
sequences converging to b and z respectively with the further property that both 
b; and x; belong to the same orbit G; (for each 7), it follows that for every 7 there 
exists an integer n; such that T"'(b;) = 2;. Since n; S I for any 7, we lose 
nothing in stating that the sequences have been so selected that 7°(b;) = 2, 
for some fixed positive integer s and for every 7. But 7°(b) ¢ G,, the orbit 
determined by b, while z is not an element of G,. This is impossible since T° 
is continuous and 7°(b;) = 2x; form a sequence converging to zx. The proof is 
thus complete. 

Theorem II and its corollary are in their most appealing form (from an intui- 
tive point of view) in the special case in which the set B is a fixed point. 


3. Remarks and example. Aside from the lemmas and devices used in the 
proofs above various questions naturally arise. Many of these can be answered 
ina moment. For example, does connectivity for L imply connectivity for L, ? 
Conversely, does it follow for L if assumed for L,? Both of these questions 
have negative answers. On the other hand, assuming the situation as described 
in Theorem II and postulating in addition that Z contains a fixed point, we 
ask whether L consists entirely of fixed points and find this question to be more 
of a challenge. The answer is given in the example below. Similar examples 
are known where M is a locally connected continuum and L contains points of 
all finite periods. One further question was easily answered, namely, can L 
(as in Theorem II) be free of fixed points? Here again the answer is by example, 
i.€., positive. 

Example. In the Euclidean 3-space define an infinite sequence of planes 
by the equations P;:z = 7. We shall use cylindrical coérdinates (r, @, z) 
to define our space M. Let C be the circle r = 1, z = 0. Define the points 
A(1, r, 0), BCL, 0, 0) and let L consist of C and the segment AB of the polar axis. 
Thus L is a theta curve. 

By definition let a = (1 + (1 — k)/t, x, 1/t) fork = 1, 2,3, --- ,2¢ + 1. 
Here the range for 7 is the sequence of positive integers and this is likewise true 
wherever 7 occurs below. Furthermore, let qiis2 = (1, (Aw)/i, 1/2) and gdisaes. 
= (1, (—kr)/i, 1/7) for k = 1, 2,3,---,2 — 1. Now define the orbit G; by 
the equation 

4i-—1 
G, = p> qi 
j=l 
and subsequently 


M=L+ DG. 
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The transformation 7 is defined as follows. For every point p = (r, 6, 0) 
in L let T(p) = (r, —0,0). For every q}, with j < 4i — 1, define T(q}) = jus. 
Finally, let T(qis) = 9i- 

In this example we find that Z is a theta curve with one closed free arc con- 
sisting of fixed points and all other points in L of period 2 under T. 
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COMMUTATIVE ALGEBRAS WHICH ARE POLYNOMIAL ALGEBRAS 
By R. F. Rinewart 


1. Introduction. A polynomial p(x) of non-zero degree with coefficients in 
an arbitrary field F gives rise to a linear algebra P, with a principal unit, over F. 
P may be viewed from two standpoints: (1) as the algebra generated by an 
element z whose minimum equation is p(x) = 0; (2) as the algebra of the residue 
classes modulo p(x) of the ring of all polynomials with coefficients in F. From 
the first standpoint the elements 1, x, 2°, --- , x“ ", where a is the degree of p(z), 
constitute a basis for P; from the second standpoint the residue classes [1], [:], 
[x], --- , [z*"] constitute a basis. In either case P, considered as an abstract 
algebra, has the same properties. We shall call such an algebra the polynomial 
algebra generated by p(x). 

This paper had its origin in the speculation as to whether every commutative 
algebra’ with a principal unit might be equivalent to a polynomial algebra. 
The question is here answered in the negative, but it is found that the algebras 
which are thus completely characterized by polynomials constitute a wide class 
of commutative algebras. Under proper restrictions, depending on the nature 
of the ground field, it is shown that the equivalence of a commutative algebra 
with a principal unit to a polynomial algebra depends only on the structure 
of the radical. This structure is most conveniently described in terms of the 
écarts of certain nilpotent subalgebras, a concept which plays a prominent réle 
in some recent researches of Scorza. 

The results to follow are established under very loose hypotheses on the 
ground field /’, namely, that F is separable, and that F, in case it is finite, has 
more elements than the commutative algebra in question has indecomposable 
Peirce components of a common order, for every order. When F is inseparable, 
the present analysis of the structure of the irreducible polynomial algebra, on 
which the treatment in §§3 and 4 is fundamentally based, fails. Moreover, 
as the examples of §5 show, the results of §§3 and 4 are not true for an inseparable 
ground field without imposition of further restrictions. The writer hopes to 
investigate the inseparable case later. 


2. Converses of the decomposition theorem for polynomial algebras. Let P 
be the algebra generated by the polynomial p(x) with coefficients in F’, and let 


Received April 20, 1938; presented to the American Mathematical Society, December 
29, 1937. 

' Throughout this paper the term algebra will be used to signify a linear associative 
algebra of finite order. 

2 Two algebras are said to be equivalent if a simple ring isomorphism exists between the 
elements of one algebra and the elements of the other. 
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p(x) = II p.'(x), where the p,(x) are the distinct irreducible factors of p(x) 


ix 
relative to F. It is well known that P is equivalent to the direct sum of the 
indecomposable polynomial algebras P;, generated respectively by pj‘(z).’ 
For the subsequent development a converse of this result is necessary. To that 
end we prove two lemmas. 

Lemma 1. A direct sum of indecomposable polynomial algebras over an infinite 
field is equivalent to a polynomial algebra. 

Proof. Let the polynomial algebras P; , P2, --- , P, over an infinite field F 
be generated respectively by the polynomials pj'(x), p2°(zx), ---, pr’(x) with 
coefficients in F', where p;(z), p(x), --- , p(x) are irreducible over F and have 
unity as their leading coefficients. If the p,(x) are distinct, then the direct sum 


PeR Lt A4:-- 3h 


is equivalent to the algebra P generated by p(z) = Il p.'(x), since P is equiva- 
i=1 


lent to a direct sum of algebras each of which is equivalent to one and only one 
of the P,;. 

If the p,(z) are not all distinet, let them be segregated into sets S,, S82, ---, 
S, , where each S, is composed of all the p;(z) which are transformable into one 
polynomial of that set by respective transformations of the form z = y/fi + 9, 
where f, # 0 and g, are in F, with subsequent multiplication by a power of f; 
to produce leading coefficient unity. All of the polynomials of a given set have 
the same degree. The effect of such transformations on the corresponding 
algebras P, is merely one of a change of basis. Consider the set S,. Let the 
p.(z) be so ordered that S, consists of pi(z), pe(x), --- , pel). Let the p,(z) 
of S, be carried into p.(y) = pi(y) = pily) by transformations of the type men- 
tioned. We wish to show that by further transformation the members of S, 
can be carried into distinct polynomials 

We note first that if pify) y, the further transformations y = z + 9: (i = 


: , ° ° > = . ’ 
1,2, --. ,¢), where the g,; are distinct elements of F, carry the polynomials of S, 
into distinet polynomials. Assuming now that p(y) 4 y, we distinguish two 
CASES: 


Case \l. F is of characteristic zero. 
Case Il. F 1% of characteristic gq FO 
In Case I, F contains a subfield siraply isomorphic to the rational field. Henee 


* Bee W. Krull, Algebravache Erweiterungen kommutativer hyperkomplexer Systeme, Math 
Ann, vol. 97, p 47%. The above result follows from Krull’s theorem connecting the fae- 
torization of the zero ideal of a commutative algebra and the direct sum decomposition 
of the algebra 

See aleo A. A. Albert, Modern Higher Algebra, Chicago, 1937, pp. 245 249 

This result suffices for the needa of the present paper, but it may be remarked that the 
slightly more general theorem, in whieh p(s) ia separated into relatively prime factors, 
aleo holds, the component algebras being not necessarily indecomposable in such a case 

* It will be tacitly understood in the remainder of $2 that after each such transformation 


each resulting polynomial is to be divided by ite leading coefficient 
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the application of the further transformations, y = z/f; (i = 1, 2, --- , c), the 
fi being distinct “positive rational integers”, will carry the p;(y) respectively 
into polynomials p: (2) which differ in their terms of zero degree, since the p,(2), 
and consequently the p;(z), being irreducible and non-linear, have non-zero 
constant terms. 

Suppose in Case II that every element of F is algebraic with respect to the 
prime subfield = of F.  & is finite of order g and hence is separable.’ Since F is 
infinite and ~ is separable, F contains elements of arbitrarily high degree with 
respect to >. Let « be an element whose degree relative to = exceeds cd, where 
d is the common degree of the p;(x) of S, . 

On the other hand if F contains an element which satisfies no algebraic equa- 
tion with coefficients in ¥, let that element be denoted by e. 

Now in either event the secondary transformations 

y = 2/e (i = 1,---,¢) 
carry the p,(y) respectively into polynomials p; (z) which differ in their terms of 
degree zero. For, if ag denotes the constant term of p;(y), p; (2) = ps (z) im- 
plies age’ = age“, which, since j and k are less than c, implies that j = k. 

Thus, in either Case I or Case II, distinct generators p}'(r), ---, p(x) can 
be produced by transformations of bases of P;, ---,P.. Since a polynomial 
of one set cannot be carried into a polynomial of another set, the polynomials 
p(x), --- , p-(a) can be made distinct by making the polynomials within each 
set distinct. Then the argument of the initial paragraph of the proof can be 
applied. 

LemMMA 2. Let the polynomial algebras P,, P:, --- , P, over a finite field F of 
characteristic q and order q° be generated respectively by powers of irreducible (in F) 
polynomials p}'(x), p(x), -:+, pr'(x). If the number of the polynomials p,(x) 
which have a common degree u is less than q° for every u, then the direct sum of the 
algebras P; is equivalent to a polynomial algebra. 

Proof. Let the p(x) be segregated into sets S;, --- , S;, where each set 
consists of all the p,(v) which are transformable into one polynomial of that set 
by respective transformations of the form y = z f; + g:.° where fy = 0 and gy 
are in F. Kach such transformation merely effects a change of basis in the 
corresponding algebra P,. Consider a set S,. For convenience let the p,(2) 
be so ordered that S, consists of py(v), --- , pelt). Let each pyr) of S, be car- 
ried into p.(y) priv) = prly) by a corresponding transformation of the type 
mentioned, 

If S, consists of polynomials whose common degree is not divisible by ¢, apply 
the secondary transformations 


y z+ b, (¢ = 1,2, ---,e), 
where the b, are distinct elements of F, to the corresponding p,(y). The dy 
can be chosen distinet, sinee, by hypothesis, ¢ < g°. Under these transforma 


* See BOL. van der Waerden's Moderne Algebra, Berlin, 1980, vol. lL, p. LLS 
® Recall the footnote to the second paragraph of the proof of Lemma | 
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tions p;(y), --- , p-(y) are carried into corresponding polynomials p;(z), ---, 
p. (z) which are distinct. For if p, (z) = px (2), 


(z + ba)” + ay(z + by)” + --- tan 
= (2 + by)" + a(z + by)” + --s tan, 
equating the coefficients of z"’ yields 
nb, + a, = nbp + ay. 


Since n # 0 (mod q), this implies b, = b , which is valid only if h = k. 

On the other hand, suppose that the polynomials of the set S, have a common 
degree divisible by g, say gu. We wish to show that p,(y) can be carried into 
at least g° — 1 distinct polynomials by transformations y = z/f + g, where 
f # Oandgarein F. Weshall assume that this is impossible and show that this 
assumption leads to a contradiction. 

Since p,(y) is irreducible and since F is separable, the roots of pi(y) = 0 are 
distinct. Let e be a root of p(y) = 0. By assumption there is a number g # 0 
of F for which p,(z + g) = pi(z). Hence ¢« + g is also a root of p,(y) = 0. It 
follows immediately that 


e+tg (@ = 0,1,---,q@—1)) 


are all roots of p,(y) = 0. Again, by assumption, there is a number f of F, 
different from 0 and 1, for which fe is a root of p,(y) = 0. It is apparent that 
f'e is also a root for every i. Since f“' = 1, and since f“ '"e + & is a root, 
then « + tgf is also a root for every t andr. Finally, from the isomorphism 
«— é", it follows that e” is a root for every s. 

From all the elements f # 1 of F, such that fe is a root of p,(y) = 0, let b be 
one for which the smallest positive integer 6, for which b’ = 1, is minimal. 64 di- 
vides g° — 1. We consider the following possibilities: 

Casel. 6 < q; 

Case Il. 6 > q. 

If 6 < q, we separate the following classes of roots: 
K, = {e"" + &} (¢@=0,1,---,¢q-—1l;e«¢ =0,1,---,w— 1). 
If 6 > g, we make the separation into classes: 
R, = ( + tgb'} (= 0,---,q—-1;7r=0,---,8—1; 6 =0,---,p), 
where yu satisfies the inequalities 


alg — 16+ 1) < qu, (ut Ig — 16 + I 2 qu. 


The number of elements in any K, is q, and the number in any K, is (q — 1)6 + 1. 
We shall show that all the elements of the sets K, (K,) are distinct. 
In any K, the roots are obviously distinct. In Case I] suppose that two roots 


of one set were equal. Then we would have 


(2.1) ib" == tb”. 








ts 
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If t; = 0, then & = 0, or if r; = rz, then ¢; = &, and in either event the two 


elements would be identical in K,. Hence r, # rz, say r, > rz. Then (2.1) 


would imply 
b = &/t,, 


that is, b''’* would be a number of the prime subfield of F. Since r, — rz < 
5, b"'"? ¥ 1, and therefore b"' would serve as an f of index 4, less than q, con- 
trary to the assumption in Case II. Thus the q elements of any K, [(q — 1)8 + 1 
elements of any K,] are distinct. 

Now suppose that an element of K, (Ky) coincided with an element of K; 
(K,), h > k. We shall employ a method indicated in a paper by Ore’ to show 
that this assumption implies that p;(y) is reducible. In either Case I or Case II 
we would have 


(2.2) w= 4d, 
where d isin F. From (2.2) one obtains 
(2.3) foe = F aati +d, 
and the elimination of d yields 
(2.4) oem a ya i" seo a ea 
From (2.4) we form the successive h — k — 1 relations, 
Y eas wae - ee ni. 
(2.5) 
Ps k) - ere = ” _ F aad 


Addition of the relations (2.4) and (2.5) gives 
(2.6) 


ek 


qe(th—k) ch @ 
€ =23ef —¢ . 


From (2.6) one obtains 


qe (sh—2k) atk qeh ‘ 
€ 


= 7° _2 — = 3e 


qeh qet 
It is easily demonstrated by mathematical induction that 


qt(ih~li-t}e) 
€ 


(2.7) = j® — (j — 1) (j = 1,2,---). 


For j = q this yields 


qelar (qm be] qe* 
€ = € ° 


Hence ¢“" would satisfy the equation 

(2.8) yr _y = 0, 

and since ¢“" is a root of pi(y) = 0, pi(y) would divide the left member of (2.8). 
But in Case I, q(h — k) < qu, since h — k < w; and in Case I, g(h — k) < 


? Contributions to the theory of finite fields, Transactions of the American Mathematical 
Society, vol. 36(1934), pp. 243-274 











730 R. F. RINEHART 


[(¢ — 1)6 + lju < qw. By known irreducibility criteria,’ this implies that 
p(y) is reducible. This is a contradiction of hypothesis. Hence the elements 
of the sets K, (K.) comprise all of the roots of p,(y) = 0 without repetition. 

Now be is a root and therefore must be equal to one of the elements of some 
K. (R.), say K, (Ki). h ¥ 0 in either Case I or Case II, otherwise it would 
follow that « was an element of F, and this is impossible, since p,(y) is irreducible 
and of degree greater than one. Therefore 


eh 


(2.9) be =e’ +d, 
where disin F. From (2.9) we obtain 
be = + d, 
whence on eliminating d there results 
(2.10) Paha” ait 
From (2.10) we form successively the h — 1 relations 
be?" w be" ™ a Ate) ” mead 
ae - het" A-1 m a a a 1) 


From the addition of relations (2.10) and (2.11) we find 
(2.12) of” = (b+ 1) — be. 


From (2.12) can be obtained 


qth ah 


= (b+ 1)’ — b(b + Ie — be’ 
= (6 +b+ 1) — (b + bye. 
By mathematical induction it is easily shown that 
‘ rsa ers... tae - #4 * 4: ie 


whence, since b’ J.andb # 0,1, 


Thus ¢ satiefies the equation 
(2.13) y" y= 0, 


and therefore the left member of (2.13) is divisible by p(y). However, in Case 
1,4<- qandh <— w,sothat hd < qw;and in Case IL, hd < pd < ul(q 1)5 + I] 
< qv. But hé <— wy implies, as before, that p,(y) is reducible. Consequently 
our orginal assurnption is untenable, and since the number of the pi(y) of S, 


* Rhee ©. Ore. loe. eit 





ew 
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is less than q° — 1, the p;(y) can be carried into distinct polynomials p, (z) by 
transformations of admissible type. 

Since a polynomial of one set cannot be carried into a polynomial of another 
set by transformations of the type employed, all the p;(x) can be made distinct 
by making those of the individual sets distinct. Then the argument of the first 
paragraph of the proof of Lemma 1 can be used, and the proof of Lemma 2 is 
complete. 

It is apparent that two minor refinements, which need not be mentioned here, 
could be made in the statement of Lemma 2. However, examples can be easily 
constructed to show that the lemma, as stated, is false if the number of the p,(x) 
having a common degree exceeds g° — 1, so that the condition stated is the best 
possible of its type. 


3. Commutative algebras equivalent to polynomial algebras. The im- 
portance of the preceding lemmas for the purpose of this paper lies in the fact 
that criteria for the equivalence of an indecomposable commutative algebra 
to a polynomial algebra will thereby furnish criteria for the equivalence of a 
decomposable commutative algebra to a polynomial algebra. Let C be an 
arbitrary commutative algebra, with a principal unit, over a field F. By the 
classical Peirce decomposition C is representable as a direct sum of commutative 
algebras C; (¢ = 1, 2, --- , v), where each C; has a principal unit but no other 
idempotent.” By a well known theorem of linear algebras," if the field F is 
separable, such an algebra C; is the sum of a field D; and the radical NV; of C, . 
We shall henceforth assume that F is a separable field. Since D; has a finite 
basis, d; , de, --- , ds, over F, and sinee F is separable, there is a polynomial 
equation ¢,(A) = 0 of degree 8, which is irreducible in F and which is satisfied 
by some element z of D,;."" Hence 1, x, 2°, --- , 2° ' constitute a basis for D, . 

The radical N; of C; can be considered as an algebra VN, over D,." For if 
Mi, Me, °-*, My, is any maximal set of elements of NV; which are linearly inde- 
pendent with respect to D,; , then the elements 


(3.1) rn (7 = 0,1,---,8 —1;k = 1,2, --- 8) 


are linearly independent over fF. Since any element of V; which was linearly 
independent over F of the set (8.1) would be indepecdent of my, --- , mover Dy, 
the set (3.1) constitutes a basis for V,. Thus the algebra with the basis m, , 
Ne, >>, nm, over D, contains every element of N,, and conversely. We note 
as a special case that the radical of the indecomposable polynomial algebra 


* See, for example, G. Seorza, Sulle algebre reductbili, Rend. del Sem. Math. d. R. Univ 
di Roma, Ser, IV, vol. 1 (1987), pp. ISS LS89 

 M. Deuring, Algebren, Berlin, 1985, p. 28; and L. bk. Dickson, Algebren und thre Zaklen 
theorte, Zurich, 127, p. 32 

"BOL. van der Waerden, op. cit., pp. LIS) 20 

"fC. has no radieal, it is obviously a polynomial algebra 
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generated by p'(x), where p(x) is irreducible in F, has a basis of the form 
x’ p(x) (j= 0,1,---,8@—1;k = 1,2, ---,A); 


that is, the mn, can be chosen as powers of a single element of the radical. 

We are now in a position to characterize the indecomposable polynomial 
algebra by means of the écart of its radical. The écart of an algebra A is defined 
to be the difference between the orders of A and A*. Scorza has shown” that 
if a is the index," r the order, and 6 the écart of a commutative nilpotent algebra, 


then 


(3.2) ‘pe tey 
0 


Now, in the indecomposable algebra C,, (N,)* is the same algebra as (N?), since 
each algebra is composed of all linear combinations over F of elements of the 
form (d,n,)(dgn,), where d, and d, are in D;. Let 6 be the écart of N; and 
5 the éeart of N;. Then, as in the case of N; and N,, if ni, Mz, +++, n,-s form 


. > ;+2 
a basis for Nj, the elements 


IV 
De 


rn, (j = 0,1,---,@—1;k =1,2,---,8 —9) 
form a basis for N; Hence 


3.3 6 = fo. 


In case C, is a polynomial algebra, then the écart of N, is equal to the order 
of D, This condition is also sufficient to insure that an indecomposable com- 
mutative algebra be a polynomial algebra; for the equality of 6 and 8 implies, 


from (3.3), that 6 = 1, and Scorza’s inequality (3.2) becomes 
a 
l=a-le2r 
] ’ 
, 16 
where @ is the index of N,;. But a 1 cannot exceed r,” hence a l=r. 
Frobenius has shown that if the index of a nilpotent algebra exceeds its order by 
:; . 2 a-l , 
iity, then the algebra has a basis of the form n,n’, ---,n". Henee Cy is 
of the form D, + N,, where D, is generated by an irreducible polynomial ¢,(z) 
end A’, } “a basis of the form 
Cn (j 0 I, ,B I; k ae 1). 
Cis therefore equivalent to the polynomial algebra generated by the polynomial 
e'(g). Henee from Lemmas | and 2 we can state 
Tunonem 33. Let © be a commutative algebra with a prinerpal unit over a 
eparable tell band let € CO, be the indecomposable components in a Peirce 
j . i / I 
(; Beores ulla etruttura delle algebre pacudonulle, Atti Acead, naz, Lineei Rend, 
ser Bi, vol GUNGA), p 144 
t in the eet positive integer for which A® =~ 0 


See for exmmple, Lb Diekwon, op cit, pp WOT 
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decomposition of C. If the number of elements of F exceeds the number of field 
components D; (or difference algebras C;/N;) which have a common order, then a 
necessary and sufficient condition that C be equivalent to a polynomial algebra is 
that the radical N; of each C; either be zero or have an écart equal to the order of D; 
(or C;/N;). 

Since C is commutative and has a principal unit, the number of the C; is equal 
to the number of primitive idempotents of C, and hence we have 

Corouiary 3.11. Let C be a commutative algebra with a principal unit over a 
separable field F. If F has more elements than C has primitive idempotents, the 
necessary and sufficient condition of Theorem 3.1 holds. 

Coro.uary 3.12. A semisimple commutative algebra C over a separable field F, 
which has more elements than C has simple invariant subalgebras of any common 
order, is equivalent to a polynomial algebra. 

If F is a finite field, then it is separable. Let A be an algebra with a 
principal unit over F which is such that every primitive idempotent of A is 
commutative with the radical of A. If A possesses no total matric sub- 
algebra, then each component A; of a direct sum decomposition of A can be 
represented as the sum of a division algebra and the radical of A,."* As is well 
known, every division algebra over a finite field is commutative.’ Now if the 
écart of the radical of A; is equal to the order of the field component of A, , 
then the radical of A; is commutative, as can be seen from the proof of Theorem 
3.1. Hence we have 

Tueorem 3.2. Let A be an algebra of the type described above with a principal 
unit over a finite field F, and let Ay , «++ , A, be the indecomposable components tn 
a direct sum decomposition of A. Let N, be the radical of A, , and let the number 
of elements of F exceed the number of the difference algebras Ay Ny which have a 
common order. If each N, is zero or has an écart equal to the order of Ay N;, 
then A is equivalent to a polynomial algebra and is therefore commutative 

This theorem is an extension of Wedderburn’s theorem,” which could now 
be viewed as the special case of Theorem 3.2 in which A is simple. The formu- 
lation of corollaries analogous to Corollaries 3.11 and 3.12 is obvious and need 
not be made here. 

Since the écart of a direct sum of algebras is clearly equal to the sum of the 
écarts of the component algebras, we can state from our analysis of the poly- 
nominal algebra 

Turonem 3.3. Let C be a commutative algebra with a principal unit over a 


Jield K, and let C have the radical N. A necessary condition that C be equivalent 


to a polynomial algebra ts that the écart of N shall not exceed the order of the al- 
gebra C/N 

If Fis a field of the type mentioned in Theorem 3.1, and uf every mdecom- 
posable component in the Peiree decomposition of C possesses a radical, then 


"LB. Dickson, op. eit, p. lie 
"TL M. Wedderburn, Trans. Amer Math. See, vol €C1905), pp. S40 ae 
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the equality of the écart of the radical N of C and the order of C/N is a suffi- 
cient condition that C be equivalent to a polynomial algebra. Hence we have 

THeoreM 3.4. Let C be a commutative algebra with a principal unit over a 
separable field F subject to the restriction of Theorem 3.1, and let C have the radical N. 
If C possesses no non-nilpotent simple invariant subalgebra, and if the order of 
C/N is equal to the écart of N, then C is equivalent to a polynomial algebra. 

The analogue of Theorem 3.2 is evident and will not be stated here. 

Remark 1. Theorem 3.4 and Corollary 3.12 give sufficiency conditions that 
two very diverse types of algebras be equivalent to polynomial algebras. In- 
deed, it is evident that a large class of commutative algebras comes under the 
head of polynomial algebras, and with very weak restrictions on the ground 
field. 

Remark 2. Theorem 3.1 may be viewed in the following light. Suppose 
that there is prescribed a structure type C, + C2 + --- + C,, where + denotes 
direct sum and each C; is indecomposable, in which certain of the C,’s have 
no radicals and the remaining C;’s do possess radicals. Consider the former 
set of C,’s as playing the role of constants, and the latter as playing the role 
of parameters. Let the orders of the C;/N; be fixed for the “parameters’”’. 
Then the écart of the radical of any algebra having this structure type is a 
function of the “‘parameters’’; and of the totality of commutative algebras with 
a principal unit, and fitting this structure, the ones which are equivalent to 
polynomial algebras are those for which the ‘parameters’ minimize the écart 
of the radical of the algebra. 


4. Criteria involving the discriminant matrix. If a further restriction is 
placed on the ground field F, the conditions of the theorems of the preceding 
section can be replaced by more convenient criteria involving the discriminant 
matrix of C. The discriminant matrix of a commutative algebra, relative to a 
given basis, is unique. Let us recall the following two properties of it: 

(a) If A is an algebra of order n over a field F, and if F is of characteristic 0 
or 4, q > n, then the nullity of the discriminant matrix of A is equal to the 
order of the radical of A and is independent of the choice of basis of A.” 

(b) For a proper choice of basis (namely, for a basis consisting of a set of 
bases each of which is a basis for a component) the discriminant matrix is a 
direct sum of the discriminant matrices of the components. 

From Theorem 3.1 and property (a) follows 

Tueonem 4.1. Let C be a commutative algebra with a principal unit over a 
field F which ie subject to the restrictions of Theorem 3.1. Further, if F is finite, 
let the characteriatic of F exceed the order of every indecomposable component Cy . 
Then a necessary and sufficient condition that C be equivalent to a polynomial 
algebra v« that the radical of each C, either be zero or have an écart equal to the 
rank of the discriminant matrix of C, 

*L. BE. Dickson, op. cit., pp. 109-110.) The theorem and proof here found are invalid 
if F is of characteriatic ¢,0 <q 3 7, where ria the rank of the algebra. 

€ ©. MaeDuffee, Annals of Mathematics, (2), vol. 3201932), pp. 60-66 
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Theorem 4.2, the corresponding analogue of Theorem 3.2, is readily formu- 
lated and will be omitted here. From properties (a) and (b) and Theorem 3.3 
follows 

THEeorREM 4.3. Let C and F be as prescribed in Theorem 4.1. A necessary 
condition that C be equivalent to a polynomial algebra is that the écart of the radical 
of C shall not exceed the rank of the discriminant matrix of C. 

Properties (a) and (b) and Theorem 3.4 yield 

THEOREM 4.4. Let C be a commutative algebra of order n with a principal unit 
over a separable field F whose characteristic is 0 or g,q > n. If C has no non- 
nilpotent simple invariant subalgebra, and if the écart of the radical of C is equal 
to the rank of the discriminant matrix of C, then C ts equivalent to a polynomial 
algebra. 

Similarly, the unstated Theorem 3.5 becomes 

THEOREM 4.5. Let A be an algebra of the type described in Theorem 3.2 of 
order n with a principal unit over a finite field F of characteristic g > n. Let A 
possess no total matric subalgebra and no non-nilpotent simple invariant subalgebra. 
If the écart of the radical of A is equal to the rank of the discriminant matrix of A 
then A is equivalent to a polynomial algebra and is therefore commutative. 


5. Conclusion. The following two examples show that the condition that F 
be separable, employed throughout the investigation, is an essential restriction; 
that is, it is a restriction inherent in the problem and not peculiar to the method 
of proof. 

Example 1. Let F be the field formed by the adjunction of two independent 
indeterminates, a and 8, to the modular field with modulus 2. This field is 
inseparable. Let the fields A and B over F be defined by the equations 
x —a = O0andy — 8 = 0, respectively. The direct product, C, of A and B 
is & commutative algebra with a principal unit, and 1, x, y, ry constitute a 
basis for C. Let 

E = fi + for + fou + fary, 
where the f; are in F, be any element of C. The first matrix of £ is 
hi foa fs8 fraps 
fo fi SB frB 
fs fia hi fou 


fi fs fe fi 


R(E) 


» 


whence the characteristic equation of £ is found to be 


(5.1) \* t fi + fia + Ke + fies? . 0. 


The constant term of (5.1) is the square of 


f=fit fia + fid + fiad 
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Assume that ¢ = 0. Let f; = gi/hi, hi + 0, (@ = 1, 2, 3, 4), where g; and h; 
are polynomials in a and 8. Then ¢ = 0 implies 

(5.2) gihshshy + grhihshia + gshihshiB + gihih:hsap = 0. 

Now if the sum of the first and second terms and the sum of the third and 
fourth terms of (5.2) possessed degrees, then the first sum would be of even 
degree in 8 and the second sum would be of odd degree in 8. On the other 
hand, if one of these sums is zero, the other is also zero. Hence in either case 
the implication is, since Ayhehshy + 0, 


(5.3) giht + grhia = 0, gshi + gihsa = 0. 


Applying the foregoing argument on each of the equalities (6) with @ in place 
of 8, we find that g: = gz = gs = gs = 0, whence f; = fe = f; = fs = 0. Thus 
¢ can be zero only if — is zero. Therefore — has an inverse, if — # 0, and C 
is a field and is therefore simple. If Theorem 3.1 held, C would therefore be 
equivalent to a polynomial algebra. However, the left member of (5.1) is 
reducible in F, being the square of \” + ¢, so that every element of C satisfies 
an equation of degree 2. Therefore C, being of order 4, cannot be equivalent 
to a polynomial algebra. 

Example 2. Let Q be the algebra defined by Q = C + N, where a basis 
for N is n, xn, yn, xyn, where n° = 0, and C is the algebra of Example 1. It 
is easily seen that Q has no simple non-nilpotent invariant subalgebra, and 
that the écart of N is 4. If Theorems 3.1 or 3.4 held, Q would be equiva- 
lent to a polynomial algebra. However, any element, q = & + p, of Q, where 
— and p are elements of C and N, respectively, satisfies the equation 

NI + ¢) = O 
of degree 4. Therefore Q, being of order 8, cannot be equivalent to a poly- 
nomial algebra. 

Remark 3. The theorems of this paper can be rephrased to give conditions 
under which the rank of an algebra is equal to its order, since the rank is equal 
to the order, if and only if the algebra is equivalent to a polynomial algebra. 

Remark 4. These results can be coupled with a paper by L. Okunew (Ring 
als Algebra iiber einem Korper, Rec. Math. Moscou, vol. 40, pp. 410-423) to 
furnish criteria that a general ring be equivalent to a residue class ring modulo 
a polynomial in one indeterminate with coefficients in a field. 


Case ScuHoor or APPLIED SCIENCE. 








PRUFER IDEALS IN COMMUTATIVE RINGS 
By D. M. Drisin 


1. Introduction. H. Priifer has given’ a general definition of an ideal in a 
field and has investigated the properties of these ideals in certain ideal systems. 
In the present paper a similar study is made, but the algebraic domain of 
reference will be taken to be a commutative ring % having a unit element and 
possessing no divisors of zero.” 


2. Divisibility properties of elements. The present section, although of some 
interest, is largely irrelevant to the main matter of the paper but can be con- 
veniently treated at this point. 

Let q be a subring of R with a unit element; the concept of divisibility can 
now be defined relative to q so that the elements of q may be thought of as the 
integral elements of R. If a # Oand b # O are elements of g, then a ts divisible 
by b if a = be, where cis ing. Obviously, divisibility relative to q is a reflexive 
and transitive property. If a and b divide each other, a = be, b = ae, 
then ee = 1, where « and e& are integral elements; such integers which are 
divisors of 1 are called units tn g and elements a and 6 related as above, asso- 
ciated elements. 

If a and 6 are integral, then an element d in q is said to be a greatest common 
divisor of a and b if a and b are divisible by d and if d is divisible by every com- 
mon divisor of a and b. If d is a unit, then a and b are said to be relatively 
prime. is complete’ (relative to q) if every pair of elements in q has a g. e. d. 

A prime clement p in q is an integral element that is not a unit and whose 
divisors are associated with | or p. Mis primary (relative to q) if for every 
two integers a and b it is true that either a and b are relatively prime or that 
there exists a common prime element divisor p of a and b. Hence, if ® is 
primary, every integer a ~ 0 is either a unit or is divisible by a prime element. 

The following theorem is proved in a manner very similar to that of a theorem 
of Priifer:' 


Turorem 1. If ® is complete relative to q, and if a = ay --+ a, (where a, a, 
(2 1, ---,m) are integers) is divisible by b, then b = by --- db, , where b, 
(@ 1, --+,m) ¢s an integer which divides a, . 


Received May 5, 1938; presented to the American Mathematical Society, April 16, 1938 
The author is a National Research Fellow. 

' Untersuchungen tiber Teilbarkeitseigenschaften in Kérpern, Journal fiir Mathematik, 
vol. 168(1982), pp. 1-36. 

* That is, 8 is a domain of integrity (Integrititsbereich) with unit element 

* Priifer, op. cit., p. 3. 

‘ Loe. eit., Theorem 3 
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Corotiary. If ® is complete relative to g, then a prime element p divides a 
product of two integers if and only if it divides one of the factors. 

TueoreM 2. Jf ® is primary relative to q and if the number of units in g is 
finite, then there are infinitely many prime elements in Qq. 

For, if p: . pe, --- , Pn Were prime elements and if we wrote t = pipe --- Pr, 
then not all the elements r' + 1 (¢ = 1, 2,--- ) are units ing. For, then we 
would have r' + 1 = x’ + 1 for some values of ¢ and j, contrary to the fact 
that z is a product of prime elements. Hence, for some ¢, 7‘ + 1 is not a unit 
and is therefore divisible by a prime element p’. Since p; , po, --- , Pn do not 
divide x‘ + 1, it follows that p’ ¥ p; (i = 1, 2, ---,n). 

By the corollary to Theorem 1 we easily prove 

TueoreM 3. The set (not necessarily finite) of prime elements that divide an 
integral element of a complete and primary ring is unique. 

Tueorem 4. If an integral element a ¥ 0 is divisible by a finite number of 
distinct prime elements, then each of these prime elements occurs in a to a finite 
power. 

For, otherwise we could write a = aja. , where a; contains all the prime ele- 
ments p which divide a to an arbitrarily high power, and where a is prime to 
such elements p. But then, as is easily seen, a, = a}, whence either a; = 0 
or a; = 1. But neither possibility can occur, since a # 0 and 4, is divisible 


by at least one prime element. 


3. Ideals and ideal systems in ‘ relative to g and o. In the following, 0 is 
a subring of q with the unit element. We define an ideal in ® relative to q and o 
(briefly, ideal) as follows: 


An ideal a = (a,, G2, --- ,@,) in NR relative to g and 0 ts any set of elements 
of q satisfying the following properties: 
(1) the elements a, , do, +--+ , a, are contained in a, 


(2) of a and b are in a, so also is a + b, 
(3) (a) is defined to be the set of all elements ar, where r is an element of 0 


(principal ideal), 


(4) (a, ---,@m) Gli, ---, bn) tfar, ---,anarein (b,, --- , da), 

(5) uf a is in (a,, --+ , dy), then ab ws in (ayb, --- , a,b). 

This definition of ideal does not, of course, give a unique meaning to 
(a;, +++ ,@,) but provides, instead, ideal systems in each of which (a, , --- , dn 


is defined in a prescribed manner. Later on we shall discuss three different 
types of ideal systems ¥, Y%, Ul; we denote by Wi the generic ideal system and 
understand in what follows that we are concerned with such a fixed ideal 


* It may have been remarked by the reader that the elements of g are the only elements 
of ® that play any réle in this theory. That is quite true, and for all the difference it would 
make, the larger ring R could be omitted from consideration; that is, however, a matter of 
taste and I have chosen not todo so. For, q@is an arbitrary subring with unit element of R 
and in a possible discussion of the interrelations between two such subrings q and q’ the 
ring Ro may not be as superfluous as it appears to be here. The theory of (maximal) orders 


in an algebra is a case in point 
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system. We should mention in passing that in cases where ambiguity might 
arise we write dg = (a;, --- , @n)m for an ideal in M. 

Ifa = (m, a2,---) = (a1, a2,---), b = (1, be, ---) = (ir, be, ---), 
then it is easily seen that 


4,7 4,7 ‘5? 4,7? 
(a,b; , dob; , --- , Qybe, debe, ---) = (a,b; , dob; , --- , Ayb2, agbe, --- ), 


so that we may define the product of two ideals in a given ideal system as follows: 
If a = (a, a2,---,@m), 6 = (db, be, ---,b,) are two ideals in an ideal 
system Qt of R relative to g and o, then the product ab is given by 


ab = (ay), , azb; , te , Ay be , Az be , tae » Am bn). 


ab is an ideal in MM. 

The ideal a is said to be divisible by the ideal b if there exists an ideal r such 
that a = by. If a is divisible by 6b, then we cannot say, as in the classical 
theory, that a € 6 but simply that a € 6b, , where b, is the linear extension of 
bing. That is, if 6b = (bh, --- ,6,), b, is the set of all 2X gibi, where the g; 
are arbitrary elements of gq. 

We still have that a € b implies ab © be for every ideal c, whence a € a, 
b © b implies ab € ab. 

If we define a prime ideal » to be one having no ideal divisors other than 
p and 0, then we have 

THEorEM 5. Ina complete ring X the ideal (p) is a prime ideal if p is a prime 
element. 

Suppose that (p) = ab, where a and 6 are distinct from o and (p). Then 
there exist elements a and b in a and b, respectively, such that neither @ nor b 
is in (p). But ab is in (p) and must be divisible by p, contrary to the corollary 
of Theorem 1. 

By Theorem 2, we have the 

Coroutuary. If the number of units in ® (relative to Q) is finite, there exist 
infinitely many prime (principal) ideals in R relative to q and any subring 0 of q. 


4. The properties A, --- , H of anideal system i. The monotonic theorems. 
If WW is an ideal system in M relative to q and o, then we shall say: 

Wi has property A if every ideal in YW is a principal ideal. 

Wi has property B if for every a and bin WM, a & b, implies a = br with rin We. 

It is obvious that A implies B. 

Wt has property C if for every ideal a in W there exists an ideal b in Wi such 
that ab = (y), where y is in Qq. 

B implies C. For, if a (a), --+,@,), (Q)) & ay, whence (a,) = ab. 

The following condition is equivalent to property C: for every two tdeals a 
and bin WM there exists an element y in Q such that a divides (y)d. 

lor, let ab’ (y); then a(bb’) (y)b. Conversely, take b = o. Then there 
is an integral element y and an ideal b such that ab’ (y)b (y)o (y) 
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M has property D if ab | be (c # (0)) implies a € 5b, for every a, 6b, ¢ in M. 

C implies D. For, if ce’ = (y), we have a(y) € b(y), whence a € Bb. 

D obtains if ac = be, c # (0), implies that a = 6 for every a, 6, cin M. For, 
if ac © be, we have (a, b)c = (ac, bc) = be, whence (a, 6) = 6, ora € DB. 

M has property E if (aja € (b)a, a ¥ (0) implies that a = bm, where m is 
in o, for all a and b in g and every ideal a in M. 

Obviously, D implies £. 

TuHEoreM 6. Every complete primary ring R having the property C for a 
given ideal system MN (that is, MC holds) has the property MA, provided that 
(1) if for any ideal a it is true that a° divides a, then a = a’, and (2) every unit 
in q is also in 0. 


Let a = (a,,---,4@,); to prove the theorem it is obviously sufficient to 
assume that the greatest common divisor of a, --- ,@,isaunit. If ab = (y), 
b = (b, --- ,b,) and if dis the g. c. d. of bh, «+» , bm , bs = db; , then ab’(d) = 
(y), where b’ = (b;, ---,b.). Hence y = ad, where a is in g, and we have 
ab’(d) = (ad) = (a)(d), whence ab’ = (a). If p were a prime element dividing 
a, p would divide the ab; (¢ = 1,---,n;j = 1,---+,m), whereas we have 
assumed that g. ec. d. of a,, --- ,a, = g.c. d. of b, 5 ore b,. = unit. Hence a 
is a unit and by hypothesis (2) of the theorem, (a) = 0 = ab’. Hence 
a°b’ = a and a’ divides a and by hypothesis (1) a = a. Therefore a = 0, 


since IN has property D. 

Consider two ideal systems I, and De in ®R relative to g and o such that 
every ideal (a; , --- , a,) in Dt is contained in the corresponding ideal in We 
we write (a, --- ,@); & (a, --- ,a,)e. We ean prove the following mono- 
tonic divisibility property: 

Tueorem 7. Let IN, and We be two ideal systems in KR relative to q and 0 such 


that (a; , --+ , 4); & (ay, «++ , dn)e for all ideals (a, , +--+ , Qn), (Qi, -++ , Ande. 
Then an ideal relation a, = b,x; implies a2 = bere. 

Write a, = (a,,---,@); = Ox, = (---,ba;,---). Now, (---, 
ba;,---): D (---,ba;,---) = (u,-+-,a) D a, whence hr, D 
(a;, +--+ ,@)2 = a. On the other hand, (a,,---,a)2 D (a,---,a@)1 D 
ba,, so that @ D(---,bw,;,--- je = bere. Hence a, = bere. 


Turorem 8. Let the hypotheses of Theorem 7 hold. Then if WN, has property A 
so also has Wie. 

If a; (d), = o,(d),, it follows by Theorem 7 that ag = o2(d)2 = (d):. 
Since every a» is associated with an a,, it follows that De has property A. 

Turorem 9. Let the hypotheses of Theorem 7 hold. Then if Wt, has property 
B, 80 also has We . 

Let a & be, . Now, it must be noted that although 6, bz, it is true that 


b;, be, , since 6 and by are determined by the same set of basal elements 
b; , ~ Hence a, & a2 & bo, b,, , whence ay bx, , where x, is an 
ideal in IW;,. Hence, by Theorem 7, ae bere and Wie/3 holds. 

It must be remarked that the property C is also monotonic, as a,b, (y): 


implies dgb, (y)2. 











)- 


i 
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That property D is not monotonic will be seen later in this paper. 

THeorEM 10. Let the hypotheses of Theorem 7 hold. Then if M2 has property 
E, so also has M; . 

If (a)i¢: & (b)1ti , then if; = (e1 , --- , Cm), We have ac; | (ba , --- , bem) & 
(be; , --- , bem)e = (dete, whence (a)ot2 & (b)2ce and a = bm, where m is in 0. 


5. The ideal system ¥.° We define an ideal system ¥ by letting (a, , --- , an) 


be the totality of all > é:a;, where ¢; is in 0. That & actually is an ideal 
i=1 


system is easily seen, as the necessary properties (1)—(5) for ideals are satisfied. 
We say that ® is o-complete (relative to q) if for every two elements a and b 
in g there is a greatest common o-divisor d so that a = dé, b = dn, where — 
and 7 are in o. If, in addition, d = Xa + wb, where \ and uz are also in 0, ® 
is linearly 0-complete (relative to q). 
By YA we indicate that ideal system ¥% has property A—similarly for ¥B, ete. 
THEOREM 11. is linearly o-complete relative to q if and only if it has 
property YA. 


For, if (a;, --- ,@n) = (d), then a,, --- ,a, have d as a greatest common 
n 

o-divisor and also d = f,a;, & ino. Conversely, if a, ---,a, haved asa 
i=l 

greatest common o-divisor, then (a, , --- ,@.) & (d). But since d = bs £.a; , 


it follows that (d) © (a,, ---,a@,), whenee (aq, ---,a@.) = (d). 

TueoreM 12. Properties YB and XC are equivalent. In fact, property YC 
and a © 6 for ideals a and 0 in ¥ are sufficient to prove that a is divisible by b. 

The proof of this theorem can be made as in the theory of algebraic numbers. 
See, for example, Hecke, Theorie der algebraischen Zahlen, p. 93. 

Turorem 13. YC obtains if and only if for every set of integral elements 


a,,--- ,@, there exist elements & , +--+ ,& ino such that 
(1) Mk + dks +--+ + a,b, = Qh 
and such that at; (i, J = 1, --- ,m) ts in (a). 


The conditions are sufficient. For, 


(a), ++: , Qn)(dr, ++. En) = (Qrdr, + ++ Qi&n , Gadi, © ++, Qn&n) 


whence YC holds. 
Conversely, let YC hold. Then, by Theorem 12, ¥8 holds, also. We have 


(a) . \@z, °°, a,), 


whence, by Theorem 12, (a)) (a,, +--+, a@n)(db,, --- ,b,). Therefore, a,b, 
ay, With ys; ino; in particular, for 2 1, a,b; Qyi;, Whence b; = yw, is 
in o, for 1, ---,m. Henee a,b, is in (a,) for: ae aes 


* Priifer, op. cit., p. 10. 








742 D. M. DRIBIN 


We have, then, a, = >. a,b,z;; (xi; in 0) so that if we write & = Dd bj; 


j=1 
(whence &; is in o and a,é; is in (a@)), then 
@, = 5; + debe + --- + nbn. 

TueoreM 14. Properties YC and YD are equivalent. 

We first prove the 

Lemma. In ideal system %, property D implies (ab) © (a’, b’), whence 
(a’, b°) = (a, b)’. 

We have 

(ab)(a, b) = (a°b, ab’) & (a’, ab’, a’, b*) = (a’, b*)(a, b) 
whence, by property D, 
(ab) © (a’, b’). 

Hence (a, b)’ = (a’, ab, b*) = (a’, b’). 

We now proceed to the proof of the theorem and show first that it holds for 


all ideals in & that are generated by two elements; we then complete the proof 


“a 
by induction on the number of generating elements. 
Consider the ideal (a, 6). By the lemma, there exist elements X and Y 


in o such that 
ab = Xa’ + Yb’. 
Hence 
(X)(a’, b*) = (Xa’, Xb’) 
= (ab — Yb’, Xb’) 
cS (ab, b*) = (b)(a, b), 
whence by the lemma and property D, 
(X)(a, b) & (b). 
Hence Xa = bX’ (X’ in 0) whence a = X’a + Yb, with X’b in (a). Hence 
(as in the proof of Theorem 13), 
(a, b)(X’, Y) = (aX’, bX’, aY, bY) 
(a, bX’, bY) = (a) 
and the theorem is proved for all ideals in ¥ that are generated by two elements. 
We now show that every ideal that is generated by n + 1 elements can be 
multiplied by a suitable ideal to yield an ideal generated by n elements, so that 


the theorem will be proved. Hence we now assume, for purposes of the indue- 
tion, that the theorem is true for every ideal in ¥ that is generated by n elements. 








or 
of 


ts. 
be 
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ts. 





PRUFER IDEALS IN COMMUTATIVE RINGS 743 


Consider the ideal (a, a; , --- , @n-1); then, by Theorem 13, there exist ele- 
ments X, Y, & (¢ = 0, 1, --- ,m — 1) such that 


n—1 


a = a+ > kai, a= Xa+ Yan, 
i=l 


where £,a; = m;;a, Xa, = ma (i,j = 1, ---,n—1)andm,;,mareino. Hence 
n—1 
a = io(Xa+ Yan) + Do bai 
i=l 


n—1 
= &Xa+ > fa; + fo Van. 


i=] 
Now, we have 
(a, @), +++ , Ana, An) (OX, &, &, --- Ena, GY) 
(a&) X, -++ 5 AEn-1, Ako | re azyio X, -++ QE, +++ , Aiko eee ) 


(a, Oni, Anke, +--+, Gnén—1), 


using the conditions above. But the product ideal is generated by n elements 
and the theorem is proved. 
TueoreM 15. Property YE holds if and only if every equation of the form 


(2) a” + fa" 'b + ha" “b+ --- + &,b" = 0, 


where & is in 0, implies that a = bé, & in ov. 
Let 4 hold. Then if an equation (2) holds, we have 


went" 7a, -.- ,”, a”) 


(d*"*, ab” *, ..- ,a""°b, —he” 'b — Ba" “F — .-. — &,6°) 


=~" S (b)(ab"™*, vr". eee) att b”*), 


(ab"', ab”, . 


whence a = bé, £ in o. 
Conversely, let every equation of the form (2) hold only if a = b&, with 


tino. If 
(a)(er, --+ , Cm) & (b)(r, «++ , Cm), 


then | 
acy = >> dgbe; (¢ = 1, ---,m), 
j=l 


where \,; isin o. Hence if 4, 1,5, = Ofor’ = 9, 


| Ab — 8a] = 0, 


an equation of the form (2), whence a = b&, with € in o, and YE obtains 
It will be seen later that YD and YF are inequivalent properties. 
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TueoreM 16. Let R have property YC relative to q and o. If every pair of 
the finite set of congruences 


Il 


(3) xz =r (moda), x = s (mod b), x =t (modo), 

(a, b, c, --- , 7, 8, t, --- in g) ts solvable, then there exists an element — in 0 such 
that the congruences 

(4) x = ér (mod a), x = &s (mod BD), x = & (mode), 

are simultaneously solvable. 

We prove the theorem by induction. We consider the congruences obtained 
from (3) by omitting first the first congruence and then the second. We 
obtain, then, by the hypothesis of the induction, two elements & and & in o 
such that the congruences 


x = {8s (mod b), x = &t (mod c), 


and 
fr (mod a), y = &t (mod c), 


iil 


y 


have simultaneous solutions x and y. 
Since YC obtains, there exist, by Theorem 13, elements ¢ and 7 in o such that 


fa + nlfox — fy) = a, 


where &(f2 — &y) is in (a). Then 
tix = 2s (mod b), fix = ff, bt (mod c), coe, 
thy = ttfr (mod a), tiiy = t&&t (mod c), cee, 


and tr = &,y (mod a). Hence we have a simultaneous solution of (4) with £ 


replaced by &£:é and x by &£ez. 
Corottary. If YC obtains, there exists an element — in 0 such that every 
integer in (a, b) which is a multiple of — can be written as 


m(a + b) + common multiple of a and b. 
For, every pair of the congruences 


x = 0 (mod a), xz = 0 (mod Db), xr = Xa+ Yb (moda + b) 
is solvable. 


6. The ideal system “%{. Following Priifer, we state the following definition: 
Let (ay, «++ , Onda be the set of elements a in q for which there exists an ideal 
re A (O) in & such that 
(a) Xe & (a, es Se Ande Ty. 


If the ring R is integrally closed relative to 4 and o (that is, YE obtains), this set 
(a; , +++ , Gn)a t8 an ideal in an ideal system which will be denoted by A. 








fe) 


al 
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The proof of the ideal property can be found in Priifer’s paper.’ We note 
that always (a, --- ,@n)e & (1, --- , @n)a- 

Priifer also proves’ the following two theorems and we merely state them. 

THEOREM 17. If a, ---,@m are contained in (b,,---,bn)a, then there 
exists an ideal tp # (0) in & such that 


(a1, --- , Qm)ete & (bi, --- , dndede. 


THEOREM 18. An element a in q belongs to (a,, --- ,@n)x if and only if a 
satisfies an equation 


a’ + fia, --- , ana”! + --- + fila, --- , an) = 0, 


where f(a; , --- ,@n) is a homogeneous polynomial of degree i in a, +--+ , an, 
with coefficients in 0. 

TuHEeoreM 19. YA and YA are equivalent properties. 

YA implies %A by Theorem 8. Conversely, let %A hold so that (a,, --- , 
a,) = (d). Then a; = dy;, where y; isin o. Also, by Theorem 18, d satisfies 
an equation 


d* + fid®" + fod®* + --- + fr = 0, 


where f; is a homogeneous polynomial of degree 7 in a,, --- ,@,, With coeffi- 
° ° i-1,/ fs ° ° ° 
cients ino. Hence f; = d° f; , where f; is a linear form in aq, --- , @ , with 
coefficients in 0, so that 


f +f" > / = 0 


and 


d=-Df, 


4 linear form in a,, --- , a, , with coefficients in 0. By Theorem 11, 24 holds. 
Tueorem 20. AC and LC are equivalent properties. 
YC implies AC by the remark following the proof of Theorem 9. Conversely, 
let AC hold. If 6 is an ideal in M, then there exists ¢ such that be = (y), or if 
b = (b,,---,b), ¢ = (4, ---,er), (vY) = (---, dic;, --- ). Hence 


7" + fir' i + fey +--+ +f, = 0, 
where f; is a homogeneous polynomial of degree 7 in bic; , --- , bce , With coeffi- 
cients in o. Henee f; = y' fi, where f; is linear in by, , --- , dete, with 
coefficients in 0, so that we have 

, , , k 

Y+(fitf+--- +f" = 0, 
or y = >> Avjbie;, where d,; is in 0. But since (bie) & (y)¢ it follows that 
(---,bie;,--- )e = Dete = (ye. Hence YC obtains. 


Corotiary. WB, WC, YB, YC and YD are equivalent properties. 
For, by Theorems 12 and 14, YB, YC and YD are equivalent properties. 


7 Pp. 14-15. 
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THEorEM 21. YE implies UD, that is to say, property D always holds in ideal 
system 4." 

If 

(a, , +--+ ,Qm)(Cr, +++ Ce) G (br, «++, Ond(r, «++ , Ge), 
then Theorem 17 yields the existence of an ideal re ¥ (0) such that 
(a, gO OF 6 Om)e(Cy g Pres Cs)e Xe .. (b, ee bre(er, Po Cs)e Te. 
Since (c,, --- ,¢.) # (0) ¥ re, (1h, --+ , Ce)eXe = Ue ¥ (0) and 
(a, , --+ , Am)olle & (bi, --- , Dade Ue 


and by definition of ideal system YW, (a, ---,@m) & (bi, --- , bn), whence 
wD holds. 

Corotitary. YE, AD, and AE are equivalent properties. 

For, YE implies XD by the preceding theorem, %D implies AL always, and 
WE implies YE by Theorem 10. 


7. The ideal system U. If a and b are elements in g, then b is said to be an 
o-divisor of a (a is an o-multiple of b) if a = be, where c is in o. 

Let (a; , --+ ,@n)u represent the totality of elements of q which are o-multiples 
of all common o-divisors of a,,---,@n. (G1, ++, @n)u ts an ideal in ®R relative 
to g and 0 and the set of all such is an ideal system U. 

We note that a = ay may be (0) even if the generating elements are not 
all zero. For, if o is a proper subring of g, it can very well happen that two 
elements in @ may have no common o-divisors so that the ideal in U generated 
by them is the zero ideal. 

We have to verify properties (1)-(5) for an ideal. 

|. Every a, is an o-multiple of every common o-divisor of a), --- ,@n. 


2. Let a,, Om be in (by, --+, ba). Then if d is a common o-divisor of 
b, _b,, it follows that a,,---,a, are o-multiples of d, whence, since d 
is any coramon o-divisor of by, --- , On, 


(a, , +, Om)u Sth, soe »Ondu. 


4. If a, is im (a), then a, is an o-multiple of a, since the o-multiples of all 
o-divisors of a are exactly the o-multiples of a. 

4. If a is in (a, a,), then ab is a product of b and an o-multiple of all 
eommon o-divisors of a; , a, , 80 that ab is in (ayb, .-~ , a,b). 

5. The element a + b is an o-multiple of every common o-divisor of a and b. 

Tunourm 22. The weal (a, , a,) mm any ideal system is a subset of 
‘a Ly) provided that (a, ,ay)Ju A (O) 

bor if d iw any common o-divisor of ay, , a, , then (ay, ,4,) & (dd) 


whence (a a,) can contain only o-multiples of do Sinee dis any common 


* Por idea! system 1, property VE in assumed alwaya to hold 





al 
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o-divisor of a; , --- , a, , it follows that (a, , --- , a,) contains only o-multiples of 
all common o-divisors of a;, --- ,a,. But then, by definition, (a; , --- , a.) & 
(a1, --- , @n)u- 

THEOREM 23. ‘ is 0-complete if and only if UA holds. 

If ® is o-complete and if (a; , --- , @n)u # (0), we let d be the greatest common 
o-divisor of a,,---,a,. Then (d) 2 (a, --- , @n)u since every o-multiple of 
all common o-divisors of a,,---,a@, is an o-multiple of d. But (d) ¢ 
(a, --- ,@n)u since d must be o-divisible by every o-divisor of a,, ---,a@,. 
Hence (aq, , --- ,@n)u = (d). 

Conversely, let UA hold, (a;, --- ,a@,)u = (d) * (0). Then d must be 
o-divisible by every o-divisor of a, , --- , @, ; but d itself is an o-divisor of the a; . 
Hence d is the greatest common o-divisor of a,, --- , a, and & is o-complete 


relative to q and o. 

UB and UA are inequivalent properties for we need consider only the case 
when § is an (absolute) algebraic number field and g = 0 is the set of all integers 
in ®%. Then UB holds, but if R has class number >1, UA does not hold. 

On the other hand, UB and UC are equivalent properties and the proof can 
be made in the same way as that of YB and YC. 

THEOREM 24. UC and WD are inequivalent properties. 

We first find a necessary condition that property UC obtain. Let a = 
(a,, --+,@p), b = (b,, --- ,b,) and ab = (y). Then there exist pr quantities 
m;; in o such that 


a,b; = ym;;. 


At once we find that ayn, = aymu. We write my = m;. Then 
(a, , --+ , @p)(m,, «++ , Mp4) 
= (aym,, - ++ , QyMp_1, AQM,, - ++ , AWMy 1, +++ , AyM,, ~~ , ApMy4) 
= (ay, --+ , QyMpa, Qyme, - ++ , Ap Mme, --- , ayMy, ~~~ , ap_ymMy) 
(a), «++ , Qpea)(my, +++ , Mpa, My). 


Hence, if a is any ideal and a any element in q, there exist an ideal m in o and 
an element m in o such that 


(5) (a, a)m = (im, moa, 


Henee, if UC is to hold, an equation (5) must hold for all choices of a and a. 
We now adduce an example in which (5) cannot hold for all a and a@ so that 
UC cannot obtain; property UD, however, can be shown to hold 
We take ® (to be a transcendental ring extension of a finite tield o of ¢ 
elements, where q is a rational prime, Since every ideal in U which is generated 
by elements of o must be o itself, the condition (5) becomes 


(a, a) a, 
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a condition which is certainly not satisfied if a is not in a anda = g (all of 
this is possible since g is not a field). 
It remains to show that UD holds. 
Ifa = (a,,---,a,), 6 = (bh, --- , 6), ¢ = (4, --- , es), and if ab € ac, then 
ab; G(---,aei,---). 


Hence, by the definition of the ideal system U there exist, for every o-divisor 


6 of axe, (¢ = 1, --- , pj k = 1, --- , 8), elements m;; and n;; in 0 such that 
a:b; = ém;;, acc. = ny. 
Since a*’ = 1 for all elements a # 0 in 0, we have 
at "bi = &' = al ‘dt, 
whence bf = cf’. Hence b; = exéj,, where &,' = 1, so that &% must be 
one of 1, 2, --- ,qg — 1 and is, therefore, in 0. Hence (b;) & (cx) for all j and k 


so that 6b Cc. 

Tueorem 25. UD and UE are inequivalent properties. 

We adduce the following example. Let ® be the field of rational functions 
of two indeterminates & and 9 over the field of ordinary rational numbers. 
We take q = 0 to be the set of functions of ® in which (1) the total degree of é 
and 7 in the numerator is less than or equal to the total degree of — and 7 in 
the denominator, and (2) the degree of — in the numerator is less than or equal 
to the degree of £ in the denominator. It is easily seen that g is a subring of M. 


UD eannot hold. For, 
(! a¢ ‘y=(3 zz ‘) 
E’ n/ \E' &” En’ En?’ 9 


aii ‘) 
tn &’ En’ Ey’ 9 


whence, if UD is to hold, 


© (4) - (3) 


y ss . ’ 
But & ° ix not divisible by 9°, for Wt ¢ is not in gq. Henee (6) cannot hold 


and UD does not obtain 
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We now show that WEF holds. Let (a)(a,---,an) & (b)(a, --- , am). 
We may write a, = 9 “(n‘a:) = n a;, where the total degree of the numerator 
of a; is the same as that of its denominator. Again, a, = &“(#*a;) = €%ay, 
where a; has, in addition to the property possessed by a; , the additional one 
of having the édegree of its numerator equal to that of its denominator. Hence 
a; = &“» ‘ay, where a; and 1/a; are ing. It may not be so that for every i, 

i < m,a; = “na; with a’ in g, but corresponding to some a; there 
pair of integers \’ and y’ such that (1) a; is divisible by 6’ = &*'n for 
a <= m, and (2) a = d’ax, where a, and 1/a;, are in q. 


oa . . . ”” 
Now, since aa, = bé’m, where m is in g, we have aa, = bm, whence a = 
ar . wy. ° + 
b(m/a;,) so that, since m/a, is in g, (a) & (6) and UE holds. 


8. The ideal systems \' and l!. Extension. Let ‘t be an arbitrary commu- 
tative ring with a unit element and possessing no divisors of zero. Let R(z) 
be a transcendental extension of the quotient field of 2% so that every element 
of 9(z) can be written as a quotient of polynomials in z with coefficients in ®. 
Then a relation (a, ---,@m)u 2 (bi, ---,bn)u in ® does not necessarily 
imply the same relation in 9i(z). 

We shall prove this statement by the exhibition of a suitable example. 
Accordingly, let 9% be the field of rational functions with ordinary rational 
coefficients of two indeterminates x and y; we define the set of integers g to be 
those elements in which the total degree of x and y in the numerator does 
not exceed the corresponding degree in the denominator. q is obviously a ring 
with unit and we take q = o. 

We shall introduce a simple but convenient notation. If a = nd, where 
n and d are polynomials in x and y, then D,,)(x) represents the degree of x 
inn and D, a(x, y) the degree of x and y in n— similarly for Daa(t), Daca)(a, y). 

We consider the ideal (a, a’)y in R, where a = x *, a’ = y* areing. It is 
easily seen that an integer ¢ divides a and a’ if and only if 0 S Day(s, y) — 
Dyig)(x, y) < 2. Hence, if b = ry *, we have 


Dae) (2, y) = 3 + Daey(2, vy) = Davee. y) + 1, 
Dawe) (x, y) 1+ Dae (a, y), 


sO that Daag y(t, vy) 2 Dawe (a, wv) and b is divisible by ¢. Since ¢ is an 
arbitrary common divisor of a and a’, it follows that b is in the ideal (a, a)y. 
We show now that with a properly chosen definition of integer in N(z), b is not 
in (a, a’)y for this larger ring. 

In W(z) we define the set of integers q’ to be those rational functions a of 
x,y, and z for whieh (1) Dawa, y) 2 1+ Dago(a. y), and (2) Dycw(a, 2) S 
Diacay(x, 2). That q’ is a subring with unit of R(r) is clear and it is also clear 
that ga Cag’. Wetakeo’ = 

We can now show that in 22), with the notion of integral element just de- 
fined, b = x/y' is not in (a, a’), For, let f = x yz; then fising Also a f 


2 4 , * * . 
y2z/x,a'/f cor so that f divides a and a But b f > y and is not nq 
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THEOREM 26. Let MN be a commutative ring with unit element and possessing 
no divisors of zero and let g be a subring of R which has a unit but which is not a 
field. Then there exists in the transcendental extension R(z) a subring g’ D g such 
that relative to g' R(z) does not have property XC. 

We define q’ to be the ring of all polynomials 


9 
a + az + ane +.---, 


where ao , a; are in g and a; (? 2 2) are in ®. 

Let A» in g have the property that Ay # 0 and Aw + 1 for every v in g—this 
can be realized since g is not a field. Then, by Theorem 13, YC can obtain in 
R(z) only if there exist elements Xo + X;z + ---, Yo + Yiz + --- ing’ such 
that 


ho(Xo + Xyz + s+) + E(VYo + Y,z + -—-)= ro, 


where 2(X) + X;z+ --- ) = Aolvo + mz + --- ), where m» + z + --- is in g’. 
We have, immediately, Xo = A», whence Xo = 1; also Aw, = Xo = 1, con- 
trary to the choice of >. Hence YC does not obtain. 

Coroiiary 1. There exist complete rings that are not linearly complete. That 
is to say, properties YA and WA are inequivalent. 

For, let R be the ring of all rational integers and let R = g = 0. Then, since 
® is not a field, it follows from Theorem 26 that for a proper choice of the integral 
elements of R(z), the property YC does not hold in R(z). Hence §(z) cannot 
have property YA although it does have property UA. 

The example in the preceding paragraph yields the 

Coro. tary 2. Properties UA and YC are inequivalent. 

We mention, finally, that Priifer has shown’ the inequivalence of C4 and UWE. 

We now append the following scheme which shows the relations between 
the various ideal systems that we have considered. Implication is denoted 
by an arrow. 


UA — YA > YA 


. . . 
UB — ¢B > AB 
See 
UC — ¥C UC 
D4 ae 
UD — ¢D > AD 
= 38) 
UL > YE > AE 


A glance at this scheme reveals that YD does not imply UD so that D is not 
a monotonic property. 

We prove, finally, 

Turonem 27. If 8 is a commutative ring with unit clement having no divisors 


*Op eit., p 19 
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of zero, then R can be imbedded in a ring KR’ which has no divisors of zero and such 
that 

(1) an element of R is integral in RN’ if and only if it is integral in KR, 

(2) R’ ts complete. 

Define ®’ to be the field of all rational functions with coefficients in the quo- 
tient field of 8 of an indeterminate z. We define the set g’ = o’ of integral 
elements of ®’ to be the functions 


Qo + az + +: 
ay + ayz+---’ 
where a, a1, ---,@, @,--- are in g = 0, where a is divisible by aj, and 
where the degree of the numerator does not exceed that of the denominator. 
q’ is easily seen to be a subring of ®’ with a unit element. Also, an element of 
® can be integral in ®’ if and only if it is integral in MR. 
Let aand B being’. We let d be a common denominator of aand 8. Then if 


Dy (a)(z) = Dalz) — m, Dis)(z) = Dalz) — me, 








where m, and m, are rational integers = 0, we see that 6 can divide both a and 8 
only if 


0 S Dag(z) — Dawy(z) S min (m , ma). 


But if we choose 6 in particular to be 


1 
do = 


— 1 + min (mj,m2) > 


then 49 actually divides a and 8 and is in reality a greatest common divisor of 
a and 8, since, as is easily verified, every common divisor of a and 8 must divide 
do. Hence is complete relative to q’. 


YaLe UNIVERSITY. 





ONE-PARAMETER FAMILIES OF TRANSFORMATIONS 
By J. L. Doos 


One-parameter families of transformations taking measurable sets into 
measurable sets arise in many parts of mathematics. The purpose of this 
paper is to present a detailed study of the regularity properties of such families. 
Before we begin this study, some introductory remarks on measures in product 
spaces will be made. These remarks have some independent interest, so they 
will be phrased more generally than necessary for the actual applications to be 
made in the present paper. 


Introduction 


Let T (Q2) be any abstract space, whose points will be denoted by t (@). Let 
‘F, (F.) be any Borel field’ of t-sets (w-sets) including T (Q) itself. The space 
of points (t, w), the direct product of the two spaces, will be denoted by T X Q. 
Let E be a« set of SF, and let A be a set of F,. Then the condition t « FE, w €A 
determines a (t, w)-set E & A, and we shall denote by ‘f, * ‘Ff, the Borel field 
of (t, w)-sets determined by all such sets BE X A If a Borel field of point sets 
is the Borel field determined by some denumerable subcollection, it will be 
called strictly separable. Wi f, and ‘fF, are strictly separable, f, * ‘f, is also 
strictly separable. Moreover, if A is any set of F, x ‘Ff, there is a strietly 
separable subfield F7 (52) of F, (F.) such that A is a set of the field Fx 

Let ufA) be a non-negative completely additive set function defined on the 
field F..° An wset A, will be called measurable if it differs from a set Ag of ‘fF, 
by a subset of a set of SF, of measure 0, and we define u(A,) as u(Ao). Let ‘F* 
be the following space: a point of J* is a class of measurable w-sets, any two 

ich differ at most by a set of measure 0. We metrize ‘/ as follows: if 
are points of S*, and if A, is a set in the class AT, the distance between 
das are tan w(Ay + Ay Ay-Az),® or $a if w(Ay + Ag A,- As) 


owl 
4 


sa collection of sets including &, + Fz, FB, ,- FB, if it includes FB, , By. 


4 @ field of wets including >» E,, if it includes F, , ky , 
I 


| field of sete determined by a given collection of sets is the smallest Borel 
ontaining the given collection 

ection of all sete A having this property is readily seen to be a Borel field 
eld certainly includes every set BZ A as defined above, so the field is pre 


always finite-valued, we assume that G can be expressed as a denumerably 
ein 'S, on each of which (A) is finite-valued 
2, we ean define the distance between Al, A; as wlAy + Ag Ay Ay) and 
ame 4* topology, but this definition ia not possible in the general case, if the 


4 ty be finite-valued 


T52 
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= + «. Any collection of measurable sets will be called separable if the 
corresponding ‘f*-point set is a separable point set (i.e., if the corresponding 
‘F*-point set has a denumerable subset dense on it). A strictly separable Borel 
field is separable if u(Q) < +; a separable Borel field need not be strictly 
separable. 

We shall also suppose that there is a non-negative completely additive 
function mE of sets E ef, and that if u(7) = + <, T is the sum of a denumerable 
sequence of sets of finite measure. We extend the definition of mE to measur- 
able ¢-sets in the usual way—as u(A) was extended. 

If A is a (t, w)-set of the form E X A, Ee F,, A € F,, we set 2(A) = mE-p(A). 
It is well known’ that this definition determines a completely additive non- 
negative set function on the sets of ‘F, X &,, and this set function is extended 
to the measurable (¢, w)-sets in the usual way. 

We shall use repeatedly the fact that whenever a Borel field of sets is extended 
to a field of messurible sets, as described above, if f; is a numerically-valued 
measurable function, there is a function fo , equal to f; almost everywhere, and 
measurable with respect to the given Borel field. This fact is still true if f, 
is no longer supposed numerically-valued, but if it is supposed to take on values 
in a separable Hausdorff space— measurability of such a function meaning that 
open f-sets correspond to measurable sets of the argument space. 

THEoreM 1. Let u(2) < + and let f(t, w) be a numerically-valued function 
which is w-measurable for almost all values of t. There is a (t, w)-measurable 
function fo(t, w) such that, for cach value of t. f(t, w) = folt, w) almost everywhere 
on 2 if and only if 

(i) there is a t-set So of measure 0 and a separable field +.(f) of measurable 
w-sels such that f(t, w), for t fired, t & So. is measurable with respect to the field 
F(f), and 

(ii) there is a function g(y), @ monotone increasing function (in the strict sense) 
of the real variable y, such that if A ts any measurable w-set, el f(b, w)| ts integrable 
on A for almost all t, and 


| elf lt, w)] deo 
A 


is a measurable function of t. 


*Cf. 8S. Saks, Theory of the Integral, New York, 1937, pp. 82-88. 

The symbol e’ means ‘is not an element of"’. 

* If (i) is true, and if there is such a function y(y), then if e:(y) is any Baire function of y 
such that, if A is any measurable o-set of finite measure, g{ f(t. w)) is integrable on A for 


almost all ¢, | wil f(t, w)| de will be a measurable function of ¢, since 
JA 


| wil Ate w)) do | #il fol c. w)] ide, 
JA JA 


and the latter is a measurable function of ¢, by Pubini’s theorem. A special case of The 
orem | was proved by Bochner and von Neumann, Annals of Mathematies, vol, 861939) 


pp. 263 265 
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If a function fo(t, w) exists, with the properties described, there is a function 
fi(t, w) which is measurable with respect to the field F, X F and equal to fo(t, w) 
for almost all (¢, w). It is readily seen that there are separable subfields F; of 
F,, F; of F, such that f,(t, w) is measurable with respect to the field F; x F. 
From Fubini’s theorem we know that there is a é-set Sp of measure 0 such that, 
if te So, filt, #) = fo(t, w) almost everywhere on Q2. Then if ¢ is fixed and if 
te’ So, f(t,w) = filt, w) almost everywhere on Q, and f(t, w) is measurable with 
respect to the field ‘F; increased by all sets differing from a set in FZ by at most 
a set of measure 0. This extended field can be taken as the field F,(f) of (i). 
In (ii) let g(y) = are tan y or any other bounded monotone increasing function 


of y. Then if A is a measurable w-set, 


[ ctw, w)|dw = [om w)| dw 


is a measurable function of t, by Fubini’s theorem. 

Conversely, suppose that (i) and (ii) are true. To prove the existence of the 
function fo(t, w) as described, it is sufficient to assume that ¢g(y) is bounded, 
for if this were not so, we could replace g(y) by are tan g(y), and (ii) would 
still be true. Replacing now f(t, w) by ¢[f(t, w)], we see that it is sufficient to 
prove that if there is a t-set So as described in (i), if f(t, w) is bounded, and if 


[1 w)dw is a measurable function of t for every measurable w-set A, there is a 
A 


function fo(t, w) as described in the theorem. Since ‘f,(f) is separable, the 
complex-valued functions, measurable with respect to ‘f,(f), whose moduli 
squared are integrable, determine a finite-dimensional unitary space or a 
Hilbert space, making the usual inner product definition.’ Let {g,(w)} be ¢ 
complete normal orthogonal set of functions. If t e’ So, the series 


> 6. (0en(w), a,(t) = [16 w)gn(w) dw, 
I a 


converges in measure to f(t, a) on @."" Now by hypothesis, if g(w) is the char- 


acteristic function of a measurable w-set, 


[ S(t, w)g(w) dw 


is a measurable function of ¢. The integral will therefore be measurable (if we 
use the familiar approximation of a measurable function by linear combinations 
of characteristic functions) whenever g(w) is measurable and integrable, so that 


*Cf., for example, M. H. Stone, Linear Transformations in Hilbert Space, American 
Mathematical Society Colloquium Publications, vol. 15, 1982, Chapter I, §5. 

° Convergence in measure is discussed by E. W. Hobson, Theory of Functions of a Real 
Variable, vol. 2, 2d edition, pp. 240 245. The convergence in measure here follows at once 


from the convergence in the mean (Riesz-Fischer theorem) 
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each a,(¢) is a measurable function of ¢t. The (¢, w)-function a,(t)g,(@) is thus 
the product of a measurable function of ¢ and a measurable function of w and 
is therefore a measurable function of (¢, w). The partial sums 


I| 
— 
s 
no 
\ 
— 


> an(t)gn(w) (N 


are then measurable functions of (¢, w). If S is a measurable ¢-set of finite 
measure, it follows readily" that the partial sums converge in measure on 
S X Q and therefore that some subsequence of partial sums converges almost 
everywhere on S X &. Since S was an arbitrary measurable ¢-set of finite 
measure, and since 7 is the sum of denumerably many such sets, a familiar 
application of the diagonal procedure provides a subsequence of partial sums 
converging almost everywhere on 7 X Q to some measurable function of 
(t, w), fi(t, w). There is a ¢-set S, of measure 0 such that if ¢ e’ S,; , this subse- 
quence of partial sums converges almost everywhere on © to fi(t, w). Then if 
te’ So+ Si, fill, w) = f(t, w) almost everywhere on 2. We can obtain the 
function fo(t, w) of the theorem by changing fi(t, w), for t « So + S,, to be equal 
to f(t, w). 

We shall need the following lemma. 

LemMMA 1. Let t-space be the space of real numbers, and let t-measure be Lebesque 
measure. Let &(t) be a function defined for almost all t, and taking on values in a 
metric space. Then if (t) is approximately continuous for almost all t,” 

(i) &(t) ts measurable; 

(ii) if G is any finite t-interval, there is a measurable subset P of G of measure 
arbitrarily near that of G at the points of which ®(t) is continuous relative to P; 

(iii) there is a t-set So of measure 0 such that the values of (1) for t & So form 
a separable -set. 

Conversely, if (i) and (iii) are true, &(t) is approximately continuous for almost 
all t. 

Suppose that #(¢) is approximately continuous for almost all ¢. Then it 
has been shown by Stepanoff” and Kamke™ that (¢) is measurable. To 
prove (ii) that Lusin’s theorem holds-—let G be any open tinterval, and let 
N be a positive integer. If &(¢) is approximately continuous at &, there is 
an open interval I(t) such that ft ¢€ 7(é) and for any subinterval J of J(t) con- 
taining &, there is a measurable ¢-set E(t) G I(t) which satisfies mJ -E(to) 
> (1 — 2-%)'mJ and on which the oscillation of @(f) is at most N~'. According 


"Cf. J. L. Doob, Transactions of the American Mathematical Society, vol. 42(1937), 
pp. 114-115. 

2 We take this to mean that for almost all values of ¢, @(¢ + A) -> (1) when h — 0 on 
some set (depending on ¢) having metric density lL at h = 0 

® Recueil Mathématique de Moseou, vol. 31(1924), pp. 487-489. 

™ Fundamenta Mathematicae, vol. 10(1927), pp. 431-483. These proofs assume that 
#(t) is a numerically-valued real function, but are applicable to the present case. 
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ve es 15 : . . N ! 
to Vitali’s theorem,” there is a finite number of such intervals I:I] , IZ , 
° . CN N) 
corresponding to points t;"’, t2"’, --- , so that 
> - in —N i 
mI} -E(t;*’) = (1 — 2-*)* ml}, 
where the intervals J] , 77 , --- are disjunct and 


> mI* = (1 — 2-)' mG. 


2 


Then il 
>, Be)-1, 
it follows that 


mE, = > mE(t\*).-7° = (1 — 2-*)! Zz mI* = (1 — 2-*)mG 
i i 7 


’ ? 


. ° ° ° . ° e —§ 
and the oscillation of (t) at each point of Ey , relative to Ey, is at most N™~. 
Let oy be the common part of the sets By , Ewa _ oe 


EX =JIR,. 


mE” = mG — mG-CE* = mG —m (4X ck.) > (1 —2°°*")mG 
N 


and 4(t) has oscillation 0 relative to BE”, at every point of BE”; i.e., (0) is con- 
‘ relative to BE”, and BE” has measure arbitrarily close to mG, since 

as was to be proved. ‘To prove (iii) let P, be a measurable 

n, Of measure at least 2n n', such that (2) is continuous 

everywhere on FP, relative to P,. Then if, &, --- is a sequence of values 
neluding for every value of n a subsequence lying in P?, and dense on P, , 

he values |@(f,)! form a &-set everywhere dense on the values of (1) assumed 


A t 
1 > I’, and (ii) ix true with Sy the complement of > Pa. 
i 


le 


y, suppose that G) and (iii) are true. Then a slight modification 
' 7 
fact that @() ix not numerically-valued) of L. W. Cohen’s proof 
theorem shows that (i) is true, and this implies that (4) is almost 


, : 
ywhere approximately continuous, if we use Lebesgue’s theorem on metric 


following theorem, we develop Theorem | further, considering only 
are characteristic funetions of point sets, to simplify 


Shea Oh, wa), and let Ay, be the croas-nection of A att ty 


ke Theury of) the Integral, New York, WAT, pp. 109 it) 
preliz © will We used to denote the operation of taking complements 


aenit Aathematicne, vol WNYG27) pp 122 124 
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Suppose that A, is a measurable w-set for almost all t. Let ®“(t) be the function 
of t taking on values in the metric space ‘F* defined above, for which ©“ (to) is the 
point of ‘F* corresponding to A,,-M, where, throughout this theorem, M is a measur- 
able w-set of finite measure if u(Q) = ~, and otherwise M = Q. The following 
statements are equivalent. 

(i) For each M, ®™(t) is a measurable function of t, and there is a t-set Sp (inde- 
pendent of M) of measure 0, such that the sets A;-M, t €° So, form a separable 
collection. 

(ii) A can be changed into a measurable (t, w)-set by changing A; for each t by an 
w-set of measure 0. 

(iii) w(A;y-A) ts a measurable function of t, for every measurable wset A, and 
there is a t-set So , as in (i). 

(iv) If t-space is the space of real numbers, and if t-measure is Lebesque measure, 
except for a t-set So (independent of M) of measure 0, 


u(M- Aga: CA,) oo u(M-Ay- CA») = w((Az a Agar <- Ay- Agia) M) —_) 0, 


for each M, when h — 0 on a set (which may depend on t but not on M) having 


18 


metric density 1 ath = 0 

It will be sufficient to show the equivalence of (i) and (iii), of (ii) and (iii), 
and of (i) and (iv). We discuss only the case u(2) < & in which M = Q 
throughout the above statements. The general case follows readily, if we use 
the fact that, if u(2) = »©, we have supposed that Q is the sum of denumerably 


many measurable w-sets of finite measure. 

Proof that (i) = (ili). Suppose that (i) istrue. Let A? be the *-point corre- 
sponding to the w-set A,;. There is then a sequence of fvalues f, &. +--+ , 
t, & So, such that the points Af), AY, --- are dense on the ‘*-point set 
\AT},¢« So. Let » be a positive integer. Define #,(¢) as the function taking 
on values in <f* which for ¢ = 7 e So is equal to that rey with smallest ) which 
has distance sv» ‘from AT. The function &,(¢) is defined for almost all values 
of ¢, takes on at most denumerably many values, each on a measurable set 
(since b(t) "(t) is measurable by hypothesis), and is therefore measurable 
If te’ So, let AP be an w-set corresponding to &,(d). Then if A is a measurable 
wset, w(AP-A) takes on at most denumerably many values, each on a measurable 


® Statement (iv) was suggested to the author by a theorem in probability on the prop- 
erties of stochastic processes depending on a continuous parameter, which was stated wa 
letter from A, Kolmogoroff (the terminology used was developed by the present author im 
the ‘Transactions of the American Mathematical Society, vol, 4201987), pp. 107 laa): 4 
necessary and suflicient condition that there is a measurable stochastic process wilh @ given 


P* measure is that, if eis any positive number 


lion 2°*) we AY ri) 


ho 


for almost allt, when h + Qon a set (whick may depend on 0) Raving metric density Lai a = 0 
Kolmogorofl's theorem can be proved from the equivalence of (a) and Gv) of the present 


theorem 
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t-set, so u(A}-A) is a measurable function of t. When »v— «, u(A;-A) > w(Az-A), 
so u(A,-A) is also a measurable function of ¢, and (iii) is true. Conversely, sup- 
pose that (iii) is true, so that w(A,-A) is a measurable function of ¢ for every meas- 
urable w-set A, and that there is a ¢-set S) , as described in (i). To show that 
@(t) = °(t) is measurable, it suffices to show that the ¢-set corresponding 
(through #(t)) to any open ‘f*-set is measurable. Since (neglecting ¢-values 
in So) the values assumed by #(¢) form a separable set, it is sufficient to prove 
that the ¢-set corresponding to any ‘f*-sphere is measurable. This means, if 
p is the radius of the sphere, that it must be shown that, if A is a measurable 
w-set (corresponding to the center of the sphere), the ¢-set defined by the 
inequality 
u(A + A, — A-Ay) = w(Ay-CA) + w(A-CA,) < tan p 


is measurable. Now u(A,-A) is a measurable function of t, by hypothesis, and 
u(A-CA,) = w(A) — u(A,-A) is also a measurable function of ¢, so that w(A + A, 
— A-A,) isa measurable function of t. The inequality u(A + A, — A-A,) < tanp 
therefore defines a measurable ¢-set, as was to be proved. 

Proof that (ii) = (iii). This is essentially Theorem 1 for a function f(t, w) 
taking on only the values 1 and 0, except that we have allowed yu(Q) to be + ~. 
This extension presents no difficulty. 

Proof that (i) = (iv). We suppose now that ¢-space is the space of real 
numbers, and that t-measure is Lebesgue measure. Condition (iv) (if u(Q) < ) 
is simply the condition that #(t) be almost everywhere approximately continu- 
ous. If (i) is true, (t) is almost everywhere approximately continuous, accord- 
ing to Lemma 1, so (iv) is true. Conversely if (iv) is true, so that #(¢) is almost 
everywhere approximately continuous, (i) is true, also by Lemma 1. 

If w(A,-A) is continuous at & for A = CA,,, 

lim wlArin-CAe,) = wlAe,-CAr) = 0, 


h—-0 
and if w(A,-A) is continuous at & for A = Az, , 


lim ul As, -CAr,44) = lim [uC Ax) —_ u( Ar 4n° Ae) | = 0 


AO h--0 


if w(A,,) <*. This suggests an alternative statement of (iv) which will be 


useful in the applications: 

(iv’) Lf t-space ws the space of real numbers and if t-measure is Lebesque measure, 
ulA,-M), for each M, is an approximately continuous function of t, except possibly 
for a t-set of measure 0, independent of M. 

It is clear that (iv) and (iv’) are equivalent if w(Q2) < «. The proof for 
p(it) * is then readily obtained if we use the fact that in this case @ is the 
sum of denumerably many sets of finite measure. 

Lemma 2. Let t-«pace be the space of real numbers, and let t-measure be Lebesque 
measure. Let f(t, w) be a measurable function of (t, w) taking on values in a sepa- 
rable Hausdorff space, and defined for t A ty, and suppose that f(t, w) is measurable 
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in w for each fixed value of t. Suppose that there is a function fw) such that, 
whenever \t,} is a sequence converging to to, lim f(t,, w) = f(w) almost everywhere 


no 

on @. Then if \s,} is any denumerably infinite t-set having to as a limit point, 
lim f(t, w) = f(w) almost everywhere on Q, when t — ty on the set | sn}. 
t+ lo 

It is evidently sufficient to consider only the case u(Q) < + =. 

Since the f-space is supposed separable, there is a sequence of open f-sets: 
F,, Fe, --- , such that any open f-set is the sum of the F’;-sets contained in it. 
Consider the w-set A,,y , consisting of the points for which f(@@) « Fy, but for 


which f(s; , w) e’ Fy for some point s; satisfying the inequality 0 <_s;—t <n”: 


Aan = A ¥ { f(w) e Fx, f(s;, w) e’ Fy}. 


O<|sj—to|<i/n 
The set A,,y is measurable and does not increase when n increases. We shall 
show that 
lim u(An.~) = 0 (N = 1,2, - 


no 
Unless this is true, there is an integer N and a positive number » such that 
w(An.v) 2 0 (n = 1, 2, --- 
Let s\”’, ss", --- be the values of s, such that 0 < | s, —t% <n’. Then 


Anw = Dy (fw) e Fx, f(s}, w) e’ Fr}. 
- 
There is an integer v, so large that 
m (40. — > {flw) « Fr, f(s}", w) € Fs!) “~ae™: 
j=1 


Let a be the set 


> tflw) « Fv, f(s\"’, w) €’ Fr}. 
j=l 


2 
ry , , . ona 
rhen the set Ay = II A,» is of positive measure: 


© © © 
w(Ay) | 1 Anw — I] An 20 (Anw — Aw) | >» 
ne~l n=l nel 

Let th, t, --- be the sequence sj”, ---, sf?, sy? .-., 3)... Then t, > &, 
and if we Ay, fw) « Fy, but f(t;, w) & Fy for infinitely many values of j, so 
that, when j —» «©, f(t; , w) does not converge to fiw) on Ay. This contradicts 
the hypotheses, so the assumption w( Ay.) + 0 is false. Now for fixed w the 
statement 


lim f(t, w) Siw) (t € tat) 


tele 
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can be restated: if Fy is any Fj-set containing f(w), f(t, w) « Fy for sufficiently 

small values of t — t) (te |s,}). Thenif {ny} is any sequence of positive integers, 

the w-set where it is not true that lim f(t, w) = fw) (t € {s,}) is included in 
t—+to 


oe 


the set >> Any.w- If € > 0, since lim u(A,,y) = 0, we can choose an integer 


N=1 nx 


ny , for each value of N, so large that u(A,,.~) < <2”. Then 


hh an<s 


N=1 


so that the w-set of non-convergence has measure at most e, and therefore meas- 
ure 0, as was to be proved. 

THEOREM 3. Suppose that t-space is the space of real numbers and that t-measure 
is Lebesgue measure. Let f(t, w) be a measurable function of (t, w), taking on values 
in a separable Hausdorff space. Suppose that there is a t-set So of measure 0 
such that, whenever t, — t € So, f(tn ,w) — f(t, w) almost everywhere onQ. Then, 
neglecting an w-set of measure 0, f(t, w), for fixed w, is a continuous function of t 
relative to a t-set (depending on w) whose complement is of measure 0." 

Let F; , F2, --- be a sequence of open sets of f-space such that any open set 
of this space is the sum of the F,-sets contained in it. Define g(t, ) as follows: 
let w be fixed and suppose that k2-" < t < (k + 1)2-"; then gi(t, w) = 1 if 
f(t, w) « Fy for every rational value of ¢ in the interval (k — 1)2" < t < 
(k + 1)2-", and otherwise, ¢\(t, w) = 0. Evidently ¢*(t, w) is a measurable 
function of (t, w). Moreover, gj < g < --- , so that lim ¢* = ¢” exists 


n->2 
for all (t, w) and is (t, w)-measurable. By Lemma 2, if t’ & So, and if r— t’ 
(r rational), f(r, w) — f(t’, w) almost everywhere on Q, so that if f(t’, w) « Fw, 
f(r, w) « Fy for r sufficiently near t’ (neglecting an w-set of measure 0). Then 
if f(t', w) «Py, et’, w) = 1 for n sufficiently large: g(t’, ©) = 1 almost every- 
where on the set Ay where f(t’, w) «fy. In other words if f*(¢, w) is the char- 
acteristic function of Ay, ¢*(t, w) = f*(t, w) almost everywhere on Ay. Then 
neglecting an w-set A(F'y) of measure 0, if w is fixed, in Ay, ¢*(t, w) = f*(t, w) 
for almost all t:t & S(w, Fy). Now from the definition of ¢”, if e“(, #) = 1, 
¢g(t,w) = 1 fortneart’ (w fixed), so if w is fixed, not in A(F'y), and if t & S(, Fw), 
whenever f(t’, w) « Fy, f(t, w) « Fy for t near U. The theorem states that 
(neglecting an w-set A of measure 0) if ly & S(w), where S(w) is of measure 0, 
f(t, w) is continuous at t relative to the complement of S@). This can be 


( 
N 
2 


verified at once, if we set 


L % 


Slw) = >> Slw, Fv), A= DA(Fw). 


Nel Newl 


* This theorem can be interpreted to give an important result in the theory of stochastic 
processes depending on a continuous parameter. Cf. J. L. Doob, Transactions of the 
American Mathematical Society, vol. 42(1937), p. 118. 
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Families of set transformations 


Throughout the rest of this paper, f-space will be supposed to be the space 
of real numbers, ‘f, the field of Borel sets, and t-measure Lebesgue measure. 
The families of transformations to be discussed are of two types. 

I. In the first type we suppose that there is a given space 2 and a Borel 
field ‘F., of w-sets, as discussed above. We suppose that set transformations 
T,A are defined, satisfying the following conditions: 

(a) If A e F,, TA are defined for almost all values of ¢ and are sets of 
If 7,A and 7,(T,A) are defined, then T,,,A is also defined and is T,(T,A). 
(8) If Ay, Ae, --- is any sequence of sets of ‘f,, , and if 7',A, is defined for all n, 


then 7, (= A.) and 7, (II An) are defined, and 
1 1 
T, (> An) = TAs, r(H An) = |] 7... 
1 1 1 1 


¥ 


If there is a point transformation which induces the set transformation 7, , 
the first half of (8) is automatically satisfied. 

The second type of family to be considered is probably more important. 

II. In the second type we suppose not only the space @ and field ‘f, , but a 
measure y(A), as discussed above, giving rise to a field of w-measurable sets. 
Let A be any measurable w-set. Then we suppose that 7,\ is defined for almost 
all ¢ and is a measurable w-set, and that if u(A) = 0, then «(7,A) = 0. We no 
longer suppose 7’, to be uniquely defined, but only up to an w-set of measure 0. 
We suppose that if 7',A, is defined, and if A, differs from A, by at most an w-set 
of measure 0, then 7A, is also defined and is 7A, , aside from the ambiguity 
just mentioned. Hypotheses (a) and (8) are made as in I, with the obvious 
changes forced by the multiple-valued nature of the transformations. 

It follows from (a) and (8) that if 2 is any strictly separable subfield of ‘F, , 
there is a t-set Sp of Lebesgue measure 0 such that 7’,A is defined for A in {F; 
and ¢ not in So. In Case II this conclusion also holds with ‘FJ any separable 
collection of measurable w-sets. 

Before going into a discussion of families of transformations, we shall give 
several examples. 

(a) Let the space Q be the perimeter of a cirele, and let ‘+, be the field of all 
point sets on this perimeter. We define 7, as the rotation through ¢ radians. 
The example comes under Case I. The field ‘f,, is not strictly separable. 

(b) Let the space @ be the (x, y)-plane and let ‘, be the field of Borel planar 
sets. We define 7, as the translation x’ = x + ¢. Let f(r, y) be a non-negative 
Baire function, and define u(A), if A is a Borel planar set, by 


| | se y) dx dy. 
J Ja 


Then the family comes under Case IL, if f(7, y) never vanishes. 
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(c) Let the space @ be a subset of the perimeter of a circle of radius (27), 
of exterior Lebesgue measure 1. Let ,, be the field of intersections of 2 with 
the Borel sets of the perimeter. If E is a Borel set of the perimeter, the w- 
measure of £.Q is defined as the Borel measure of F. It can be shown that 
this defines w-measure uniquely.” Let 7, be the set transformation taking the 
intersection E-© of the Borel set E of the perimeter with Q into £,-2, where 
E, is E rotated through ¢ radians. Evidently if 7; is generated by a point 
transformation, the point transformation must be a rotation through ¢ radians, 
and this presupposes that © is invariant under such a rotation, a supposition 
not necessarily fulfilled. 

(d) Let the space 2 be the space of all real-valued functions x(t), — «x < t 
< +x. Let F(d) be any monotone non-decreasing function satisfying the 
following conditions: 

lim F(A) = 0, lm FQ) =1, lim FA +) = F(A), 

\—-—o A +0 «0 
and suppose that F(A) takes on at least one value not 0 or 1. Consider the w-set 
defined by the conditions 


a(t;) SX; (j = 1, ---,n), 

where n is any natural number, 4, , --- , ¢, any n distinct values of t, A, , --- , An 
n 

any n real numbers. To this set is assigned the measure II F(A;). If F, is 
1 


the Borel field determined by all such sets, w-measure is completely determined.” 
In the language of probability, the values of z(¢) at the different values of ¢ 
are independent of each other. The transformation 7’, is the transformation 
taking w:2(t) into T,w:r(t + 7). The measurable w-sets do not form a separable 
collection. For if \» is so chosen that 0 < F(X\9) < 1, the condition x(t) S Xo 
defines a measurable w-set A, = 7'_,A9 , and the ‘f*-distance between any two of 
these sets A,,, A, is 
d = are tan {2F(do)[1 — F(ro)]} > 0, 


independent oft, tb. 

Let T * @ and (t, w)-measure be defined as in the introduction. Suppose 
that a family of set transformations 7, is given, as defined above in Case I. 
Let A be a set of ‘f, and consider a (t, w)-set A which meets ¢ = to in T,,A, if 
T,,A is defined, and is otherwise arbitrary. If A is a measurable (t, w)-set for 
every \ in ‘F,, the family of transformations will be called measurable.~ In 


°Cf. J. L. Doob, Transactions of the American Mathematical Society, vol. 42(1937), 
pp. 109-110. 

1 A. Kolmogoroff, Grundbegriffe der Wahrscheinlichkeitsrechnung, Ergebnisse der Mathe- 
matik, vol. 2, No. 3, pp. 24-30. 

2 This definition generalizes one given by von Neumann, Annals of Mathematics, 
vol. 33(1932), p. 589, who discusses families of measure-preserving point transformations. 
It should be noted that the definition depends on the particular w-measure defined. If A 
is a wet of 5h, X {h,, for each A in Sh, however, the family of transformations will be measur- 


able whatever the definition of w-measure 
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Case II we have allowed the definition of 7, to be ambiguous. In defining 
measurability we shall require that one possible (¢, w)-set A corresponding to 
the given set A be a measurable (¢, w)-set, if A is any w-measurable set. 

It is easily shown that, if a family of set transformations is being considered, 
under Case I, and if the set transformations are generated by point transforma- 
tions (which we shall denote by 7 w), the family of transformations is measurable 
if and only if, whenever f(w) is a real-valued function of w measurable with 
respect to the field ‘f,, , f(7'w) is a (¢, w)-measurable function. 

TueoreM 4. Let |7,} be a measurable family of set transformations, Case I 
or II. In the following, M will always be a measurable w-set of finite measure, 
and M = Q in (i), (iii), (iv), # u(Q) < +. 

(i) If A e J, , there is a t-set So(A) (independent of M), of measure 0, such that 
the sets {T.A-M}, t € So(A), form a separable collection. 

(ii) If A eS, u(T'A-M) is a measurable function of t, for every M. 

(iii) If A e F, and if i (t) is the function, taking on values in the metric space 
S*, for which &¥ (to) corresponds to T,,A-M, i (t) is a measurable function of t, 
for every M. 

(iv) If A ¢ F,, there is a t-set So(A) independent of M, of measure 0, such that, 
if te’ So(A), u(M-7'4,A-CT.A) — 0 when h — 0 on a set (which may depend ont 
and A but not on M) having metric density 1 ath = 0. 

Conversely, if a family of ‘set transformations under Case I satisfies (i) and 
(ii), or (i) and (iil), or (iv), the family is measurable. 

If A, is a measurable w-set, there is a set As in ‘t,, differing from A, by at most 
an w-set of measure 0, so that, in Case II, 7,;A, = 7A, , and A can be taken as 
any w-measurable set in the statements of Theorem 4. In (ii), the measurability 
of u(7,A-M), for u(M) < , evidently implies the measurability of u(7.A-M) 
for an arbitrary measurable w-set M. 

The family of set transformations is measurable if and only if to each w-set A 
in ‘fF, corresponds a measurable (¢, w)-set A meeting ¢ = f in 7A, if T,,A is 
defined. Theorem 2 is then easily applied to obtain the stated results. Of 
the above examples, (d) is an example of a non-measurable family. In fact 
the collection of sets {| 7'A9} discussed under (d), or any non-denumerable sub- 
collection, was proved non-separable, and this contradicts (i). The other two 
examples in which an w-measure was defined, (b) and (c), are examples of 
measurable families. 

As in Theorem 2, there is an alternative statement to (iv) (in which M is to 
vary even if u(Q) < +). 

(iv’) If A eh, w(T)A-M) is approximately continuous for almost all t. The 
exceptional t-set is independent of M, but may depend on A. 

Turorem 5. If {7 :} is a measurable family of set transformations under 
Case 11, then cach T, is defined on every measurable w-set. 

Let A be a measurable w-set. We shall show that 7A ts defined for all values 
of ¢. According to Theorem 4, there is a éset So, of measure 0, such that, if 


8 Throughout this paper, 7;A-M will denote the set (7;A)-M. 
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t « So, T.A is defined, and the collection 5(M) of sets {T,A-M}, t & So, is a 

separable collection whenever M is a measurable w-set of finite measure. It 

was seen above that there is then a t-set S,(M), of measure 0, such that T, 

(t «’ S,) is defined on every set of 9(M). Now let M,, M2, --- be a sequence 
oe 

of measurable w-sets of finite measure whose sum is Q, let S; = } 2 S,(M,), and 
1 

let t& be any value of t. Then there is a number 7 such that & — 7 e’ So and 

that re’ S,. If + is so chosen, 7T,,_,A is defined, T,,_,A-M, is a set of O(M,), 

and 7,(7T,,,A-M,) is defined. According to property (8) of the set trans- 

formations we are considering, 


a (= Ty-\-Ms) = T,(T,-,A) 
1 


is then defined, and 7,,A is also defined: T,,A = 7T,(T,,-,A), by property (a). 

Tueorem 6. If the family of set transformations |T,| under Case II is measur- 
able, there is a non-negative (t, w)-measurable function g(t, w) (which may take 
on the value + «) such that if A is a measurable w-set, 


p(T,A) = [et w) dw 
A 


for almost allt. If the measurable w-sets form a separable collection, the exceptional 
t-set can be taken independent of A. 

Let A be any measurable (t, w)-set, meeting ¢ = t in the w-set Ay. Then 
A, is wmeasurable for almost all t, so that (according to Theorem 5) u(T',A,) 
is defined for almost all t. If A is a product set J X A, where J is a ¢-interval 
and A is a measurable w-set, or if A is a finite sum of such product sets, u(7'A,) 
is evidently a measurable function of t. The function (7A, is then measur- 
able for all (t, w)-sets of the field F, & °F, , and therefore for all (¢, #)-measurable 
sets, since 7, takes w-sets of measure 0 into w-sets of measure 0. We define a 
new measure on the field of measurable (¢, w)-sets: if A is in this field, the new 


measure of A is defined as / u(T,A,) dt. This measure vanishes if A is of (t, w)- 
measure 0, since then u(7T,A,) = uwlA,) = 0 for almost all t. Then by the 
tadon-Nikodym theorem,” there is a measurable (t, w)-function g(t, w) such that 


/ p(T Ay) dt = | [etsy ati 
tw \ 


Let A be any measurable w-set and let S, be the -set defined by the inequality 
ul(T A) on. Then if J is any tinterval, and if A is the direct product S,-/ X A, 


/ ull’, A) dt [ af g(t, w) dw 
nl ino A 


“8. Sake, Theory of the Integral, New York, 1937, p. 36. Saks proves the theorem for 
finite-valued set functions, but the extension to the present case can be made without 


difhieulty 
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so that 


u(T,A) = [et w) dw 


almost everywhere on S,. Letting n become infinite, we find that the repre- 
sentation of u(7’,A) is valid for almost all tin >> S,. If u(T,A) = +2 ona 
1 


set S,, of positive measure, we find similarly that 
u(T, A) = [et w)dw = + 
A 


almost everywhere on S,. If a denumerable collection of w-sets is preassigned, 
the exceptional f-set can be taken independent of A in this collection, since a 
denumerable sum of sets of measure 0 has measure 0. It follows at once that 
if the measurable w-sets form a separable collection, the exceptional f-set can 
be taken independent of A. 

Theorem 6, under the hypothesis that the measurable w-sets form a separable 
collection, can also be derived if we use Theorem 1 and the fact (which follows 
at once by applying the Radon-Nikodym theorem to the set function u(7A)) 
that for each value of ¢ there is an w-measurable function go(¢, w) such that 


u(T,A) = [ out w) dw 
A 


for all measurable w-sets A. 

LemMa 3. If E is any measurable t-set of positive finite measure, and if \5,! 
is a sequence of numbers converging to 0, there is a subset E’ of E, of measure 
arbitrarily near that of E, and a subsequence {5_,} of {5,} such that, if t « E’, 
t+ 6.,¢€H(n = 1,2,---). 

By a theorem of Auerbach,” if ¥(é) is the characteristic function of EF, there 
is a subsequence {6,,} of {5,} such that y(t + 6,,) — ¥(d) almost everywhere. 
According to Egoroff’s theorem, there is a subset 2’ of E of measure arbitrarily 
near that of F and such that Y(t + 44.) converges uniformly to ¥(¢) for t « EB’. 
Then there is an integer N such that ¥(¢ + 4,,) > 4 (so that ¥(¢ + 6.) = 1) 
forte KE’, ifn > N. The sequence {5,,} can be taken as {d,,.,!. 

Tuvorem 7. Let {T,| be a family of set transformations under Case U. Then 
u(T.A-M) is a continuous function of t (whenever A, M are measurable w-sets 
and u(M) ts finite) if and only if (a) the family is measurable and (b) u( TA-M) ts 
uniformly small (in t for cach fired M) with w(A-M) for t in every finite t-interval. 

It is sufficient above if the family is measurable and if there ts a measurable 
t-set EK of positive measure such that whenever w(M) < %, w(T)A-M) ts uniformly 
small (in t for cach fired M) with w(A-M) for tin BE. 

The continuity of «(7)A.M), for measure preserving transformations, follows 


readily from a theorem of von Neumann on one-parameter families of unitary 
. . . 6 . . — . 
transformations in’ Hilbert space. In proving that the given condition is 


*® Fundamenta Mathematicae, vol. 11(1923), pp. 196-197 


* Annals of Mathematics, vol. 88(1982), pp. 568 569 
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sufficient, if u(2) < «x, we can replace the condition that u(7.A-M) be small 
with uw(A-M) for each M by the condition that u(7T,A) be small with y(A) (uni- 
formly in the ¢t-set £). 

If the family is measurable, and if there is a t-set FE as described, let A, M 
be measurable w-sets with u(M) < ~, and let #\'(t) be the F*-point correspond- 
ing to T,A-M for each value of t. Then it will be sufficient to show that #1 (0) 
is a continuous function of ¢. We shall do this for a fixed pair: A = A’, M = M’.” 
It follows from Lemma 1 and Theorem 4 that every \'(t) is approximately 
continuous for almost all ¢. Let M; = M’, Me, --- be a sequence of measurable 
w-sets of finite measure whose sum is 2. According to Theorem 4(i) there is a 
t-set S, of measure 0 such that the sets |7,A’-M,}, ¢ & S,, form a separable 


collection >, . Let 
a an 
ae & S = > 5,, 
I I 
and let Ay, Ag, --- be a sequence of measurable w-sets everywhere dense (in 


terms of S*-topology) on >. Let J be a t-interval such that m(E-1) > 0. Ae- 


cording to Lemma 1(ii) (Lusin’s theorem), there is a measurable subset E jx 
of E-], of measure at least 
j~-a—I ’ 
(1 — 27°” |m(E-]), 


' 


such that #.*(t) is continuous on Ex , 


h relative to Ey. WU F is defined as 
CS I] E,, mF = 4m(E-1) and vy *(t) is continuous on F, relative to F, 


for all j, k&. If A is @ set in ©, there is a subsequence of sets {Ag,} such that 
a on M M « 
\.. -* A in the sense of J*-topology. Then &,.(t) —> 4 “(t) uniformly on E£, 
e re - M ‘ ° 
according to the hypotheses of Theorem 7, so that 4 *(t) is continuous on F, 
, , . M ° ° ’ 
relative to F The same reasoning shows that &, “(t) is continuous on F, rela- 


whenever A is a finite or denumerably infinite sum of sets in ©~ for 


tive to f 

example, if A T,A’,te S We shall now show that if & is any real number, 

407 (t) is continuous at & To show this, it will be sufficient to show that, 
whenever \é.j is a sequence of numbers converging to 0, there is a subsequence 
é,.; for whieh 4) (ty + 4.) — #24). By Lemma 3, if {6,) isa sequence of 


converging to 0, there is a subsequence [6,,{ and a subset F” of F, of 


positive measure, such that, fle FP’, t + da, 6 F (n 1,2, ---). Now let + 
be a number in F’ such that & re Sy, and let A” be the set 7,4" Then 
ae ened) DE (by + bn) = Whe + 64.) 

But 7, 7 + 4e,,7 + be, are allin J’, so (remembering that M’ M,) 
WE by + ba) = Veet +A ba) 9 Welt) = ON (ty), 
to be proved 
f yft the w MW’ need be considered, and the proof ean be con 
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Conversely, if u(7,A-M) is continuous whenever u(M) < <=, the family of 
set transformations is measurable, by Theorem 4(iv’). Let M be a fixed measur- 
able w-set of finite measure. Then for each value of ¢, u(7.A-M) is a finite- 
valued absolutely continuous function of sets A, and therefore approaches 0 
with w(A). Unless u(7,A-M) is uniformly small with u(A-M) for ¢ in every 
finite interval, there is a finite interval J, a sequence {t,} of values of ¢ in J, 
a sequence of measurable w-sets A; , A: , --- , and a positive number e such that 


u(A,) — 0, u(T,,An-M) 2 «, (n = 1, 2,---). 


We can suppose subsequences have been chosen, if necessary, so that the 

sequence {t,} converges: ¢, — t, and that the numbers {u(7,,A,-M)} which 
. -1 

we have already shown converge to 0 with n form a convergent sum: 


oc 


D u(Tr,An-M) < &. 


1 


Then if AY = > A., 
N 


€ S u(T:, A.-M) S u(T;,A*-M) (n = N), 


so that, letting n become infinite, and using the continuity of u(T,A-M), we get 


x 
eS u(T,,A*-M) S Do w(Ti,An-M). 
N 
This inequality is impossible for large values of NV, since the sum on the right 
converges to 0 with N“'. Therefore u(7,A-M) is uniformly small with «(A-M), 
te 7, as was to be proved. 

In Example (a) above, we did not define an wmeasure. If we choose some 
finite set of points on the perimeter of the circle and define the measure of an 
w-set_ as the number of these points in it, w(7)A-M) is not a continuous function 
of ¢, if A, M are suitably chosen. In Example (b), Theorem 7 may or may not 
be applicable, depending on the choice of f(a, y). In Example (¢) Theorem 7 
is applicable. We have already seen that the family {7,! of Example (d) is 
not measurable. 

Turorem 8. Let {T,} be @ measurable family of set transformations (under 
Case | or IL), and suppose that there is a denumerable collection > of measurable 
w-sets such that if S, is the collection of sets which are finite or denumerably infinite 
sums of sets of S, cach set of S, ts taken by T, into a set of S, for almost all vals 
oft. Then p(T AM) ts a lower semi-continuous function of tu Med, , 
isa measurable w-set of finite measure 

Let M be any w-measurable set of finite measure. Applying Lusin’s theorem, 
we see that there is a measurable Gset oof positive measure such that ac 0)A-M) 
is continuous on Ff relative to Fy for A in > or a finite sum of sets in Now 


let Abe a set ind, : 
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Then 


u(T,A-M) = lim “(2 TiAwM), 


N--x 1 


The limit is that of a monotone non-decreasing sequence of functions continuous 
on F, relative to F. Then u(T,A-M) is lower semi-continuous on F, relative 
to F. A modification of the reasoning used in the proof of Theorem 7 now 
completes the proof of the present theorem. 

Probably the most important application of Theorem 8 is the following. 
Let 2 be a separable topological space, and suppose that open sets are measur- 
able. If the set transformations take open sets into open sets, the hypotheses 
of Theorem 8 are satisfied, and u(7,A-M) will be lower semi-continuous for A 
open and M measurable and of finite measure. 

Tureorem 9. Let {7,} be a measurable family of set transformations under 
Case I, generated by point transformations. Suppose that Q is a separable topologi- 
cal Hausdorff space and that ‘,, is the Borel field determined by the open sets of Q. 
Suppose that there is a t-set So of measure 0 such that, whenever t, — t é& So, 
T,.@ — Tw almost everywhere on 2. Then, if we neglect an w-set of measure 0, 
each trajectory |T mw} (—* <t < &) is continuous relative to a t-set (depending 
on w) whose complement is of measure 0. 

The function 7 of (t, w) is a function taking on values in the separable 
Hausdorff space 2. Let A be an open set of Q, and let gw) be the characteristic 
function of A. Then g(w) is measurable with respect to the field ‘f, so ¢(T'w) 
is (t, w)-measurable, i.e., the (t, w)-set for which Tw € A is measurable. The 
function 7T'w is thus (¢, w)-measurable. The function Tw = f(t, w) satisfies 
the hypotheses of Theorem 3, and the conclusion of that theorem becomes the 
conclusion of Theorem 9. 

Let 2, Q be two abstract spaces, with w, w’ measures as described above. 
Let {7,}, {77} be families of set transformations, under Case II, applied to 
the measurable sets of @, Q’, respectively. Then these two families will be 
called equivalent if there is a transformation A’ = TA of the measurable w-sets 
A into the measurable w’-sets A’ with the following four properties. 

(i) The transformation T, defined on every measurable w-set, is multiple- 
valued: two measurable w’-sets are images of the same w-set if and only if they 
differ by at most an w’-set of measure 0. The range of T includes every measur- 
able w’-set. 

(ii) pu’ (XA) _ pA). 

These two conditions imply that T induces a one-to-one continuous corre- 
spondence between the topological spaces ‘F*, F/*. 
(iii) If Ay, Ag, --+ is any sequence of measurable w-sets, 


(> s,) > TA;, t I A; = IT TA). 
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(iv) If 7,A and 7;ZA are defined, then T7,A = T;TA. Evidently if two 
families of set transformations are equivalent, either neither is measurable or 
both are. The equivalence relation is reflexive, symmetric, and transitive. 

THEOREM 10. Let {7} be a family of set transformations under Case II. 
There is then an equivalent family of set transformations |T;} operating on sets 
of a space 2’, with the following properties: there is a uniquely defined point trans- 
formation Tw! defined on , for which Tw = T.(Tw ) identically in s, t, w’, 
and such that if A’ is a measurable w'-set, T/A’ is one of the images of A’ under T;. 

Less precisely, the theorem states that the given family is equivalent to a 
family generated by point transformations. With different hypotheses, von 
Neumann has proved” that a given set transformation of a certain type can 
always be considered as generated by a point transformation. It has been seen 
above that this is not true of the set transformations being considered here. 

Let 2’ be the space of single-valued functions £(¢), defined for — x <t < ~ 
and taking on values in @. A point w’ will then be a funetion é(¢). Let n 


be any positive integer, let t,, --- , t, be any n distinct values of ¢, and let 
Ay, ---, A, be any n sets in ,. We shall call the w’-set™” {£(t;) « A; (j = 
1, --- , m)} an elementary w’-set. Let T’A’ be the (multiple-valued) set trans- 
formation, defined for A’ any elementary w’-set and taking {£(¢;) « A; (gj = 1, 


-, n)} into every w-set Il T.,,A;. If 
1 


(e(teA; (G=1,---,m)} = fee AS (GF = 1,---, mod}, 

the condition on £(t) for a t-value 7 not present in both t,, --- . te... °°. 0, 
is simply &(r) € @, while if r = t; = , Ai; = Aire. Then T’A’ depends only 
on A’, not on the particular ¢-values used in defining A’. Two different images 
of A’ differ by at most an w-set of measure 0. We shall extend the domain of 
definition of T’, keeping the property that two images under T’ of a set A’ 
can differ by at most an w-set of measure 0. 

Suppose that an elementary set can be expressed as a finite sum of elementary 
sets” 

, 


(A) feteA; (G=1,---,n)} = p> (e(t;) AS (j= 1,---,n)}. 
= 
Then we shall show that the transformation T’ is additive: 


(B) IT T.,4;= 2 [I T-,Aj. 


k=1 j=1 


*8 Annals of Mathematics, vol. 33(1932), p. 582 
2° The notation {---} will be used to denote the set determined by the conditions written 


between the braces. 

*° Since only a finite number of sets is involved, we can suppose that the same ¢-values, 
fi, -*+,¢,, are involved in the definitions of all the sets, supposing that some A; or a‘ sets 
are Q, if necessary. 
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(Throughout this section we shall neglect w-sets of measure 0.) If n = 1, 
(A) implies (B) because of the additivity of 7,. The proof for n = 2 is char- 
acteristic of the proof for n > 1, and only the case n = 2 will be considered. 
By operations on the Aj not affecting the validity of (A), and which do not lead 
to changes in Z. II T1,A;, we can bring it about that two Aj-sets are either 
k=1 j=l 
disjunct or identical. In the latter case we can combine two terms of the 
right side of (A), again without changing the right side of (B), so that finally 
the Aj-sets are all disjunct (and we can suppose that none are empty). But 
then (A) implies that 


, 


> Ai =A, AS = As, (k= 1,---,»). 


k=1 


Equation (B) follows from these facts; for 


” 2 . 2 
I] 7-.,45 = T-1,As > T4,Ai = I] T 4, Aj. 


k=] j=1 


It follows at once from this result that if 


m 


l 
(C) Dd {E(t;) Aj (j= l,-++,m)} = >» {E(t;) «eM; (j= 1,---,n)}, 
k=1 


k=1 


then 


l n m n 
(D) DY 7,4) = 2 I 74,Mi, 
k=1 j=l ke j=l 
if we neglect sets of measure 0. Then if anw’-sct A’ is a finite sum of elementary 
sets (say if A’ is the left side of (C)), we can define TA’ (as the left side of (D)) 
and thus obtain an unambiguous definition of TA’, aside from w-sets of measure 0. 
The complement of an elementary set is a finite sum of elementary sets. The 
collection of finite sums of elementary sets then forms a field, and the trans- 

formation &’ has been defined on this field and is additive on it. 
Now let A’ be an elementary w’-set which is a sum of denumerably many 


¥ 


elementary w’-sets: A’ = :. A,. Then A’ — pk Al = MZ is itself a sum of a 
1 1 
finite number of elementary sets, so that 
* ‘ , , 
, , , 
ta’ = )) TA, + I'M. 


1 
We shall show T’A’ 7 ra. by showing that lim u(Z'M ’) 0. The sequence 
1 ne 


M;, --- is monotone non-increasing, and Il mM. 0. Let 4, b, --- be 
1 


iy 
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the ¢-values involved in defining the elementary sets of Mj, Ma, --- and let 
M, be the set 


my 


Dd ((t) « M5») (7 = 1}, 


k=1 


where Mj(v) = @ for large j, j > j(v, k). By definition, 


T'M, = T 4; M;j(v). 
k=1 j=1 
The sets T’M;, Z’M;, --- form a monotone non-increasing sequence (if we 


neglect w’-sets of measure 0); let M be their intersection. Then, neglecting 
w-sets of measure 0, we have 


ye I] 7..,Mj@) DM (» = 1,2,---), 


k=1 j=1 


and we must show that u4(M) = 0. Define M‘(v) by: 


M'(») = TT 7, M;0), 
- 


so that we have 


my 


2M‘) > M (v = 1), 


M‘(v) Cc T_1,Mj(), T,,M*(v) Cc M;(»), (j, k, v = 1), 


neglecting w-sets of measure 0. Then 


¥ (et) TM’) G = DIEM 0, 
k 


=1 
>> M‘(v) DM (vy = 1), 
k=l 


and we shall derive a contradiction from these two relations, under the hypoth- 
esis that u(M) > 0. Suppose first that Q is the z-interval 0 S x S 1 and 
that the M‘(v)-sets are Borel sets. Then u-measure on these sets, and on the 
field they determine, is a measure of Borel sets, so there is a closed bounded 
subset M}(v) of 7',,M*(v) with MJ(v) = Q, if M‘(v) = Q, such that u(7_.,Mj(»)) 


is so close to u(M‘(v)) that, if we set M‘(v) = Il T_.,Mj(»), 
j=l 


u(M — M >. M‘(»)) Ss of > (m‘(v) — i) | <p(M)3~” ( = 2). 
kml k= 


We have 


7T,, M‘(v) & Mie) & Tr, M*(v) (Gjikyv 20). 
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Define M,, © M,, by 


M, = IT 2D te) MO) (7 2D). 
Then 
MOI] Dd tet e MO) G =D} = > (e(t;) « T,,M‘(q) (7 = 1}, 
v=1 k=l i=1 
where M'(q) (q fixed) runs through all products M'"(1)-M'(2) --. M‘#(q) 


“(= 5) ) = (II > w()) > a(M)(1 — 3° — 37° — --- — 3) 
l=1 j=1 k=1 


> $u(M), 


(1 < i; S m,). Denote the set on the right by M,. For each q, 


so that some M‘(q) and therefore some T..M'(q) is of positive measure. Then 
M, is not empty for any g, and Mj D M; D --- +0. Let w,1£,(t) be a point 
of M,. Then by the usual diagonal procedure, there is an increasing sequence 
of integers a, , a2, --- such that lim &,(¢;) = &, exists for all 7. Any point 


n-*s 


w:(t) with &(t;) = &; (7 2 1) isin Mi. for every n, since all the mM; are closed, 
and this contradicts the fact that [] Mi = 0. This proves the result desired 
1 


We reduce the general case to this as follows. There is a collection of w-sets 
|M,{, defined for r rational, 0 < r < 1, and satisfying the following conditions. 
1. Each M, is in the field of sets determined by the M‘(v), and conversely. 

2. Ifin <n, M,, S Mn- 


in the special case being considered: Q the interval 0 S z < 1, M‘(v) Borel. 


3. If r; — re from above, r, , 7 rational, IT M,, = M,; 
n 1 
IIM-=0, >M,= Dd Mi). 
r>0 r<l jhe 


To each point » we make correspond the real number z, 0 S x < 1, satisfying 


z = G.L.B. r. 


we'M,y 
Then every z-value corresponds to a certain w-set, perhaps the null set. The 
interval 0 < g¢ < r corresponds to M,, if r is rational, so that a measure is 
determined on the Borel sets of 0 < 2 < 1 by taking as the measure of a Borel 
set the w-measure of the corresponding w-set, which is necessarily in the Borel 
field of sets determined by the M‘(v). The general case is thus reduced to the 


case just proved. 
We have now shown that (if all the sets involved are elementary sets) A’ 


' Transactions of the American Mathematical Society, vol. 44(1938), p. 91. 





oT 


er \e 
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= > A. implies that T/A’ = > TAs. It follows at once from this that if an 
1 1 


w’-set can be expressed in two ways as a finite or denumerably infinite sum of 
elementary sets: 


oe 
, , 
DA. = Ms, 
1 
then 
eo) i <) 
ey / , 
> ta, = DD TM,, 
1 1 
so that if A’ is a set which can be expressed as a finite or denumerably infinite 
x 


, . 
sum of elementary sets, A’ = >. A‘, we can define T’A’ unambiguously (neglect- 
1 


7 

. . Fr. ~ 

ing sets of measure 0) as Zz TA,. We now define an w’-measure. In the 
I 


following we shall assume throughout that un(Q) < «x. The case p(Q) = x 
requires unessential modifications. Let A’ be any set in the field of finite sums 
of elementary w’-sets. Then we define u’(A\’) by 


w’(A’) = w(P'A’). 


From the properties of T’ and of w-measure, this w’-measure is completely 

additive on its field of definition, so the field of definition can be extended to 

the Borel field of sets determined by the elementary sets, and the measure of 

any measurable w’-set A’ is the limit of the measures of a monotone non-increasing 

sequence of sets, containing A’, which are denumerable sums of elementary sets:” 
ADA: D--- >A’, (A) = limy'(A,). 


n--2 


a 
We now define T’\’ as [] TAL. This definition of T/A’ is easily verified to be 
i 

uniquely determined by A’ and to be consistent with previous definitions if 
T’A’ is already defined. The transformation IT’ is now defined on every o’- 
measurable set and takes it into w-measurable sets having the same measure. 
There is an inverse T, defined on every w-measurable set and taking it into 
w’-measurable sets of the same measure. The transformation T takes the 
measurable w-set A into every w’-set 


TA = [EO € TrA} 
(¢ fixed), any two such sets differing by at most an w’-set of measure 0. Then, 


neglecting w-sets of measure 0 (putting 4 = —A and replacing A by 7A in the 
above equation), we get 


TTA = {&(—h) € A}. 


* H. Hahn, Pisa Annali, vol. 2(1933), p. 433. 
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Now let 7, be the point transformation taking w’:£(¢) into Tyw’:&(t + h). 
Then 
TTA = Ty{t(0) € A} = [E(—h) € A}, 

if we neglect w’-sets of measure 0, i.e., 

ITA = T,TA. 
The set transformation 7; of Theorem 10 is that generated by the point trans- 

° , *. , 

formation 7, , if we neglect w’-sets of measure 0. 


UNIVERSITY OF ILLINOIS. 
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SUFFICIENT CONDITIONS FOR THE CONVERGENCE OF A 
CONTINUED FRACTION 


By WattTerR LEIGHTON 


1. Anew convergence criterion. Continued fractions of the form 


(1.1) 1+— —-::: (a, ¥ 0), 


where the quantities a, are arbitrary complex numbers, are of particular im- 
portance from a function-theoretic point of view." J. Worpitsky, E. B. Van 
Vleck, and A. Pringsheim proved independently that the conditions a, , < } 
(n = 2, 3, ---) are sufficient to insure the convergence of (1.1).’ O. Szssz [2] 
showed that } was the best such constant by pointing out that the continued 
fraction (1.1) with 

ee oe (n = 1, 2, 3, ---) 


diverges for every « > 0. Szssz [1] proved that a sufficient condition for the 
convergence of (1.1) is 


oo a 

p lan| — > Ran) <= 

n=2 n=2 
where R(a,) is the real part of a,. Leighton and Wall [1] proved that the 
conditions | dany1 | S 4, | don | 2 72 (m = 1, 2, 3, ---) are sufficient. All the 


above conditions require at least an infinite subsequence of the numbers a, 
to be S } in absolute value. The following theorem removes this condition 
in a rather unexpected manner. 


Turorem. If the numbers a, satisfy the conditions 


, , 2+ m 
|1 + a3] = |a,| + 1, as; = ——-, 
l1l—m 
[den | Sm (n = 2,3, 4 ---), 
ldenga| 22+ m+ mM | dena (n = 2,3, 4, ---), 


where m is any positive number <1, the continued fraction (1.1) converges. 


Received June 3, L038 

'See, for example, Perron [2], Chapter VILL (Numbers in brackets refer to the bibli- 
ography at the end of the paper.) W. ‘TP. Scott, in preparing a Rice Institute thesis, has 
found recently a number of results which strengthen significantly a natural generalization 
(Leighton [1]) of the material discussed by Perron (loc. cit.) 

QO. Sziisz [2] discusses the history of this criterion 


fa 
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To prove the theorem let us recall that the n-th approximant A,/B, of a 


continued fraction 


(1.1)’ bp + 


’ 


where the a, and b, are arbitrary complex numbers, is defined by the following 
recursion relations: 


Ao = bo, Bo = 1, 
(1.2) A, = bob) + a, B, = b, 
A, = b,Aa-1 + GrAn-z; B, = b,Br-1 + anBa-2 
(n = 2, 3, 4, ---). 
Associated with (1.1) are the two continued fractions 


— 1; Qe —1304 — 5 a6 


ie a a 68: 
(1.3) (1 + we a + dz + d3)+ (1 + a, + as)+ (1 + ag + a7)+ 


ay — 2 M3 — 145 


(1.4) to (1 + a3 + ay)+ (l+a;+a)+ — 


Let A,/B,, A\/B* , and A*/B°, denote the n-th approximants of (1.1), (1.3), 
and (1.4), respectively. It follows that (Perron [1], p. 201) 
AS = As, As = Aso, 
n= 0,1, 2, ---). 
B = Ben ’ B* => Bons. 9 ( ) 


Pringsheim has shown that the continued fraction (1.1)’ will converge if 
(Perron [1], p. 254) 


(1.5) b,| =l|a,|+1 (n = 1, 2, ---), 


and that, subject to (1.5), the numbers B, | associated with (1.1)’ satisfy 


the conditions 
(1.51) B, B,1| = | Gide «++ Ge (n = 1,23, 3, ---). 
The plan of the proof of the theorem will be to show that if 


1+m 21+ /\a, 


Qan| Sm < 1 (n = 1,2, 3, °°:), 
(1.6) 2+m 
Man+\ = | we (n ym 3, ae 


fangs) 22+ m+ mM! dans (n i & Sears * 








ig 
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conditions (1.5) are satisfied for (1.3) and (1.4). It will follow that both (1.3) 
and (1.4) converge. Thus the sequences {Aonii/Bonsi} and {Aen/Ben} will 
converge. The proof will then be completed by proving that 


(1.7) lim 4%! = jim 4% 


noo Bonsai ne Bo, 


That the last two conditions (1.6) imply (1.5) follows at once from the obser- 
vation that the conditions 


| Genta | — | 1 + Gen | = 1 + | Gen-1Qen | (n = 1, 2,3, ---), 
| Gansta | — | 1 + Qeng2 | 2 1 + | Gon@ony: | (n = 1, 2,3, ---), 


together with the first condition (1.6), imply conditions (1.5) for both (1.3) 
and (1.4). The continued fractions (1.3) and (1.4) thus converge. It remains 
to demonstrate (1.7). 

From (1.51) it follows that, subject to (1.6), 


Bons eo | Bona | 


Bons aad Boy = | Q,A2 >** Genii (n = 0, :. ee -). 


IV 


Q;dq --+ Aan (mn = 1,2, ..-), 
(1.8) 


Thus the sequences {| Be, |} and {| Boas: |} are strictly increasing with n.  Fur- 
ther, applying first the well-known formula for the difference between two 
consecutive approximants (Perron [1], p. 16) and then (1.8), we have 


(1 9) Aon41 = Aan a 2g *** Gan41 < l Bano i 
7 Bonga B2, Boy Bonar " Bonga Bo, : 
Aan Aen-1 (de *** Aon l Bens 
1.10 _ - tn < anst 
( ) Bon Boy. 1| Boni Bon ~ Bo, i Bon-1 


If the numbers | B:, | are uniformly bounded with respect to n, it follows that 
lim | Be, | exists, #0 and finite, and (1.7) follows at once from (1.9). If the 
numbers | Be,,, | are uniformly bounded, a similar argument shows that (1.7) 
follows from (1.10). There remains the possibility that lim | B,, = lim 
| Bangs | = %&. To prove (1.7) for this case we recall that 


Bangs = Bensi + GenieBen , 


and hence that 


Banyo 1 | deny l l 
< . < . 
Bo, Bony j By, + | Banya ; By, t | Bony 


Thus (1.7) follows from (1.9), and the proof of the theorem is complete. 
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In an entirely analogous manner one can show that sufficient conditions for 
the convergence of (1.1) are the following: 


2+ m 

> Ila | a ee 

(1.11) PFS SIGtTh Ils re: 
dongs) Sm <1, densa) [2+m+mM| as, | (n = 1,2, 3, ---), 


where m is any positive number <1. 

Conditions (1.6) and (1.11) are clearly independent of the sufficiency condi- 
tions referred to at the beginning of the paper, even when m = }. Further, 
they are not corollaries of (1.5) since conditions (1.5) never apply to continued 
fractions of the form (1.1). By means of (1.11) it is easy to construct examples 
to show that the continued fraction 
~}-a-}-e-t-e | 


1+ 1+ 1+ 


can converge for various choices of the e, > 0, even though it diverges when 
Q@Q=e@e=eg=---=e> QO. 

In conclusion, we note that the following theorem can be established by a 
well-known argument (e.g., Perron [1], p. 260). 

Tueorem. If the quantities a, are functions of a set of variables, the continued 
fraction (1.1) converges uniformly in any closed region characterized by the in- 
equalities (1.6) or by (1.11). In particular, if the a, are analytic functions of a 
single complex variable x, the continued fraction (1.1) represents a function f(x) 
which is analytic throughout the interior of the closed regions described. 


1+ 
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ALGEBRAIC FUNCTIONS OF ANALYTIC ALMOST PERIODIC 
FUNCTIONS 


By Haraup Bour AND DoNaALp A. FLANDERS 


It is our purpose here to extend to analytic almost periodic (a. p.) functions 
investigations previously carried on by several authors concerning the a. p. 
character of the solutions of algebraic equations whose coefficients are a. p. 
functions of a real variable. 

The basic theorem (Theorem 1) concerning the existence of analytic a. p. 
solutions is an almost immediate consequence of the corresponding theorem 
(due to Walther and Cameron) for the real case, which latter may be stated as 
follows: If the coefficients of the equation 


y" + Xiy" + --- + Xa) = 0 


are a. p. functions of the real variable ¢, and if the absolute value of the dis- 
criminant is bounded from zero, then the equation has m distinct a. p. solutions. 
Theorem 1 is proved in §1. 

Further information concerning the nature of the solutions can be obtained 
by taking account of the exponents of the exponential series of the coefficients. 
Thus in the real case Cameron showed that the modulus of the Fourier exponents 
of each solution is contained in the quotient by an integer (Sm) of the modulus 
of the Fourier exponents of the coefficients. In a previous paper’ we have 
refined this result by means of the notion of the “almost translation group” 
of the equation; particularly in the case where this group is transitive. As these 
results can be carried over directly to the analytic case, we shall not enter on 
them further, but refer the reader to the paper cited. 

In the analytic case particular importance attaches to functions whose 
Dirichlet exponents are bounded on one side, since the functions are then a. p. 
in a half-plane. In §2 we show that when the exponents of the coefficient func- 
tions are bounded below and those of the discriminant have a minimum, then 
the exponents of the solutions are bounded below (Theorem 2). If in addi- 
tion the exponents of the last coefficient likewise have a minimum, then the ex- 
ponents of every solution also have a minimum. 

Ostrowski’ has treated the problem from quite another point of view, namely, 
the purely formal one, where the coefficients are taken to be formal Dirichlet 


Received July 10, 1938, 

'H. Bohr and D. A. Flanders, Algebraic equations with almost-periodic coefictents, 
Kgl. Danske Videnskabernes Selskab, Mathematisk-fysiske Meddelelser, vol. 15(1987), 
pp. | 49. 

* A. Ostrowski, Ober algebraische Funktionen von Dirichletschen Reihen, Mathematische 
Zeitschrift, vol. 37(1933), pp. 08-133 
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series without regard to the possibility of their representing functions. Such a 
formal treatment requires that the Dirichlet series considered be restricted to 
those of ordinary type, i.e., those with exponents bounded on one side and 
having no point of accumulation. The set of these series forms a field and by 
algebraic considerations Ostrowski succeeded in showing that this field is alge- 
braically closed, that is, that every polynomial with coefficients in the field can 
be completely factored in the field. The formal and the analytic methods deal 
with the same material when the coefficients are a. p. functions whose Dirichlet 
series are of the ordinary type indicated above. After establishing in §3 some 
preliminary definitions and lemmas we devote §4 to showing that this class of 
functions, like the class of series considered by Ostrowski, forms an algebraically 
closed field (Theorem 3). There is appended a corollary, applying this theorem 
to the real variable case. 

The setting of our Theorem 3 may be regarded as being derived from that of 
Ostrowski’s problem by imposing upon the ordinary Dirichlet series appearing 
in the coefficients a restriction of function-theoretical nature, namely, that they 
shall be the Dirichlet series of a. p. functions. Ritt,” who was the first to extend 
the classical problem of algebraic functions of power series to exponential series, 
solved a similar problem by imposing a series-theoretical condition in that he 
supposed the coefficients to be ordinary Dirichlet series which are absolutely 
convergent in some half-plane. As before the set of series considered forms a 
field. In algebraic terminology the result of Ritt--which was independently 
found by Ostrowski and of which another proof is given in the paper cited 
above states that this field, which is a subfield of the field dealt with in Theorem 
3, is in its turn algebraically closed. 

Both Ritt and Ostrowski consider other cases of algebraic functions of ex- 
ponential series, which, however, do not connect immediately with our problem. 

1 Let s = o + at be «a complex variable. For —« Sa<BS 4+ we 
shall denote by (a, 8) the open strip of values of s given by a <¢ < B,-@% < 
t< +. Fora similar choice of a and 8 we shall denote “every strip (a, , B:) 
such that a < a < 6, < 8” by [a, B]. Thus “f(s) has property A in [a, B]” 
means that f(s) has this property in every strip (a, 8,), but not necessarily 
uniformly for all such strips. [a, 8) and (a, 6] have the corresponding meanings 
fora<a, <6; S&S Banda = a < Bp, < B, respectively. 

We recall that a function f(s) which is analytic in (a, 8) and a. p. in [a, B] is 
bounded in fa, 6); and that a rational integral function of such functions is itself 
analytic and 4. p. in [a, 6]. 

A function which is analytic and a. p. in [a, 6] is an a. p. function of the real 
variable t on every vertical line s oy + tin (a, B). The means to make the 
analytie case considered here depend upon the previously treated real case is a 
partial converse of this property, namely, afunction which is analytic and bounded 


‘J.P. Ritt, Algebraic combinations of exponentials, Transactions of the American Mathe- 
matical Bociety, vol. 4101929), pp. 654-679 
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in [a, 8! and which is an a. p. function of t on some vertical line in (a, 8) is a. p. 
in [a, 6}. 

We shall use the fact that if f(s) is analytic and a. p. in [a, 8] and # 0 in (a, 8), 
then GLB | f(s) | > 0 in [a, 8}. 

Now let 


(1) y” + 2(s)y” | + --- + tui(s)y + tu(8) = 0 


be an algebraic equation of degree m in the complex variable y, with leading 
coefficient unity and remaining coefficients analytic a. p. functions of s in some 
common strip. We shall suppose that the discriminant 


(2) D(s) = d[x(s), --- , tm(s)] 


is ~ 0 in some whole strip (a, 8) lying in the foregoing common strip. Then 
equation (1) has a uniquely determined set of m distinct analytic solutions in 


(a, 8), say 
(3) ri(s), +++ , Tm(8). 


Since the leading coefficient of equation (1) is unity and the remaining coeffi- 
cients are a. p. in [a, 8] and hence bounded there, we know that each solution (3) 
is bounded in [a, 8]. 

THEeoreM 1. [If the coefficients of equation (1) are analytic in (a, 8) and a. p. tn 
la, B] and D(s) ¥ 0 in (a, 8), then the m distinct analytic solutions (3) are a. p. in 
la, B}. 

As these solutions are bounded in [a, 8] we have only to show that they are 
a. p. functions of t on some vertical line s = oo + #t lying in (a, 8). On sucha 
line the coefficients of equation (1) are a. p. functions of ¢ and the discriminant 
satisfies an inequality | D(oo + it) | > A > 0, since D(s) is a. p. la, 8] and = 0 
in (a, 8). Hence, applying the the orem for the real case mentioned in the 
introduction we see that the continuous solutions of this equation, ie., the 
values for s = o9 + tt of the solutions (8), are a. p. functions of ¢. 


2. The general result expressed in Theorem 1 becomes more available when 
we have some means of determining common strips of almost periodicity of the 
coefficients and zero-free strips of the discriminant. In an important class of 
cases information of this sort can be obtained from the Dirichlet series of the 
coefficients, to which we now turn. We shall denote the Dirichlet series of an 
analytic a. p. funetion f(s) by > aye“ (and write f(s) ~ Lae“, where A is a 


real parameter, a is a one-valued complex function of \ which is zero for all 
but a countable set of values of \, and those values of \ for which a, = 0 are 
the Dirichlet exponents of f(s). The properties which we shall use may be 
summed up in the following two statements 

(au) If f(s) is analytic in a half-plane (— ©, 8), bounded in (— ©, 8] and a. p 
in[— ©, B], then it isa. p.in (— ©, ps] and its Dirichlet exponents are non-nega- 
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r a . 
(e+) is the Fourier 


° ° X . . 
tive, i.e., f(s) ~ > ae"; and quasi-conversely, if pe aye 
AZO AZO 


series of an a. p. function F(t) of the real variable ¢, then there exists a func- 
tion f(s), analytic, a. p. and bounded in (— ~, a), such that f(s) ~ ps a,e™ and 
» 


f(o + it) — F(t) uniformly as ¢ — a. 

(b) Let f(s) be analytic, a. p. and bounded in (— ~, 8] and let the GLB of its 
Dirichlet exponents be A (2 0). There is a simple criterion by which we can 
determine whether A itself is an exponent (i.e., a, # 0), namely: A is or is not 
an exponent according as there does or does not exist a half-plane (— «, y), 
throughout which f(s) + 0. 

TueoreM 2. If the Dirichlet exponents of the coefficients of equation (1) have a 
GLB A, while those of D(s) have a minimum M, then the solutions (3) are a. p. in 
some {— «x, 8), and their Dirichlet exponents are bounded below. 

For the moment consider the case where A (and hence M) is 2 0. Then the 
coefficients and D(s) are analytic, a. p. and bounded in some (— @, y), and 
D(s) # 0 in some half-plane (— «, 8) lying in (— ~, y). Hence the solutions 
are analytic and bounded in (— ~, 8) and a. p. in [— ~, §] (hence in (— ©, 8)}) 
so their Dirichlet exponents are non-negative. If now we let A < 0, we may 
transform equation (1) by multiplying its roots by e “* into an equation of the 
sort just considered, whose roots will be analytic and a. p. in some (— ~, 8], 
with their Dirichlet exponents non-negative. Then the product of each of these 
roots by e** will be a root of the original equation, will have A as a lower bound 
of its exponents and will be a. p. at least in[— «, 8]. 

Corotiary. If further the Dirichlet exponents of the last coefficient 2(s) 
have a minimum, then so also do those of each solution in |— ~, B]. 

For (as before multiplying the roots of the equation by e “’, if A < 0) if the 
exponents of some solution had no minimum, that solution would have. zeros in 
every left half-plane. Then the product term, z,(s), would likewise have 
zeros in every half-plane, and hence could have no minimum exponent, contrary 


to hypothesis. 


3. By a formal (generalized) Dirichlet series in s we shall mean a formal sum, 


) « ae", where ) is a real parameter and a, (the coefficient function of the series) 
a 
is a one-valued complex function of A which is zero for all but a countable set of 


values of A. Those values of \ for which a, is not zero will be called the exponents 

of the series. It will be convenient to denote such a series by a function symbol, 

say a(s); we shall write a(s) © > ae" and say that a(s) is formally equivalent 
A 


to the series. Two formal] series a(s) and b(s) are identical (a(s) = b(s)) if and 
only if their coefficient functions are identical. 

When a formal series a(s) is the actual Dirichlet series of an a. p. function, we 
shall use the symbol a(s) to denote the function as well. 

If the exponents of a(s), in their natural order as real numbers, form a discrete 
sequence, we shall attach indices 0, 1, 2, --- to the successive values of \ in the 
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sequence, and shail denote a, by Gn « If the ,’s have a finite point of accumula- 
Aa too 


tion A, we shall write a(s) = >>I a,e™; if not, we shall write a(s)= > ane” 


The latter type, which includes all Dirichlet polynomials, we shall call an ordinary 
Dirichlet series. The series whose coefficient function is identically zero, which 
we denote by 0, will be considered to be ordinary. In the notation for ordinary 
Dirichlet series it will often be convenient to allow a, = 0 for some (or even all) 


values of n. 
If a(s) & Dd ae”, b(s) = YS de™ are any two formal Dirichlet series, the 
x d 


one-valued function c, = a, + by is certainly zero for all but a countable set of 
values of \. We shall call the series c(s) = D) ce“ the sum of a(s) and b(s), and 
r 


write c(s) = a(s) + 0(s). 
If 
An Tt © 


tnt © 
a(s) = > ane and b(s)= >> dae 
n=0 


n=0 


are any formal ordinary Dirichlet series, their product d(s) = a(s) b(s) is defined 
to be the series >> d,e", where d, is the sum of the (certainly finite) set of products 
a,b, for which X + » = v. The series d(s) is also ordinary and it is easily seen 
that the set of all formal ordinary Dirichlet series forms a field. 

Ostrowski’s result for formal ordinary Dirichlet series may be put in the 
following form (negligibly modified for our purposes). 

Ostrowski’s THEoreM. If 


(4) y™ + r(s)y” + --+ + 2m(8) 


is a polynomial in y with leading coefficient unity and remaining coefficients formal 
ordinary Dirichlet series in s, 


Aa f 


tn(s) = Z ae" (h Spied) m), 


n=0 
then there exists a unique set of m formal ordinary Dirichlet series, 
inl © 
y,(s) ~ ps b;..e°"" 
n=O 
such that 
(5) y™ + ai(s)y™ +... + an(s) = IT ly — vfs), 
j=l 


t.e., such that 


(6) s = ¥),(s) SSS “Ya (s) 
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Since the ordinary Dirichlet series form a field, relation (5) is true when any 


such formal series r(s) is substituted for y; and the vanishing of [] [r(s) — y;(s)] 
j=1 


implies the vanishing of one of the factors. Thus the polynomial (4) has just 

m (not necessarily distinct) zeros in the field of formal ordinary Dirichlet series. 
As is well known the Dirichlet series of the product d(s) of two analytic a. P. 

functionsin a common strip, say a(s) ~ > aye, b(s) ~ > be", is the series x d,e* 


which is derived from the series a(s) wal b(s) by the salei ust given for endinaty 
Dirichlet series; in this case }> a,b, may be an infinite series which however is 


\+p=— 
always unconditionally convergent. While the set of all Dirichlet series of 
analytic a. p. functions in a common strip form a ring merely, not a field, still the 
set of all formal ordinary Dirichlet series which are the actual Dirichlet series of 
analytic a. p. functions (each in some half-plane) does form a field. 

For the class of all formal Dirichlet series the above definition of multiplica- 
tion fails to give a result in general, and even where it applies, this multiplication 
does not obey the usual rules. For example, the product of a(s) = 1 — e* and 


+2 


b(s) = pix e™ is 0, although neither factor is 0; and the product of a(s)b(s) by 


ane 
b(s) is 0 but that of a(s) by [b(s)]’ does not exist since [b(s)} fails to exist. While 
our Theorem 3 deals only with elements in the field of formal ordinary Dirichlet 
series, we shall need in the proof to operate with generalized Dirichlet series of 
other types than those for which multiplication has been defined above. For our 
purposes, however, the following limited definition of the product of m (>1) 
forma! Dirichlet series suffices, since it gives the two succeeding lemmas, which 
are all that we shall need. 

In the case of two series a;(s) & p> A,r, e™ and a2(s) = } a2,€7" we follow 

Ay Ae 


the definition above, i.e., we say that the product a,(s)a2(s) exists and is equal to 


i(s) = > d,e", if for any fixed \ the sumd, = p ),\, 42, 18 & finite or an un- 
Ay tAgeuaA 


ae a : 2 ‘ . has 
conditionally convergent infinite series. Generally, if a,(s) = }> aa,e™ (h = 1 
-,m) are m formal Dirichlet series, we define the product a;(s) --- @»(s) as 
the repeated product 


(.. + ((a,(s)ae(s) )az(s)) «~~ )am(s) 


° ° vem ° » e A 
when it exists. This amounts to defining a,(s) --- a,(s) by Zz de", whenever 
the coefficient function 


d, > (... (> (> 11 A—yy hy +e, r4)A3,r5) ° : )Om dn 
Am As Aa 


exists for all A 
Lemma |. Vo Ostrowski’s theorem add the assumption that the coeffictents 
x, (s) are the actual Dirichlet series of analytic a. p. functions. Let 


r(s) ~ > re" 
¥oN 
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be an analytic a. p. function, whose Dirichlet exponents are bounded below by N. 
If the series r(s) be substituted for y in relation (5), then the formal series expressed 
by each side of the relation exist, and the relation 


(7) [r(s)]" + ay(s)[r(s)I" + «++ + an(s) = I [r(s) — y(s)] 


holds. 

Proof. As is easily seen, no generality will be lost if we suppose A» 2 0, 
uo 2 OandN 2 0, so that all exponents involved are non-negative. 

The formal series on the left exists since all the series involved are the actual 
Dirichlet series of analytic a. p. functions in a common half-plane. Let c; 
denote its coefficient function. 

Set 


r(s) — ys) = >> 9it;e°" 


We shall prove that the coefficient function d; of the product of these series 
exists and is identical with ¢; . 

As the exponents in each factor r(s) — y;(s) are 2 0, for every fixed é all 
coefficients g;,~;; involved in the determination of d; will have their indices 
§; S &, so that the determination of d; will not be affected if we alter any of the 
terms with exponent > é in the factors r(s) — y;(s). Since wu, f ©, there 
exists an index p such that u, > ¢forn > p. If then in each factor r(s) — y;(s) 
we replace y;(s) by 


y}(s) = > bjne™, 


the determination of the value for ¢ of the coefficient function of 


(8) IT r(s) — y7()] 


j=l 


will be identical with the determination of d;. Since each y}(s), being a Dirichlet 
polynomial, is the Dirichlet series of an analytic a. p. funetion in (— ©, + «], 
each factor r(s) — y}(s) is the Dirichlet series of an analytic a. p. function in 
some half-plane, so d; exists. We now proceed to prove that d; = c;. If we 
set 


za(s) =(-1)" Louis) --- us) (A = 1, ---, m), 


.—""" =e 
the series (8) is identical with the series 
(9) [r(s)]" + xi (s)[ir(s)]" * + --- + rh(s) 


since both represent the same a. p. function. But for our fixed £ the coefficient 
d; in (9) is in turn equal to the corresponding coefficient cg in 


[r(s)}!" + ar(s)[r(s)]" | + ~~ + am(s), 





786 HARALD BOHR AND DONALD A. FLANDERS 


since the polynomials z;(s) can differ from the series z,(s) only in terms with 
exponents > é. 

Lemma 2. Let a;(s), --- , @m(s) be m (>1) formal Dirichlet series each of which 
either is identically zero or has a minimum exponent. If the product a;(s) - - - @m(s) 
exists and is 0, one of the factors must be 0. 

Proof. If no factor were 0, the product of the terms with minimum exponents 
would be a non-vanishing term in the product a;(s) --- @n(s). 


4. As already mentioned, the set of all formal ordinary Dirichlet series, each 
of which is the actual Dirichlet series of an analytic a. p. function in some left half- 
plane, forms a subfield § of Ostrowski’s field of all formal ordinary Dirichlet 
series. In order to show that the field § (like Ostrowski’s field) is algebraically 
closed, i.e., that every polynomial over § is completely factorable in §, we need 
concern ourselves only with those polynomials whose discriminants do not vanish 
identically. For a polynomial over a given field with null discriminant is 
factorable in that field. Expressed in terms of the solutions of equations, we 
must prove the following theorem. 

TueoreM 3. If the coefficients of equation (1) are a. p. functions in a half-plane 
with Dirichlet series of the ordinary type and with not identically vanishing dis- 
criminant, then the analytic solutions (3), a. p. in some [— ©, B], have likewise 
ordinary Dirichlet series. 

Since our field § is a subfield of Ostrowski’s field, equation (1) has a unique 
set of formal solutions in the latter field, and we have to show that these formal 
series are the actual Dirichlet series of the analytic a. p. solutions in [— ~, 8]. 
Also, it is clearly sufficient to prove that every equation given by our hypothesis 
has at least one root in §, since the “reduced” equation will still have coefficients 
in with discriminant not identically zero. Hence we shall prove the theorem 
indirectly by showing that the assumption that no root of equation (1) lies in § 
leads to a contradiction. 

Let r(s) be one of the (a. p.) roots of the equation (1). Since the last coefficient 
Zm(s) and the discriminant D(s) have minimum exponents this will likewise be 
the case with r(s) so that we may write 


r(s) ee coe” + bi c,e”. 


v>¥o 


We now transform equation (1) by diminishing its roots by ce”. Since this 
involves only rational integral operations on this term and the original co- 
efficients, neither the domain of almost periodicity of the coefficients nor the 
character of their Dirichlet series will be changed; furthermore, the last co- 
efficient can not be identically zero (as none of the roots are polynomials). Hence 
the Dirichlet series of the solution r(s) — coe” of the new equation will have a 


minimum exponent, so that 


rls) ~ oe” + ce” + > ce. 
o>* 
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If we proceed in this way, it is clear that our solution r(s) has a series of the form 


a1 N® 
(10) r(s)~ Do cne™ + D) cre”, 

n= »=N* 
where the first summation contains infinitely many non-zero terms. If now we 
apply Lemma 1 of §3, taking for the r(s) entering there the solution (10) of 
equation (1), we get 


I [r(s) — ys(s)] = [r(s)]" + ai(s)[r(s)]"" + +++ + an(s) = 0. 


But since the series y;(s) are ordinary, only a finite number of their terms have 
exponents < N*. Hence each factor r(s) — y;(s) must have a minimum ex- 
ponent. By Lemma 2, this requires that some r(s) — y;(s) = 0. This contra- 
dicts our assumption that the Dirichlet series of r(s) was not ordinary. 

This theorem has a corollary in the real case which does not seem to be easy to 
obtain without using the theory of analytic functions: 

Coro.LuaRy. Let 


(11) y" + XiOy"" + --- +X, = 0 


be an algebraic equation whose coefficients X(t) are a. p. functions of the real variable 
t with ordinary Fourier series (7.e., \» 7 ©) and let its discriminant be not identi- 
cally zero. Then if the equation has as a solution an a. p. function R(t) whose 
Fourier exponents are bounded below, the Fourier series of this solution ts ordinary. 

According to a well known theorem quoted above each X,(¢) is the boundary 
value for s = 0 + it of an analytic a. p. function x,(s) in [— «, 0) whose expo- 
nents and coefficients are identical with those of X,(¢); and similarly there exists 
an analytic function r(s) a. p. in [— ©, 0) whose boundary value is the solution 
R(d) in question. Hence (a) the equation 


(12) y" + a(s\y" + --- + 2n(s) = 0 


has analytic a. p. solutions in some [— ©, 8] with ordinary Dirichlet series and 
(b) since R(é) satisfies (12) for o = 0, its series formally satisfies (12) for ¢ = 0. 
Thus the series of r(s) formally satisfies (12), so r(s) is a solution of (12) in 
|— ©, B]. From Theorem 3 we conclude that the Dirichlet series of r(s) is 
ordinary; hence the Fourier series of R(}), which has the same exponents, is 
likewise ordinary. 
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DISCONTINUOUS GROUPS AND ALLIED TOPICS, III: ON A LEMMA 
ABOUT MATRICES 


By Max Zorn 


1. Introduction. In connection with the theory of hypercomplex units the 
following problem arises. Given a linear family & of real matrices, which 
contains with every A its transpose A” and with every regular A its inverse 
A. Supposing that & contains at least one unimodular matrix A: , | Ai| = 1, 
to determine the unimodular matrices in & for which the sum of the squares of 
the elements is a minimum. The results and proofs are extremely simple. 
The minimizing matrices are identical with the orthogonal matrices in the 
family. This is shown by application of Lagrange’s multiplier rule. The more 
or less algebraic machinery may very well be extended to more general linear 
spaces. A. D. Michal expresses the opinion that the full theory might be 
generalized; yet it seems that at present the necessary existence theorems are 
not available. Apart from possible arithmetical applications the existence of 
at least one orthogonal matrix in such families is of a certain independent 


interest. 


2. Notations. The determinant | ay! of the matrix A = (ay) is as usual 
denoted by | A |, the inverse by A~', the transpose (a,;) by A’. The indices 
1, k range from 1 to n, the number of rows or columns of the matrices. The 
Greek index ranges from 1 to m, unless otherwise stated. The trace t(A) is 
the sum Zz. a,, of the diagonal elements. For example, the trace ¢(J) of the 
unit matrix is equal to n. 


A linear combination >> cure of symbols zy with coefficients cx is expressible 
3 


in the form t(XC"), if we let X = (zu), C = (cu). 

The sum of the squares of all elements is ((XX"). Since we shall deal only 
with real matrices, ((X X") is positive and vanishes only for X = 0. A matrix A 
is orthogonal if X * X’ and if |X! = 1. For an orthogonal matrix XX" 


ix J, and XX’) n 


4. Differentials. We shall use zy as independent variables and dry as their 


ad 
differentials 
Fora matrix F = (fy) of functions we define dF = (dfy). In particular we 


thall have to make use of 
AX Ar) (dr), 
AU XC") = UdXC"), 
dt XX") 2X "dX ) 


iteceived August 37, 194%; presented to the American Mathematical Society, April 9, 
1Yae;, ef. Bulletin of the American Mathematical Society, vol. 4401954), page 34 
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Apart from these trivial formulas we need the differential of the deter- 


minant | X |: 
an | ! , T 
xj => 7*! a, = i(ax(2% ) ) 


tk OLR OX 








= t((dX-X"|X}) = |X| t@X-X7). 


In the last two expressions values may be substituted for the z% provided that 
the value of | X | is not zero. We are here mainly concerned with the case 
| X | = 1, where 

d|X| = tdX-X). 


4. Linear families. We consider linear families & of real matrices over the 

field of real numbers. That is, we have a set & of matrices A, B such that 
(1) the coefficients a; , 6% are real and for arbitrary real numbers a, 6 

aA + DB is in the set. 
These sets are further restricted by the properties: 

(II) If A is in 9%, then the transpose A’ is also in Y. 

(III) If A is in Mand | A | ¥ 0 (or if A” exists), then A™ is in Y. 

(IV) There exists one unimodular matrix A; in 4M, Ay) = 1. 

Without loss of generality we may assume that % is defined by a set of inde- 
pendent linear relations for its elements 


> CikeTik = 0 v= - oes. m). 
a4 


These we write, using the matrices 


in the form 


uc; X) 0 ie = 1, er, m). 


5. The minimizing matrices. The Lagrange multiplier rule establishes a 
necessary condition for a (relative) minimum of a function f(r) of real variables 
re ata “point” ay with the side conditions 


volta) Co, or( tae) C \y lL, ++, mm) 
(Indices are chosen such that they can be used immediately for our special 
problem.) 

If the rank of the matrix 
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is m + 1, or in other words if the differentials dg , dy, are linearly independent 
at ay, then a necessary condition for a minimum is the existence of constants 
he, A» such that 


df + : dye, = 0 
v=1 


for Tik = Ai. 
In the present case we want 
goin) = |u| = |X| = 1, 
o(tn) = (C7 X) = 0. 
The function f is 
S (vx) = > zk = t(XX’). 
For Xo we shall also write —\. For a matrix A which minimizes t(XX*) we 
obtain consequently (postponing the independence proof) 


d(XX") + wd|X|+ >, dt(C7X) =0 (for X = A). 
Using the relations in §3, we have 
2t(X" dX) + ro| X | ¢(X* dX) + t(S UCT dX) = 0 
for X = A, provided that | A | ¥ 0; and for | A | = 1 we get 
t({2A” + mA + DOACT} dX) = 0. 
Since the dz,, are independent variables, the last formula implies that 
2A" + WA + DAC? = 0. 
Now consider the matrix 
D = 2A" + A". 


We know that D = }> — 4,C7.. From these two equations it follows that D 
is equal to zero. First of all, D is in the family, for it is a linear combination 
of A” and A”, which are both members of % because of properties (II) and 
(III). Property (II) implies then that D’ is in A. % was defined by the 
linear relations t(C7X) = 0, whence 


«(C7D") = 0. 
Finally we utilize the second equality: 
t((D’D) = t(D’ >> — »,C7) = —>>ud"C?) = 0. 


Since D is a real matrix, ((DD") = 0 guarantees D = 0, and we have derived 
the equation 


2A" + A = 0. 











oO = 
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The orthogonality of A now follows immediately. We have 
7=+)A", 2AA™ =X, 


0 < t(24A’) = Xn, hence A = 0. If we consider the determinants, we get 
|= 


2"| A’ = \"|A*| =)’; 
from A = O and A” = 2” it follows that \ = 2, and 
A’ = A”. 


Since | A | was supposed to be = 1, A is orthogonal. 
We have now to show that the dg are linearly independent. This is done 
with the same apparatus. A linear relation with the constants uo, yu, : 


pod | X | + Do uw, dt(C7X) = 0, 
for X = A,|A| = 1, implies 
t({woA* + Do wCrdX})=0, wA* = DS — wC?. 
It follows that 
t(wA*A~") = D> — wt(A-7C7) = 0, —ot(A A”) = 0, 


and from A ¥ 0, uw = 0. A relationship 0 = }> — u,C? is only possible for 
u, = 0, since the C/ are, like the C,, linearly independent. 

We notice that the extremal property of A has not been used; throughout 
the set Mt of unimodular matrices in A the differentials of the defining func- 
tions are independent. The theory of implicit functions informs us that under 
these circumstances J is locally Euclidean. It may consist of isolated points. 


6. Existence theorem. The function ¢(XX”) may be interpreted as a squared 
distance of X from the zero matrix in an n-dimensional Euclidean space. The 
unimodular matrices of a linear family & form a closed subset IN; consequently, 
there exists at least one matrix A of (absolutely) minimal ¢(X.X”’); of course 
t(AA*) is S$ t(A,Af). In view of the foregoing proof we may state the theorem: 

Every family of (finite, square) matrices with properties (I), (UD, (IID, (IV) 
contains an orthogonal matrix. 

Choosing %{ as the set of all matrices, we have: 

If | A | = 1, thent(AA’) = n; the equality holds exactly in the case of orthogonal 
matrices. 

Since M is locally Euclidean, it is locally connected and the components 
R of M (the largest connected subsets) are open. Since a component is closed, 
it contains an element which yields within R a minimum for ¢(XX’); and 
since ® is open in M, this is a relative minimum with respect to NM. Therefore 
we have: 

Every component of IN contains at least one orthogonal matriz. 

Let {8} be the set of all components; then ®; contains an orthogonal matrix 
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A; ; and since the set of all orthogonal matrices is compact (i.e., every infinite 
set of orthogonal matrices contains a sequence which converges towards an 
orthogonal matrix), we conclude: 

M has a finite number of components. 

For if we take a convergent sequence of orthogonal matrices converging to an 
orthogonal matrix A, , almost all of them must be contained in the component 
of A. so that only a finite number of A; from different components is possible. 


University oF CaLirornia aT Los ANGELEs. 











THE SUMMABILITY OF EXPONENTIAL AND FACTORIAL SERIES 
By Tomuinson Fort 


The summability of ordinary factorial series by Cesiro means has been 
studied by Bohr.’ However, nothing seems to have been done since the ap- 
pearance of Bohr’s paper. In §§2 and 3 of the present paper a study is made 
of what is called R-summability of general factorial series and a type of related 
exponential series. A general theorem on R-summability is proved in §1. 
This is one of the most interesting theorems of the paper. 


1. R-summability. Let there be given a sequence 0 < A, — ~. Let 


and let o, — ©. Also let there be given a series 


(1) > a,(z). 


n=1 


Let 


S2(z) = ¥ ane) 


n=l 


s“@ = 1 >! s*@), +e 


On aml An 
Derinition.” We call S‘(z) the k-th R-mean for series (1). If lim S\°(2) 


exists and equals S(z), we say that (1) is summable R{k, d) to S(z). Summation 
is said to be uniform over a set P in case S\(z) approaches its limit uniformly 
over P. 

We note without proof the following three readily established theorems with 
reference to R-summability. 

Turorem A. If a series is uniformly summable R[k — 1, Aj over P to siz), 
then it is uniformly summable Rik, \] over P to s(z). 


Received October 3, 1938. 

' Gott. Nach., 1909, p. 260. 

7M. Riesz (Comptes Rendus, vol. 149, p. 18) introduces weighted means as a generali- 
zation of summability by the method of the arithmetic mean of the first order. He 
generalizes to his ‘‘typical means’’ of arbitrary order, R-summability as defined here 
generalizes Riesz means of the first order by simple iteration as the Hélder method gen- 
eralizes the ordinary arithmetic mean of the first order. 


78 
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Tueorrem B. If (1) is summable R{k, dJ to s, then > a, is summable Rik, d) 


n=m 


m—1 
los — 2G; and conversely. 


Tarorem ©. If a, > 0 and (1) is summable Rik, Xj, then (1) ts convergent. 
Consider now a series of the form 


x 


(2) > a,(z)b,(z). 


Denote the successive R-means formed for (1) by s,(z) and for (2) by S{(z). 
We proceed, successively summing by parts, that is, applying the following 
general formula 


n 


(3) > Untln = Unqi > Wn — D> (Au,) 2 ws. 
First we obtain 
(4) Sio'(z) = Dagslz)se(z) — > (Ab, (z))s0° (z). 
The operator A here, as throughout the paper, applies to the variable n. Apply 
the operator 
I< 1 
on > An 


to both members of (4) and sum by parts in each instance, letting 


] 


(0) 
8, (z) = Wn 
i 


of formula (3). We get 
S'(z) = basolz)ao’(z) — p [Ans1dbn(z) Joni’ (z) 


On n=l 


>» : [Ansi Mbnyslz) ons’ (z) 


On newt n 


t z Le [AA» Abn (z)| anim (2). 


On nel 


From this formula one can conclude the following theorem, 

Turonem I. If (1) t# uniformly summable R{\, »| over a set P, of b,(z) and 
(, Sb, (2))a, each approaches a limit uniformly over P, if Anyi/dn) —> € and of 
¥ 
I B),Bb,(2) | ¢, converges uniformly over I’, then (2) is uniformly summable 
am) 


Ril, Al wer I 
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We proceed to extend this theorem. Apply the operator 


to both members of (5). Sum by parts exactly as we did to obtain (5) from (4). 
We obtain 


SY (z) _ bn4a(z)s~ (2) oS 3 > [Abns2(z)]onsy (2) 


ae Xe+ [Aba (@)lon4i8s? (2) 


On n=l n 


1A 2) 
= Z 2 [Abns2(z)} oni 8h (z) 


On n=1 An 


HF FDS faacadsdevdlons?(2) 


awit An Gn n=l 


n 


DED faauadass)on dons? (2) 


n=l An on n=l 


HF EY 4 fans (adesi()onudlons? (2) 


n=1 Ac On n=l An 


“sn ps 23 p ® : Dd [A(An (Adv Aba (2) on) ons 2 (2). 


On n=1 An On n=l An n=l 


From (6) we can deduce the following theorem. 

TueoreM Il. Jf 

(i) series (1) is uniformly summable R{2, d} over P, 
oo 


(ii) >» | A(An(AA, AD, (z))on) | o, converges uniformly over P, 
nw 


(iii) ba(z), An(Ab,(z))on, AnfACAn(Ab,(z))o,)]o, all approach limits uniformly 
over P, and if 

(iv) (Anyi/An) > C, 
then (2) is uniformly summable over P. 

Complete generalization of Theorem | is now easy. Apply the operator 


ls l 
= dee 


and to both sides of (6) and sum by parts exactly as we have previously done. 
dif § Repeat. until the left member is the r-th mean for (2). We do not write out the 
resulting expression. However, we state the following theorem. 
one Let LY = by(z) and let LS = Ayo,ALS when & > 0. Also let MS? = 
Ab,(z) and let M\ o AX, MO? when k > 0. 
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TueoreM III. Jf 
(i) series (2) is uniformly summable R{r, d] over P, 
(ii) LY (k = 1, --- , r) approaches a limit uniformly over P, 


(ii) >> | MS | converges uniformly over P, 


n=] 
(iv) (Ana1 An) =) if 
then series (2) is uniformly summable R{r, ] over P. 


2. Exponential series. Consider the exponential series 
(7) 
where 


Pir 


e Cr41(n 
+3 + re at 
where ¢, e, are constants and e,,, is bounded. We shall prove the fol- 
lowing theorem 
Turonem IV. If (7) ts summable Kir, d| at 2, then it is summable Rr, dJ 
at each point 2 which is 20 situated that Real (z) > Real (2) and uniformly over 
any bounded region P at all points of which Real (z) > Real (zo) + «. 
Proof is by means of Theorem III. We let 


(%) Lo’ (2) b,(z) 


where 
Pr 
Then 
Lh,.(z) b,(z) [“""" 


where 
2 
Zo 


i. 
wh 41 


W hence 


+ 0," (n) 4 
h 
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where 6;”, --- , 0:2, are independent of n and bounded in z and 6!” (n) is bounded 
in n and z. Apply the rule for differencing a product. In case \,.; should 
occur at any time instead of \,, , replace it by 


ke(n) 
a 


ki, he 
Met tet t 


where k, , --- , k,1 are constants and k,(m) is bounded. We obtain 
(9) LY (2) = balz) [(—1)*on(2 — 20)‘][1 + a(n, 2)] (k= 1, 


where 7(n, z) — 0 uniformly in z. In a similar way we show that 
MO(@) = + ((—1) ore — 2) + 9'(n, 2), 


where n(n, z) — 0 uniformly in z. Let z 


We, consequently, conelude that 


b, (2) 
b, (x) 


< M, 


independent of z and n. It results that 


My (2) 


a ict <M 
(— 1)" MY (2) 


(10) 


independent. of z and n. 

We are now in a position to apply Theorem Ill From (S) and (9) hy- 
potheses (ii) are seen to be fulfilled. By means of (10) we can prove the series 
in hypothesis (iii) convergent 


(11) IME) | < (19 UMM (r) 


To prove the series whose general term is the right member of (11) convergent, 
remark first that it is summable Ar, A}. We ulastrate with a first order sum 
Krom (5) 
| " it) ’ . ‘ 
SS at (r) SS) 


Oe ee 
An a= 


| = ‘ 
t  Y [ab West? (a) 4 


eu 
On wet 
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In this let sS’ (x) = 1. That is, consider as a-series the series 1+0+0+---. 
Thereupon in this case SS? (x) = by(z) and 


= Dae i. p> My? (x) = bi(z) — bayo(x) 


(12) 
1 An 
>> [Abass(z)] on + ix $2 (Abasa(@)] on. 
The right member approaches a limit when n + ~. Take for example one of 
the sums 


(13) : y oe AnTnAbny1(z). 

Tn n=l An 
We know by (9) that A,c,4b,.:(z) approaches a limit. Consequently, (13) 
approaches a limit. This being true for all terms in the right member of (12), 
it is also true of the left member, that is, 


D> onArdnAbn(z) 
n=l 


is summable R{1, A]. But by (9) the terms are all of the same sign when n is 
sufficiently great. Consequently, by Theorem C the series is convergent. 
Hence by (11) 


b>» M‘" (z)s0)’(z) 


n=l 


is absolutely convergent. Combine this result with proved result that hypothe- 
sex (ii) of Theorem III are satisfied and we see that all hypotheses of Theorem 
III are fulfilled. The reasoning in the general case is identical with that just 


given 


4. Factorial series. Consider the factorial series 


a“ 


a4) Fc, — Mi 


n=l (z + As)+ + (2 + An)’ 


where ), is subject to the same restrictions as in the previous section plus the 
restrictions that (04,/A%) — > # limit and that , > (a, /he'") be convergent 
nmi 
We shall prove the following theorem 
Sunouwm V. (4) t# summable Ilr, d\ at the same points an (7) with the 
exeeyhum Uf —hy, ~My, It 1s uniformly summable lr, | over any bounded 
requrn V ver which (71) 18 unaformly summable It |r, d\ but from which small evrcular 


reuse yah — by hy have been deleted 
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To prove this theorem we begin by writing (14) in the following form 


p Cnc? "by : 


n=1 


1 oD “ee 


hel SS ros re 





Throughout the proof we shall assume \; > | z| + ¢. In this there is no loss of 
generality since 0 < \, — © and since the mere fact of R-summability is not 
affected by the omission of a fixed number of terms at the beginning of a series 
nor by multiplying through by a function independent of n. We shall find 
that all conditions imposed by Theorem III on 6, are fulfilled. We readily 
show that b, = e”*", where 


Sian. 


w + 1 n=l — 


“ae bis ae zvtl 


where 0(z/X,) is bounded. 
Ab, = ba(e”* — 1), 


where 


From this 


l 


_wtl 
AonrnAba(z) = daon G yer + hy?(2) - 


) l ) I 
oes + AMG) ra + H‘” (2, Xa) |. 


wer 
An As 


1) . . . 7 a) ; x 
where h}''(z) is independent of n,j = 2, --.,r — Land H™ is bounded. Con- 
tinuing, we have the result that 


LS (2) = bee” |, 
\* 


“a 
T 7 
where 1” is bounded, Similarly 


l 


wel? 


~ 


MS? (2) = 0.8” 
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where H” is bounded. It now is immediate that b, fulfills the conditions 
imposed by Theorem III. 
We now turn about and consider series (7). We let 


grin @ $M) =] + Yn) 


b, = 
VErre * 





The minus sign is immaterial to the argument already given on b,. Conse- 
quently, 6, in this case satisfies all the conditions imposed by Theorem III 
and the proof of Theorem V is complete. 

Theorem V combined with Theorem IV establish a half-plane as the region 
of summability of (14). 


Lexico UNIVERSITY. 











